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a b s t r a c t 

A confidence distribution is a complete tool for making frequentist inference for a parame- 

ter of interest based on an assumed parametric model. Indeed, it provides point estimates, 

along with confidence intervals, allows to define rejection regions for testing unilateral and 

bilateral hypotheses, to assign measures of evidence or levels of confidence to prespecified 

regions of the parameter space, and to compare the parameter of interest with other pa- 

rameters from other studies. The aim is to discuss robust confidence distributions derived 

from unbiased M-estimating functions, which provide bounded-influence inference for a 

parameter of interest, when the assumed central model is just an approximate parametric 

model or in the presence of deviant values in the observed data. Paralleling likelihood- 

based results and extending results available for robust scoring rules, two methods are 

proposed for deriving robust confidence distributions: the first one uses the asymptotic 

theory of robust pivotal quantities and the second one is based on simulation methods. 

An application and a simulation study are illustrated in the context of non-inferiority and 

superiority testing. 
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1. Introduction 

In recent years there has been considerable interest in frequentist inference based on confidence distributions (CDs) and 

confidence curves (CCs); see, among others, Xie and Singh (2013) ; Schweder and Hjort (2016) ; Hjort and Schweder (2018) ,

and references therein. In practice, a confidence distribution analysis is much more informative than providing a (1 − α) %

interval or a p-value for an associated hypothesis test. 1 

Let the scalar parameter of interest be ψ . With inference on ψ we shall understand statements of the type “ψ > ψ 0 ”

or “ψ 1 ≤ ψ ≤ ψ 2 ”, where ψ 0 , ψ 1 and ψ 2 are given fixed values. To each statement, a CD allows us to associate how much

confidence the data have in the statement. The plot in Fig. 1 gives an illustration on making inference using a confidence

density for a scalar parameter of interest ψ : point estimators, (1 − α) % confidence interval, one-sided p-value and measure

of evidence for “ψ 1 ≤ ψ ≤ ψ 2 ”. 

The standard theory for CDs evolves around the use of likelihood methods for a scalar parameter of interest ψ of a

parametric model. Typically, to first-order, CD inference may be based on familiar large-sample theory for the maximum 

likelihood estimator (MLE), the Wald statistic and the likelihood-ratio test. However, it is well-known that likelihood-based 

methods are not robust when the assumed distribution is just an approximate parametric model or in the presence of de-

viant values in the observed data. In this case, it may be preferable to base inference on procedures that are more resistant,
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Fig. 1. Illustration of making inference on a scalar parameter of interest ψ using a confidence density: point estimators (mode, median, mean), (1 − α)% 

quantile-type confidence intervals, one-sided p-value and measure of evidence for ψ 1 < ψ < ψ 2 . 

Fig. 2. Testing procedure with traditional comparative studies and non-inferiority studies using confidence densities: vertical lines represent the 

equivalence/non-inferiority margin ( δ = −5 ). 

Fig. 3. Boxplots of the new treatment group and of the standard group under the two scenarios. Red dots indicate group means, green dots group medians. 
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Fig. 4. Confidence densities for ψ based on 10 5 proposals, without (left column) and with contamination (right column). Results according to a different 

types of statistic are reported for each row, inferential techniques are represented with different colors. Black vertical dotted line is δ, green vertical dotted 

line is ψ 0 . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

that is which specifically take into account the fact that the assumed models used by the analysts are only approximate. In

order to produce statistical procedures that are stable with respect to small changes in the data or to small model depar-

tures, robust statistical methods can be considered (see, e.g., Hampel et al., 1986; Huber and Ronchetti, 2009; Heritier et al.,

2009; Farcomeni and Ventura, 2012; Ronchetti, 2020; Ronchetti, 2021 , and references therein). 

The aim of this paper is to discuss the derivation of robust confidence distributions, together with their associated 

densities, focusing on the robustness approach based on the influence function (see, e.g., Hampel et al., 1986; Huber and

Ronchetti, 2009 ). Paralleling likelihood-based results, we first illustrate that asymptotic robust CDs can be obtained by using 

pivotal quantities derived from unbiased M-estimating functions, extending the theory of robust scoring rules discussed in 

Hjort and Schweder (2018) ; Ruli et al. (2022) to the more general setting of M-estimating functions. Secondly, we explore

two simulation-based approaches to derive robust CDs. The first one relies on a frequentist reinterpretation of Approximate 

Bayesian Computation (ABC) techniques (see, e.g., Rubio and Johansen, 2013; Bee et al., 2017; Ruli et al., 2020; Thornton

et al., 2022 ). The second approach leverages a Monte Carlo rejection algorithm for obtaining a one-sided p-value function.

An application and a simulation study are illustrated in the context of non-inferiority (and superiority) testing (see, e.g., 

Rothman et al. , 2012), in which null hypotheses of the form H 0 : ψ ≤ ψ 0 are of interest in order to establish if a new prod-

uct is not unacceptably worse than a product already in use. Finally, in conclusion, we mention the possibility to resort to

a non-parametric derivation of CDs based on integral probability semimetrics ( Muller, 1997 ) or pseudo-metrics ( Huber and

Ronchetti, 2009 , Chap. 2). This approach makes use of discrepancies among cumulative density functions as nonparametric 

pivots for performing inference on ψ , and a preliminary example and simulation study are illustrated in a misspecification 

context, as in Legramanti et al. (2022) . 

The paper is organized as follows. Section 2 reviews some background on CDs. Section 3 discusses the derivation of first-

order robust CDs from unbiased M-estimating functions and of simulation-based CDs. An application and a simulation study 

are presented in Section 4 in the context of non-inferiority (and superiority) testing. Finally, Section 5 mentions the non-

parametric derivation of CDs based on integral probability semimetrics, and Section 6 discusses some concluding remarks. 

2. Background on confidence distributions 

2.1. Approximate likelihood-based confidence distributions 

Consider a sample y = (y 1 , . . . , y n ) of size n from a random variable Y with assumed parametric model f (y ; θ ) , indexed

by a d−dimensional parameter θ . Let θ = (ψ, λ) , where ψ is a scalar parameter of primary interest and λ represents the

remaining (d − 1) nuisance parameters. 

A recent definition of a confidence curve cc(ψ) = cc(ψ , y ) for ψ can be found, among others, in Xie and Singh (2013) and

Schweder and Hjort (2016); see also references therein. Let θ0 = (ψ 0 , λ0 ) denote the true parameter point. Then, the random

variable cc(ψ 0 ) = cc(ψ 0 , Y ) should have a uniform distribution on the unit interval and 

P θ0 
(cc(ψ 0 , Y ) ≤ α) = α, for all α. 

Thus confidence intervals can be read off, at each desired level. When α tends to zero the confidence interval tends to a

single point, say ψ 

∗, the zero-confidence level estimator of ψ . In regular cases, cc(ψ) is decreasing to the left of ψ 

∗ and

increasing to the right, in which case the confidence curve cc(ψ) can be uniquely linked to a full confidence distribution
3
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(ψ) = C(ψ, y ) , via 

cc(ψ) = | 1 − 2 C(ψ, y ) | = 

{
1 − 2 C(ψ, y ) , if ψ ≤ ψ 

∗

2 C(ψ, y ) − 1 , if ψ ≥ ψ 

∗. 

With C(ψ) a CD, [ C −1 (0 . 05) , C −1 (0 . 95)] becomes an equi-tailed 90% confidence interval. Also, solving cc(ψ) = 0 . 90 yields

two cut-off points for ψ , precisely those of a 90% confidence interval. 

A general recipe to derive a CD is based on pivotal quantities. Suppose q (ψ ; y ) is a function monotone increasing in ψ ,

with a distribution not depending on the underlying parameter, i.e. q (ψ ; y ) is a pivot ( Barndorff-Nielsen and Cox, 1994 ).

Thus Q(x ) = P θ (q (ψ ;Y ) ≤ x ) does not depend on ψ , which implies that 

C(ψ) = Q(q (ψ ; y )) (1) 

is a CD. The corresponding confidence density for ψ is 

cd(ψ) = 

∂Q(q (ψ ; y )) 

∂q (ψ ; y ) 

∂q (ψ ; y ) 

∂ψ 

. 

