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ance of GMM estimators, the resulting fixed-b distributions of test statistics are not pivotal
under time-varying volatility. Three approaches to robustify inference are investigated: (i)
wild bootstrapping, (ii) time transformations and (iii) selection of test statistics and critical
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1. Motivation

The seminal contributions of Newey and West (1987) and Andrews (1991) provide Generalized Methods of Moments
(GMM) (Hansen, 1982) tests robust to heteroskedasticity and serial dependence for stationary series. Relying on het-
eroskedasticity and autocorrelation consistent (HAC) estimators of long-run covariance matrices (LRCov) yields conventional
asymptotic normal or x2 null distributions of test statistics. HAC estimators are typically nonparametric and involve a band-
width B as a tuning parameter and a kernel k. Standard asymptotics turn out to deliver rather poor approximations to the
actual finite-sample distributions (Kiefer and Vogelsang, 2005). Moreover, finite-sample distributions are sensitive to the
choice of B and k. This poor finite-sample performance of HAC estimators can be explained by the “small-b” requirement
that a vanishing fraction b := B/T — 0 of autocovariance matrices, with T the sample size, be used for HAC estimation, while
b > 0 in actual applications.

To tackle these issues with HAC estimation, Kiefer et al. (2000) and Kiefer and Vogelsang (2002a, 2002b, 2005) propose
the so-called fixed-b asymptotic framework, which allows for b € (0, 1]. This yields nonstandard heteroskedasticity- and
autocorrelation robust (HAR) null distributions reflecting the choice of B and k even in the limit and leading to substantially
better approximations to actual finite-sample distributions. The usefulness of such procedures has spawned a very active

* Corresponding author.
E-mail addresses: mdeme@statistik.tu-dortmund.de (M. Demetrescu), christoph.hanck@vwl.uni-due.de (C. Hanck), robinson.kruse-becher@fernuni-
hagen.de (R. Kruse-Becher).

https://doi.org/10.1016/j.ecosta.2023.05.003
2452-3062/© 2023 EcoSta Econometrics and Statistics. Published by Elsevier B.V. All rights reserved.

Please cite this article as: M. Demetrescu, C. Hanck and R. Kruse-Becher, Robust Fixed-b Inference in the Presence of Time-
Varying Volatility, Econometrics and Statistics, https://doi.org/10.1016/j.ecosta.2023.05.003



https://doi.org/10.1016/j.ecosta.2023.05.003
http://www.ScienceDirect.com
http://www.elsevier.com/locate/ecosta
mailto:mdeme@statistik.tu-dortmund.de
mailto:christoph.hanck@vwl.uni-due.de
mailto:robinson.kruse-becher@fernuni-hagen.de
https://doi.org/10.1016/j.ecosta.2023.05.003
https://doi.org/10.1016/j.ecosta.2023.05.003

JID: ECOSTA [m3Gsc;June 9, 2023;10:16]

M. Demetrescu, C. Hanck and R. Kruse-Becher Econometrics and Statistics xxx (XXXX) XXx

literature (e.g., Sun et al., 2008; Vogelsang and Wagner, 2013; 2014; Sun, 2014; Shao, 2015; Preinerstorfer and Potscher,
2016; Potscher and Preinerstorfer, 2018; Rho and Vogelsang, 2021; Demetrescu et al., 2022; Casini, 2022). Lazarus et al.
(2018) provide recommendations for HAR inference in practice. Sun et al. (2008) and Lazarus et al. (2021) address more
specifically the size-power tradeoff in selecting b in a HAR framework.

Crucially, under time-varying volatility (TVV), e.g., non-smooth permanent breaks or trends in the variances, the HAR
limiting distribution additionally depends on the variance process and thus leads to nonpivotality, as posited by Ibragimov
and Miiller (2010) and demonstrated in Section 2 below; see also Xu (2012). Such TVV is present in many time series such
as growth and inflation rates (the “Great Moderation”—e.g., Stock and Watson, 2002) and financial returns (e.g., Amado
and Terdsvirta, 2013). For stationary and unit root autoregressions, see e.g. Phillips and Xu (2006) or Cavaliere and Taylor
(2008b). Correspondingly, inference under TVV receives increased attention.

The paper discusses various corrections restoring the asymptotic pivotality of fixed-b limiting theory for hypothesis test-
ing. Concretely, Section 2 characterizes the distortions of fixed-b test statistics due to TVV in a GMM setting. Inspired by
Hansen (2000), Section 3 discusses a wild bootstrap for valid fixed-b inference under TVV and establishes its asymptotic
validity as T — oo; see, e.g., Shao (2010) or Gongalves and Vogelsang (2011) for relevant alternative bootstrap approaches
in the present HAR setup. We furthermore consider a time-transformation approach (cf. Cavaliere and Taylor, 2008b), and a
pretest for heteroskedasticity. In this sense, we complement recent work of Casini (2022, Secs. 4-5), who provides results for
MSE-optimal bandwidth choices in a HAR framework under a broad class of “smooth” nonstationary processes. His results
relate to least squares estimation and are mainly described in the spectral domain for a fairly general class of locally station-
ary processes using an in-fill asymptotic framework, and valid inference is achieved via a new “double” kernel. In contrast,
our aim is to provide a quantification of the non-pivotality of fixed-b inference under deterministic patterns of TVV and an
assessment of the effectiveness of the studied correction approaches.

Simulation results (Section 4) support the theory. HAC-based tests are size-distorted unless T is large; under homoskedas-
ticity, standard fixed-b is a remedy. Fixed-b tests may however be heavily size distorted under TVV. The comparison shows
that the corrections generally yield good finite-sample size. The time transformation is somewhat oversized for shorter series
and strong autocorrelation, while the wild bootstrap is very accurate. The pretest has an intermediate position. Moreover,
the wild bootstrap is the most powerful correction and is thus recommended. In an empirical application (Section 5), we
use the wild bootstrap procedure for testing in the Fama-French five factor model. Proofs, additional simulation results and
further remarks have been collected in the appendix.

2. The testing problem in a GMM framework

Consider the linear regression model
_Vt:ﬂ/xt‘f‘utv t=1,...,T, (1)

where we are interested in inference on the vector 8 € RX in a GMM framework using L > K instruments z; and a sym-
metric positive definite weighting matrix Wy. The simplest case is OLS regression on an intercept, i.e. Xy =z; =1 Vt. The
disturbances u; exhibit TVV via a standard multiplicative component structure (following, e.g., Cavaliere, 2004) as specified
by

Assumption 1. (i) ur = hgr, t=1,..., T, where h; = h(t/T) > 0 is deterministic, piecewise Lipschitz with fol h2(s)ds = 1.
(i) {%,2¢, &} is a strictly stationary sequence, Ly, ,s-bounded for some & > 0, and strong mixing with coefficients «;

sth. Y0 a}/p‘1/(2+5) < oo for some 2 < p < 2 +34. (iii) z;&; is zero-mean with positive definite LRCov €, and E (xtzg) =7,
a full-rank K x L matrix. Finally, (iv) Wy £ w with wa positive definite matrix.

