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monthly, weekly and daily periodicities) and varying periods, due to the irregularity of the
calendar. Seasonality in high frequency data is modelled from two main perspectives: the
stochastic harmonic approach, based on the Fourier representation of a periodic function,
and the time-domain random effects approach. An encompassing representation illustrates
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52 the first deals with modelling the effect of moving festivals, holidays and other breaks due
C58 to the calendar. Secondly, robust estimation and filtering methods are needed to tackle

the level of outlier contamination, which is typically high, due to the lower level of tem-
poral aggregation and the raw nature of the data. Finally, model selection strategies play
an important role, as the number of harmonic or random components that are needed to
account for the complexity of seasonality can be very large.
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1. Introduction

Time series obtained from the analysis of social networks (indicators of sentiment), the system of payment (flow of elec-
tronic payments) and the internet of things (commercial traffic data) complement traditional aggregate economic data and
are typically available at a high-observation frequency. The econometric literature has started investigating their contribu-
tion to macroeconomic assessment and forecasting and their use to distil timely signals that can surrogate more accurate
measurements, that are nevertheless available with significant delays.

Seasonality is one of the most prominent sources of variability of time series that are observed at the sub-annual fre-
quency. The focus of this paper is time series whose observation frequency is higher than monthly, i.e., are weekly, daily,
intra-daily, and so forth. Though we will refer to regular discrete time, the methods can be extended to irregularly sampled
time series.

The statistical analysis of high frequency time series must address the complexity of the seasonal pattern, which results
from the superposition, and possibly interaction, of multiple periodic pattern (annual, monthly, weekly and daily cycles) and
calendar effects (holidays, moving festivals). Furthermore, institutional and climatic factors, and the behaviour of economic
agents (tax collection, payment of salaries, consumer preferences), determine a concentration of activity in particular days
or weeks, manifesting itself with periodic spikes.
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Fig. 1. Four high frequency time series. The top left panel displays the number of retail banking call arrivals per 5-minute interval between 7:00 a.m. and
9:05 p.m. during 100 days. The top right plot displays the series NN5-101, a daily time series of cash money withdrawals, for the sample period from
March 18, 1996 to March 22, 1998. The bottom left plot is the weekly number of initial unemployment claims in the US (logarithms). The bottom right
panel is the daily volume of natural gas futures traded on the New York Mercantile Exchange during the period between April 3, 1990 and March 6, 2014.

The number of fixed and random effects that are needed to accommodate such complexity can be very large, which
poses variable selection or regularization problems of the kind that are typical of a high-dimensional inferential setting.
Moreover, increasing the frequency of observations induces an incidental problem, leading to the introduction of additional
higher frequency periodic components (e.g., a day of the week effect, when we move from weekly to daily data), which are
aliased by temporal aggregation.

The analysis is further complicated by the fact that the calendar year does not contain an integral or constant number of
weeks or days; the same holds for the months. For instance, the location or time stamp of the week within a year varies,
either when the data are a systematic sample of a stock variable taken at a particular weekday, or represent the weekly total
of a flow; also, holidays occurring on fixed days can fall in different weeks in different years. Hence, the seasonal period of
the annual and the monthly cycles are neither constant nor integral.

Finally, high frequency data are prone to outliers, and other irregularities, such as missing data, due to their raw and
unadjusted nature. Hence, the need for inferential methods that are robust to outliers, which is reinforced by the fact that
the effects of outlying observations are not smoothed by temporal aggregation and that they are relatively more frequent.

These problems can be illustrated with reference to the time series displayed in Fig. 1. The first time series plotted in the
top left panel is the number of retail banking call arrivals per 5-minute interval between 7:00 a.m. and 9:05 p.m. The most
prominent features are an intra-daily pattern with period 169 observations and a weekly cycle with period 845 (169 x 5).
The source is De Livera et al. (2011). It provides an interesting case study for the issue of handling multiple nested seasonal
cycles.

The top right plot concerns the series NN5-101, a daily time series of cash money withdrawals, available from March 18,
1996 to March 22, 1998, for a total of 735 observations. The series is part of the NN5 forecasting competition dataset, avail-
able at http://www.neural-forecasting-competition.com. The main challenge is modelling the annual cycle, and in particular
the effects of Christmas and Easter, with only two years of data, along with that of modelling the day of the week effect.
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The third time series plotted in bottom left panel of Fig. 1 is the logarithm of the number of initial unemployment
claims in the US. This is a weekly time series posing a number of challenges, due to the presence of annual and monthly
seasonality with non-integer period. As we will see, the seasonal pattern is very complicated to interpret and a rather dense
model is required.

Finally, the time series plotted in the last panel refers to the daily volume of natural gas futures traded on the New York
Mercantile Exchange during the period between April 3, 1990 and March 6, 2014. The market is open only during weekdays
(Monday to Friday) and a total of 5,993 observations are available. The series represents a case study in robust filtering and
has been investigated by Calvet et al. (2015). It features a monthly seasonal component with an irregular period around
21 days, whose amplitude and phase have been evolving rather dramatically over time. Furthermore, the series is heavily
contaminated by outlying observations.

The paper aims at addressing the above challenges. Our approach is fully parametric, being grounded in the class of
unobserved components models proposed by Harvey (1989) and West and Harrison (1997), according to which seasonality
is a latent component that can be modelled by suitable stochastic processes, so that we can learn about it from the available
time series by computationally efficient algorithms that perform the projection of the components onto the available data.
The methods have the flexibility to handle data irregularities, the possibility of encompassing both fixed and random effects.
Furthermore, the signal extraction filters are easily robustified against outliers.

Our treatment draws from three essential references. A key reference is the article by Pierce et al. (1984), which intro-
duced the idea of modelling weekly data starting from a model formulated at the daily level; moreover, it offered solutions
for handling components with time-varying and non integral periods. Finally, it achieved parsimony in modelling the an-
nual and monthly cycles by careful modelling of the holiday component. Secondly, Harvey et al. (1997) considers modelling
complex and multiple seasonal patterns in daily data using time-varying periodic splines, within an unobserved compo-
nents framework with multiple sources of error. The contribution by De Livera et al. (2011) deals with forecasting time
series with complex seasonal patterns by a class of models featuring multiple stochastic components driven by a single
disturbance. It introduces also a variable selection method for the identification of the relevant harmonic cycles. Obviously,
other approaches are available in the literature; for the nonparametric approach see Ladiray et al. (2018), and the references
therein.

The approach taken in this paper is based on a linear mixed model, with random and fixed effects representing trends,
periodic and calendar components. The specifications adopted are encompassed by the following representation:

Ve =210t + X B+ €, Ziotr = e + Vi (1)

The linear combination of the elements of the vector random process o with possibly time-varying coefficients z; yields
the sum of the trend component, p; and the seasonal component y;. For the former we will consider the stochastic linear
trend representation

MUey1 = MUt + Gt + N, ne ~ i.i.d. N(O, a,f),
Se+1 = Gt + &t & ~ ii.d. N(O, 0{2) 2)

The following sections will concentrate on the specifications of y;, primarily, that may be just a single stochastically evolving
seasonal component as is the case of monthly data or a mixture of multiple seasonal components, as yearly, monthly, and
daily periodic components. The regressors in X; capture calendar effects, such as time varying holidays, interventions and
exogenous variables. The calendar effects, expressed in deviation from the long run component, will contribute to the total
seasonality. Finally, it will be assumed that the error term ¢ is normally distributed with mean zero and variance o2,
denoted € ~ ii.d. N(0, 02), independently of any other random effect in the model, and of x;.