If the natural pivot is decreasing in ψ , then C(ψ) = 1 − Q(q (ψ ; y )) . 

In the likelihood framework, there are well-working large-sample approximations for the behavior of pivotal quantities 

and these lead to constructions of CDs. For instance, if ˆ ψ is the MLE of ψ , then the CD is derived from the profile Wald

statistic 

w p (ψ) = 

ˆ ψ − ψ √ 

j p ( ˆ ψ ) −1 

, (2) 

with j p (ψ) profile observed information, and it coincides with the asymptotic first-order Bayesian posterior distribution for 

ψ (see, for instance, Ruli and Ventura, 2021 ). 

A pivotal quantity that typically works better than (2) is the following. Let � (θ ) be the log-likelihood function for

θ , and let � p (ψ) = � (ψ, ̂  λψ 

) be the profile log-likelihood for ψ , where ˆ λψ 

is the MLE for λ given ψ . The profile log-

likelihood ratio test W p (ψ) = 2(� p ( ˆ ψ ) − � p (ψ)) , under mild regularity conditions, has an asymptotic null χ2 
1 distribution.

Hence 
1 (W p (ψ)) ˙ ∼ U(0 , 1) , with 
1 (·) denoting the χ2 
1 

distribution function, and 

C(ψ) ˙ = 
1 (W p (ψ)) 

is a first-order asymptotic CD, which can reflect asymmetry and also likelihood multimodality in the underlying distribu- 

tions, unlike the simpler Wald-type confidence distribution. Similarly, the profile likelihood root 

r p (ψ) = sign ( ˆ ψ − ψ) 

√ 

2(� p ( ˆ ψ ) − � p (ψ)) 

can be used to derive a first-order CD, since it has a first-order standard normal null distribution. Improved CD inference

based on higher-order asymptotics (see, among others, Severini, 20 0 0; Reid, 20 03; Brazzale et al., 2007 , and references

therein) is discussed, for instance, in Schweder and Hjort ( 2016 , Chap. 7); see also Ruli and Ventura (2021) . One key formula

is the modified profile likelihood root 

r ∗p (ψ) = r p (ψ) + 

1 

r p (ψ) 
log 

q p (ψ) 

r p (ψ) 
, (3) 

which has a third-order standard normal null distribution. In (3) , the quantity q p (ψ) is a suitably defined correction term

(see, e.g., Severini, 20 0 0 , Chapter 9). In practice, r ∗p (ψ) is a higher-order pivotal quantity obtained as a refinement of the

likelihood root r p (ψ) , which allow us to obtain an asymptotically third-order accurate CD, i.e. with error of order O (n −3 / 2 ) . 

2.2. Simulation-based confidence distributions 

In the framework of CDs obtained from pivotal quantities, when the distribution of the pivot (1) is not known, approxi- 

mate confidence distributions can be obtained by bootstrapping ( Efron, 1979 ). Indeed, this method provides an estimate of 

the sampling distribution of a statistic, and this empirical sampling distribution can be turned into an approximate confi- 

dence distribution in several ways (see, e.g., Schweder and Hjort, 2016 , Chap. 7). 

Bootstrap procedures can be distinguished into two major categories: parametric and non parametric. With parametric 

bootstrap, the sought distribution is taken to be that of the statistics given pseudo-data, generated by a consistent estimate 

of the parametric model. With the second, instead, the pseudo-data generating scheme is a multinomial resampling of data 

points. The error in bootstrap confidence intervals is in most of the cases of order O p (n −1 ) , becoming of order O p (n −3 / 2 )

when correction procedures can be implemented, and for t−bootstrap (see DiCiccio and Romano, 1988; DiCiccio and Efron, 

1996; Schweder and Hjort, 2016 , Chap. 7). 

For instance, consider a monotone transformation h (ψ) of a scalar parameter of interest, and let q (ψ, y ) = (h (ψ) −
h ( ˆ ψ )) / ̂  τ an approximate studentized pivot, where ˆ ψ is the MLE of ψ and ˆ τ is a suitable estimate of the pivot standard
4
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deviation. Let Q(·) be the distribution function of q (ψ, y ) . Then, a confidence distribution for the parameter of interest is

(h (ψ)) = Q 

(
(h (ψ) − h ( ˆ ψ )) / ̂  τ

)
, with appropriate confidence density cd(h (ψ)) = ∂C(h (ψ)) /∂ψ . When Q(·) is unknown,

it can be estimated via bootstrapping. Let h (ψ 

∗) and ˆ τ ∗ be the result of bootstrapping, then the Q(·) distribution can be

estimated as ˆ Q , via bootstrapped values of q ∗ = q (ψ 

∗, y ∗) = (h (ψ) − h ( ˆ ψ 

∗)) / ̂  τ ∗. The approximate CD is then 

C t−boot (ψ) = 

ˆ Q 

(
h (ψ) − h ( ˆ ψ ) 

ˆ τ

)
. 

This bootstrap method applies even when q (ψ, y ) is not a perfect pivot, but is especially successful when it is, because q ∗

then has exactly the same distribution Q(·) as q (ψ, y ) . Note that the method automatically takes care of bias and asymmetry

in Q(·) . 

3. Robust confidence distributions 

3.1. Asymptotic derivation from M-estimating functions 

The class of M-estimators (see, e.g. Huber, 1981; Hampel et al., 1986; Huber and Ronchetti, 2009 ) is broad and includes

a variety of well-known estimators. For example it includes the MLE, the maximum composite likelihood estimator (see 

e.g. Varin et al., 2011 ), estimators based on proper scoring rules (see, e.g., Dawid et al., 2016 , and references therein), and

classical robust estimators (see e.g. Huber and Ronchetti, 2009 , and references therein). 

Under broad regularity conditions, an M-estimator ˜ θ is the solution of the unbiased estimating equation 

g(θ ) = 

n ∑ 

i =1 

g(y i ; θ ) = 0 

and it is asymptotically normal, with mean θ and covariance matrix V (θ ) = K(θ ) −1 J(θ )(K(θ ) −1 ) T , where K(θ ) =
E θ (∂g(θ ) /∂θT ) and J(θ ) = E θ (g(θ ) g(θ ) T ) are the sensitivity and the variability matrices, respectively. The matrix V g (θ ) = 

 (θ ) −1 is known as the Godambe information and its form is due to the failure of the information identity since, in 

general, K(θ ) � = J(θ ) . Let us denote with G (θ ) = 

∑ n 
i =1 G (y i ; θ ) the function such that g(θ ) is the gradient vector, i.e.

g(y ; θ ) = ∂ G (y ; θ ) /∂ θ . 

From the general theory of M-estimators, the influence function ( IF ) of the estimator ˜ θ is given by 

IF (y ; ˜ θ ) = K(θ ) −1 g(y ; θ ) , (4) 

and it measures the effect on the estimator ˜ θ of an infinitesimal contamination at the point y , standardized by the mass

of the contamination. The estimator ˜ θ is B-robust if and only if g(y ; θ ) is bounded in y . Note that the IF of the MLE is

proportional to the score function; therefore, in general, MLE has unbounded IF , i.e. it is not B-robust. 

