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The precision matrix that encodes conditional linear dependency relations among a set of
variables forms an important object of interest in multivariate analysis. Sparse estimation
procedures for precision matrices such as the graphical lasso (Glasso) gained popularity as
they facilitate interpretability, thereby separating pairs of variables that are conditionally
dependent from those that are independent (given all other variables). Glasso lacks, how-
ever, robustness to outliers. To overcome this problem, one typically applies a robust plug-
in procedure where the Glasso is computed from a robust covariance estimate instead of
the sample covariance, thereby providing protection against outliers. These estimators are
studied theoretically, by deriving and comparing their influence function, sensitivity curve
and asymptotic variance.

Outliers
Robustness © 2023 EcoSta Econometrics and Statistics. Published by Elsevier B.V. All rights reserved.

1. Introduction

The estimation of precision (inverse covariance) matrices is indispensable in multivariate analysis with applications rang-
ing from economics and finance to genomics, neuroscience and social networks (Fan et al., 2014). Let X = (X1,...,Xp)" be a
p-variate random vector with finite second order moments, with mean g and covariance matrix X. We focus on estimating
the precision matrix € := X~! whose entries capture the conditional linear dependencies between the components of X.
Importantly, when X ~ N(u, X), the variables X; and X; are conditionally independent given all other variables if and only if
(2); ; =0. In that case, recovering the sparsity pattern of the precision matrix is equivalent to recovering the graph struc-
ture of the Gaussian graphical model G = (V, E) where the vertex set V = {1, ..., p} and the edge set E consists of the pairs
(i, j) that are connected by an edge (thus having (£2); ; # 0).

A common method for estimating sparse precision matrices is the graphical lasso (Glasso) (Yuan and Lin, 2007; Banerjee
et al., 2008; Rothman et al., 2008; Friedman et al., 2008), defined as

Q- argming{—logdet() + tr(S2) + 1|2 4|, st. 2=2", 2> 0}, (1)

where logdet(R) = log(|2|), tr(-) denotes the trace, S is the sample covariance matrix, Q9 is @ with each diagonal
element set to 0, - > 0 denotes a positive definite matrix, and A > 0 is a penalty parameter controlling the degree of sparsity.
Throughout, we refer to the estimator in Eq. (1), with the sample covariance matrix as input, as the “standard Glasso”. By
adding an ¢4-penalty (in this case, the ¢;-norm of the off-diagonal elements of ) to the negative log-likelihood of a sample
of multivariate normal random variables, a sparse precision matrix estimate is obtained thereby also permitting estimation
in high-dimensional settings with more parameters than observations.
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While sparse precision matrix estimation forms an active area of research, far less research has looked into the perfor-
mance of such methods in the presence of outliers. Nonetheless, in many multivariate settings, the occurrence of outliers is
to be expected. The standard Glasso, however, performs poorly in presence of outliers as it relies on the sample covariance
matrix S in Eq. (1), which is sensitive to even a single outlying data point. Various robustification approaches of the Glasso
have been proposed. Finegold and Drton (2011) build upon the standard Glasso but use the likelihood of the multivariate
t-distribution instead of a normal one thereby providing better protection against data contamination. Ollerer and Croux
(2015); Croux and Ollerer (2016); Tarr et al. (2016); Lafit et al. (2022) consider high-dimensional precision matrix estimation
under cellwise contamination and propose to plug-in a pairwise robust covariance or correlation estimator instead of the
(non-robust) sample covariance into Eq. (1). Applications of such robust sparse precision matrices to, for instance, discrim-
inant analysis are studied in Aerts and Wilms (2017). However, most studies above do not provide a theoretical analysis
on robust Glasso estimators. Exceptions are Ollerer and Croux (2015); Croux and Ollerer (2016) who derive a finite sample
breakdown point of their robust Glasso under cellwise contamination, and Loh and Tan (2018) who analyze the statistical
consistency of robust high-dimensional precision matrix estimators under cellwise contamination.

In this paper, we study the robustness of sparse Glasso-based precision matrix estimators theoretically by deriving their
influence function. The influence function is an important tool to measure the robustness of a statistical functional (Hampel
et al., 1986); it quantifies the influence of a small amount of contamination placed at a given value z on a statistical func-
tional T, for data coming from a distribution F. More precisely, the influence function of the statistical functional T at the
distribution F is, when it exists, given by

e TR -T(F) 9
IF(@T.F) = lim =22 = 2T ()| (2)

where F; ; = (1 — ¢)F + ¢A(z) is the contaminated distribution and A(z) is the probability distribution that puts all its mass
at z. As commonly done in the study of influence functions, we thus limit ourselves to point mass contamination; different
forms of outliers can be studied through other robustness concepts such as the breakdown point (see, e.g., Ollerer and Croux
(2015); Croux and Ollerer (2016)).