Part (i) allows for general patterns of smoothly or abruptly changing unconditional variances, provided the latter are
not too frequent (e.g., seasonally varying variances are excluded). The condition fol h%(s)ds =1 is a normalization; one may
alternatively restrict 2. Together with the Lipschitz continuity of h, parts (ii) and (iii) determine the behavior of partial sums
specified below. In particular, short memory of the stochastic components is required for convergence to a limit process
with independent increments, and imposing strong mixing conditions is a convenient way of imposing it here. For instance,
mild serial correlation and also mild forms of conditional heteroskedasticity are allowed for under (ii) for the standardized
disturbances ;. Parts (iii) and (iv) lay out standard regularity conditions for models like (1) in the linear GMM framework.

Letting Sy, := ZL1 x;z, and M = Sy, WS}, the GMM estimator for B in (1) is

B =M"S,,W;S),. (2)
with Sy, = Zzﬂ y¢2;. The usual HAC covariance matrix estimator is given by
Cov(B) = TM™'S W QW;S,, M, (3)
where
A~ T_] A
Q= > k(i/BI; (4)
j=-T+1
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A/ A
is an estimator of the LRCov of zwu:: working with residuals @ =y: — B %, we have I'j; = T-1 ZLMH (zfﬁ[ —zil
N —=\/ # &/
(ze 1585 —2t), Ty =T _ , o o
Practitioners often compute the LRCov estimate with prewhitening (Andrews and Monahan, 1992). Fitting a VAR(p) pro-
cess to Y, = z:lly, Y, = Zﬁ.’zl Aj'/’t-j + ¥, one estimates the long-run covariance matrix 2, of the VAR residuals along the
same lines as in (4), then computes

-1 -1
p p

Qpw = <1—Zi\j> s‘zv(l—ZA,) :
= i=1

to be used alternatively to (4).
A Wald-type test for Hy : 8 = B, is therefore given by

Ti= 1 (B o) (M 'S, @WiS M) (B o). ®

Crucially, fixed-b asymptotics rely on the limiting behavior of partial sums rather than on the small-b convergence in prob-
ability of €2 (or py). Assumption 1 implies T~1/2 ZESLI Zt&r = SZ”ZWL(S) with W;(s) a vector of L independent standard
Wiener processes (Davidson, 1994, Chapter 29). Thus

[sT] [sT]

1 s 172
—_— E Zily = — E h[Z[Et = / h(r)SZ dW[_(T)
\/T =1 «/T t—1 0

Notice that f(f h(r)dW,(r) is a vector of L independent time-transformed Wiener processes. Denoting the variance pro-
file n(s) = 3 h2(r)dr/ fol h2(r)dr, it follows that f5h(r)dW(r) = W (1(s)), where = stands for equivalence in distribution;
cf. Cavaliere (2004).

To characterize the limiting distributions, let, for any process A(s) with a.s. continuous paths,

L Jo fy kK’ (52)A(A(s)’ drds smooth k

OusA0)) = { §(2 3 AAGYdr - 37 [AG -+ DAGY +AMAG +by]dr) Bartlett,

where A(s) = A(s) — sA(1). We are now in the position to characterize the fixed-b limits of 7x:

Proposition 1. Under Assumption 1 and the sequence of local alternatives B = B, + ¢/~/T with ¢ € RK, it holds for b e (0,1] as
T — oo that

d _
Tk = D i= Wi(1) + 1) Op, Wi (n(:) (Wi (1) + R),
with noncentrality parameter p = (’Y‘WSZW'Y")A/2 (YwY’)c.
Proof. See the Appendix. O

The result extends straightforwardly to tests of linear restrictions, in particular individual slope coefficient tests. The
resulting distributions belong to the same family - the only difference being that K in W(-) is replaced by the number of
imposed restrictions.

. T . . ~-1 .
Remark 1. The expressions may simplify in the case of optimally weighted GMM, where W =  , although, as pointed
out by a referee, care must be taken in such a two-step GMM procedure since, essentially, classical GMM optimality theory
requires that Wy converges to a deterministic matrix — which of course need not be the case under fixed-b asymptotics
A1 . . . . . .
when choosing £  as weighting matrix. Furthermore, Proposition 1 would require appropriate modifications. For instance,
the noncentrality parameter 4 would depend on @, rather than €.

Under Hy (¢ = 0), we obtain the fixed-b limiting distribution

Tk S Wi (1) O ) (Wi (1(-)) W (1). (6)

This null distribution does not depend on £, but does depend on h - and only coincides with the corresponding fixed-b
distribution of Kiefer and Vogelsang (2005) (say Dy ) if h = cst. a.e. This result elaborates upon Ibragimov and Miiller (2010,
p. 545) that HAR testing is not robust to TVV by providing the fixed-b asymptotic distribution under TVV. Xu (2012) states
lack of invariance of HAR in the special case b =1 and the Bartlett kernel when testing for trend slopes.

Under additional conditions (e.g., Andrews, 1991) and in particular b — 0 at suitable rates, £ L fol h2(s)ds =  even
under TVV (Cavaliere, 2004, Lemma 4). Hence,

TS x2 under Hy and small b, 7



JID: ECOSTA [m3Gsc;June 9, 2023;10:16]

M. Demetrescu, C. Hanck and R. Kruse-Becher Econometrics and Statistics xxx (XXXX) XXx

so that HAC tests are robust to TVV. While the distribution of HAC-based 7y thus also does not depend on the choice of k
and B, its finite-sample behavior hinges on both. In particular, the finite-sample quality of small-b asymptotics is poor (see
also Section 4), so practitioners have to choose between two evils under uncertainty about h;. Thus, the three novel cor-
rections for fixed-b inference discussed in the following are relevant for econometric practice. (Ibragimov and Miiller (2010)
provide a partial solution to the present problem, constructing valid t-statistics when one can partition y; into groups such
that estimators for each are approximately independent, unbiased and Gaussian. The approach is a bit restrictive, however,
relying on a result (Bakirov and Székely, 2005) guaranteeing size control only for o < 0.083.)

Before proceeding, we note that Assumption 1 assumes the unconditional heteroskedasticity to be deterministic in na-
ture. While deterministic volatility is a reasonable assumption for low-frequency data, this does rule out stochastic volatility.
Results are available under which our results may be extended to cover stochastic volatility as well; see e.g. Cavaliere and
Taylor (2008a) as well as more work (e.g., Boswijk et al., 2021). They however only apply for the bootstrap, and it is unclear
how the time-transformation approach we also study would fit this extended framework. Therefore, a comparison of the
corrections is not possible under stochastic volatility and we omit the topic.