The plan of the paper is the following. We set off by considering the case in which y; is a deterministic component
with regular period (section 2). The Fourier series representation and the fixed effects dummy seasonal model offer two
approaches to modelling a deterministic periodic function of time. Section 3 exposes the stochastic harmonic approach,
such that the seasonal component results from the sum of trigonometric cycles whose coefficients have random walk type
evolution. In section 4 we consider the time-domain random effects model: we start with the case when a random effect
is associated with each season, derive an encompassing specification which nests the stochastic harmonic model, and we
finally express the seasonal cycle in terms of a smaller set of random effects.

Section 5 deals with the specification of the regression component in (1). In particular, it deals with the construction of
intervention variables that are suitable to capture the effect of holidays and moving festivals. The estimation of the model
parameters and of the unobserved components is dealt with in section 6, which also deals with robust estimation and
filtering. Section 7 proposes model selection strategies for the stochastic harmonic model and the time-domain random
effects model. The four time series displayed in Fig. 1 are analyzed in section 8. Section 9 concludes the paper.

2. Deterministic seasonality

The function y :t e R — y(t) € R is said to be periodic with period s if it repeats itself over intervals of fixed length,
called the period. Denoting the latter by s and assuming that it is fixed, then s is the smallest number such that y(t) =
y(t+ks) ke Z.
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Table 1

Trigonometric cyclical components in the weekly cycle for hourly data.
Component 1 2 3 4 5 6 7 14 e 21 e 28 e 84
Frequency 81 o i 7 %3 1 o - 5 T 5 i
Period 168 84 56 42 33.6 28 24 e 12 8 6 2
Cycles per week 1 2 3 4 5 6 7 21 28 84

According to the Fourier series representation of a periodic function, any piecewise continuous function y (t) with pe-
riod s, satisfying 5y (t)dt =0 and fj |y (t)|2dt < oo, can be expressed as an infinite linear combination of sinusoids with

frequencies A; = 2 j=1,2,..., ie,
y () =Y [bjcos(r;t) + by sin(i;t)].
=1

The sine and cosine functions evaluated at the seasonal frequencies constitute an orthogonal basis, and thus b; =
5712 [3 v (t) cos(A;t)dt, and b= 5712 [3 (&) sin(A;t)dt.

Assume that the periodic function is observed at equally spaced times labelled t =1, 2, ..., n. Then, the smallest period
that is observed is 2, corresponding to the frequency 7. All the frequencies A;, j > |s/2] are aliased (i.e., they are indistin-
guishable from A, k=1,...,[s/2]). Here |s/2] equals s/2 for s even, and (s —1)/2, for s odd.

Then, a deterministic periodic series can be represented as the sum of |s/2| cycles defined at the seasonal frequencies
)"J

Ls/2]
Yo=Y Vi Vi =0jcos(Ajt) +asin(hjt).
j=1

M1 is the fundamental frequency, and it always resides between 0 and m/|s/2|. The remaining ones are the harmonic
frequencies and are obtained as integral multiples of 4. If y(t) is band-limited, meaning that b; = b; =0 for j> |s/2],
then a; = b; and a;‘ = b’]*. for j < [s/2]. When s is even the sine term disappears for j = s/2, so the number of trigonometric
terms is always s — 1.

For instance, a weekly cycle in daily data has s =7, so that ¥+ = yq¢ + Y2 + y3:- The three components are defined at
the frequencies Ay = 27 /7, A, =47 /7, and A3 = 677 /7, corresponding respectively to 1, 2, and 3 cycles per week, each with
period 7, 3.5 and 2.3 days. With hourly observations, the weekly cycle is defined at the fundamental frequency /84 and
has 83 harmonic components, as illustrated by Table 1.

The daily cycle is nested in the weekly one. It should be noticed that the 7th harmonic coincides with the fundamental
frequency of the daily cycle and the harmonics 7 x j, j =1,..., 12, contribute to the daily cycle.

A deterministic seasonal component with period s can also be modelled in the time domain by defining a complete set
of dummy variables, one for each season, Dy, j=1,..., s, taking value 1 in season j and O otherwise. Denoting by 4; the
fixed effect of season j, we can write:

S
Ve = ZSijt,
=

or, equivalently, y; = w;8, with wy = [Dy, Dy, ..., Dy]’ and 8 = [81, 83, ..., 6s]'.

If the model includes a trend component or the global mean, then we need to constrain the coefficients §; to sum to
zero in order to identify seasonality (as a component in deviation from trend).

Models of stochastic seasonality can be specified in the time domain, by attributing a specific effect to a particular
season, e.g., to a particular day of the week, or day of the month, or day of the year, and letting it vary over time according
to a Markovian random process.

3. Stochastic harmonic approach

Following Hannan et al. (1970), a stochastic periodic component can be obtained by letting the coefficients «; and oz;.*
vary over time according to two independent random walks:

[s/2]

Ve = Z Vit
=1

Vit = ojr COS(Ajt) + o sin(A;t),
Ojr1 = Wje + Kje,
K 3)

p
Oy
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where «j; and K;-‘t are mutually independent i.i.d. N(O, o,(zj) disturbances.

The seasonal period can vary over time due to the characteristics of the Gregorian calendar: for instance, in daily data
the yearly cycle has period s; = 365 in regular years and 366 in leap years; the monthly cycle has period 30 days in April,
June, September and November, 31 days in the remaining months, except February, where it can last 28 or 29 days. Also,
with weekly time series, the annual cycle has non integer period, as the number of weeks in a year can vary from 52 to 53,
with an average of 52.1775 weeks per year.

In such cases, the seasonal effect at time t arises from the combination of a set of stochastic cycles defined at the
seasonal frequencies A = 2w j/st, j=1,...,k with k < [s;/2], where s; denotes the seasonal period in days.

For a seasonal component with period s;, the trigonometric seasonal model (3) is modified as follows:

k
Yo=Y Vi Vie =i cos(Ajedr) +af sin(djede), (4)
j=1
@ ; @ ; @ .
|:a*1,r+1 i|=|:0l*“ i|+|:K*“ ] i=1,....k (5)
Jt+1 jit jit
where d; =1,2,...,5s;, is the time of the season at which the observation is taken. This approach is taken in Pierce et al.

(1984), who however focus on the deterministic case.

The seasonal component can result from the combination of periodic components with different periodicity. For instance,
with daily observations, the seasonal component may result from the sum of the weekly, monthly and annual seasonal
components, so that we can write y; = yt(A) + y[(M) + y[(W), where the annual (A), monthly (M) and weekly (W) cycle are
represented as (5). In particular, the weekly seasonal component can be modelled according to (5), with s; representing
the length of the month; intra-weekly seasonality can be modelled as the sum of three trigonometric cycles defined at
A= 27('5‘)/7 (o?e cycle per week), A, =4m /7 (2 cycles per week) and A3 = 6 /7 (three cycles per week). For weekly data,
ve=vYe 'tV .