The remainder of the article is structured as follows. In Section 2, we present the influence function of the Glasso for
any plug-in scatter functional, then discuss the special case of the standard Glasso and show that its influence function is
unbounded. Section 3.3 discusses how the Glasso influence function can be bounded and expressions of the gross-error sen-
sitivity are derived. We consider different robust Glasso estimators and compare them in terms of their influence functions
and sensitivity curves. In Section 4, we compute the asymptotic variances and compare the robust Glasso estimators in terms
of their statistical efficiencies. Section 5 concludes. All proofs, together with precise descriptions of the robust correlation
measures used in Section 3.3, are collected in the Appendix.

2. Influence Function of the Glasso

We first derive the general expression of the influence function of the Glasso for any plug-in scatter functional
(Section 2.1). Next, we discuss the case of the standard Glasso and establish its lack of robustness (Section 2.2).

2.1. The Influence Function

We start with deriving the influence function of the associated functional representation of the Glasso. The following
notation will be used throughout. Let p be fixed. For any p x p matrix £, let  := vec() denote the p2-dimensional vector
resulting from stacking the columns of 2. Let mat denote the inverse operator of vec, that is, mat(vec(2)) = €. For a vector
® e RP with s < p? nonzero elements, let D, denote a p? x p> symmetric permutation matrix putting the nonzero elements
first. In particular, (Dy®); = 0 for all i > s and D*> =1, the p* x p* identity matrix. Let ||w|l; = [|2]|; denote the usual ¢;-

norm and let ||oo||1’diag = ||mat (w)~42¢||;. Let ® denote the Kronecker product, C® (RPZ) the set of continuous and infinitely
differentiable functions on RP* and let WZ-Z(RPZ) be the Sobolev space of functions with square integrable second weak
derivatives.

For any distribution F on RP and any scatter functional S(F), we derive the influence function of the matrix-valued func-
tional

T (F) = arg ming_gp., {—logdet(R) + tr(S(F)R) + A[|R ||, st. =", Q> 0}. (3)
To do so, we rather provide the influence function of the equivalent vector-valued version
T, (F) = argmin,__, . {—logdet(mat(®)) + (vec(S(F)")) '@ + )\||w||1‘diag}. (4)

Remark 1. The equivalence between both definitions stems from the fact that, for any matrices S and 2, tr(S) =
(vec(ST))Tvec(82). Moreover, in (4), we do not impose @ to be the vectorisation of a symmetric, positive definite matrix.
The solution to the minimisation problem, without loss of generality, always respects those constraints. This comes from
the fact that, when looking at the first order conditions, the gradient stays symmetric and that the logdet function acts as
a barrier to the positive definite cone (see Srinivasan and Panda, 2022, for example). Therefore, it ensures that the solution
(in matrix form) of the first order conditions is positive definite. Hence, it holds that T (F) = mat(T(F)).
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Remark 2. The choice of the plug-in scatter functional S(F) will allow to distinguish between robust and non-robust Glasso
alternatives. For example, the estimator provided in (1) is the empirical version of (3) obtained by setting

S(F) = Ep[ (X - E¢[X])(X - E¢[X])"] and taking F =F,.

Note that, unless A = 0 and S is the classical covariance, there is no guarantee that T = € in general. T, inherits robustness
properties of the scatter functional S and sparsity from the penalisation. Other choices of robust scatter functionals will be
discussed in Section 3.3.

Remark 3. The expressions T (F) and T, (F) are short-hand for T, ; (F) and T, , (F) as they depend on the regularisation
parameter A. For simplicity, the former notation will be used and the dependence on A will be implicit.

To derive the influence function of the Glasso, care is required due to the non-differentiability of the penalty term.
Similarly to Avella-Medina (2017) for regression problems, we circumvent the problem by computing the influence function
of the functional

Ty p, (F) = argmin_ . » {-logdet(mat(w)) + (vec(S(F) ")) "® + Apm(®)}, (5)

weRI

where pm € C*(RP’) is a convex and differentiable norm which converges to || - ||1"jllalg in W22(RP*) as m — co. Two exam-
ples of such sequences are given by pp(®) = ||mat(a))*diag||km or pi(w) = Y |(mat(co)),-,j|’<m, with 1 < kp e R for all m
and km \, 1. We then define the influence function of T, as the limit for m — oo of the influence function of T, ,. The
result is obtained provided the limit is independent of the chosen pn, sequence, which we state in the following lemma.

Lemma 1. Let F be a distribution over RP and let S(F) be a scatter functional. For any two sequences pm and pj, converging to
Il - ||1’Gllag in W22(RP®) and any z € RP, it holds that

Jim (IF(z: T p,. F) = IF(2: T,y . F)) = 0.
Moreover, if sup,crp |[vec(IF (z; S(F), F))|| < oo, that is, if the gross error sensitivity of S(F) is bounded, then the convergence
holds true uniformly:

lim sup (IF (z; Tw,p,. F) = IF(2: T, ,. F)) = 0.

m—o0 ;cpp

The theorem below then gives the influence function of T, (F). The proof is provided in Appendix A.