Another possible extension concerns nonstationarity in the regressors or the instruments. Assumption 1 currently mod-
els unconditional heteroskedasticity as arising via the errors, with parts (ii) and (iii) not allowing for unconditional het-
eroskedasticity in the instruments and regressors. Clearly, this issue is moot in the above-mentioned leading case of a re-
gression on a constant. In more general cases, we notice examining the proof of Proposition 1 that the result requires on the

one hand the convergence % ZF:T]] ZiX; Ll (uniformly in s) as T — oc. So it appears that a constant cross-product moment
matrix of z; and & would not affect the result. A second key element of the proof is the weak convergence weak of the mo-
ment conditions to a time-transformed Brownian motion, %T Zgll Zil = SZ”ZWL(n(s)). Unconditional heteroskedasticity
in the instruments would lead to a more general Gaussian process as limit, which would again prevent us from comparing
the three corrections in the following section. More specifically, while the wild bootstrap could be fixed by resorting to a
more complex joint block wild bootstrap, it is not clear at all how to modify the time-transformation approach and we do
not further pursue this topic here.

Also, Assumption 1 rules out strong persistence of the unit root-type, like most other work on HAR inference (see, e.g.,
Casini, 2022, and references cited therein). We however note that—although that is outside the scope of the present paper—
the fixed-b framework is amenable to such persistence (e.g., Vogelsang and Wagner, 2013; 2014).

3. Approaches for robust inference under TVV
3.1. The wild bootstrap

We first exploit the wild bootstrap to estimate the actual null distribution of 7x under TVV. Its use to robustify against
conditional or unconditional heteroskedasticity can be traced back to at least Hansen (2000, p. 106). See also Xu (2012) for
the trend case and Cavaliere and Taylor (2008a) for the unit root context. The simplest, yet effective, fixed-regressor algo-
rithm is as follows.

1. Estimate (1) and compute unrestricted residuals i = y; — B/xt.

2. Generate T iid standardized draws r} (e.g., from A(0, 1) or the Mammen distribution) and the bootstrap disturbances
uf = r}i. One may alternatively bootstrap the residuals from an AR(p) fit of i, i = ZL] d;d;_j + Ur where ~ denotes OLS
estimation (since the residuals—and hence also the bootstrap population of u;—have zero mean whenever an intercept is
included in the model, the autoregression does not require an intercept itself). Then, one may generate bootstrap errors
v} =1}, and either recolor them to obtain uj or directly set uf = v; without recoloring.

3. Generate the fixed-regressor wild bootstrap sample as y; = ﬂ{)xt + uf. For individual t-statistics, simply use the estimators
of B imposing the individual null hypothesis.

4. Compute the bootstrap test statistic

i = 1B - Bo) ('S wisi M) (- o)

. Ak _ . 2% 2% _ Py = ey —=\/
with @ = Y771 k(/B)Tj and T =T 4 (2 - 20°) (207 — 207) .

5. Use the quantiles of the resulting bootstrap distribution, qj_,, for inference.

Typically, one resorts to Monte Carlo simulation to approximate the desired bootstrap quantiles: repeat Steps 1-4 to
obtain M resampled statistics { ﬁg‘m}mz and use their sample (1 — «)-quantile, as critical value.

Proposition 2. Under Ho, Assumption 1, E(|rf|¥) <ooVkeN and T — oo, Pr (Tx>q;_,) — .
Proof. See the Appendix. O

Proposition 2 shows that this wild bootstrap asymptotically controls size. Since the bootstrap generates critical values
which are invariant to the true B, the power under (local) alternatives of the test based on 7y remains as implied by
Proposition 1.
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Remark 2. As pointed out by a referee and discussed in, e.g., Davidson and MacKinnon (1999) and Djogbenou et al. (2019),
the use of restricted residuals u? =y — ﬂf)xt in step 1 of the procedure may lead to better size control. We only resort
to unrestricted residuals as the wild bootstrap generally already offers very good size control (see Section 4), with the
main remaining distortions arising from serial correlation that such a restricted bootstrap variant would also not be likely
to improve upon. We also refer to the discussion in Section 3.2 that the use of restricted residuals is, albeit in a slightly
different setup, not without (power) issues of its own.

As, unlike u¢, the uj are white noise if not recoloring v, it may be surprising at a first glance that the wild bootstrap
is still valid. The key idea is that the wild bootstrap is intended to replicate Dy  , 9, Which is invariant to serial correlation,
but not to TVV. Thus, we need to replicate the variance profile 7(s) (which the bootstrap does achieve in all considered
variations, see the proof), but not necessarily the serial correlation structure.

3.2. Time transformations

The second correction builds on Cavaliere and Taylor (2008b). It essentially transforms u; back to homoskedasticity, mak-
ing it valid to apply fixed-b methods to the transformed series. Their approach dealing with I(1) needs to be adapted to our
regression setup for I1(0) processes:

1. Compute regression errors under Hy, i.e. u? =Y — ;%xt and build ¢; = 25‘:1 zju?. For t-statistics, use the estimator under

the null, BHO instead of B,.

P
2. Estimate the variance profile as 7j(s) = F:]] a2/ Zfﬂ 4?2 with @; = yr — 8 % the unrestricted residuals.

3. Build the inverse g(s) of #(s) and time transform ¢ via §, = Sirge/m)

4. Compute AZ‘t and let © estimate its LRCov with B = [bT]. The modified test statistic 7 is obtained by replacing € with
Q2 in (3).
We now show that fixed-b asymptotics are recovered under Hy. Here, we make use of the result that 7 is uniformly con-

sistent, such that g(s) also converges uniformly to n~1(s). See Cavaliere and Taylor (2008b) for theoretical and computational
details. Under local alternatives, however, the transformation has an asymptotic effect, unlike for the wild bootstrap:

Proposition 3. Let 1C(s) := Wi(s) + n~1(s)i, with n~1(s) the inverse of n(s). Under the assumptions of Proposition 1,
~ d _
T = K'(1) Oy (KK () K(1).

In particular, T L Dyp for c=0.

Proof. See the Appendix. O

Proposition 3 leads to surprising behavior of 7 for large ||c|| unless =1 (s) = s (i.e., essentially for h; = cst.). Take e.g. the
case of an intercept only, z = x; = 1; then, 73 £ 1/®k,b(7771(t)) =:G as T — oo followed by |c| — oo, since ¢ dominates in
both numerator and in (ak,b(rr1 (t)) whenever n~1(t) is nonlinear. Hence, 7 either always rejects (if G is in its critical
region), or never (if G is not). Intuitively, the time transformation changes the shape of the local alternative, thus inducing
a type of power breakdown previously observed for tests of structural change; cf. Vogelsang (1999).