Paralleling likelihood-based results, asymptotic robust inference on the scalar parameter of interest ψ can be based 

on first-order pivots. With the partition θ = (ψ, λ) , the M-estimating function is similarly partitioned as g(y ; θ ) =
(g ψ 

(y ; θ ) , g λ(y ; θ )) . Moreover, consider the further partitions 

K = 

[
K ψψ 

K ψλ

K λψ 

K λλ

]
, K 

−1 = 

[
K 

ψψ K 

ψλ

K 

λψ K 

λλ

]
, 

and similarly for V g and V −1 
g . Finally, let ˜ λψ 

be the constrained M-estimate of λ, let ˜ θψ 

= (ψ, ̃  λψ 

) , and let ˜ ψ be the ψ

component of ˜ θ . Then, a profile Wald-type statistic for the ψ may be defined as 

w R (ψ) = ( ˜ ψ − ψ)( ̃  V 

ψψ 

g ) −1 / 2 , 

and it has an asymptotic N(0 , 1) null distribution. Similarly, the profile score-type statistic 

w sR (ψ) = g ψ 

( ̃  θψ 

) T K 

ψψ (V 

ψψ 

g ) −1 K 

ψψ g ψ 

( ̃  θψ 

) 

has an asymptotic χ2 
1 

null distribution, while the asymptotic distribution of the profile ratio-type statistic for ψ , given by 

 R (ψ) = 2 
(
G ( ̃  θψ 

) − G ( ̃  θ ) 
)
, is νχ2 

1 , where ν = ( ̃  K 

ψψ ) −1 ˜ V 
ψψ 

g . In view of this, for the adjusted profile ratio-type statistic to

first-order it holds 

W 

adj 
R 

(ψ) = 

W R (ψ) 

ν
˙ ∼χ2 

1 . 

Finally, the adjusted profile root, analogous to (3) , can be defined as 

r R (ψ) = sign ( ˜ ψ − ψ ) 

√ 

W 

adj 
R 

(ψ ) , 

which has an asymptotic standard normal distribution. For the general theory of robust tests see Heritier and Ronchetti 

(1994) . 
5 
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Paralleling results in Section 2.1 for likelihood based CDs, a recipe to derive an asymptotic CD from robust M-estimating

functions is based on pivotal quantities, extending the theory illustrated for robust scoring rules in Hjort and Schweder 

(2018) and Ruli et al. (2022) . To this end, let us denote with q R (ψ ; y ) a robust pivotal quantity, such as the profile Wald-

type statistic w R (ψ) or the adjusted profile scoring rule root r R (ψ) . Then, 

C w 

R (ψ) ˙ = 

(
(ψ − ˜ ψ )( ̃  V 

ψψ 

g ) −1 / 2 
)

(5) 

and 

C r R (ψ) ˙ = 


(
sign (ψ − ˜ ψ ) 

√ 

W 

adj 
R 

(ψ) 

)
(6) 

are first-order asymptotic CDs, and the corresponding confidence densities are, respectively, 

cd w 

R (ψ) ˙ = 

φ
(
(ψ − ˜ ψ )( ̃  V 

ψψ 

g ) −1 / 2 

)
√ 

˜ V 

ψψ 

g 

and 

cd r R (ψ) ˙ = φ

(
sign (ψ − ˜ ψ ) 

√ 

W 

adj 
R 

(ψ) 

)∣∣∣∣∂W 

adj 
R 

(ψ) 1 / 2 

∂ψ 

∣∣∣∣, 
where φ(·) is the density function of the standard normal distribution. Note that the Wald-type based confidence density 

cd w 

R 
(ψ) coincides with the asymptotic first-order robust Bayesian posterior distribution for ψ (see, e.g., Greco et al., 2008 ,

and Ventura and Racugno, 2016 ). 

In practice, using for instance (6) , the confidence median is ˜ ψ and an (1 − α) equi-tailed confidence interval can be

obtained as { ψ : | r R (ψ) | ≤ z 1 −α/ 2 } , where z 1 −α/ 2 } is the (1 − α/ 2) -quantile of the standard normal density. When testing, for

instance, H 0 : ψ = ψ 0 against H 1 : ψ < ψ 0 , the p-value is p = C r R (ψ 0 ) , while when testing H 0 : ψ = ψ 0 against H 1 : ψ � = ψ 0

the p-value is p = 2(1 − 
(| r R (ψ 0 ) | )) . Furthermore, a measure of evidence for a statement of the form “ψ 1 < ψ < ψ 2 ” can

be computed as C r 
R 
(ψ 2 ) − C r 

R 
(ψ 1 ) . 

To study the stability of robust CDs, let us write the robust pivotal quantity more generally as q R (ψ ; T ( ̂  F n )) ,

where ˆ F n is the empirical distribution function and T (F ) is the functional defined by the unbiased M-estimating equa-

tion 

∫ 
g(y ; T (F )) dF (y ) = 0 , where F = F (y ; θ ) is the assumed parametric model. In CD inference the tail area, given by

 R (ψ) = 
(q R (ψ ; T ( ̂  F n )) , plays a central role and thus we can consider the tail area influence function (see, e.g., Field and

Ronchetti, 1990 , and Ronchetti and Ventura, 2001 ), given by 

T AIF (y ; T ) = 

∂ 

∂ε 

(q R (ψ ; T (F ε ))) 

∣∣∣∣
ε=0 

, 

where F ε = (1 − ε) F + ε�y and �y is the probability measure which puts mass 1 at the point y . The T AIF (y ; T ) thus de-

scribes the normalized influence on the CD tail area of an infinitesimal observation at y and, by considering its supremum,

it can be used to evaluate the maximum bias of the tail area on the ε-neighborhood of F . It can be shown that 

T AIF (y ; T ) = φ(q R (ψ ; T (F ))) 
∂q R (ψ ; T (F )) 

∂T (F ) 

∂T (F ε ) 

∂ε 

∣∣∣∣
ε=0 

, (7) 

where the last term in (7) is the IF (4) of the M-estimator. Thus, the tail area influence function for the CD tail area at

the statistical model F is proportional to the M-estimating function and this gives an immediate handle on robustness. 

Furthermore, it is bounded with respect to y when the M-estimating function is bounded. 

The application of (5) and (6) in the particular context of a robust scoring rule has been discussed in Ruli et al. (2022) .

In particular, the Tsallis score ( Tsallis, 1988 ) is considered, which is given by 

G (y ; θ ) = (γ − 1) 

∫ 
f (y ; θ ) γ dy − γ f (y ; θ ) γ −1 , γ > 1 , 

with corresponding unbiased M-estimating function g(θ ) = ∂ G (y ; θ ) /∂ θ ( Ghosh and Basu, 2013; Dawid et al., 2016 ), and

with the parameter γ which gives a trade-off between efficiency and robustness. 

3.2. Derivation of robust confidence distributions via simulation 

In the context of robust procedures, suitable modifications of the bootstrap have been explored for improving the stabil- 

ity of inference. In fact, both families of parametric and non parametric bootstrap presents some drawbacks. For instance, 

with the non parametric bootstrap, despite the direct specification of the data generating process is avoided and this robus- 

tifies the analysis, the distribution of estimators might be unstable since the amount of outliers of pseudo-samples can be 

higher than that in the original dataset. For remedying this drawback, some authors proposed the use of weights associated 
6 
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to observations before performing repeatedly likelihood maximization under the assumed model, as in weighted likelihood 

bootstrap ( Newton and Raftery, 1994 ). Lyddon et al. (2019) showed that the corresponding estimator is asymptotically nor- 

mal and with covariance matrix with the classical structure of sandwich form. Also, Chen and Zhou (2020) introduced a

similar approach based on estimating equations and provided non-asymptotic guarantees for the resulting errors. Moreover, 

a further problem when using a bootstrap approach together with robust procedures as M-estimating equations is the need 

of repeatedly solving numerically non-convex or complex optimization problems, which may be computationally expensive. 

In this section we inspect two alternative methods for computing CDs based on robust M-estimating functions, that go 

beyond some limitations of the bootstrap. Broadly speaking, the first method is based on a frequentist reinterpretation of the 

ABC machinery (see, e.g., Bee et al., 2017; Ruli et al., 2020; Thornton et al., 2022 ), whose properties have been derived by

Rubio and Johansen (2013) in a general setup. The idea consists in generating candidate parameter values from an uniform 

distribution, computing a robust suitable summary statistic using the simulated data and then accepting only the parameter 

values such that the corresponding summary statistic is ”close” to its observed counterpart (see Algorithm 1 ). 

Algorithm 1 Accept-reject robust ABC. 