Theorem 1. Let F be a distribution over RP and let S(F) be a scatter functional. Let z € RP. Assume that T := Ty (F) has s
nonzero components. Let D := Dr,,. Then, the influence function of the graphical lasso satisfies DIF (z; T, F) =

B ((D(mat(Tw)1 ®mat(T,)"")D) ;L. (DIF (z; vec(S(F)). F))m)
0 :

Theorem 1 above shows that the influence of z on null components of T, is 0. This translates to the fact that, under
infinitesimal contamination, null values in the precision matrix remain zero, so that the contamination does not affect the
sparsity of the solution obtained. This finding is similar to penalised regression models where the influence function is zero
for the null components of the parameter vector (see, for example, Ollerer et al., 2015; Avella-Medina, 2017).

The influence of z on the non-zero components of T,, depends on the influence of z on the plug-in scatter functional. A
somewhat surprising conclusion at first sight is that the elements of the covariance matrix estimator corresponding to the
null elements of the precision matrix do not appear in the influence function of the latter. This phenomenon originates from
the fact that the contamination only appears through the covariance matrix estimator in the trace, more precisely, from the
term

tr(S(Fe2)R) = (vec(S(E:2)")) .
In turn, if (Tq(F));j = (Tq(F:.z));;j = 0, putting contamination in the corresponding elements of S(F; z) will not impact the
scalar product, nor the estimation of the precision matrix.

2.2. Non-robustness of the Standard Glasso

Setting S(F) in Eq. (4) to be the classical covariance functional yields the standard Glasso, which we now discuss. First,
the standard Glasso has an unbounded influence function, hence is not robust to outliers, due to its reliance on the sample
covariance. We illustrate its lack of robustness by computing the influence function and sensitivity curve for a setting with
p = 3 variables whose covariance matrix and corresponding sparse precision matrix are respectively given by

1 12 1/4 43 23 0
x=(12 1 12] and @=(-2/3 5,3 -2/3). (6)
14 12 1 0 -2/3 4/3

3
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Fig. 1. Frobenius norm of the standard Glasso influence function (left) and sensitivity curve (right) for contamination at (zq, z, 0).

We introduce contamination at point z = (z1, zp, 0) with values of z; and z, ranging from -6 to 6.

The left panel of Fig. 1 displays ||IF(:; Tq, F)||f, the Frobenius norm of the influence function of the standard Glasso. The
penalty parameter is set to A =810~ to ensure the correct sparsity pattern is recovered. The influence function of the
standard Glasso is unbounded, hence it is not robust. This is to be expected as the influence function of the standard Glasso
depends on that of the classical covariance, which is unbounded. The value of the norm increases fastest along the direction
Z1 = —2y.

Next, we compute the sensitivity curve introduced by Tukey (1977). The sensitivity curve can be thought of as a finite-
sample equivalent of the influence function, as in many cases the sensitivity curve converges to the influence function when

the sample size goes to infinity. Suppose we have a sample X,_; = {%;....,X,_1} of size n — 1 of p-variate observations. To
this sample we add a variable point z to obtain X, = {X{,...,X,_1,2z}. We now define the sensitivity curve by
SCn(z: 2: Xp1) =1 (R(Xz) — (Xp-1)). (7)

It measures the change of the estimated precision matrix caused by adding the contaminated point z to the clean sample,
standardised by 1/n, the amount of contamination. The right panel of Fig. 1 displays the Frobenius norm of the sensitivity
curve for the standard Glasso (again with A = 8.10~4) for n = 1000. The results are averaged over 50 random samples of
n—1 clean observations drawn from a multivariate normal distribution with the covariance matrix from Eq. (6) and an
additional contaminated data point at location z = (z;, z5, 0). The sensitivity curve of the standard Glasso is unbounded, in
line with the obtained results of the influence function.

Note that the Glasso is not orthogonally equivariant for A > 0, and this, regardless of the initial covariance estimator
used. Hence, the numerical results on the Glasso influence function and sensitivity curve presented here (and in later sec-
tions for robust plug-in estimators) are dependent on the choice of covariance X. This lack of equivariance is, however, a
price one needs to pay for obtaining a regularised estimate of the precision matrix. Nonetheless, we believe that the results
presented above shed light on the behavior of Glasso in the standard covariance case. Similarly, in the robust cases from
Section 3.3, they provide valuable insights into the trade-off between robustness and statistical efficiency of the various
Glasso estimators.

Next, we consider the gross-error sensitivity

y*(Tq.F) = sup||IF(z; Tq, F)|F.
ZeRP

which summarises the influence function in a single index by evaluating the maximal influence an observation may have. In
the particular case of the standard Glasso, the gross-error sensitivity diverges since the influence function is unbounded. It
still remains of interest, however, to determine in which direction the influence will increase the most, that is, to determine

Vi (Tq,F) :=argmax,csp1 || IF (z; T, F)||F,

where SP-! denotes the hypersphere in RP. The following lemma provides the result for the unpenalised case. The solution
turns out to be the eigenvector corresponding with either the smallest or the largest eigenvalue, depending on a condition
on the eigenvalues themselves.