If tile yealE consisted exactly of 52 weeks and 13 months (each with 4 weeks), then the intra-monthly and intra-weekly
seasonal components would result from the combination of harmonic cycles of the annual main cycle. The difficulty in dis-
entangling the three components lies in the fact that the harmonics of the yearly and monthly seasonality occur at frequency
that are very close. The same is true of the monthly and weekly cycle. Fig. 2 illustrates the distribution of the seasonal fre-
quency of yt(A), t(M) and yt(W) in a regular year. Leap years contribute to the denseness of the seasonal frequencies even
further. The issue concerning the selection of the relevant harmonic cycles will be taken up in section 7.

An extension of the stochastic trigonometric model has been provided by Pedregal and Young (2006). A modulated cycle
is defined as follows:

Vit = Qjr COS(AjSt) + o sin(A;;st),

|:@ozjt ] _ |: cosri  sinAt ][@aﬂl i| . |:@/<th ] 6)
* H * * * * .
o —sinA;  cosA; o, K5y
Here, Ajf is the modulating frequency (not necessarily a seasonal frequency) and «;; and K;ft are i.i.d. Gaussian disturbances

with zero mean and variance 2. The objective of combining modulated cycle is that of fitting multiplicative periodic com-
ponents keeping the number of parameters in the model much lower than in a standard unobserved components model
without modulation. Pedregal and Young (2006) present an application to hourly electricity demand. Notice that if A;; =0
we obtain the trigonometric seasonal model in Harvey (1989, p.39).

4. Time-domain random effects models

Consider modelling a regular seasonal pattern with integer period s time units in discrete time. Let w; denote a k x
1 non random vector, containing the values of k <s deterministic periodic explanatory variables, so that w¢ s =w, 1=
1,2...|n/s].

A fixed seasonal pattern can be modelled by combining the elements of w; with coefficients §, such that the sum of the
seasonal effects across s consecutive seasons is zero. In order to guarantee that Zj;}) Y;—j = 0, the orthogonality constraint
W8 =0, where w = Zj.;}) w;_;, needs to be enforced.

The time-domain random effects model allows the coefficients to vary over time according to a (singular) random walk:

Ve=widt=1,....n,
811 = & + @, 0 ~ N(0, ), )

where € is matrix with rank k — 1 that lies in the null space of W, and the initial vector §; satisfies wd; = 0. The singularity
guarantees that w'§; = 0, for all t, and ultimately that the expected value of Zj;z) Yi—j =0 is zero.
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Fig. 2. Distribution in the range [0, r] of the seasonal frequencies of the annual cycle (blue bars), of the monthly cycle with period 31 days (red bars with
height 0.7) 28 days (yellow bars with height 0.1) and 30 days (bars with height 0.4), and of the weekly cycle (green bars).

There are two alternative specifications that enforce the condition 2w = 0. For a positive definite and symmetric matrix
V, we can set

=V -_VwWw'Vw) "WV, (8)

and w'8; = 0. The vector §; is a multivariate random walk, allowing the seasonal pattern to evolve over time in a persistent
way, with singular distribution, as w'§; = 0.
The second alternative specification is
- =/

— -

Q=M,VM,, M, =1l —

The most popular specifications for the matrix V are the scalar matrix V = 02l and the diagonal specification V =
diag(aaz)yl, o 002)’2), which allows for seasonal heteroscedasticity.
Model (7)-(8) implies that the sum of s consecutive seasonal values is a zero mean moving average process of order not
larger than s — 2:
s—1
D Vi =W+ W W) @+ (W Wi+ + W) @i
j=0
The result follows from substituting y;_; = w;ﬂ. (@;_j_1+ 4+ ®_g11+6_s,1) and noticing W8 5,1 =0.1f 8 =8 £0 for
all £ > 1, then y; is a deterministic periodic function of time, centred at zero, Zj;}, Yi-j=0.
We now focus on the choice of the periodic basis function, determining the loading vector w;. We start with the case
when k =s and w; is an s x 1 vector selecting the relevant season, which occurs when wy = [Dy;, Dy, ..., Dg]'. It is conve-
nient to write w; = ¢/P‘~1, where

_[e o, 1., Je
e Lol
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Im denotes the identity matrix of order m and 0, a vector of m zeroes. The permutation matrix P is s-cyclic, so that,
for any integer [, P¥*'s = P¥| and orthogonal, P’'P = PP’ = I;. Hence, w; corresponds to the first column of the (t — 1)-th
power permutation, or circular shift (we assume without loss of generality that the first observation corresponds to the first
season), and w = i;. If we further assume V =1, we find the Harrison and Stevens (1976) seasonal model as a special case.

Appendix A establishes the equivalence between the time-domain random effects seasonal model and the stochastic
harmonic model, for a suitable specification of €2, generalizing results in Proietti (2000).

4.1. Subsets of seasonal effects

We consider the case when a subset of size k < s of seasonal effects is modelled. This arises from imposing s — k restric-
tions C'8; = 0, where C is an s x (s — k — 1) matrix whose range space does not include is. This implies that s — k — 1 effects
arise as linear combinations of k principal effects. For instance, Harvey (1989, Section 2.3.5) considers the model for weekly
seasonality (s =7) such that all weekdays (Monday to Friday) are alike, but Saturday and Sunday are different, in which
case k =3 and

-1 1 0 0 0 0 O

C - -1 0 1 0 0 O O
-1 -1 0 01 0 O O
-1 0 0 0 1 0 O

Let ® be an s x k matrix spanning the kernel of C, ®'C = 0; in the above example, ® is block-diagonal with diagonal
blocks i5/5 and I,. The corresponding seasonal model is (7)-(8) with

w =€, P-1O©O0)!, W= (00)10i

If the range space of C also spans the vector i, then w = 0 and the model (7)-(8) is modified by leaving € unrestricted.

4.2. Time-varying Periodic Splines

The saturated seasonal model, postulating a specific effect for each of the s seasons is overparameterized and infeasible
for large s. Also it needs to be adapted to the case when the seasonal period varies with time, as it is the case with the
annual and monthly cycle in daily data.

Let s; denote the seasonal period (e.g., 28 days in February, 31 days in March, etc.), ty denote the beginning of the season
and let u(t) = (t —tg)/s: be the rescaled time, taking values in [0,1]. A periodic spline y (u), is a continuous and periodic
function with continuous and periodic derivatives, y ™ (u) = d™y (u)/(du)™, m =0,1,2, i.e, up to the second order. We
assume that k-1 internal knots 7;, j=1,...,k—1, have been identified in the interval [0,1], in addition to o =0 and
T, =1, and we let §; =y (), j=1,...k, with y(tg) = y (7)), due to the periodic nature of the function, and ¢; = y(z)(rj).