One may be tempted to use the actual residuals #; instead of the regression errors under the null u? in Step 1. This
would eliminate the dependence of € on ¢ under the local alternative and avoid such power issues. At the same time, this
would induce a change the null distribution, as is argued in Appendix B.

Possible WLS-type weighting of the observations would rely on standardizing y; by a nonparametric estimate of h;.
Appendix B also argues that such variants may lack local power, too. We therefore do not further pursue weighting ap-
proaches here and advise against their use.

3.3. Pretesting

The third approach follows what applied researchers might do: only correct for a problem detected in the data. We first
pretest for TVV and then work with either the fixed- or small-b approach, according to the outcome of the test. Concretely,
we test the null of homoskedasticity in a first step. If the null is not rejected, we proceed with the fixed-b approach in
the second step and compare the value of the test statistic 7x with fixed-b critical values derived from (6) assuming ho-
moskedasticity, i.e., that h = cst, such that n(s) =s and Wg(n(-)) = Wg(-) (see also Kiefer and Vogelsang, 2005, Thm. 3).
If we do reject the null in the first step, we proceed with small-b inference in the second step and compare 7y with crit-
ical values from the XI% distribution. The intuition is that if the pretest does not reject, then under homoskedasticity the
advantageous fixed-b asymptotics for 7 can be used. If the test rejects, small-b procedures may be preferable due to their
robustness against TVV. As a pretest statistic we use

t w2t a2
0= sup RED YR Py L
1<t<T ~T W2
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&)52 is a HAC estimator of the LRV of 2 (Deng and Perron, 2008). Under the null of homoskedasticity, Q = SUPefo.1] [W(t)].
The test rejects for large values of Q and is consistent against a break in volatility. Clearly, other suitable tests for uncon-
ditional heteroskedasticity could also be used. We for example also experimented with the test suggested in Cavaliere and
Taylor (2008b), with however slightly inferior small-sample properties.

Such pretesting—see above—aims to mimic and study a strategy that one regularly encounters in practice. Pretesting
is often based on arguments along the following lines. Under unconditional homoskedasticity, both small-b and fixed-b
procedures are valid and the pretest is not problematic in the limit. Similarly, under unconditional heteroskedasticity, one
may build on consistency of the pretest and end up using the asymptotically valid small-b procedure with probability one
in the limit. Of course, when Q has low power, it will relatively frequently, but wrongly (whenever the null of Q is false)
suggest to use fixed-b critical values from (6) assuming h = cst in the second step of the procedure. At the same time, Q
is likely to have low power when heteroskedasticity is mild, such that the fixed-b critical values used in the second step
may be “approximately” correct. Hence, this two-step strategy is intuitive to many practitioners and may provide relatively
accurate inference. However, as is not uncommon, such pretesting strategies may induce distortions that are not shared by
the alternatives whose (asymptotic) validity we establish in the previous two subsections. Concretely, the pretest procedure
is prone to phenomena formalised in the literature on post-model selection inference (see e.g. Leeb and P&tscher, 2005,
for a clarifying discussion of the impact of pretests on inference after variable selection in linear regression). Therefore, we
further investigate the finite-sample properties of this approach in the following section.

4. Simulation evidence
4.1. Setup

In our simulations, we initally focus, similar to Kiefer and Vogelsang (2005), on the case with an intercept only. These
simulations, for which results are reported in Section 4.2, will provide quantitative evidence illustrating the predictions of
the above propositions on the (non-)robustness of the different approaches discussed here. Moreover, they compare the
relative merits of the three corrections proposed in this paper. We study regression models in Section 4.3.

Thus, we test Hy: 8 =0 against Hy: 8 >0 in y; =8 +u; where (1-—¢L)us =heer, with & ~iidN(0,1) and ¢ =
{0.1,0.85}. We also studied ¢ = 0.5 and an ARMA(1,1), not reported for brevity. Obviously, the implied AR(cc) structure
generally does not improve the performance of any test. However, it does not have an impact on the relative performance
of the tests. As our focus is on TVV, we work with a relatively simple AR structure in what follows.

The DGPs for h; follow Cavaliere and Taylor (2008b).

. Downward break at t = [0.2T] from 0y =5 to 07 = 1.

. Double break, upward (as in DGP3) at [0.4T] and downward (back to initial level) at [0.6T].
. Upward break at t = [0.8T] from oy =1 to o7 = 5.

. Homoskedasticity (h; = 1).

A WN —

For power, we study Br = c\/@?/T. The average variance @* depends on the particular DGP. Under homoskedastic-
ity, @ =02, while eg. @ =T'Y[_ (02 +1(t > [tT])0}) 1.0 T0¢ + (1 —T)o? under DGPs 1 and 3. We consider
c={2,4,...,16}, @ = 0.1, the quadratic spectral [QS] and Bartlett kernel and b € {0,0.1,...,1}. We employ 5,000 Monte
Carlo replications and set M = 399. The sample sizes are T = {100, 500}. To reduce the finite sample impact of short-run
dynamics, one may also use prewhitened residuals in the bootstrap algorithm. In particular, we fit an AR(1) model such
that {i; = y; — dg — d1y;_1 are used instead of y; — y. It is not required to recolor the bootstrap shocks to obtain the correct
limiting distribution, although it is possible. See the proof of Proposition 2 for details. In this sense, our wild bootstrap ap-
proach is related to Xu's (2012), who imposes a parametric (V)AR structure on the innovations and performs a sieve step.
The prewhitening uses a data-driven choice for B (see Andrews and Monahan, 1992) for the Newey and West (1987, NW)
approach.

4.2. Baseline location model

We focus on the Bartlett kernel for brevity; results for QS were similar. We waive to report qualitatively similar results
for two additional DGPs with a down- and upward break and trending variances, as well as intermediate results for T = 250.
Appendix D reports some additional results. The results for b = 0 in Figures 1 and 2 resemble that NW faces substantial size
distortions for T as large as T = 100. These distortions are more pronounced the higher ¢. Similar to Kiefer and Vogelsang
(2005), the “homoskedasticity” panels (lower right) of Figures 1 and 2 further show that fixed-b asymptotics precisely ap-
proximate the finite-sample distribution of (5) for both T, all but eliminating the size distortions of NW. Similarly, the wild
bootstrap and time transformation are accurate. 81011

DGPs 1 (“early down”), 2 (“up, then down”) and 3 (“late up”) illustrate (cf. Proposition 1) that fixed-b is not pivotal under
TVV. In particular, the tests are conservative and increasingly so in b, except for DGP2 and large b. The finding that fixed-b
works relatively well for small-b is expected, as it is then similar to the asymptotically valid NW approach (see above and
Cavaliere, 2004). The wild bootstrap is again very accurate, with mild exceptions for large ¢, small T and small b.