Lemma 2. Let F be a distribution over RP and let S(F) be the classical covariance functional. Fix . =0, g: Rt - R* : x>
g(x) =x*—-2x3 and let 11 > ... > Ap (resp. vy, ..., Vp) be the eigenvalues (resp. eigenvectors) of Tq. It holds that

v ifg(hg) = g(Ap)

vi(Te.F) = v, otherwise

and

p
max lIF(z; Tq, F)|F = Z)»,Z + max(g(A1), &(Ap)).
< i—1
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Note that, in the penalised case, it is not possible to obtain an equivalent result to Lemma 2 above. Indeed, in that
situation, there is no guarantee that Tq = 2, so that the influence function might depend on the precision matrix in more
complex forms. It is, however, easy to show that Lemma 2 also holds when A is taken large enough so that T, is diagonal.

3. Influence Function of Robust Glasso Estimators

In Section 3.1 we discuss how the Glasso influence function can be bounded. Section 3.2 then presents several plug-in
covariance candidates to obtain a robust Glasso and compares them in terms of their Glasso influence function (Section 3.3)
and sensitivity curve (Section 3.4).

3.1. Bounding the Influence Function via Robust Plug-in Estimators

In Section 2, we show that the influence function of the Glasso depends on the influence function of the plug-in scatter
functional. To bound the influence function of a Glasso-type of estimator, one could plug in a robust covariance estimator
instead of the sample covariance in Eq. (1). In Section 3.2, we discuss several candidates for robust covariance plug-ins.
Such robust Glasso estimators would indeed result in a bounded influence function since the gross-error sensitivity can be
bounded as

y*(To. F) < | (D(mat(T,) ™" @ mat(T,) ")D) 1} 1. | v* (Dvec($))ss, F),

where the norm used is the operator norm. Note that, should (T (F));;# 0 everywhere (implying D =1;), this bound
simplifies to

V*(Tw. F) < [Tal?y* ((vec($))1:s, F).

3.2. Robust Covariance Plug-ins

As candidates for the robust covariance estimator to be plugged into the Glasso objective function, we consider the pop-
ular, traditional row-wise robust Minimum Covariance Determinant (MCD) estimator (Rousseeuw, 1984; 1985; Rousseeuw
and Van Driessen, 1999) as well as a robust covariance estimator based on pairwise robust correlation estimators (see e.g.
Ollerer and Croux, 2015; Croux and Ollerer, 2016). Unlike the MCD, the latter are frequently used in the literature on Glasso
robustifications as they are available in high-dimensional settings and protect against cellwise outliers (Alqgallaf et al., 2009).

The influence function of the Glasso based on the MCD! can simply be obtained by plugging in the expression of the
MCD influence function (see Croux and Haesbroeck, 1999) into the expression of the Glasso influence function provided in
Theorem 1. To arrive at the Glasso influence function based on a pairwise robust correlation estimator, we need to introduce
additional notation related to the latter’s functional representation.

Denote with S a scale functional and R a correlation functional. The definition of the covariance matrix functional Ty
based on pairwise robust correlation estimators is given by

(T (F)jx = S(F)S(FIR(Fjx). (8)

where F; and F denote the marginal distributions of the jth and kth components respectively, and F; denotes the bivariate
(marginal) distribution of the jth and kth components.

As a scale estimator, we use the Q, estimator (Rousseeuw and Croux, 1993), whose functional version is given by S(F) =
cH! (%) where c is a constant ensuring Fisher-consistency and H is the distribution function of the absolute difference of
two independent random variables, each with the same distribution F.

As robust correlation estimator, we consider Spearman’s rank correlation (Spearman, 1904), Kendall’s correlation coeffi-
cient (Kendall, 1938), the Gaussian rank correlation (Boudt et al., 2012) and the Quadrant correlation (Blomqvist, 1950). As
our main focus is the influence function, we will consider the functional version of these estimators below. For the sake of
completeness, we give the more common finite-sample definitions of these estimators in Appendix B.

The functional form of Spearman’s rank correlation coefficient Rg is given by

Rs(Fj i) = 12Eg, [F (X;)R(X0) ] - 3,
where (X, X;) ~ F; and F; and F, are the marginal distributions of X; and X; as before. Kendall's correlation coefficient Ry
is given by

Ri(Fiy) = Eg, [sign((X;, — X;,) X, — Xi,)],

where (X;,.Xy,) and (Xj,,X,,) are independent bivariate random variables, each with distribution Fj;. The Gaussian rank
correlation coefficient is given by

Re(Fji) = B, [ @71 (F(X;)) @ (X)) ).