Here we follow the derivation by Poirier (1976), Harvey and Koopman (1993) and Harvey et al. (1997). For a compre-
hensive treatment of splines we refer to De Boor (1978) and Hastie et al. (2001). The starting point is the periodic linear
piecewise representation for the second derivative at Tj1 SU<T, j=1,...,k:

Ti—u u-—r7j
Duy=-"—¢ 1+ e,
14 ( ) h] j-1 h] j»
where we have defined h; = 7; — 7j_4, and ¢o = ¢, by periodicity.
Integrating twice, evaluating the constant of integration using §; = y(t;), and imposing the continuity and periodicity

conditions on y (M (u) at the knots, yields a system of k equations in the unknown elements of ¢ = [c, ..., ¢k, Qc =R,
with § = [5] sy 8](]/,

— 2(h1+h2) hZ 0 O h] —_
e 2ha+hy)  h 0 0
Q- 0 s 2(hs+hy) g 0 ’
0 0 - hi1 2(hq +hy) hy
i hl 0 . 0 l’lk z(hk + hl) .
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Fig. 3. Periodic spline basis. In the left panel the knots are located at the end of each calendar month [0, 31, 59, 90,..., 365]. In the right panel an additional
knot has been included at t=359 for the Christmas effect.

and
T —(hy' +hyh) h;! 0 0 hi! T
hy! —(hy' +h3h) h3! 0 0
R=6 0 h3! —(hs'+hY) k! 0
0
0 0 bl =G EhD R
L h3 0 0 h, —(h," +h7") |
Moreover, for 7,y <u<7j, j=1,....k y(u) is a linear combination of the elements of ¢ and 4, namely,
Ti—u Uu—71Tiq 2 2 Ti—u U—"1j4
y (W) = ==—I[(rj - w)* = hilej 1 + — 21— —1;4)* - h3]c; + i1+ 8,
Ghj J ji- Ghj J ji- hj J hj J

so that, after replacing ¢ = Q" 'R4, we can write y (u) = w(u)’é.

Hence, returning to calendar time, we can write y; = w;d, where w; = w;(u), and u is given by the ratio of the time
lapsed from the start of the season to the period s;. The spline can be made time-varying by allowing the coefficients § to
evolve over time according to a singular random walk, as in (7). In the definition of £, given in (8), the vector w needs to
be replaced by w; = Zj.!ol w_j.

Figure 3 displays the spline basis, i.e., the elements of the vector wy, as a function of time, for t =1, ..., 365, when the
knots are located at the end of each calendar month [0, 31, 59, 90,...,, 365] (left panel) and when an additional knot at 359
is inserted for capturing the effect of Christmas (right panel). One important issue is the selection of k and the location of
the knots. Harvey et al. (1997) modelled y; for daily data by a periodic spline; in their specification £ = My,.

5. Modelling holiday effects and the calendar component

The effect of fixed holidays and moving festivals can be modelled via the regression component x;, where the j-th
variable in the vector X; contains the intervention signature of a particular holiday and 8; measures its effect. The calendar
component requires careful modelling. Failure to capture it appropriately will result in the need to add high frequency
harmonic cycles to the seasonal component. This is so since the variation of the series around holidays contributes strongly
to the high frequency components of the spectrum. For hourly data, the switch from standard time to daylight saving time
and back can be dealt with by spline interpolation.

A crucial element is the a priori specification of the intervention signature {x;,t =1,...,n}. Hereby we mention a few
possibilities. In the sequel, we denote by 7 the time of the intervention and by T < 7 < T the initial and the final day
between which the holiday effect occurred. Notice that all the interventions repeat periodically in different years, possibly
with time varying period. Also, it is customary to consider the calendar component in deviation from the trend. This is
achieved if the calendar regressors in X; have zero average, which can be guaranteed by subtracting the long run average of
the intervention variable.

Dummy interventions can be used to model the once for all effect on y¢, by specifying x;. = I(t = t) modulo s;, where I(-)
is the indicator function and s; is the periodicity of the holiday. If the effect of a holiday spreads uniformly around its time,
we can use a temporary level shift: x;; =I(z <t <T) modulo s;, or the contrast of two smooth transition interventions:
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Xjr =F(z, y1,t) = F(T, ¥2.t), where F(-) is the logistic function

1
1+exp(-y(t—1))

The parameter y regulates the speed of the transition of the function from 0 to 1.

Periodic interventions may also result from combining periodic spline basis functions, as in the previous section. The
problem is the localization of the spline basis function. A periodic B-spline basis is more adequate. For modelling the effect
of Easter and Christmas we will consider wavelet interventions formed from the normalized first and second derivative of
the Gaussian density (1-wavelet and Mexican hat) with bandwidth h:

F(z,y,t) =

2
V2ue ™ u 2 2
VW) = g V) = W(l —u?/h?)e” e,
where, e.g., U =1t — tggrer- The bandwidth controls how localized is the effect of a particular festival or interventions. The
1-wavelet is a contrast between before and after the intervention; when considered in conjunction with v, (u) enables to
capture potential asymmetries.

Unrestricted modelling can take place by the put-k-dummy-in approach by Penzer (2007), which is related to the dummy
saturation approach by Santos et al. (2008), Hendry and Doornik (2014), applied to seasonal time series by Marczak and
Proietti (2016). The dummy saturation approach provides also a methodology for automatic outlier detection in seasonal
time series.

6. Statistical inference and robustness

The time series models for y; considered in this paper are encompassed by the following state space specification:

Ve =Zjoe + X, B+ g€, & ~1iid. N@©O,0%), t=1,.,n
o1 = Tror + Wi + Heey, 9)

where in the measurement equation o is an (m x 1) vector of states, z; is an m x 1 nonstochastic vector, e.g. z;: = [1, 0, w;]
in the trend plus seasonal model, such that zjer; = r + ¥, X¢ is a (K x 1) vector of exogenous regressors, 8 is a (K x 1)
vector. In the transition equation T; is a (m x m) matrix, H; is a (m x q) matrix, and W; is (m x K). The system matrices
z¢, g, T, H; are non-stochastic, can be time varying, and in general contain unknown parameters denoted by @, referred to
as hyperparameters, that have to be estimated along with the fixed effects in 8; x; and W; contain the exogenous measure-
ments.

The initial state vector is specified as follows:

a; =@y +WoB +Ho&y, & ~N(0.1). (10)

where &’{w, W), and Hy are known quantities and & is assumed to be orthogonal to &; at all leads and lags.
The vector B and the matrices X¢, W, Wy are partitioned as follows:

@ag X, = [O/,x;", O/],
B=18. | w =[o.0w]
B w, =[T1f.0.w)]

where ag are a subset of initial states corresponding to nonstationary elements of o, xI is an (N x kyx) matrix of explanatory

variables affecting the response variable, WI is an (m x ky) matrix of explanatory variables affecting a.q, and T' is a matrix
relating oq to ag.

The statistical treatment of the model refers to the estimation of the unknown hyperparameters, and to the extraction of
the unobserved components, feature and outlier detection. The estimation of the hyperparameters is carried out by maxi-
mum likelihood with the support of the Kalman filter. The components are extracted by a smoothing algorithm. See Harvey
(1989) and Durbin and Koopman (2012).

The augmented Kalman filter (AKF), see Rosenberg (1973) and de Jong (1991), is an essential algorithm for likelihood
inferences on the parameters of a state space model and for linear prediction. Given the parameter values, it evaluates the
likelihood via the prediction error decomposition, and once the parameters are estimated by maximizing the likelihood, it
enables the out-of-sample prediction of the series and the estimation of the states in real time.

Our treatment is based on de Jong (1989), de Jong (1991), and Durbin and Koopman (2012). In the next subsection we
start from the specification of a general state space model encompassing the daily and weekly seasonal models discussed in
the paper. Algorithmic details on filtering, maximum likelihood estimation and smoothing are provided in Appendix B.
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Fig. 4. Tukey’s biweight function, ¥ (x) and its associated weight function w(x) = v (x)/x.