Input: proposal p(ψ, λ) , number of iterations R , robust summary statistic t (·) , t obs = t (y obs ) , where y obs is the observed

sample, tolerance ε, distance ρ(·; ·) 
for j ∈ 1 , . . . , R do 

Sample (ψ 

∗
j 
, λ∗

j 
) ∼ p(ψ, λ) and y ∗

j 
∼ f (y ;ψ 

∗
j 
, λ∗

j 
) 

Compute t ∗
j 

= t(y ∗
j 
) 

Accept ψ 

∗
j 

if ρ(t ∗
j 
; t obs ) ≤ ε else reject 

end for 

resample the accepted (ψ 

∗, λ∗) with probability ∝ 1 /p(ψ 

∗, λ∗) 

return robust approximate normalized pseudo-likelihood ∝ confidence density ˆ cd 
abc 

R (ψ) 

In Algorithm 1 , the summary statistics of Soubeyrand and Haon-Lasportes (2015) or of Ruli et al. ( 2016,2020 ) can be used.

In particular, the first one is based directly on the M-estimator ˜ ψ as the summary statistic t(y ) and a, possibly rescaled, dis-

tance among the observed and the simulated value of the statistic. In the second one, a rescaled version of the M-estimating

function g(θ ) , evaluated at a fixed value of the parameter, is used as a summary statistic t(y ) ; this avoids repeated eval-

uations of the consistency correction involved in the M-estimating function. Note also that when using the M-estimator 

as a summary statistic, the algorithm for solving the estimating equation might not converge after a prefixed number of 

iterations, thus causing additional noise in the results. For a single parameter of interest, with the partition θ = (ψ, λ) , we

propose to modify the algorithm of Ruli et al. (2020) by using the profile estimating equation g ψ 

(y ;ψ, λ) and plugging in

the value of proposals λ∗ for nuisance parameters used to generate pseudo-data. The treatment of the nuisance parameters 

resembles as a generalized profile likelihood computation. 

Note that, assuming the regularity assumptions of Soubeyrand and Haon-Lasportes (2015) and the usual regularity con- 

ditions on M-estimators ( Huber and Ronchetti, 2009 , Chap. 4), then for n → ∞ the robust confidence densities derived via

simulation are asymptotically equivalent to the Wald-type confidence density cd w 

R 
(ψ) . Moreover, following Ruli et al. (2020) ,

if g(y ; θ ) is bounded in y , i.e. if the M-estimator is B-robust, then asymptotically the posterior mode, as well as other pos-

terior summaries of the robust confidence density ˆ cd 
abc 

R (ψ) have bounded IF . 

The second method for computing CDs based on robust M-estimating functions is similar but aims at computing directly 

a Monte Carlo p-value or a significance function using a different acceptance rule (see Bortolato and Ventura, 2022 ): again

the parameter values are sampled from a uniform distribution, a robust summary statistic t(y ∗) using the simulated data is

obtained, and then the proposed parameter is accepted if the robust summary statistic t ∗ is greater of its observed counter-

part t obs (see Algorithm 2 ). For obtaining the confidence density, if the obtained CD is indeed monotone increasing, hence

it is a proper CD, Algorithm 3 can be used. 

Algorithm 2 Accept-reject confidence curve and confidence distribution computing. 

Input: proposal p(ψ, λ) , number of iterations R , robust summary statistic t (·) , t obs = t (y obs ) , where y obs is the observed

sample. 

for j ∈ 1 , . . . , R do 

Sample (ψ 

∗
j 
, λ∗

j 
) ∼ p(ψ, λ) and y ∗

j 
∼ f (y ;ψ 

∗
j 
, λ∗

j 
) 

Compute t ∗
j 

= t(y ∗
j 
) 

Accept ψ 

∗
j 

if t ∗
j 

≥ t obs else reject 

end forreturn ψ 

∗ with density ∝ cc R (ψ) a confidence curve/distribution 
7 
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Algorithm 3 Confidence density. 

Input: robust confidence distribution C R (ψ) , desired size R ,grid of values G = { 1 R , 
2 
R , . . . , 

R −1 
R , 1 } 

for j ∈ 1 , . . . , R do 

Compute the empirical quantiles of the CD: ψ 

∗
j 

= C −1 
R 

(G j ) 

end for 

return ψ 

∗ ∼ ˆ cd R (ψ) . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

As a final remark, we observe that, for obtaining stable results with the accept-reject schemes, it is suggestable to in-

crease the number of proposals as the dimension of the parameter space increases, in order to have reasonable acceptance 

rate with ABC-type algorithm, and in general for obtaining more precise estimation of the confidence distributions. 

4. Applications to non-inferiority and superiority testing 

The aim of this section is to introduce and apply CDs inference in the context of non-inferiority (and superiority) testing,

in which interest is in establishing if a new product is not unacceptably worse than a product already in use. For instance,

applications of non-inferiority testing has revealed an attractive problem in medical statistics, biostatistics, statistical quality 

control and engineering statistics, among others. Here we focus in non-inferiority clinical trials where the aim is to show 

that an experimental treatment is not (much) worse than a standard treatment. Clinical practice, however, is not the only 

field of application of these tests: in comparing the performance of sensors in industrial environment, for instance, the 

margin may be linked to some difference in costs due to sensor functioning. Other applications can be found in machine

learning literature, where instead the meaningful margin is related to the accuracy or to the speed in classification tasks. 

In the process of evaluating the efficacy of an experimental treatment, it is common to develop studies in which the

two arms are the new and the standard therapy, respectively, rather than the new and the placebo. This is because it

is considered unethical to deprive patients from a therapy that has already been proven to be beneficial. The underlying 

research hypothesis to be verified is that new therapies have equivalent or non-inferior efficacy to the ones currently in 

use. Both non-inferiority and superiority tests are examples of directional (one-sided) tests (see, e.g., D’Agostino et al., 2003; 

Rothmann et al., 2012 , and references therein). In particular, the non-inferiority test wants to test that the treatment mean μN 

is not worse than the reference mean μS by more than a given equivalence margin δ. The actual direction of the hypothesis

depends on the response variable being studied. This question can be formulated into a test procedure for which the null

hypothesis is 

H 0 : μS − μN ≥ δ, 

where δ > 0 is the equivalence margin, when higher values of the response variable mean better results, versus 

H 1 : μS − μN < δ. 

The scalar parameter of interest in this context is thus ψ = μS − μN , and non-inferiority is claimed when the null hypothesis

is rejected. 

The equivalence margin δ corresponds to the practical acceptable difference and should be pre-specified before the data 

is recorded (see e.g. Garret, 2003 ). An overly conservative margin might result in a high risk of not being able to claim

non-inferiority when it actually is non-inferior. Conversely, overly liberal margins could result in a high risk of claiming 

non-inferiority when it actually is not non-inferior. A reasonable margin would be best derived from a combination of 

factors: the expected event rate, the duration of follow-up, and the number and nature of the events. However, arbitrary 

clinical judgment and the sponsor budget are of a great influence, resulting in a somewhat subjective non-inferiority margin. 

It is not clear in some situations how to perform the choice, and multiple thresholds could be plausible; in this respect, CDs

are particularly useful to perform sensitivity analyses. Indeed, in this situation a confidence distribution on the difference 

ψ = μS − μN will simultaneously show the evidence of the p-value against the null for a series of values δ, and decide for

a reasonable δ with the nominal control of the rejection level and possible alternatives. 

Here we consider an example of trial where higher levels of the response variable mean that the new treatment is

effective. The aim is verifying that the new treatment ( N) is not unacceptably worse to the standard ( S). Let us assume that

n = 80 patients are randomized into two groups, and the model for the data is assumed to be 

Y S = μN + ψ + u, Y N = μN + u, u ∼ N(0 , σ 2 ) . (8) 

The normal distribution on the error term is often the basis of statistical analyses in medicine, genetics and in related

sciences. Under this assumption, parametric inferential procedures based on the sample means, standard deviations, two- 

samples t-test, and so on, are the most efficient. However, it is well known that they are not robust when the normal

distribution is just an approximate parametric model or in the presence of deviant values in the observed data (see, e.g.,

Farcomeni and Ventura, 2012 ). In the framework described by (8) , we inspect the effect of model misspecification. In par-

ticular, misspecification considers a mixture model, where one mixes in a small amount (say 10%) of contamination in the 

data of the new treatment group. In particular, in the contaminated scenario, 10% of the error terms in the new treatment

group are half-Cauchy distributed (see Fig. 3 ). 
8
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Table 1 

Confidence measures of evidence for the null hypothesis H 0 : ψ > δ, with δ = 4 associated to Fig. 4 , 

without and with contamination. 