6
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Fig. 1. Rejection rates plotted against b. Size, ¢ = 0.1. Left block: T = 100, right block: T = 500. Y: standard fixed-b (NW for b = 0), TT: time transformation
statistic (cf. Sec. 3.2), WB: wild bootstrap (cf. Prop. 2) and PT: pretest (cf. Section 3.3).
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Fig. 2. Size, ¢ = 0.85. Left: T = 100, right: T = 500. See notes to Figure 1.

The pretest’s size ranges between the one of NW and the fixed-b approaches. When the pretest does not reject frequently,
e.g., for small T and/or homoskedasticity and DGP2, its size tracks that of fixed-b for all b. The panels for different T for DGP2
confirm that higher power of the pretest results in a behavior more like that of NW. The time transformation performs well
for large T (as predicted by Proposition 3) and small ¢. Figure 2 reveals poor empirical size for T = 100. This is because
the transformation may, for small T, produce stretches of identical observations that do not mimic the dynamics of the
underlying series well.

The right panels of Figures 1 and 2 highlight the finite-sample character of the size distortions of NW and the wild
bootstrap, which are removed for T = 500. These results further confirm that distortions for fixed-b are not of a finite-
sample nature under TVV.

Figures 3 and 4 report power results for T = 100 (Appendix D reports additional qualitatively similar results with stronger
serial correlation). As expected, power generally increases in c. The exception is the time transformation under TVV, where
(see the discussion below Proposition 3) e yields zero local power as ¢ — oo for the DGPs considered here. Overall,
the wild bootstrap is most powerful. Essentially, it performs size adjustment for fixed-b, with a power curve starting near
nominal size: unlike fixed-b it is not conservative (see ¢ = 0) for “early down” and “late up.” For T = 100, Q is not yet
very powerful, such that the pretest sometimes sides with fixed-b, implying power ranging between the wild bootstrap and
fixed-b.
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Fig. 3. Power vs. local coefficient ¢, ¢ = 0.1, b= 0.5, T = 100. DGPs 1-4. See also notes to Figure 1.

The result that power varies slightly across types of TVV for fixed-b is due to size distortions. (The normalization em-
ployed here implies that the power of the robust tests is not affected by the particular type of TVV.) Figure 4 reveals that
power does not vary markedly as a function of b for the different DGPs. Comparing dashed and solid lines suggests that the
Bartlett kernel outperforms QS. The difference is only substantial for the time transformation, which is however dominated
anyhow.

Our simulations therefore appear to suggest that the wild bootstrap with an intermediate value of b (say, b = 0.4) could
be a useful choice in practice. (The pretest is a simple alternative for larger T.) Clearly and as usual, such recommendations
emanating from simulation evidence—even if fairly robust here—cannot claim general validity and should hence be used
with care. More specifically, it is well-known that bandwidth selection in HAR estimation (and elsewhere, see e.g. Andrews,
1991) may have an important effect on both size and power. What is more, an “optimal” bandwidth may be hard to find,
given that it depends on, e.g., T, but also unknown population parameters like the spectral density (and hence, e.g., the
strength of the dependence in the series) that need to be estimated themselves in turn. See Sun (2014, Sec. 6) for results
on testing-optimal choice of b. Unlike our heuristic finding, his results do provide power-maximizing choices for b subject
to a size constraint, albeit not in a setup allowing for unconditional heteroskedasticity. In the present setup, different vari-
ance profiles add another factor influencing the choice of an optimal bandwidth. Optimal choices under more general loss
functions balancing type-I and -II errors is a challenging, but interesting avenue for further research (see also Lazarus et al.,
2021).

In view of the simplicity and effectiveness of the wild bootstrap, we focus on this correction and its comparison to the
standard Newey/West approach in the regression results to follow.

4.3. Regression results

This subsection presents simulation evidence for linear regression models estimated by OLS, as a leading special case
of (1) and (2). The DGP follows that of the previous subsection as concerns the autoregressive error structure with pos-
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Fig. 5. Size vs. b, ¢ =0.25, T = 100. DGP 4 (left panel) and DGP 1 (right panel). See also notes to Figure 3.

sible variance breaks of different types. However, y; is now, additionally to the constant, related to four standard normal
regressors, Vviz.

=B'x +u.

We test Hy : 85 = 0 against H; : 85 > 0. We thus focus on testing a single restriction for brevity. Of course, more general
linear restrictions may be considered in the usual fashion, cf. the hypothesis formulated above (5) as well the discussion
below Proposition 1.

In the size experiments, 85 = 0, while we take 85 = ¢/~/T, c € {3, 6, ..., 18}, for (local) power. We take B; =...= B4 =0
throughout.

Figure 5 reports a qualitatively similar behavior to that in the simpler location model. Again and as expected, the left
panel confirms that both the wild bootstrap and standard fixed-b are effective under homoskedasticity. Small-b again overre-
jects even for T = 100 and a moderate degree of autocorrelation of ¢ = 0.25 for u;. The results in the right panel are for the
heteroskedastic DGP1, on which we focus here for brevity given that Section 4.2 revealed that the qualitative findings are
largely robust to the particular type of variance nonstationarity. Fixed-b loses its pivotalness, underrejecting with empirical
sizes below 5% at a nominal level o = 0.1 for b large. Overall, there are no systematic differences between the two kernels
in terms of size.

Figure 6 provides corresponding power results. The fixed-b results are for an intermediate value of b = 0.4. This choice
leads to moderate underrejections for standard fixed-b (cf. Figure 5). Unreported results demonstrate that the particular
choice of b only has a small effect on power for the wild bootstrap, as in Section 4.2.

The Bartlett kernel, despite its comparable size, once more appears to outperform the QS kernel. The wild bootstrap
outperforms the Newey/West and standard fixed-b approaches under heteroskedasticity (right panel), essentially because
the bootstrap distribution adapts to the particular variance profile and hence (cf. Figure 5) effectively exhausts nominal
size. As a consequence, it also produces fewer type-II errors. Accordingly, the small-b Newey/West approach has spuriously
higher power due to being liberal under the null. This reasoning is supported by the left panel of Figure 6, where the
homoskedastic DGP 4 leads to valid fixed-b and hence no underrejections under either the null or the alternative. Here, the
local alternatives are not normalized by the average variance @2, to illustrate that such heteroskedasticity may, depending on
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Fig. 6. Power vs. ¢, ¢ = 0.25, T = 50. DGP 4 (left panel) and DGP 1 (right panel). See also notes to Figure 3.

the specific pattern, have implications for power relative to a benchmark like homoskedasticity. In either case, all approaches
are powerful against alternatives sufficiently far away from the null (i.e., c large) already for T = 50.