T Note that, throughout this paper, MCD is defined using 75% of the data, so as to achieve a balance between robustness and efficiency. For the sake of
comparison, we also considered the reweighted MCD, with the same 25% breakdown point.
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Fig. 2. Norm of the Glasso influence function based on several covariance matrix estimators for contamination at (z;, z, 0).

where ®~1 denotes the quantile function of the standard normal distribution. Note that if Fj is bivariate normal, we obtain
the functional of the Pearson correlation coefficient. The Quadrant correlation coefficient is given by

Rq (F) = Eg, [sign((X; — median(X;)) (X, — median(X,)))]-

For comparability of the influence functions of the Glasso based on the different plug-in covariances, it is important that
they all estimate the same population quantity, i.e. are Fisher consistent. Hence, we use the Fisher consistent versions of
the Spearman, Kendall and Quadrant correlation at the normal model by applying the non-linear transformations as given,
for instance, in Croux and Dehon (2010). In particular, we use Rs = 2sin (%Rs), R¢ =sin (%Rk) and Ry =sin(%Rg). No
transformation for the Gaussian rank correlation is needed as it is Fisher consistent at the normal model. Note that, in finite
samples, these transformations can destroy the positive semidefiniteness (PSD) of the resulting covariance matrix. This is
typically dealt with by projecting the estimate onto the space of PSD matrices, for example with respect to the Frobenius

norm (as in Ollerer and Croux, 2015) or the elementwise ¢, norm (as in Loh and Tan, 2018). This does not affect the
discussion on the influence function.

The influence function of the resulting covariance estimator is then given by

IF(z; (T5 (F))ji F) = IF(z;; S, F)S(BOR(F )
+S(F)IF (z;; S, E)R(Fj )
+S(F)S(R)IF (z; R, Fy ).

To compute this influence function, the expression of the influence function of the scale estimator, namely the Q,, and the
considered correlation estimators are thus needed. The former is available in Rousseeuw and Croux (1993), the latter in
Croux and Dehon (2010) for Kendall, Spearman and Quadrant, and Boudt et al. (2012) for the Gaussian rank.

In the next subsections, we present the influence functions and sensitivity curves of the Glasso estimators based on these
different robust covariances.

3.3. Influence Functions

We consider the same example as in Section 2.2 and obtain the influence function of the Glasso (with the same fixed
penalty parameter as before) computed from five different robust covariance plug-ins, namely the MCD, and the pairwise
correlation estimators based on Spearman, Kendall, Gaussian rank and Quadrant.

Fig. 2 displays the norm of the Glasso influence functions for the various covariance estimators, and includes the one
for the classical covariance (from Fig. 1) to facilitate comparisons. When using the MCD as initial estimator, we see that
the norm of the influence function resembles the one for the standard Glasso around the center, while the influence be-
comes bounded for points further away from it. The Glasso influence function based on the MCD as initial estimator is
thus B-robust (see Hampel et al., 1986). However, while being highly robust, it should be noted that it is computationally
demanding to obtain and, in practice, only available when p is small relative to n. Note that the same comments apply for
the reweighted version of MCD, see Fig. C.4 of Appendix C.
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Fig. 3. Norm of the Glasso (with A = 8.10~4) influence function based on several covariance matrix estimators for contamination in the direction of the
eigenvector corresponding to the first (left), second (middle) and third (right) eigenvalue of T based on the true covariance matrix.

Next, we turn to the Glasso influence function based on the Gaussian rank. At first sight, it largely resembles the results
for the classical covariance, as its influence function is also unbounded. This is not surprising, as the influence function of
the Gaussian rank correlation is unbounded (Boudt et al., 2012). Nonetheless, the values of the norm are smaller, thereby
indicating a somewhat larger resistance to single outliers than the classical covariance. This is most likely due to the use of
Qn as an estimator of the marginal scales. This unboundedness of the influence function is somewhat misleading however,
and our results on the sensitivity curve (to be discussed in Section 3.4) indicate that the Gaussian rank yields a substantially
more robust estimator than the standard Glasso in finite samples.

The Glasso influence functions based on Kendall and Spearman are very similar: they are bounded and smooth, hence
the Glasso computed from these initial covariance matrices is robust to outliers. Finally, the Glasso influence function based
on the Quadrant is also bounded but not smooth: it has jumps at the coordinate axes due to the occurrence of the sign
function and the median in its definition. Hence, small changes in data points close to the median of one of the marginals
may lead to relatively large changes in its Glasso. Nonetheless, usage of the Quadrant as initial estimator results in the
overall smallest values of the norm of the Glasso influence function. This is in line with findings in the setting of correlation
estimation where the Quadrant is known to be the “most B-robust”, i.e. it has the lowest gross-error sensitivity among
a class of correlation estimators based on product moments (hence not including the MCD) (Raymaekers and Rousseeuw,
2021).

We summarise the performance of the Glasso estimators based on the different initial covariances in Fig. 3. Fig. 3 displays
the norm of the Glasso influence functions for increasing values of the outlier’s norm where the contamination is placed in
the direction of the eigenvectors of T based on the true covariance matrix. In line with our previous discussion, we see
that the influence function for the standard Glasso and the Glasso based on the Gaussian rank are unbounded. The Glasso
influence function based on the MCD, Quadrant, Spearman and Kendall are all bounded, with the former two being most
robust for more severe outliers. Finally, much like the unpenalised case described in Lemma 2, the influence seems higher
in the direction associated with the largest eigenvalue of Tq (left panel Fig. 3).