Method 0% cont. 10% cont. 

Wald/Mean 0.08 0.42 

Wald/M-test 0.07 0.03 

ABC/Median 0.24 0.20 

ABC/M-EE 0.11 0.09 

ABC/M-est 0.12 0.09 

CDensity/Median 0.20 0.21 

CDensity/M-EE 0.08 0.05 

CDensity/M-est 0.14 0.11 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

It is of interest to compare CDs inference for ψ based on the following approaches (abbreviations are also used in Fig.

4 and in the following) used to derive confidence densities: 

1. exact classical Wald-type confidence density based on w p (ψ) , which is related to the classical two sample t-test 

(Wald/Mean) 

2. robust asymptotic Wald-type confidence density cd w 

R 
(ψ) based on the Huber’s estimator (Wald/M-test) 

3. approximate confidence density based on ABC ( Algorithm 1 ) with robust Huber’s estimator as summary statistics 

(ABC/M-est) 

4. approximate confidence density based on ABC ( Algorithm 1 ) with the robust Huber’s estimating equation as summary 

statistic (ABC/M-EE) 

5. simulated confidence density ( Algorithm 2 ) based on the robust Huber’s estimator (CDensity/M-est) 

6. simulated confidence density ( Algorithm 2 ) based on the robust Huber’s estimating equation (CDensity/M-EE) 

7. approximate confidence density based on ABC ( Algorithm 1 ) with the difference of medians as summary statistics 

(ABC/Median) 

8. simulated confidence density ( Algorithm 2 ) based on the difference of medians (CDensity/Median). 

The nominal value of the mean difference between the treatment effects is ψ 0 is fixed to 2.6, and for simulation-based

confidence distribution as well as for those obtained by the ABC-type algorithm we used 10 5 proposals and a tolerance level

of 0.1. In the Huber’s estimator we fix the tuning constant which controls the desired degree of robustness to 1.345, which

imply that the estimator is 5% less efficient than the corresponding MLE under the assumed model. 

From the resulting confidence densities illustrated in Fig. 4 we note that, when the data come from the central model

(left column) all the confidence densities are in reasonable agreement, even if the confidence densities based on the medians 

behave slightly worse, with a greater variability. Under model misspecification (right column), the non robust confidence 

density Wald/Mean is less trustworthy as it drifts away from the true parameter value (green dotted line). This is not the

case however for the robust confidence densities which remains centered around the true parameter value. We further 

note that in the contaminated case, the robust confidence densities based on the M-estimating equation (ABC/M-EE and 

CDensity/M-EE) are the ones with the smallest variability. For all these confidence densities, Table 1 gives the measures of

evidence for the equivalence margin δ taken equal to 4 (black dotted line in Fig. 4 ), that is for the statement “ψ > δ”. As

a reference, consider the result derived by the exact t−distribution of the exact classical Wald-type confidence density in 

the non contaminated case, which is 0.08. The results, without and with the contamination, confirm the behavior of the 

confidence densities in Fig. 4 , in particular the non robustness of the likelihood-based confidence density (Wald/Mean). The 

most stable values under contamination seem to be those obtained with M-EE approaches (0.09 with ABC/M-EE and 0.05 

with CD/M-EE). The same analysis could be done in principle, given the CD, for any margin δ. 

4.1. Simulation study 

For investigating the behavior of the several confidence densities, we perform a simulation study under two sample sizes 

n = 40 , 80 (20, 40 per group) and for each of them we investigate two main scenarios: one in which the assumptions of

the model in (8) are met by the true data generating model, and the second one where 10% of the error terms in the

new treatment group are half-Cauchy distributed (as in Fig. 3 ). The proposals for ψ were taken Uniform in [ −3 , 9] , for the

parameter μN we sample from a Uniform [110,130], while for σ we generated values from a Uniform [1,8]. In the simulation

study, we also let the nominal values of the parameter of interest vary ( ψ 0 = 2 . 6 and ψ 0 = 1 ), to test the stability of the

proposals distributions for simulation-based CDs. 

The families of methods to derive the confidence densities considered are the same as in the example above, and con-

fidence distributions construction are again based on exact and asymptotic pivotal quantities or simulation-based. We also 

compare the results with those obtained with Bootstrap methods: in particular basic parametric bootstrap (Boot/Basic), 

parametric bootstrap with normal intervals (Boot/Norm) and parametric bootstrap with percentiles intervals (Boot/Perc). For 

Rejection-ABC-type confidence distributions, the tolerance for the discrepancy was set to 0.1. For all the techniques using 

M −estimators or M −estimating equation, the Huber’s tuning constant is fixed to 1.345. For computing a single confidence 
9 
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Table 2 

Empirical coverages in a simulation study without and with 10% of contamination and n = 40 . 

Contamination 0% 10% 

n = 40 95% CI 90% CI 95% CI 90% CI 

ψ 0 = 2.6 Wald/Mean 93.9 89.1 97.1 94.0 

Wald/M-test 93.7 88.4 94.1 88.3 

ABC/Median 97.1 93.4 97.7 93.7 

ABC/M-EE 92.7 87.2 93.7 88.9 

ABC/M-est 97.0 93.1 97.6 93.9 

CDensity/Median 99.5 97.6 99.2 98.0 

CDensity/M-EE 95.8 90.5 96.7 92.1 

CDensity/M-est 99.4 97.3 99.2 98.0 

Boot/basic 93.4 88.0 92.3 86.1 

Boot/Norm 93.5 88.2 92.4 86.0 

Boot/Perc 93.4 87.9 92.3 86.1 

ψ 0 = 1 Wald/Mean 95.4 89.9 97.0 93.0 

Wald/M-test 94.3 88.4 94.1 88.9 

ABC/Median 95.8 91.7 95.5 91.6 

ABC/M-EE 95.4 89.9 97.0 93.0 

ABC/M-est 95.5 90.5 95.7 91.8 

CDensity/Median 98.9 97.6 99.4 97.9 

CDensity/M-EE 95.1 91.0 96.8 92.9 

CDensity/M-est 99.3 97.0 99.4 98.2 

Boot/basic 92.7 87.7 92.3 86.0 

Boot/Norm 92.6 87.7 92.3 86.0 

Boot/Perc 92.8 87.7 92.3 86.2 

Table 3 

Empirical coverages in a simulation study without and with 10% of contamination and n = 80 . 

Contamination 0% 10% 

n = 80 95% CI 90% CI 95% CI 90% CI 

ψ 0 = 2.6 Wald/Mean 95.5 90.0 95.9 92.2 

Wald/M-test 95.1 89.6 93.9 87.9 

ABC/Median 97.2 93.5 97.3 93.5 

ABC/M-EE 93.3 86.9 92.7 87.3 

ABC/M-est 97.5 93.6 97.2 93.9 

CDensity/Median 99.1 97.6 99.2 97.5 

CDensity/M-EE 95.9 89.4 96.4 92.5 

CDensity/M-est 99.1 97.3 99.2 97.7 

Boot/Basic 94.1 89.5 92.3 87.5 

Boot/Norm 94.2 89.5 92.4 87.4 

Boot/Perc 94.3 89.6 92.3 87.5 

ψ 0 = 1 Wald/Mean 94.9 89.7 96.8 92.8 

Wald/M-test 94.5 89.4 94.4 89.3 

ABC/Median 95.3 90.4 95.5 92.0 

ABC/M-EE 94.9 89.7 96.8 92.8 

ABC/M-est 95.4 90.2 95.7 91.4 

CDensity/Median 99.4 97.7 99.0 97.3 

CDensity/M-EE 96.2 92.0 96.0 92.2 

CDensity/M-est 99.1 97.3 99.1 97.0 

Boot/Basic 94.1 89.5 92.3 87.5 

Boot/Norm 94.2 89.5 92.4 87.4 

Boot/Perc 94.3 89.6 92.3 87.6 

 