5. Robust tests for the Fama-French five factor asset pricing model

We now apply the wild bootstrap procedure in the context of the Fama and French (2015) five factor asset pricing model.
It can be expressed as a time series regression model for portfolio i

R — Rpe = B1 + B2 (Rvie — Ree) + B3SMB; + BsHML; + BsRMW; + BsCMA: + u;. (8)

As R is the risk-free return, R; — Rg; denotes the period t excess return on the portfolio. The value-weighted market port-
folio excess return is labeled as Ry — Rg;. The famous Captial Asset Pricing Model (CAPM) just includes this single factor.
Following Fama and French (1993), two additional important factors shall be included: SMB; measures the return on a diver-
sified portfolio of small versus big stocks and HML; is the difference between the returns on diversified portfolios of stocks
with high and low book-to-market ratios. If the included factors captured all the variation in the expected portfolio returns,
the intercept B; is zero for all portfolios i.

As a further extension, Fama and French (2015) advocate the inclusion of another two additional factors. While the
extension of the CAPM by Fama and French (1993) is widely accepted, there is a controversy about the importance of the
two extra factors in their five factor model. These two factors are RMW; (the difference between returns of stocks with
robust and weak profitability) and CMA; (difference between returns of low and high investment companies). For exact
factor definitions, see Fama and French (2015).

We consider tests on the individual significance of the intercept 8; and the two parameters attached to the additional
factors RMW; and CMA; (i.e. Bs and Bg). This allows us to test interesting hypotheses regarding the validity of the five factor
model and the importance of the profitability and the investment factors. In a related study, Ray and Savin (2008) consider
robust fixed-b tests for the zero intercept null hypothesis in the Fama-French three factor model.

We use monthly data available on Kenneth French’s website, available at http://mba.tuck.dartmouth.edu/pages/faculty/
ken.french/index.html. The dividend-adjusted value-weighted portfolio returns are sorted on the book-to-market ratio and
we use the (i) first (1) and (ii) tenth (10) decile and (iii) also their spread (10-1). The series run from July 1963 to August
2018 with T = 662 observations in total. According to the simulation from Section 4, we set b = 0.4 and focus on the Bartlett
kernel. The nominal significance level for the two-sided tests is set to one percent and the number of bootstrap replications
equals 1,999.

Table 1 reports the main findings. The top left corner provides OLS estimates for the parameters 81, 85 and Sg for the
three different decile portfolios ((1), (10) and (10-1)). For completeness, we provide naive t-statistics (tﬁr tg. and tﬁe) based
on the white noise assumptions for the errors of the factor pricing regressions. In addition, Newey-West-based t-statistics
with small-b are reported (tg, nw. tg, nw and tg, nw), Next to the fixed-b statistics tg, rp, tg, pp and tg, rp. Rejections based

Table 1

Main estimation and testing results
OLS B Bs Bs tg, tps ts
(1) -0.04 0.17 -0.19 -0.86  6.88 -5.49
(10) -0.18 0.18 0.17 -343  7.09 4.72

(10-1) -0.28 0.22 0.23 -530 8.57 6.20

Robust  tg nw  tonw  Lgnw  tgrs tars Lgrs

(1) -0.78 3.03 -3.53 -0.80 3.10 -3.62
(10) -3.29 3.29 3.21 -394 3.95 3.85
(10-1) -5.09 3.99 4.22 -3.25 2.55 2.69
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on asymptotic critical values are indicated by a an underlined entry, while a rejection obtained through wild bootstrap critical
values is signified by a boldfaced entry. Test results for the other three factors are omitted to save space. They are conclusive
and suggest the relevance of the market factor, as well as SMB; and HML;. We test for unconditional heteroskedasticity in
the regressors by applying the Q statistic of Deng and Perron (2008). The null of homoskedasticity is not rejected for any of
the regressors.

The obtained results suggest the following: naive OLS and standard HAC inference (via Newey-West standard errors)
lead to the same test decisions. These indicate the importance of both RMW and CMA for all portfolios. Moreover, in two
cases even a significant intercept is found. But, when using asymptotic fixed-b inference, we do not find even a single
rejection. This supports the three factor model and suggests the irrelevance of the two additional factors. However, when
finally considering wild bootstrap inference, another clear result emerges: the RMW factor is found to be significant in
all portfolios, while the opposite holds for the CMA factor. Given our theoretical results and insights from the simulation
exercises, inference based on the wild bootstrap is most reliable. We, therefore, find evidence supporting the importance of
the profitability factor, but not for the investment factor.

6. Concluding remarks

Fixed-b asymptotics are tremendously useful for more accurate inference for serially correlated data. Many important
macroeconomic and financial time series are, however, also subject to time-varying volatility (TVV) such as variance breaks.
We show that the standard fixed-b approach no longer yields pivotal tests under TVV and quantify the resulting distortions.

Based on wild bootstrap schemes (Cavaliere and Taylor, 2008a), on time transformations (Cavaliere and Taylor, 2008b)
or on a pretest procedure, we provide corrections that restore size control of fixed-b methods even under TVV in a fairly
general GMM setup. Simulations illustrate the useful size and power properties in particular of the wild bootstrap. The
behavior of the pretest procedure evidently hinges on the power of the pretest to detect TVV. It is not reliable for small
samples in which the pretest’s power is too low. The time transformation may produce zero local power. The evidence
provided here suggests quite plausibly that the multivariate wild bootstrap would provide a robust version of fixed-b tests
in a composite-hypothesis situation as well. We expect the wild bootstrap to perform well for replicating distributions of
statistics relying on self-normalization.

An empirical application to the Fama-French five factor asset pricing model reveals substantial differences in testing
outcomes between asymptotic fixed-b and wild bootstrap inference. Our findings suggest that the additional factor on prof-
itability included in the five factor model contributes significantly to the explanation of portfolio returns once accounting
for heteroskedasticity via the wild bootstrap. However, the additional investment factor is found to be irrelevant.
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Appendix A. Proofs
Proof of Proposition 1
Let us first analyze the sampling properties of the GMM estimators. We have, with obvious notation S, = ZL 2z,
B — B =MS,,W;S,,.

Now, x;z; is itself strictly stationary and «-mixing, such that T—1Sy, 2 Y thanks to a LLN for o-mixing strictly station-
ary sequences (see Davidson, 1994, Section 20.6). The weak convergence % Z{f]] ZilUy = SZI/ZWL(n(s)) and the continuous

mapping theorem [CMT] lead to

ﬁ([& - ﬁ) = (YWY) T YW W, ((1)
where 7(1) = 1. We also have, along the same lines, «/T(B - ,BO) = (TWT/)ATWSZI/ZWL(U +c.

1
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Let Zy := \iﬁ >y (ztﬁt —E). Note that the arguments in the proof of Theorem 2 in Kiefer and Vogelsang (2005) can
be used without further modification to conclude that

T1T-1 4

// !