3.4. Sensitivity Curves

We compute the Glasso sensitivity curves based on pairwise correlation estimators computed from the Gaussian rank,
Spearman and Kendall correlation, analogously to the procedure described in Section 2.2 for the sample covariance?. Like-
wise, the Quadrant case is omitted as its discontinuity leads to unstable behaviour in finite samples. Note that, contrary to
the influence functions which are always well-defined, the sensitivity curves can only be computed provided S(F;) exists. In
particular, this requires p < n in some cases (classical covariance function, MCD). Results are available in Figs. C.5 and C.6 of
Appendix C.

The Glasso sensitivity curves for the Spearman and Kendall correlation are bounded and similar, in line with the results
of Section 3.3. The Glasso computed from the Gaussian rank is considerably more robust than the standard Glasso in finite
samples. Nonetheless, its influence function does not reflect this as it is unbounded (see Fig. 2). This apparent contradiction
was discussed by Boudt et al. (2012) for the Gaussian rank correlation estimator. More precisely, for any fixed sample size,
the sensitivity curves for the Gaussian rank correlation and the Pearson correlation are both bounded due to the bounded-
ness of the correlation coefficient itself. As the sample size increases, however, the finite-sample gross-error sensitivities of
both estimators diverge to infinity which matches with their unbounded influence functions. The key difference is that the
Pearson correlation has a finite-sample gross-error sensitivity diverging at a rate of ~ n, whereas that of the Gaussian rank
correlation diverges much slower at a rate of ~ log(n). This explains their difference in robustness, which translates to the
Glasso setting. Still, the Glasso computed from the Spearman and Kendall correlations are considerably more robust.

2 We omit results for the MCD as it suffers from approximation errors when using the classical FastMCD algorithm and is computationally demanding
to compute exactly
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Table 1

Asymptotic efficiencies of the Glasso estimator based on several robust covariance matrix esti-
mators relative to the standard Glasso and this for three components of the precision matrix.

Component Glasso with covariance estimator
Gaussian ~ Kendall ~ Spearman  Quadrant  MCD Reweighted
rank MCD
(1,1) 0.8210 0.8150 0.8097 0.4866 0.3003  0.6755
8 0.8085 0.8091 0.8027 0.4187 0.3076  0.6709
(2,1) 0.9563 0.8725 0.8491 0.3004 0.2556  0.7101

4. Asymptotic Variances

Apart from robustness, it is desirable that an estimator has a high statistical efficiency. To measure the statistical effi-
ciency of the different Glasso estimators, we first provide the expressions of their asymptotic variances, then compare the
asymptotic variances to the standard Glasso.

Should a Bahadur representation of T (F) exist, one would then conclude to asymptotic normality and Fréchet differen-
tiability of the precision matrix estimator. The asymptotic variances would then be given by

ASV((To)i;.F) = /R Pz (To), . F)F (@),

for any (i, j) such that (Tq(F));; # 0. In matrix form, plugging in the expression of the influence function derived in
Theorem 1 yields

ASV((DT )15, F) = A(DASV (vec(S(F)), F)D)1,A", ®)
with
A= (D(mat(Tw)_l ® mat(Tw)_l)D)l_:l,l:s'

A formal verification of the Bahadur representation seems to be challenging and is still an open question. For example, in
the context of scatter estimation, results include He and Shao (1996) (for M-estimation) or Cator and Lopuhad (2010) (for
the MCD estimator). Asymptotic normality results in the graphical models context are typically based on minimax bounds
(see, for example, Ren et al. (2015) and references therein).

We now turn to the numerical example introduced in Section 2.2, and compute the asymptotic variances for the Glasso
based on the MCD, and pairwise correlation estimators. Table 1 summarises the asymptotic efficiencies relative to the stan-
dard Glasso for three different components— diagonal elements (1,1), (2,2) and off-diagonal element (2,1) —of the precision
matrix. Results on the other components are similar and therefore omitted. The values from Table 1 were obtained from
(9) using numerical integration. The asymptotic variances obtained above are consistent with simulation results conducted
by the authors.

The Glasso based on Gaussian rank returns, overall, the highest efficiencies but is closely followed by the Glasso based
on the Kendall and Spearman correlations. Their asymptotic efficiencies remain above 80%. We suspect that the efficiency
of around 80% for the diagonal elements stems mainly from the fact that we are using the Q, estimator to estimate the
diagonal elements of our initial covariance matrix. The Q, has an efficiency of 82% at Gaussian data (Rousseeuw and Croux,
1993). The Glasso based on Quadrant correlation and MCD, on the other hand, suffer from a severe loss of statistical effi-
ciencies with drops to around 30%-40% for the former and to around 25-30% for the MCD. The reweighted MCD displays
considerably higher efficiencies of around 70%.