 

 

 

 

 

 

 

distribution, R = 40 0 0 values were generated from the proposals, while for each scenario simulation experiments were repli-

cated 20 0 0 times. Results obtained for the empirical coverages of 90% and 95% equi-tailed confidence intervals are syn-

thesized in Tables 2 and 3 . We also report in Tables 4 and 5 the error associated to confidence median point estimators,

in terms of bias ( b = 

∑ R 
r=1 

˜ θr − θ0 ), probability of underestimation ( P U = 

∑ R 
r=1 1 { ̃ θr <θ0 } ) and type I error with α = 0 . 05 . We

note that, under the central model, the Wald/Mean CD shows a good performance, as well as some robust CDs (Wald/M-test,

CDensity/M-EE and ABC/M-EE) and bootstrap-based CDs. With contaminated data, the Wald/Mean CD and bootstrap-based 

CDs tend to be affected by contamination, whereas the robust CDs perform substantially better, with the CDs based on M-

estimating equations being preferred over those based on M-estimators. Asymptotic symmetric confidence densities based 

on Wald-type robust CDs and ABC-type confidence densities seem to be affected more by bias than the simulated CDs (see

Tables 4 and 5 ). Note finally that ABC-type results, even if behaving well, depend on a tolerance choice, hence the results

may degradate when the latter is not well calibrated. 
10 
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Table 4 

Measures of stability of CDs: absolute bias ( | b| ), probability of underestimation ( PU) and type I error (α = 0 . 05) of confidence estimators (medians) in the 

simulation study with n = 40 . 

Contamination 0% 10% 

n = 40 | b| PU I type err. | b| PU I type err. 

ψ 0 = 2 . 6 Wald/Mean 0.01 0.51 0.06 5.57 0.65 0.03 

Wald/M-test 0.00 0.51 0.06 0.23 0.42 0.08 

ABC/Median 0.03 0.52 0.01 0.09 0.46 0.01 

ABC /M-EE 0.00 0.51 0.03 0.23 0.42 0.03 

ABC/M-est 0.01 0.51 0.01 0.23 0.42 0.01 

CDensity/Median 0.15 0.55 0.01 0.03 0.51 0.01 

CDensity/M-EE 0.11 0.55 0.03 0.11 0.46 0.03 

CDensity/M-est 0.13 0.56 0.01 0.09 0.46 0.01 

Boot/Basic 0.01 0.50 0.06 0.28 0.58 0.10 

Boot/Norm 0.01 0.50 0.06 0.28 0.58 0.10 

Boot/Perc 0.01 0.51 0.06 0.27 0.58 0.09 

ψ 0 = 1 Wald/Mean 0.01 0.49 0.05 2.90 0.66 0.04 

Wald/M-test 0.01 0.49 0.06 0.20 0.43 0.07 

ABC/Median 0.10 0.53 0.00 0.00 0.50 0.01 

ABC/M-EE 0.00 0.50 0.01 0.18 0.44 0.01 

ABC/M-est 0.00 0.57 0.01 0.16 0.44 0.02 

CDensity/Median 0.30 0.56 0.01 0.20 0.57 0.01 

CDensity/M-EE 0.20 0.55 0.01 0.00 0.49 0.01 

CDensity/M-est 0.20 0.56 0.01 0.10 0.52 0.02 

Boot/Basic 0.01 0.50 0.06 0.28 0.58 0.10 

Boot/Norm 0.01 0.50 0.06 0.28 0.58 0.10 

Boot/Perc 0.01 0.51 0.06 0.27 0.58 0.09 

Table 5 

Measures of stability of CDs: absolute bias ( | b| ), probability of underestimation ( PU) and type I error (α = 0 . 05) of confidence estimators (medians) in the 

simulation study with n = 80 . 

Contamination 0% 10% 

n = 80 | b| PU I type err. | b| PU I type err. 

ψ 0 = 2 . 6 Wald/Mean 0.02 0.49 0.05 1.76 0.58 0.05 

Wald/M-test 0.01 0.49 0.05 0.19 0.42 0.08 

ABC/Median 0.02 0.50 0.02 0.05 0.49 0.02 

ABC/M-EE 0.02 0.48 0.03 0.19 0.42 0.03 

ABC/M-est 0.01 0.49 0.01 0.19 0.42 0.02 

CDensity/Median 0.07 0.53 0.01 0.02 0.51 0.02 

CDensity/M-EE 0.08 0.53 0.03 0.11 0.45 0.03 

CDensity/M-est 0.08 0.54 0.01 0.11 0.46 0.02 

Boot/Basic 0.03 0.49 0.05 0.39 0.33 0.09 

Boot/Norm 0.03 0.49 0.05 0.39 0.33 0.09 

Boot/Perc 0.03 0.49 0.05 0.39 0.33 0.09 

ψ 0 = 1 Wald/Mean 0.05 0.47 0.06 1.40 0.59 0.04 

Wald/M-test 0.05 0.48 0.06 0.16 0.41 0.07 

ABC/Median 0.02 0.50 0.01 0.02 0.50 0.01 

ABC/M-EE 0.04 0.48 0.01 0.15 0.42 0.01 

ABC/M-est 0.04 0.48 0.01 0.16 0.41 0.02 

CDensity/Median 0.20 0.54 0.01 0.30 0.58 0.01 

CDensity/M-EE 0.10 0.53 0.01 0.00 0.49 0.01 

CDensity/M-est 0.10 0.54 0.02 0.10 0.51 0.02 

Boot/Basic 0.03 0.49 0.05 0.39 0.67 0.09 

Boot/Norm 0.03 0.49 0.05 0.39 0.67 0.09 

Boot/Perc 0.03 0.49 0.05 0.39 0.67 0.09 

 

 

 

 

 

 

As a final remark, note that an interesting aspect of this simulation study was the difference among the approach of using

robust M-estimating functions instead of robust M-estimates, especially in the treatment of nuisance parameters. For the M- 

est CD based on 

˜ ψ , for each fixed values (ψ 

∗, λ∗) , the corresponding acceptance probability is P r ψ 

∗,λ∗
(

˜ ψ 

∗ > 

˜ ψ 

)
. This might

be recognized to be similar to a bootstrap p-value, with the exception of what is the model considered for the simulation.

In contrast, for the CD with the profile M-estimating function as summary statistic, the acceptance probability for same 

values (ψ 

∗, λ∗) is P r ψ 

∗,λ∗
(
g ψ 

(y ; ˜ ψ , λ∗) ≥ 0 
)
, as if λ∗ was the oracle estimate. Hence, the CD for each ψ is associated to

an average p-value, i.e. CD (ψ) = 

∫ 
P r ψ,λ(g ψ 

(y ; ˜ ψ , λ) ≥ 0) dλ. Note that under the true model, with (ψ 0 , λ0 ) true parameter

value, the corresponding p-value would be equal to the one without the nuisance parameter P r ψ 0 ,λ0 
(g ψ 

(y ; ˜ ψ , λ0 ) ≥ 0) . Note

that, instead, keeping fixed the nuisance parameters in the simulations would correspond to consider them as known. 
11 
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Fig. 5. Example of making inference with confidence densities in superiority tests, with margin δ = −3 . 5 . 

Fig. 6. Real data example: boxplots of pre-post differences of scores in the group using psilocybin (P) versus escitalopram (E) (left), confidence densities 

for the parameter β2 , measuring the difference in efficacy of the two therapies (right). 

Table 6 

Measures of evidence for the hypothesis “β2 > δ” for several margins. 