BN ! ( )zz +op(1)
i=1 j=1

for kernels with smooth derivatives, or

. 2 I 1 [(A-b)T]
Q= BT Z Z,'Zi/ Z (Zi+[bT]Zi/ + ZiZi/+[bT]) + Op(l)
i=1

for the Bartlett kernel. These further simplify since zii = 0 are the sample moment restrictions. Moreover,
[sT] [sT] [sT]

1 1 A
sxsz Zztut szWr eruf szWrTZer[ T(ﬁ—ﬂ)-

Notice that 1 Z[sﬂz x{ S sY uniformly (it is straightforward to establish stochastic equicontinuity of % [ST]ztxt, so Theo-
rem 21.9 in Dav1dson, 1994, applies), and we obtain
1 [sT]
FSeWr —— 7 >zl = YWR2 W, (5(5)) — sYWRW, (1) (9)
t=1

and therefore

1 A

725 WrQW:S,, = 0, (YWR "W (n(.))).
Summing up,

Tk = (YW W, (1) + (YWY') )@ »(YWRW (n()) (YWRW, (1) + (YWY')c).

Premultiply ©,, by l:(TWSZWT/)l/Z(TWsZWT/)—uz

YWSZ]/ZWL(n(s)) is itself a time-transformed Brownian motion with covariance matrix YWQWY’ (though of lower di-

mension K), it follows that (YWQWY' _]/ZTWQ”ZWL(n(s)) is the desired K-dimensional vector of independent time-
transformed Wiener processes, W (n(s)), and the result follows for the no prewhitening case.
Moving on to the case with prewhitening, use the Phillips-Solo decomposition and write

p p [ p
b= (l - .ZAI) Vet (ZM) AV ji,

and postmultiply by the respective transpose. Then, since

j=1 \k=j
such that
1 lsT]~ P 1 [sT] P P
ﬁgth l—;Aj fz'llt IJZI kngk W[sT] Jj+1 \/—; kngk '/’7j+1~

Now, supsco 1] || ¥isr)_j]| < supe lzeue | + sup, |z:x;|| = 0,(T"/2) such that

(.ZA) <IZA) vop(1).

The behavior of the OLS estimators Aj in =9y, - Zj.’zl Ajlﬂtfj can be shown to be such that I— Zj.’zl Aj is invertible

in the limit, such that pre- and postmultiplying €, with (l - Zﬁ.’:] 7\]-> leads to the same asymptotic behavior of flpw
estimate as for € above and the result follows.
Proof of Proposition 2

Begin by noting that the bootstrapped z:u; satisfy the same moment and serial dependence restrictions as z;u; uncon-

ditionally (conditionally on the sample they are even independent). The arguments in the proof of Theorem 2 in Kiefer and
Vogelsang (2005) lead for twice continuously differentiable kernels to

TlT] 1 j L v X
= TZ;;BZ ( )IZ(ztu[—zu) P;(Ztut—zu)+op(1)

12
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where 0%(1) denotes asymptotic negligibility under the bootstrap measure, conditional on the data. The analogous result for
the Bartlett kernel holds as well. Moreover, we have with §;,, = ZL] ziuj that

Ak -1
B — By = (SW1S,,) SxWrS;,.
To guarantee size control in the limit, it therefore suffices to show that the bootstrap normalized partial sums S7(s) :=
\iﬁ ZF:T]] ziuf converge weakly in probability to E]/zwL(n(s)) for some covariance matrix X, since ¥ would cancel out in
the expression of 7 like in the proof of Proposition 1, and, therefore, the limiting null distribution Dy, , o wWould follow.
We examine first the case of Gaussian bootstrap variables r} and bootstrapping i; directly. Let S7(s) denote the normal-
ized partial sums of the cross-product of instrument and disturbance,

1 b7 R /
Si(s)=—=) z u—( - )xt rE.
T \/T t=Z] t ( t ﬂ ﬂ t
Note that, conditional on the sample {x;,z;,y¢}, t=1,...,T, S;(s) is a Gaussian process with independent increments. Its

covariance kernel is given by
1 [min {s,r}T]

’ 2
Cov (§7(5). S7(r) = = > zz <ur - (B - ﬁ) Xr) E((5)?)

t=1

1 [min {s,r}T] . , 2
=7 Z ztz§<u[ (ﬂfﬁ) xt) .
t=1
Then, following the proof of Lemma A.5 in Cavaliere et al. (2010), it suffices to establish that
[sT]

, 2
2 (u[ - (B-8) xt) L 2n(s) (10)
j=1

uniformly, i.e., that the wild bootstrap correctly replicates the variance profile n(s) in the limit. Assumption 1(ii) implies
the existence of the covariance matrix of z;u; (which we denote by X), such that pointwise convergence of the Lh.s. follows
via a Law of Large Numbers for strong mixing processes after exploiting that sup;c(1, .1y |l2cziex{|| = 0p(T) and B -B=
0p(T~1/2) under our assumptions.

To establish uniformity of (10), build quadratic forms to conclude that

[sT]

2
. /
a % Zz[z{ (u[ - (ﬁ - ﬂ) xt> al nis)aza.
i

However, given that the increments a’(z¢z; (ur — (B - ﬁ)/xt)z)a are nonnegative Vt by construction, we may conclude that
convergence of the quadratic forms is uniform for any choice of a. Therefore, convergence in (10) must itself be uniform.

Finally, should r} follow the Mammen distribution, say, S7(s) is not Gaussian, but weak convergence to a Gaussian process
(conditional on the sample) holds given that r} are iid with finite moments of any order (see e.g. Davidson, 1994, Corollary
29.14), and the proof follows along the same lines.

We then examine the case of bootstrapping residuals from an autoregression of order p of i, ¥y =iy — 25?:1
It is tedious, yet straightforward, to show that d; are VT consistent for the coefficients of the best linear projection of
& on p lags, say a;. See Phillips and Xu (2006) for details on autoregressions with unconditional heteroskedasticity. Let

further vy := he (st - Zle
different LRV. Then,
[sT] [sT]

sk 1 * 1 7 K
Si(s) = 7 ;Ztvtﬁ + 7 ;:zt(v[ — V)1

a;ue_j.

aje,_ j) such that v; satisfies indeed the same assumptions as u; up to the (for this step irrelevant)

and the result follows along the lines of the case without prewhitening if the second summand on the r.h.s. vanishes uni-
formly in s € [0, 1]. Given that r} are serially independent and independent of u; and x;, this is implied by

1 5T 2 p
3 (0 - 0
S:[L(I)H] T ; (0 —v)" >

which is in turn implied by % Z{:l |f/[ - vt| 2 0. Now, at all continuity points of h,

p

Dty = Visty = Gjsry — sty — Y (@ithpsryj — a5tgsy) = Y (ajflpsryj — ajhysieej)
= =

13
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p

=— (B - ﬁ)/x[sT] - (3 -a5) (”[sﬂj - (B - ﬁ)/xlan)

j=1
P . )
- Z aj <_ (l9 - 'B) X|sT)-j — (h[ST]—j - h[sT])St_])
=1

where sup;eqy . 1y [6¢] = SUPteqa, ... 1y 1% ]l = op(T1/4) thanks to the uniform Ly 55 boundedness of & and x;. Moreover, hsr) —
histy-1 = O(T*]) uniformly in s thanks to the piecewise Lipschitz condition on h. Hence supsc(o 1j\p |17[5T] - v[5T1| £ 0 with
D the set of continuity points of h. At the discontinuities of h(-), we have that hjsr) — hysr)-; = O(1), but there are a finite

number of discontinuities only, so their cumulated effect on % ZtT=1 |f/t - vt| remains Op(T~') and the result follows. Finally,
notice that recoloring the bootstrapped uj only changes the scale of the weak limit in probability of S7(s), but not the
variance profile.