5. Conclusion

The standard Glasso is one of the most often used sparse estimators for precision matrices yet it may seriously be
affected by the presence of even a single outlier. In this paper, we study the robustness of the Glasso by deriving expressions
of its influence function for any plug-in scatter functional. We show that the influence function of the standard Glasso is
unbounded, thereby proving its lack of robustness. Nonetheless, the Glasso influence function can be easily bounded by
plugging in a robust covariance matrix estimate instead of the sample covariance.

We consider several robust Glasso estimators relying on different covariance matrix plug-ins (namely the MCD or pair-
wise correlation estimators based on Spearman, Kendall, Gaussian rank or Quadrant), and study their trade-off in robustness
versus statistical efficiency. When plugging in a pairwise robust correlation estimate based on Kendall or Spearman, the re-
sulting Glasso combines the attractive properties of (i) a bounded and smooth influence function, and (ii) high statistical
efficiency at the normal model. Opting for the Glasso based on the Gaussian rank leads to a higher statistical efficiency,
better protection against single outliers than the standard Glasso in finite samples but a price is paid in terms of robustness
compared to the Glasso based on Spearman or Kendall. Opting for the Glasso based on the MCD or Quadrant correlation, on
the other hand, results in a very strong resistance against outliers but low statistical efficiency though the efficiency of the
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Glasso MCD is considerably increased by considering its reweighted version. Besides, the MCD is computationally demanding
and only available for p < n, thereby limiting its applicability to low-dimensional settings.

An appropriate choice of initial covariance matrix estimate to be plugged into the Glasso thus depends on the trade-off
between robustness and statistical efficiency the practitioner is willing to make. As general advice to applied statisticians,
we recommend to first apply the standard Glasso as well as a Glasso estimator with a highly-robust covariance plug-in.
If both yield very different results, then outliers are likely present and one could opt for a Glasso estimator with strong
resistance against outliers. If both yield similar results, then one could opt for a robust Glasso estimator with high statistical
efficiency.

The presented results on the influence function of Glasso allow for the study of (optimal) B-robustness within classes of
estimators (Hampel et al., 1986, p. 116). For example, a relevant question would be whether we can find the estimator with
the highest efficiency given a bound on the gross-error sensitivity, within the class of Glasso estimators based on pairwise
initial covariance estimators. In addition to B-robustness, also V-robustness (Hampel et al., 1986, p. 128) could be studied.
We consider these interesting directions for future research.
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Appendix A. Proofs

We collect all proofs from the paper in this first appendix.

Proof of Theorem 1. Let p, be a sequence of convex norms in C*(RP’) which converges to || - ||1’dlag in W22(RP) as
m — oo and let T, p, (F) be defined as in (5). Without loss of generality, assume that the Hessian matrix V2pn(-) is every-
where diagonal®. Throughout, we write € = mat(w) and T, p,,(F) = Te p,, When there is no ambiguity to the underlying
distribution. Since the function to be minimised in T, p,, is differentiable, the first order condition writes

—vec(mat (T, p, (F))~") + vec(S(F)) + AV pu (T p, (F)) = 0.
Note that the first term comes from the fact that (see Kollo and von Rosen, 2005, page 134)

d 1 d )
@(—logdet(mat(w))) = —m@det(mat(w)) = —(mat(@) 7).

so that V( — logdet(mat (@))) = —vec(mat(w)~"). Define
f(e, ®) = —vec(mat (@)~") + vec(S(F: z)) + AV pn(®).
In particular, it holds f(0, Te,p, (F)) = 0. The partial derivatives at (0, T, p,, (F)) are given by

df (e, w)
de

= vec(IF(z; S(F), F))

e=0
and

df (e, w)

= AV2pu (T, +U (T, p,)-
do woTo, Pm (T p,,) (Too,pw)

where (see Kollo and von Rosen, 2005, pages 127-131)
d(-vec(@"))  d(®")
dvec(R) d

The implicit function theorem yields
IF(2; Toy.p,. F) = =(AV2pn(T o p,) + U (Twp,)) " vec(IF(z; S(F), F)).

Note that this result applies here since the derivative with respect to @ is nowhere vanishing, a consequence of the positive
semi-definiteness of V2p;,, (@) and of the positive definiteness of U(w) (see Srinivasan and Panda, 2022). Taking now the
limit in m, limm_, o IF(2; T, p,,, F) rewrites

Jim ~(AV2pm(Tw.p,) +U(Top,)) " vec(IF (z: S(F). F))

U(w) = =2 '@ = mat(w) ! ® mat(w) .

3 This is the case for a relaxation proposed in Avella-Medina (2016), page 57-58. The proof of Lemma 1 below shows that the limit is independent of
the chosen sequence.
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= lim —DD ' (AV?pu(T o p,) +U(To p, ) ' D™D vec(IF (z; S(F), F))

lim ~D(D"AV?pm(To,p,)D+ DU (T, p,)D) "D vec(IF (z: S(F)., F))

lim ~D(AV?pm (DT p,) +D'U(T,, p,)D) D vec(IF (z; S(F), F))
= —D( Jim (AV2pu (DT p,) +D"U(Te p, )D)’1)Dvec(IF(z; S(F), F)).