−δ -3.5 -4 -4.5 -5 -5.3 

Wald/Mean 0.11 0.18 0.29 0.41 0.49 

Wald/M-test 0.02 0.05 0.10 0.19 0.26 

ABC/M-est 0.00 0.00 0.14 0.14 0.29 

ABC/M-EE 0.08 0.12 0.18 0.24 0.30 

CDensity/M-est 0.03 0.09 0.14 0.21 0.28 

CDensity/M-EE 0.07 0.14 0.17 0.22 0.28 

 

 

 

 

 

 

 

 

 

 

 

 

4.2. Real data application 

A class of problems requiring similar considerations to those of non-inferiority tests, i.e. sensitivity analysis with respect 

to the reference margin δ, is that of superiority studies (see Fig. 5 ). 

Here we analyze the data collected in a randomized controlled trial (see Carhart-Harris et al., 2021; Nayak et al., 2022 )

with the aim of assessing the superiority of a new therapy with psilocybin (P) versus that with escitalopram (E), in treating

major depressive disorder. The dataset contains the scores obtained by n = 57 patients on a questionnaire, before and after

a 6-week period of therapy. 

The model considered for the scores at the time of follow-up (FU) is the following 

y F U = β0 + β1 y BL + β2 P + u, u ∼ N(0 , σ 2 ) , 

where y BL represents the value at the baseline and P is a dummy variable that equals 1 if the subject belongs to the group

treated with the new therapy (psilocybin), and thus the coefficient relates to the additional change with respect to the 

control group (escitalopram) after the therapy. A reduction of the score indicates a clinical improvement; thus superiority 

is claimed if the estimate of the coefficient β2 is sufficiently lower than 0. In particular, in order to conclude in favor of

meaningful superiority, the clinicians considered as reference a margin δ = −5 . 3 . It is of interest to provide stable measures

of evidence for the statement “β2 > δ”, with δ = −5 . 3 ( H 0 ). 

The MLE for the parameter β2 and its standard error are, respectively, −5 . 32 and 1.44, while the robust counterparts

are −6 . 18 and 1.33. Note that after removing two outliers the MLE become -6.23, with standard error 1.35. We resume the

whole confidence densities based on Wald-type methods together with simulated confidence densities based on Huber’s 

estimators and Huber’s estimating equations in Fig. 6 . As it can be noted the classical confidence density (Wald/Mean) is

shifted to the right, because of the presence of outliers. Evidence measures for different margins are reported in Table 6 .

Using the margin chosen by the clinicians (-5.3) there is no evidence of superiority at level α = 0 . 1 ; however note that the

measure of evidence computed with the Wald-type confidence density (Wald/Mean) is the double of the ones computed 

with the robust confidence densities. With a margin of δ = −3 . 5 all the robust procedure would agree in claiming superiority
12 
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with α = 0 . 1 , while according to classical Wald-type confidence density (Wald/Mean) there would not be enough evidence

to conclude superiority. 

5. Confidence distributions based on integral probability semimetrics 

For mitigating the effects of small departures from model assumptions, and possible dramatic changes of inferential 

conclusions due to inconvenient choices of pivotal quantities and summaries, the use of non parametric procedures may be 

an alternative. 

Here, we mention the construction of CDs based on discrepancy measures defined on the space of distributions, belong- 

ing to the class of integral probability semimetrics ( Muller, 1997 ) or pseudo-metrics ( Huber and Ronchetti, 2009 , Chapt.

2). These divergences are classically associated to the concept of stability, used as global tests and studied in the context 

of misspecified models where the meaningfulness of model features is uncertain, whereas directly comparing the distribu- 

tions happens to be more natural ( Bernton et al., 2019; Frazier et al., 2020; Legramanti et al., 2022 ). In particular, we focus

on the Kolmogorov-Smirnov distance ( d KS ) and the Wasserstein distance ( d W 

) for one-dimensional distributions, defined 

respectively as 

d KS (P, Q ) = sup 

y 
| P (y ) − Q(y ) | , 

d W 

(P, Q ) = 

∫ 
Y 

| P (y ) − Q(y ) | dy. 

The discrepancy furnishes global indication of potential agreement between the two distributions P and Q , analogously 

to a likelihood ratio test as in the likelihood-based inference for correctly specified models. For estimating the distances, 

empirical cumulative distribution functions ( ̂  P n (y ) and 

ˆ Q n (y ) , respectively) are used. 

In general models, the non-asymptotic distributions of the statistics d KS (·, ·) and d W 

(·, ·) are complex, and numerical

methods are employed to compute exact p-values. Here we suggest to rely on Algorithm 1 to derive CDs, once identified

as summary statistics suitable discrepancies with distribution stochastically monotone in a scalar parameter of interest θ . 

In particular, let us consider the observed sample y obs and a fixed reference sample y ref , drawn from a completely known

model f (y ; θ ref ) . A sequence of unilateral tests can be built by using as observed summary statistic in Algorithm 2 the

quantity d(y obs , y ref ) = d( ̂  P (y obs ) , ˆ Q (y ref )) , where d(·, ·) may be the Kolmogorov-Smirnov distance ( d KS ) or the Wasserstein

distance ( d W 

). Then, the CD is obtained with the Accept-Reject scheme of Algorithm 2 , evaluating 

P r θ ∗ (d(y ∗, y ref ) > d(y obs , y ref )) , 

where y ∗ is simulated from the central model y ∗ ∼ f (y ; θ ∗) . Also, by Algorithm 3 a confidence density can be retrieved. To

obtain a proper confidence distribution, the distribution of the summary statistic should be stochastically ordered in the 

parameter of interest. Hence it is convenient to draw y ref from the model f (y ; θ ′ ) , with θ ′ being the supremum of the

proposal distribution support in Algorithm 2 . 

Otherwise, a series of bilateral tests, straightly comparing d(y ∗, y obs ) to zero, without a reference sample, can also be

performed, for obtaining a confidence curve instead of a proper confidence distribution ( Legramanti et al., 2022 ). 

5.1. Simulation study 

As in Legramanti et al. (2022) we consider a contamination study. Compared to the approximate posteriors in Legramanti 

et al. (2022) , the CD based on Wasserstein distance seems even more stable. 

Let us denote with 

˜ θm the confidence median and let us focus on the one-dimensional Wasserstein distance. Under the 

non contaminated sample ( y θ0 
) the confidence median satisfies 

P r(d W 

(y ˜ θm , y θ ref ) > d W 

(y θ0 
, y θ ref )) = 0 . 5 . (9) 

When considering a ε-contaminated sample, assuming that the contamination c has negligible mass under the central 

model, we look for θ ∗ that satisfies 

P r(d W 

(y θ ∗ , y θ ref ) > d W 

(y θ c ε
0 

, y θ ref )) = 0 . 5 . (10) 

The difference θ ∗ − ˜ θm is the shift due to the contamination. Writing d W 

(y θ c ε
0 

, y θ ref ) as 

d W 

(y θ c ε
0 

, y θ ref ) = (1 − ε) d W 

(y θ0 
, y θ ref ) + ε · d W 

(c, y θ ref ) , 

we can rewrite (10) as 

P r 

⎛ 

⎝ d W 

(y θ ∗ , y θ ref ) > d W 

(y θ0 
, y θ ref ) + ε[ d W 

(c, y θ ref ) − d W 

(y θ0 
, y θ ref )] ︸ ︷︷ ︸ 

�

⎞ 

⎠ = 0 . 5 . 
13 
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Table 7 

Average confidence medians: true θ0 = 1 . . 

n ε θ ref = 3 θ ref = 4 θ ref = 6 θ ref = 8 θ ref = 10 

KS W KS W KS W KS W KS W 

20 0.00 1.02 1.03 1.01 1.04 1.41 1.06 3.96 1.08 5.04 1.10 

0.05 1.19 0.99 1.35 1.20 2.37 1.61 4.21 1.86 6.07 2.26 

0.10 1.35 1.01 1.61 1.21 2.75 1.60 4.35 1.86 6.11 2.22 

0.15 1.46 1.02 1.70 1.20 2.77 1.60 4.35 1.86 6.11 2.21 

0.20 1.46 1.03 1.69 1.20 2.76 1.60 4.35 1.86 6.11 2.22 

100 0.00 1.06 1.07 1.08 1.09 1.55 1.17 3.97 1.38 5.02 1.76 

0.05 1.23 1.07 1.41 1.31 2.46 1.76 4.35 2.18 6.28 2.82 

0.10 1.38 1.09 1.67 1.29 2.82 1.71 4.50 2.15 6.31 2.80 

0.15 1.48 1.10 1.75 1.30 2.84 1.71 4.50 2.15 6.31 2.79 

0.20 1.49 1.10 1.74 1.30 2.84 1.71 4.50 2.14 6.31 2.78 

Table 8 

Average ABC-posterior medians: true θ0 = 1 . 