6.1. Robust Filtering and Signal Extraction

High frequency time series are affected by outliers. Recently, there has been renewed interest on the robustification of the
inferences. This approach differs from outlier correction, which also leads to robustified inferences. Yet another alternative
approach is based on endogenizing the outlier generation process by assuming that the disturbances driving the components
are characterized by a heavy tailed distribution, or are distributed as a scale mixture of known distributions. See Bruce
and Jurke (1996) and Aston et al. (2006) for this approach, which is perhaps more consistent theoretically, but requires
computational inference based on importance sampling or Markov Chain Monte Carlo methods.

A theoretically consistent and empirically viable approach to robustness in time series analysis has been recently pro-
posed by Harvey (2013). The approach, however, deals with unobserved components whose dynamics is driven by the con-
ditional score of the observation density and, unlike our proposed method, cannot handle models with multiple source of
errors.

In this section we present a robust filter, which draws essentially on the approach proposed by Masreliez and Martin
(1977), Martin (1979) and Martin and Thomson (1982), see also Maronna et al. (2018). The idea is that in the presence of
an outlying observation the robust filter shrinks the real time estimate of the state components towards the one-step-ahead
prediction, not using the current observation, and replaces the observation after distilling out the contaminated part.

The influence function v is an essential component of the robust filter. In our applications, we shall use Tukey’s biweight
function which, for a variable x, is given by
x(1-5)% Ixl=<c
0, |x| > c.

1//(X)={

The tuning constant ¢ regulates the trade-off between the so-called breakdown point and the efficiency of the estimator. The
breakdown point is a measure of robustness of an estimator, as it gives the fraction of bad data the estimator can tolerate
before giving results towards the boundary of the parameter space. Lower values of ¢ increase the breakdown point but
reduce efficiency. We consider for c the values ¢ = 4.685, which guarantees 95% efficiency when sampling from the normal
distribution and a breakdown point about 12%, and ¢ = 7.0414, achieving 99% efficienty and a 6% breakdown point; see also
Maronna et al. (2018). The plot of the biweight function, 1 (x), and the corresponding weight function, w(x) = v (x)/x, using
¢ = 4.685, is available in Fig. 4.

The robust augmented Kalman filter extends the data- cleaning filter by Masreliez and Martin (1977), to the general state
space model featuring nonstationary and regression effects. The robust filter shrinks the observations towards their one-
step-ahead prediction based on the past, by bounding the effect of the information carried by a new observation according
to an influence function. When maximum likelihood estimation is carried out on the replacement data, an M-type estimator
is obtained.

Assume that the observation at time t is contaminated by an additive outlier, o; ~ N(0, Ao2), A > 0, independently
of o and &, so that y/ =y, + o is observed instead of y;. Also, for the uncontaminated series, let E(y;|%_1) = v; and
Var(y¢|Fi_1) = o2 f;, where F;_; denotes the information up to and including time t — 1. As a result, the Kalman filter in-
novation will be v = v + o, with ;7 ~ N(0, 02 f;7), with f = f; + A.
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Consider the standardized innovation v;" = v} /(o\/f;"), and let w, = ¥ (v;)/v; . Then, we can think of distilling the
uncontaminated innovation from v; by the fraction w;v;. Interpreting w; as the ratio
Cov(ve,vf) _ f;
Var(v}) = ff’
we can retrieve

ft+ :W;]ﬁ~

The robust AKF is thus obtained by replacing f;l by wy f;l in the updating equations for the state and the regression
effects, thereby shrinking the contribution of an outlying observation. See Appendix B for details.
A cleaned time series is obtained by replacing the contaminated observations y; by

~ 7~ /D ~
Vi =200y + X By + Ge&yye

where &, and B[ are the robustified real time state estimate of the states and the regression coefficients, and &, is that
of the error term. The cleaned value is coincident with the observed one if w; = 1; if, however, wy tends~towards zero, the
robust AKF shrinks the outlying observation towards the one-step-ahead prediction y;_y = z;&¢_1 + X;B;_1, where &;_4
is the one-step-ahead prediction of the state and ﬁt,1 is the estimate of the regression coefficients based only on F;_;. The
sequence {j:}, t =1,...,n, represents a cleaned data set which can be used for robust parameter estimation.

A robust M-type estimate of the parameters of the model, denoted by #, can be obtained by the following procedure:

1. Compute the maximum likelihood estimates of @ and obtain a robust scale estimate, e.g., replacing (B.4) by the median
absolute deviation of the scaled AKF innovations:

G20p = [med(m/\/ﬁ _ med(vt/\/ﬁ)|> /0.6745]2,

where med(-) is the median of the distribution. See Maronna et al. (2018, section 2.6).

2. Run the robust AKF to obtain a clean series {ji.t =1,...,n}. The argument of the influence function and weights is
vt/ (5MAD\/E)-
3. Estimate the parameters # by maximising the likelihood of {y;,t =1,...,n}.

Steps 2-3 may be iterated until the robust AKF coincides with the AKF and no further corrections to the series are made.
7. Model selection
7.1. Model selection for the stochastic harmonic approach

The complexity of the seasonal pattern manifests itself with the necessity of bringing in a large number of harmonics or
knots, leading to a large number of states and/or explanatory variables. For instance, to model the weekly cycle with minute
by minute time series, 720 trigonometric components are involved (s = 1440). Obviously, the complete trigonometric model
is infeasible, as the number of harmonics is too large to be handled, and the general trigonometric representation poses
a fundamental variable selection problem, which has often been addressed by truncating the representation, i.e., selecting
only the fundamental and a few first harmonics for each cycle.

The trigonometric approach is preferable when there is a single periodic component or if multiple seasonality are nested,
i.e,, the period of the main cycle is a multiple of that of the other seasonal components. In this case, the sines and cosines
defined at the harmonic frequencies are orthogonal and the selection of the relevant trigonometric components is simpli-
fied. Moreover, for regular cycles, the harmonics are hierarchically ranked, the fundamental and the first harmonics being
dominant.

The decision as to whether to include a particular harmonic lag must be accompanied by that as to whether the compo-
nent is stochastically or deterministically varying. This may be thought inessential, as after all the variance of the component
can be estimated equal to zero. However, if the component is deterministic there is no need to include it in the state vector
and its coefficients can be estimated in closed form by generalized least squares.

Canova and Hansen (1995) and Busetti and Harvey (2003) (CHBH, henceforth) have derived the locally best invariant test
of the null that seasonality is stable versus the alternative that it is stochastically evolving. The null hypothesis that the
trigonometric cycle at frequency A; is deterministic is then formulated as Hy : O'sz =0, versus Hy : =0, a,?j > 0. The test

statistic is

2 n t ) t ) .
wjzwz Y eicoshji |2+ (D esinagi)? |, (11)
i1

L ¢=1 i=1

where e; are the ordinary least squares residuals of the regression of the original series on a constant, cos(A;t) and sin(A;t),
and 6L2 is an estimator of the long run variance of the residuals. Under the null, z; is asymptotically distributed according
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to a Cramér-von Mises distribution with 2 degrees of freedom; the critical values have been tabulated by Harvey (2001) in
his Table I(b).
The selection method that we propose has the following steps:

1. Estimate the null model (1) with trigonometric seasonality by including in y; the component defined at the fundamental
frequency and the first two harmonic components for each seasonal cycle (annual, monthly, etc.). Include among the
explanatory variables the calendar regressors and any known interventions.