Proof of Proposition 3

We start by deriving the result under the null. By applying the arguments of Cavaliere and Taylor (2008b, proof of
Theorem 1) elementwise, it follows for the reverse time transformed ¢; that %T Zgl] AE, = QI/2W (s) elementwise. Given

independence of the elements of W/(s), this may be extended to joint convergence. The result then follows along the lines
of the proof of Proposition 1.
Next, consider local alternatives. Begin by writing

t t t
1
/
&= zt(yj — Boxe) =Y _zchjej+ —= Y zx;c
- - JT &
Jj=1 Jj=1 j=1
and note that the variance profile estimate is invariant to 8. Now, the time transformation leads to &, = S(rg/y) (With g

the inverse of 7)), implying that

/

SRR 1) [Tg(t/T)]
YA =8 = ) zhig;+VT T > xzc
j=1 = =

Since 7 converges uniformly to the variance profile 1, its inverse converges weakly to the inverse n~! of the variance profile,
which is, like n, monotonic and continuous. Also, it is not difficult to show that % Z&Tfl(m)]xtzg LY Yn~1(s) uniformly along
the lines of the proof of Proposition 1. Hence, using the CMT, we obtain, as required for the result, that

[sT]
1 ~
Nis S AL = PWis) + 7 ()Y e
t=1

Appendix B. Alternative time-transformation approaches

We give counter-examples for the case of an intercept only to save space. In this case, ,3 is simply the sample average y.
Standardizing the observations y; by some (nonparametric) estimate of their standard deviation, h¢, turns out to be of
limited usefulness, given that in the WLS transformed model we would not have a regression with a constant anymore, but
rather
ye B
— = +&.
he  he "
While the error term is strictly stationary, time-varying volatility is re-introduced through the back door, given that the LS
estimator for 8 in the transformed model is given as

, ¥y
P=b+or
t=1 p2

and the term relevant for the limiting distribution of the test statistic is T—1/2 Z[T=1 i—i This also illustrates how time-varying
volatility may be induced in regression models by nonstationary regressors or instruments. The fact that the true standard
deviation was used for the WLS transformation does not affect the argument. One could alternatively standardize the series
y¢ under the null hypothesis, i.e. work with

w_ Ye—Bo
yt - h[
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and test the equivalent null hypothesis that E (37}"’) = 0. Denote the corresponding test statistic 7*. The difference to testing
the mean of y; (either ignoring time-varying volatility or via WLS) is that y} is now strictly stationary under the null
hypothesis and fixed-b inference would be applicable. The disadvantages of this approach appear under (local) alternatives,
just like those of the time transformation, as illustrated in the following

Corollary 1. Let h(s) = fg ﬁdr. Under the assumptions of Proposition 3 we have that
Fwd WD) +ch(1) .
\/®k,b(W(s) +ch(s))

Proof. Under 8 = By + ¢/+/T, we have that
1c
he VT
This implies for the partial sums of 3} that
1 b7 [sT] o BT 4

— o= —> &+ = —.

N by, DILEE DI
With h(-) being piecewise Lipschitz, bounded and bounded away from zero, 1/h is itself piecewise Lipschitz, bounded and
bounded away from zero, so we ultimately have

[sT]

o g wer s
jﬁ;:yt :>W(s)+c/0 4 = W)+ ches)

W:St-l-

as required for the result.

Note that h(s) =s only when h is constant, such that, in general, one would obtain a limiting distribution under local
alternatives having the exact same properties as ¢ — +oo as the one in Proposition 3.

If using the estimates [3 rather than the null values B, in Step 1 of the time transformation approach, we obtain a
different limiting distribution. Concretely, the behavior of € relies on the behavior of the time-transformed partial sums of
ztu? (which, under the null, have a time-transformed Brownian motion as weak limit). These partial sums will be tied-down
by using residuals; see (9). The reverse time transformation does not lead to a Brownian bridge as required, but rather to a
functional involving n~1(s), so the resulting fixed-b distribution still depends on h under the null. O

Appendix C. Additional simulations on the asymptotic distributions

The QQ plots in Figure 7 demonstrate substantial differences for b = {0.1, 0.5, 0.9}, different patterns h; and the Bartlett
kernel (we simulate Dy ;. for ¢ =0 with 50,000 replications and T =1,000). DGP 1 has an early downward break in
volatility, while DGP 2 exhibits a double break. (Section 4 gives details on the DGPs.) The larger b, the more pronounced are
the discrepancies. They are most pronounced in the tails of the distributions, which matter for testing.

DGP1

DGP2

T
I
1
1
I
I
I
I
I
I
I
I
I
I
I
I
1

Fig. 7. QQ plots to compare Dy (x-axis) to the distributions Dy, for ¢ =0 (y-axis) for different h; and b (left: b= 0.1, center: b= 0.5, right: b=0.9)
and the Bartlett kernel. DGP1: early downward break in volatility; DGP2: double break in volatility. The dashed line is the 95% critical value from the Dy,
distribution.
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Appendix D. Additional simulation results

Figures 8-11 provide additional size and power results for selected representative scenarios. Figure 9 omits results for
the time transformation in view of the substantial upward size distortions.
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Fig. 8. Size, T = 250. Top left block: ¢ = 0.1, top right: ¢ = 0.5, bottom: ¢ = 0.85. Y denotes the standard fixed-b approach, TT the time transformation
statistic (cf. Sec. 3.2), WB the wild bootstrap approach (cf. Prop. 2) and PT the pretest (cf. Section 3.3). Rejection frequencies are given on the y-axis, while
b-values are given on the x-axis.
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QS & Bartlett, homoskedasticity, b=0.5, phi=0.85
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Fig. 9. Power vs. ¢, ¢ =0.85, b=0.5, T = 100.
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QS & Bartlett, early down, b=0.5, phi=0.85

See notes to Figure 3.
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homoskedasticity, c=2, phi=0.85
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Fig. 10. Power vs. b, ¢ =0.85, c =2, T = 100.
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early down, c=2, phi=0.85
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Fig. 11. Power vs. b, ¢ = 0.1, c =6, T = 100. See notes to Figure 4.
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