n ε θ ref = 3 θ ref = 4 θ ref = 6 θ ref = 8 θ ref = 10 

KS W KS W KS W KS W KS W 

20 0.00 1.38 1.04 1.40 1.11 1.60 1.50 2.02 2.00 2.51 2.51 

0.05 1.05 1.16 1.13 1.21 1.51 1.52 2.00 2.00 2.51 2.51 

0.10 1.12 1.29 1.18 1.32 1.51 1.55 2.00 2.00 2.51 2.51 

0.15 1.19 1.41 1.24 1.46 1.53 1.63 2.00 2.01 2.51 2.51 

0.20 1.28 1.55 1.31 1.61 1.56 1.75 2.00 2.05 2.51 2.51 

100 0.00 1.33 1.00 1.34 1.05 1.52 1.50 2.00 2.00 2.51 2.51 

0.05 1.00 1.14 1.05 1.16 1.50 1.50 2.00 2.00 2.51 2.51 

0.10 1.07 1.27 1.10 1.30 1.50 1.51 2.00 2.00 2.51 2.51 

0.15 1.15 1.40 1.17 1.44 1.50 1.57 2.00 2.00 2.51 2.51 

0.20 1.23 1.52 1.25 1.57 1.50 1.68 2.00 2.01 2.51 2.51 

 

 

 

 

 

 

 

 

 

 

 

 

As the term � → 0 , the confidence median is recovered. In particular this happens in the trivial case, when ε → 0 or if θ ref 

minimizes d W 

(c, y θ ref ) − d W 

(y θ0 
, y θ ref ) , that means it parametrizes the model which corresponds to the barycenter between

the central one and the model that generates the contamination. The optimal value cannot be known in advance, but as an

initial guess a nonrobust estimate could be considered. 

To investigate the impact of the reference parameters on the stability of the confidence distribution, we perform a sim- 

ulation study, aiming at comparing inference with ABC-posterior approximations and confidence distributions. We con- 

sider different reference parameters ( θ ref = 3 , θ ref = 4 , θ ref = 6 , θ ref = 8 , θ ref = 10 ), different percentages of contaminated

data ( ε = 0% , ε = 5% , ε = 10% , ε = 15% , ε = 20% ), and two sample sizes ( n = 20 , n = 100 ). The central model is the Gaus-

sian N(1 , 1) and the contamination is drawn from a Cauchy distribution. For each scenario, we consider 10 0 0 simulations,

proposing for each R = 10 0 0 values from the Uniform [0 , θ ref ] . Note that the choice of the reference parameter has an impact

in both the ABC and CD-based procedures. In ABC, this is used as the right endpoint of the Uniform proposal distribution,

thus, once fixed the proportion of accepted values equal to 10% , the sequence of distributions obtained with higher θ ref 

becomes more and more diffuse, as the proposal, with a consequent location-shift. In the approach based on CDs, the ref-

erence parameter relates to the position of the confidence median. Tables 7 and 8 display the averaged point estimators

(confidence medians and approximate-posterior medians). Simulations are highly stable regardless the choice of the sample 

size. When non contaminated samples are considered, the Wasserstein-confidence medians remain close in average to the 

nominal value for any choice of the reference parameter (from 1.03 to 1.10 when n = 20 , from 1.06 to 1.76 when n = 100 ).

In contrast, Wasserstein-ABC medians are more sensitive to the proposal distribution (Wasserstein: from 1.38 to 2.51 when 

n = 20 , from 1.33 to 2.51 when n = 100 ). When considering misspecification, the reference parameter emerges as the object

that controls the breakdown point in CD-based estimators. Confidence medians constructed with θ ref = 3 are highly stable 

even with 20% of contaminated data (average medians from 0.99 to 1.03 when n = 20 and from 1.07 to 1.10 when n = 100 ).

Instead, KS distance is less resistant to the contamination impact. The results are similar if compared to the ABC-approach 

( Table 8 ). 

6. Discussion 

Robust statistics is an extension of classical parametric statistics that specifically takes into account the fact that the 

assumed parametric models used by the researchers are only approximate. The concept of robustness has been widely dis- 

cussed in the frequentist literature. In this paper, we refer to the robustness approach based on the influence function. 

The contribution of this paper is to fill the gap between robust inference and confidence distributions analyses. Indeed, in 

practical applications, CDs are more informative than a simpler confidence interval or a p-value, since they describe the 
14 
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complete distribution estimator for the parameter of interest, as the posterior distribution for Bayesians. In particular, CDs 

allow to compute measures of evidence for statements of the type “ψ > ψ 0 ” or “ψ 1 ≤ ψ ≤ ψ 2 ”, which are of particular

interest in many real data applications, as for instance the one considered in the paper on non-inferiority testing. Remark 

that the application to non-inferiority and superiority trials discussed here can be easily extended to the comparison of 

other parameters than means, such as odds ratios, hazard ratios, etc., where stability of inferential conclusions with respect 

to model misspecification is essential. Indeed, the proposed procedure can be applied to any parametric statistical model 

f (y ; θ ) , even in the presence of censored data ( Deléamont and Ronchetti, 2022 ), for which robust estimation can be per-

formed, for instance, through the Tsallis score ( Ruli et al., 2022 ) or through algorithms for bounded-influence estimation

( Bellio, 2007 ). 

The derivation of robust CDs discussed in Section 3.2 , based on a frequentist reinterpretation of ABC techniques to ob-

tain a normalized pseudo-likelihood function for the parameter of interest, represents a practical alternative to other robust 

pseudo-likelihood functions, such as the empirical likelihood or the quasi-likelihood (see e.g. Greco et al., 2008 , and ref-

erences therein). Indeed, the aforementioned functions may present some drawbacks: the empirical likelihood is not com- 

putable for small sample sizes and quasi-likelihoods can be easily obtained only for scalar parameters. On the contrary, the 

approach that directly incorporates robust estimating functions into ABC techniques, with respect to available approaches 

based on pseudo-likelihoods, can be computationally faster when the evaluation of the estimating function is expensive, 

can be computed even for small sample sizes and for multidimensional parameters of interest, and the derived normalized 

pseudo-likelihood has the right curvature (see Ruli et al., 2020 ). Obviously, the proposed method can be applied to any

unbiased robust estimating equations, such as S-estimating equations. 

Related to the above comment, we highlight that for a scalar parameter of interest in the presence of nuisance param-

eters we propose to modify the algorithm of Ruli et al. (2020) by using the a profile estimating equation and plugging

in the value of proposals for nuisance parameters used to generate pseudo-data. The treatment of nuisance parameters is 

a theme of ever-renewed attention in frequentist inference. An interesting extension of our proposal, not only limited to 

robust inference but for general estimating functions, is the further study of ways to handling nuisance parameters with 

CD-based inference, in particular with the options available with the bootstrap (see DiCiccio and Romano, 1988 ) and with

ABC techniques based on general profile-type estimating functions. 

As a final remark, we mention the possibility to adopt non parametric criteria and statistics, other than just central- 

ity measures, for deriving confidence distributions for a scalar parameter of interest in presence of contamination. A central 

parametric model is assumed but the observed data are evaluated in terms of non parametric pseudo-distances from a refer- 

ence model, directly based on the empirical cumulative distribution functions. The simulation-based confidence distribution 

approach presented in this paper can be applied to derive robust estimates based on these pseudo-distances. At present, our 

preliminary study of this class of methods is limited to models with a scalar parameter of interest, since adapting these kind

of test procedures to more complex models to deal with nuisance parameters may require information about the context, 

situation-dependent considerations and also give rise to confidence curves instead of confidence distributions. 
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