We now show that the remaining limit converges to

<(Dmat(Tw(F))1 @ mat (T, (F)) " )D) 1t . 0)
0 0/

which allows to conclude (using D? = I;). To show the convergence, partition
Ay A
AV2py (DT p,) +DTU(T, p)D = 7112
’ Ay Az
into blocks of s (resp. (p? —s)) lines/columns. Provided all inverses exist, the inverse is given by
AT AZY  ((Ap - ApAy)Ax)7! —ANARA)
A% A2 ) —Ay) ApnAll (A — AnAjAp) ')

Notice that, since the inverse function is continuous and the Hessian matrix V2pu, (T, pm) 1S diagonal, it holds
(VZpm(DT(F)))jj — 0 for j=1,...s and (VZpy(DT(F)))j; diverges to +oo for j=s+1,..., p%. Therefore, A521 -0,
(A — ApA A1) ™! — 0 and (A — AAyy Az )™ — (DTU(Tw p,,)D) 1 4., allowing to conclude to the claimed limit.

Note that we formally showed that limm_, o [F(z; T, p,, F) converges to a limit that might be distinct from the influence
function should the derivative not exist. In our situation, however, the components of the limiting result are either 0 (show-
ing that the component of the estimated precision matrix stays at zero) or the derivative taken at a positive value (which
then is differentiable), which therefore concludes the proof.

Proof of Lemma 1. We prove first that limy—oo Tw p, (F) is unique. Using Lemma 2 in Avella-Medina (2016) with
A, (w; F, p) = —logdet(w) + vec(S)Tw + Apm(w) readily gives

nllim Twp,(F) =T, (F). (A1)
We can now prove the independence of limm_ o IF(2; Te py, F) of pm. Let {pm}m=1 and {p;,}m>1 be two sequences in
C(RP*) converging to p in W22 (RP*). We have

IF(2; Ty py F)=IF (2: T, . F) = (= AV?pin(T oy p,, (F)) + U (T p,, (F)) !

+ AV (T, p, (F)) + U(T,, y (F))~")vec(IF (z: S(F), F)).

Since the inverse of a matrix is continuous and V2p,, and V2p}, are sequences in C® (RPZ), we find, using (A.1),

nlll_I;Igc(IF(z’ T‘vam’ F) - IF(27 Tw,p;ﬂ’ F)) =0.
The convergence becomes uniform if sup,.gp [|[vec(IF(z; S(F), F))|| < oo, since it is the only term depending on z. O

Proof of Lemma 2. Without loss of generality due to the equivariance of S, we assume throughout that Er[X] = 0. It is easy
to see that IF(z; S, F) = zz" — X. Hence, since tr(ABC) = tr(BCA) and using the spectral decomposition 2 = OAQT, it follows

IIF(z:To. F)|I} = |RUF(z:S. F)Q|? = |R(2z" - £)? = [R°(zz" - ) |1?
= |R°2z7 — @2 = | A’xx" — A|?

p p
=Y A+ X - 22D,
i=1 i=1

with ¥ = (x1,....%p)T = 07z Since x; = v/ z and using z = 25;]

a;vj, we conclude
P P p
. 2 _ 2 2014 3 2 4 3
lIF (z: To. F)|1} = ;xi + l;a,- (f-2a}) < ;xi + max (&f -247).
which is reached for the eigenvector corresponding to the eigenvalue which maximises (A4 —2A3). Since g is strictly de-
creasing on the interval [0,1.5] then strictly increasing, the influence function is maximised at either A or Ap, which com-
pletes the proof. O
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Appendix B. Robust Correlation Estimators

To make the paper self-contained, we hereby include an overview of the finite-sample definitions of the different corre-

lation estimators we consider.
Let {x{,...xs} be a sample, with X; = (x;1, ..., x;p) 7. First, Spearmans rank correlation rs is the sample correlation of the
ranks of the observations. Second, Kendalls correlation between variable j and k is given by

2 .
g = -1 ; sign((x;j — X¢j) Xk — Xek)).-

Third, the Gaussian rank correlation between variable j and k is the sample correlation estimated from the Van Der Waerden
scores of the data, as given by

ngt rank(x;;) \ . ( rank(xy)
Lia ® ( n+1 ® n+1

. (o(s)

where rank(x;;) denotes the rank of x;; among all components of the jth variable. Finally, the Quadrant correlation between
variable j and k is given by

s

Ic =

1.
re=- ZSlgH{(Xij —med, (x,;)) (X — mEdz(Xek))},
i=1
defined as the difference between, on the one hand, the frequency of the centered observations in the first and third quad-
rant and, on the other hand, the frequency of the centered observations in the second and fourth quadrant.

Appendix C. Additional Figures
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