2. Compute the standardized Kalman filter innovations (see section 6), denoted v;. Conduct the CHBH test, and if the
largest value of the test statistic is significant at the prescribed level, after a Bonferroni correction, include the corre-
sponding harmonic in y;.

3. Reestimate the model and iterate until no further stochastic cycles are included.

4. Conduct the the Wald test of the restriction &; = o} = 0 for the remaining harmonics. Include in x; the harmonics that
are significant at the prescribed significance level with Bonferroni correction. This can be done by forward addition of
the maximally significant harmonic, one at a time with reestimation, or by including all those which are significant.
Forward addition (with possible alternation of backward deletion) is preferable in the presence of multiple non nested
seasonal components.

A similar selection strategy has been adopted by De Livera et al. (2011), who proposed a forward stepwise procedure,
which gradually adds deterministic cycles o cos(A;t) +oz;f sin(A;t) one at a time testing the significance of each one by
an F-test for the null Hp : &; = oe;f = 0, with nominal size 0.001. The forward addition stops when the Akaike Information
Criterion has no further reduction. A selection approach based on the periodogram for seasonal long memory models is
taken by Leschinski and Sibbertsen (2019).

7.2. Model selection for the time domain random effects model

When the seasonal component is modelled according to this approach we propose the following model selection strategy:

1. Filter the series with a low-pass filter to have a preliminary estimate of the trend. A model based filter based on an
integrated random walk with cut-off frequency close to the zero frequency, such that its gain is close to zero at the
seasonal frequencies, can be appropriate. Otherwise, use a preliminary specification of model 1.

2. Plot the detrended series against the day of the year pertaining to the observation. Estimate the conditional mean func-
tion by a nonparametric local polynomial smoother, such as LOESS; see Cleveland et al. (1990).

3. Identify the knots as the change-points of the fitted conditional mean function, i.e. the points at which level, slope and
curvature change most.

4, If there are multiple seasonal components, plot the detrended series against the the day of the month, week, etc., per-
taining to the observation and identify the knots as the change-points of the regression function estimated nonparamet-
rically.

Forward addition of knots in a periodic spline setting can also be performed, though the insertion of a knot affects all
other elements of the basis, rendering the selection more complicated. A periodic cubic B-spline basis can be more amenable
for the purpose of model selection, being more localized.

8. Illustrations
8.1. Call Center Data

The series deals with the number of retail banking call arrivals per 5-minute interval between 7:00 a.m. and 9:05 p.m. It
has been analyzed by De Livera et al. (2011). The most prominent features are the presence of daily seasonality with period
s; =169 and a weekly cycle with period s, = 845 (169 x 5). We also explore the possibility of a hourly cycle with period
equal to 12 observations. We consider n = 16, 900 observations over 100 days (20 weeks, 5 days a week).

The initial model features the fundamental and two harmonic seasonal cycles for the weekly (W) and daily (D) compo-
nents, and only the fundamental cycle for the hourly component:

3 3
o=+ v+ P+ e
j=1 j=1

The remaining harmonics are selected based on the Wald test of residual seasonality at the seasonal frequencies and the
CHBH test. This has led to collecting in Xx; cosine and sine terms defined at the harmonics {6, 9} of the weekly cycles and at
the harmonics {4, 5, 6, 8, 11, 12, 13, 26, 27} of the daily cycles. It should be remarked that the higher frequencies of the daily
cycles are very close to the fundamental and the harmonics of the hourly cycle.

Figure 5 displays the series with the underlying level, which is very stable (top left). The estimated weekly seasonal
component captures most of the variability of the series (top right panel). The sample available, consisting only of 100 days
does not allow us to verify whether the fluctuations of the amplitude are due to the presence of a monthly cycle. On the
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Fig. 5. Call center data. Series and smoothed estimates of level component (top left). Smoothed estimates of the weekly seasonal component (top right).
Smoothed monthly and hourly seasonal components versus the 169 5-minutes intervals making up each day (bottom left). Multistep predictions for day
101 (bottom right).

contrary, the daily pattern is very regular: the bottom right plot displays the 100 estimated daily and hourly cycles versus
the index of the five minutes intervals, t = 1, ..., 169. The daily and hourly components are considered together due to the
inherent difficulty in separating the two components. The plot confirms that there is a detectable hourly cycle, manifesting
itself with a clustering of the calls at the beginning and towards the end of each hour. The effect is more sizable at the
beginning of the day. The last plot displays the smoothed estimates of the signal for the last day, with the observed number
of calls superimposed, and the multistep predictions for the next day (169 predictions).

8.2. Daily cash money withdrawal

The NN5 daily cash withdrawal time series features prominent Christmas and end of year effects. Secondly, the Easter
holidays need to be taken into consideration. For these effects we created two sets of wavelet interventions, as in
section 5 using a bandwidth h = 7 (seven days).

Our initial model contains a level component, w; that absorbs all the low frequency components, essentially capturing
the annual cycle, which could not be autonomously estimated with only two years of data, a monthly seasonal component,
modelled using the fundamental trigonometric cycle and two harmonic cycles, a weekly seasonal component, also modelled
considering only the first three trlgonometrlc components and the four intervention variables, 1-wavelet and Mexican hat
for Christmas and Easter: y; = ¢ + ZJ 1Yt W 4 ZJ 1 y(W) +X B+ €.

Then, the variable selection method of section 7 leads to the addition of deterministic components at the frequencies
corresponding to the annual, semiannual and one-third of a year cycles.

The top right panel of Fig. 6 displays the smoothed estimates of the combined level and regression components. The
Christmas and Easter effects result from the combination of the wavelet interventions plotted in the right panel: the 1-
wavelet is a smooth contrast between what occurred after and before the holiday; the Mexican hat wavelet is a contrast
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Fig. 6. NN5-101 Daily cash money withdrawal. Series and smoothed estimates of level and annual seasonal component (top left). Easter and Christmas
wavelet intervention variables (top right). Smoothed monthly seasonal component (bottom left). Smoothed weekly seasonal component (bottom right).

between the value at the time of the intervention and before and after. The amplitude of the monthly component, shown
in the bottom left panel, may vary with the annual cycle, being smaller in the summer months. This interaction among
the multiple seasonal components is captured by the time-varying pattern of the monthly seasonal component. The weekly
seasonal component, displayed in the bottom right panel of Fig. 6 is more regular, although it is responsible for a large share
of the daily withdrawals variation.

8.3. US initial unemployment claims

The weekly US initial unemployment claims series is an important timely indicator of the US business cycle, as a flex-
ible labour market is very sensitive to the state of the economy. It is characterized by a strong annual seasonal pattern,
and unemployment claims are also varying within the month. For analyzing this time series we applied the strategy pro-
posed in section 7.2. The reason why it is preferable to use a periodic spline is related to the very fast movement of the
series at the beginning of the year and in July. This is better accommodated by an appropriate selection of knots. For the
yearly seasonal component we selected 13 knots, the first one located at 0.0274 in rescaled annual time, and the remaining
ones located at j/12, j=1,...,12. As for the monthly cycle, the following knots were identified in rescaled monthly time:
{0,0.22,0.37,0.44,0.58,0.73,0.84, 1}; these are the points at which the minima and maxima of the regression function of
the detrended observations on rescaled time, estimated by LOESS, were located. This may be the reflection of the fact that
the monthly cycles have idiosyncratic features, so that unemployment claims peak at different points of rescaled time.

Easter and Christmas wavelet interventions were also included and the null model so identified was estimated by max-
imum likelihood. While the Easter effect was not significant, the analysis of the standardized innovations and their sample
spectrum highlighted the presence of significant residual autocorrelation and unaccounted effects at the seasonal frequen-
cies. Rather than inserting more knots we took a hybrid strategy and we found more suitable to sequential identification
of trigonometric components according to the strategy outlined in section 7.1. This led to the identification of the follow-
ing harmonics of the yearly cycle: {8, 18, 16, 19, 22, 20}. Also, since we suspected a substantial interaction of the monthly
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Fig. 7. US initial weekly unemployment claims. Series and smoothed estimates of the trend component (top left). Smoothed estimates of the seasonal

component y[(") + yt(M) (top right). Estimated seasonal component yt“” + )/[(M) versus the day of the year (bottom left). Series and out-of-sample interval

multistep predictions for the last 25 weeks of 2019 (bottom right).

and the annual cycle, we also included among the explanatory variables the product between cosines and sines evaluated
at the fundamental annual frequency with those evaluated at the monthly fundamental frequency. This eventually led to a
satisfactory model.

Figure 7 displays the original time series (logarithms) and the smoothed estimates of the level in (B.9). The periodic
component, plotted in the top right panel, is obtained by summing the annual and monthly periodic spline estimates and
the regression component, which accounts for the deterministic additional cycles and the interaction effects. The bottom
left panel displays the periodic component in annual time. The plot illustrates the variability of the monthly cycles within
the year. Hence, we are led to conclude that it is not suitable to consider the seasonal component as the addition of the
monthly and annual components. There are substantial dependencies between the two cycles, such that the monthly pattern
of unemployment claims varies with the position in the annual cycle. Finally, the bottom right panel displays the multistep
ahead point and the 95% interval forecast obtained for the last 25 weeks, when the selected model is estimated leaving out
the corresponding observations.

8.4. Robust inference for NG daily volume

The daily volume of natural gas futures traded on the New York Mercantile Exchange series, NG series hereafter, was
modelled after a variance stabilizing Box-Cox transformation with parameter 0.125. Similar results are obtained if the log-
arithmic transformation is used. The transformed series is plotted in the first panel of Fig. 8 along with the final robust
estimated trend.

The series is characterised by a sizable and time varying monthly cycle with irregular period around 21 working
days (during weekends NG is not traded), for modelling which we considered the trigonometric model (4)-(5), where
j=1,2,3,4, and in defining the time-varying frequencies s; is the length of the month in which the observation falls
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Fig. 8. Daily volume (Box-Cox transformation with parameter 1/8) of natural gas futures traded on the New York Mercantile Exchange during the period
between April 3, 1990 and March 6, 2014. The top left panel shows the original series and the robust estimates of the underlying trend. The top right panel
shows the cleaned observations resulting from the data cleaning filter of section 6.1. The bottom left panel displays the original and robust standardized
innovations. The bottom right panel shows the robust smoothed estimates of the monthly seasonal cycle.

and d; is its position within the month. The Easter and Christmas effects were captured by including wavelet interventions,
as detailed in section 5.

The high level of outlier contamination affecting the series is clearly visible from its plot. Indeed the series provided a
case study in robust filtering in Calvet et al. (2015). The robust estimation and filtering method of section 6.1 was applied
by considering the value ¢ = 7.0414 for the tuning parameter of Tukey’s biweight influence function. Robust estimates of the
parameters were obtained by two iterations of the procedure consisting of obtaining a robust scale estimate, run the robust
augmented Kalman filter to obtain a clean series, and re-estimate the parameters.

9. Conclusions

We have considered three main challenges that need to be taken when modelling seasonality in high frequency time
series, dealing respectively with modelling calendar events, such as holidays and moving festivals, achieving robustness in
estimation and signal extraction, and the selection of the seasonal model. We think that there are very interesting research
directions to be taken, relating to what modelling strategies should be adopted to move beyond the linear additive frame-
work in the presence of substantial interactions between the annual cycle and its subannual components. Secondly, model
selection with periodic spline models should consider choosing a periodic B-spline basis. We also plan to extend our meth-
ods to seasonal long memory models, of the type investigated by Asai et al. (2020) and Voges and Sibbertsen (2021). Finally,
the role of nonlinearities and seasonal shifts along the lines of He et al. (2019) should be investigated.
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Appendix A. The equivalence between time-domain and trigonometric seasonal models

The time-domain random effects model (7)-(8) encompasses the stochastic harmonic model of section 3. To show this, we
shall focus on the canonical basis w; = P~1"e;, for which W = is and consider the specification of € as a circular covariance
matrix.

Let w; denote the s-dimensional circular white noise process, @} ~ i.i.d. N(0, 02N;), where N is the circular correlation
matrix:

L Y2 o (P PK) - 1 pgp (P2 + P512), s even, Al
s = .
I+ Y52 p Pk 4+ Py, s odd,

and p; is the correlation coefficient at lag k. The spectral decomposition of N, see theorem 6.5.3 in Anderson (2011), is
N; = Vs A VE, ViVs = ViV, = ;. When s is even,

As =diag(so. 61,61, -+ Ss2-1, S5/2-1, S572)

1.
VS = %[lSv €1,81,€C2, 82, ..., cS/Z*lw SS/Z*]s cS/Z]s
cos(Ay) sin(Ag)
cos(2Ay) sin(2A;)
=v2| : Cse=v2| ck=1,...52-1,
cos ((s — 1)Ay) sin ((s — 1))
cos(shy) sin(sAy)
and ¢, =[-1,1,...,-1,1], where A, = 2%" k=1,2,...,s/2, are the seasonal frequencies, A; being the fundamental fre-
quency, corresponding to a period of s observations, and A,, ..., As,; are the harmonic frequencies.
The eigenvalues of Ng are
s/2-1
Si=1+2 " p;cos(Aj) + ps2 COS(As/2),
j=1
k=0,1,..., s/2, where we have set Ay = 0. Hence, we can write
G s/2-1 G
N, = ?0131 + > "(ckck+sks,<)+ cs/zcs/2 (A2)
k=1

When s is odd,
1)/2
So . el

N = ?151 + Z %(ckck+sksk)
k=

The detrended matrix £ = 62(Ns — ls i;) provides a model for the disturbances of the model (7)-(8). In particular, if all
the circular correlations pj are zero, Ns =1, and ¢y = 1, which is the Harrison and Stevens (1976) seasonal model.
When the circular correlations are nonzero we have the equivalent trigonometric seasonal representation

ijﬂ (ctke COS(Ai) + g sin(hgt)) + s ((—1)F, s even ,
Ve= (A3)
D72 (0 cos(Axt) + o, sin(Agt)). s odd ,
where oy, and o, evolve as independent random walks with disturbance variance proportional to gj.
Considering for simplicity the case when s is even and writing
1
- R—
Vi = ﬁ[

gives the trigonometric seasonal model

C1,81,€2,82, ..., €521, S5/2-1, Cs/z],

Ve = W;VSV;&- ,
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I\
thsvs 5{,

= [wici. wisi. wico. wis,. ... e, ]8].
= [cos(Aqt), sin(Aqt), cos(Ayt), sin(Aqt), ..., cos(nt)]ST,
with
8, = 8 +ol of ~iid N(0,diag(c?.02,07.02,.... a2,)),

where 62 = 02 6/s.
The first line follows from the orthogonality of the matrix Vs, VsV, =1, the second from the decomposition VsV, =

Vivy 4+ % and from i,8; = 0, for all . In the third line §; = V¥'§ has alternating elements o, = ¢ 8 and aj, =5 6.

Appendix B. State Space Methods
B1. The Augmented Kalman Filter

Consider the state space model (9), with initial conditions stated in (10). Setting Aq;g = —Wo, P}, = HoHj, the augmented

110
Kalman filter (de Jong, 1991, AKF henceforth) consists of the following set of recursions and definitions. For t =1,...,n
Vi =Yt — ZZ&:W], Vi =X; — ZgAtlt—h
fr=zP 7+ g8, K =TP; zf",
&g =Ty + KU, Aqe = T — We + Kpv,
P,y = TP T, + HH, — ik (B1)

The starred quantities correspond to the usual Kalman filter applied to y; with 8 =0, when the state vector is initial-
ized by &’{‘0 and no explanatory variables are considered. The scalar v} represents the conditional innovations, vf =y —
E(t|V_1, B =0), whereas f; denotes its variance, f* = o ~2Var(y;|)_1, 8 =0). Here, Ys_1 = {y1,¥2,...,¥;_1} is the past
history of y;. The Kalman gain matrix has the following interpretation: ki = Cov(a, y¢|Vi_1, B =0)[Var(y¢|V:_1, B = 0)]L.
The vector @& 4| = E(t¢11|)t, B = 0) is the one-step-ahead prediction of the state vector given the information in period t
and conditional on B = 0. The corresponding conditional covariance matrix is P} e

The time series innovations are y; — E(y¢|Y:_1, &, W;_1) = v; — v, and the one step ahead prediction of the state vector
is E(oe 1|0k, X, Wi) = @ q)r — Ariq)cB- Here we denoted &; = {Xy, X, ..., X} and Wr = {Wo, Wy, ..., W}

Given the availability of a sample of t > K observations, {J;, X;, W}, the vector B can be estimated by a weighted least
squares regression of v} on v;, by minimizing the criterion function

% / @)2
sy =y U vP! acln
i=1 t

Defining

! vit; Loy,
s =3 "
LT NTLT

for t > K we obtain Bt = St‘]st. The variance-covariance matrix of the regression coefficients (scaled by o ~2) is By = S;l.
Also, the estimator of o2 based on t observations is

1.4 1| &
=-SB,) =— L _ /S ls
t (ﬂ[ t ; fl* t~t t

Replacing B by its estimator, we obtain the innovations v; = y; — E(y¢|Y—1, &, W;_1), the one-step-ahead prediction of
the state vector, &;;_1 = E(ot|)_1, A;_1, W,_1), and the corresponding estimation error covariance matrices, as follows:

=v; =By, fe=fir +vs 1Vf’
Ope1 = O 4 — A 1B Pe1 =Py, + A1 S A (B.2)
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B2. Estimation of model hyperparameters
The maximum likelihood estimators of @ are the maximizers of the profile marginal likelihood function

L(0) = _% (n—K)(n62+ 1)+ Y In|f] +In S| |, (B.3)

t=1

where 62 is the estimator of the scale parameter o2:

A2 1 SV e
6 = i | L sy | (B.4)
t=1 7t

The likelihood (B.3) is based on reduced rank linear transformation of the series that eliminates dependence on B; see
de Jong (1991) and Francke et al. (2010).

B3. Real time filtering, prediction and smoothing

At time t, the updated estimate of the vector f is B[ =S;1st. Recalling that S; =S;_; +ft**1va{, and applying the
Sherman-Woodbury-Morrison matrix inversion lemma Henderson and Searle (1981),

—1 rQ—1
S, veviS
fe

Also, st =s;_1 + ft*‘1vtv;‘ and (B.2) yield the recursive formula:

-1 —1
S = St—l -

o v
B =B +S;_]1VtTZ- (B.5)

The real-time estimates of the state vector, &t‘t = E(a¢|Vr, X, Wr), and its covariance matrix Var(oe|)s, &, Wr) = osz,
are obtained by running the filter

7 7 v v
a:hﬁ = aa[—l + P?\tqztf?» Arr = Agje1 + P?‘t,]szTw (B.6)
7z, .
P?\t = P)tklt—l - P:“F] }TPEH’
and setting
@y =8 — AP, Py =P + AqgS A (B.7)
Then, the prediction step for the state vector gives:
& ) = Tedty, Aci1)e = TeAy — W, (B3)
— * v 4 .
e = TmeTt + H:H;.

Missing values are handled by skipping the KF updating operations: if y; is missing at time t, the recursions (B.1) are
replaced by

~ % ~ %

@ qje—1 = Te@e_q, Aryije—1 = TeAgr—1 — W,
sk —_ sk v /

Pt+l|t—1 = TtPl"tfth + H:H;.

The smoothed estimates &, = E(ett|Vn, Xn, Wn), and their covariance matrix Py, = E[(0tr — &) (&t — &|p)’ [V, Xn, Whl,
are computed by the following backwards recursive formulae, given by de Jong (1989), starting at t = n, with initial values
r;=0,R;,=0and N}, =0:fort=n-1,...,1,

rr =L +zfv;, Roi=LR+zf ", L=T-kz,
_1

N | =LIN/L +z f7 "z,

~ ~ b 3

Qn =01 — A1 By + Py, (1'?_1 - Rt—lﬂn>a

Pt\n = P?It—l — P?|t—1N?—1Pt*\t—1 + (At‘[,] +P?|t—lRt—1)Sl;l (At\t—l +P?|[_1Rt_1)/.
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B4. Robust Augmented Kalman Filter

The robust AKF is thus obtained by replacing f~ T by w; f;1 in the updating equations for the state and the regression

effects. In particular, after running (B.1) and (B.2), t = k+ 1, ..., n, we compute
B. =B +wsS LY,
ﬂf] ﬂf}l Pl A (B.10)
S, =S, —wS TSH.

Note that w; = 1 yields the usual updated estimate, whereas if w, =0, B, = B,_; and S =51,
the inferences on 8 does not occur.
The robustified real-time estimates of the state vector are:

so that the updating of

~ ~ % 3 v,
&e = &g — Age_1Be + WPy, e

, (B.11)
% % ZtZ, px -1
Py = Ptlt—l - tht\t—1 %Ptlt—l + AieS; A;lt'
The robustified real-time estimate of the disturbance vector &; is:
o (7
Bje = W, (B12)

fe
If we =0, it can be easily seen from (B.11) that &, = é&;;_1. Moreover, &4}, is a two-step-prediction in this case, which
becomes evident from writing &, 1j; = Te@;_1 +Wt/§t + H;&y, and replacing Bt by (B.10), and &, by (B.12).
The one-step-ahead prediction equations are corrected as follows:

&Lrur = T&;t—] + wek, vy, Arqje = TAy_q + Wekevy, (B.13)
/ ! .
P;‘+1|t = TP;‘lt_lT +HH' — w; fik.K].
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