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1. Introduction

Analysis and forecasting of high-dimensional time series recently has attracted substantial interest, see Hallin et al.
(2020). However, “classical” multivariate time-series models such as autoregressive models suffer from the so-called “curse
of dimensionality”: Unless additional restrictions are imposed, the parameter spaces grow with the square of the dimension
of the time series, N say; thus in many cases, even for moderate N, the sample size available is not sufficient to guarantee
reliable parameter estimation. This is true in particular for macroeconomic applications. In this case, on the one hand, the
interaction of several variables, disaggregated series in particular, may be important for modeling and forecasting. On the
other hand, the sample size of macroeconomic time series is in many cases rather limited, e.g. because of structural changes
in the underlying economies.

High-dimensional dynamic factor models are one way to overcome this curse of dimensionality. Factor models for the
case of i.i.d. observations have a long history, dating back to Spearman (1904) and Burt (1909). Factor models in time-series
context have been proposed much later, in particular by Geweke (1977) and Sargent and Sims (1977), Watson and Engle
(1983), Quah and Sargent (1993). The basic idea is to separately model the comovement between the variables on the one
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hand, and the individual, or idiosyncratic movement on the other hand. Equivalently, the variables are decomposed as the
sum of a latent variable, or common component, and an idiosyncratic component.

The above factor models are “exact” in the sense that the idiosyncratic components are assumed to be cross-sectionally
uncorrelated at all leads and lags. Inspired by the idea of risk diversification, Chamberlain (1983) and Chamberlain and
Rothschild (1983) introduced the notion of “approximate” factor models, which are high-dimensional (potentially infinite-
dimensional) models where the idiosyncratic terms are allowed to be cross-sectionally dependent, although in a weak sense.
This idea has been extended to the linear dynamic case by Forni et al. (2000), Forni and Lippi (2001), Stock and Watson
(2002a,b), Bai and Ng (2002), Bai (2003), leading to the class of linear High-Dimensional Dynamic Factor Models, Dynamic
Factor Models for short (DFM). See also Deistler et al. (2010) and Bottegal and Picci (2015).

The present paper does not contain a comprehensive survey. We go over the main assumptions and results, within the
approach of the papers just mentioned, with the purpose of pointing out lines of research that have not yet been sufficiently
developed. However, let us acknowledge here an important approach to High-Dimensional Models which is close though
not completely overlapping with our DFM, namely the Global VAR models, introduced by H. Pesaran and coauthors, see e.g.
Chudik and Pesaran (2011).

In Section 2 we describe the model class of DFMs, thus the decomposition of the observable N-dimensional vector yN
into common and idioyncratic components, X[N and §[N respectively. We assume that XtN has rational spectral density f)’;’.
The rank q of f)’;’ does not depend on N, for N sufficiently large. The state dimension of a minimal, stable and miniphase
state space realization of f)’}’ is independent of N. (This can be rephrased as saying that there is a finite number of “static”
factors, see Section 3.)

In Section 3 we discuss the model for the process of the common components. Precisely, the common components are
represented as linear combinations of a finite-dimensional vector process, whose coordinates are called the (minimal) static
factors. The latter are modeled as an ARMA system driven by a vector white noise whose coordinates are called the dynamic
factors. Here we introduce the so-called singular ARMA (or state-space) systems. These generate N-dimensional stationary
processes with rational spectral density, whose rank is less than N: we call them singular (not to be confused with singular
processes in the sense of Kolmogorov). We argue that, under our assumptions, this is obviously the case for the common-
component vector, and is very likely for the minimal static factor vector. On the other hand, it has been shown that singular
ARMA processes can (generically) be modeled as finite AR’s, see Section 3.3, which implies a most important simplification
in the modeling of common components and static factors.

In Section 4 we describe techniques to obtain the common components and factors from the observable vector yV, for
N and T (the number of observations for each time series) tending to infinity. In Section 4.1 we show how principal com-
ponents (PCA) can be used. The underlying estimation procedure is to estimate the static factors by PCA in a first step and
then to estimate an ARMA or AR model in order to describe the dynamics of the static factors. An alternative approach,
see Section 4.2, is to assume a dynamic factor model with autoregressive static factors and cross-sectionally uncorrelated
idiosyncratic components, thus an exact factor model, and to put this in a state-space framework. In this framework (once
the integer specification parameters have been fixed) an EM algorithm with the E-step based on Kalman filtering can be
applied. That an exact factor model can be used to estimate a DFM (as N and T tend to infinity) has been shown in Doz
et al. (2012). In Section 4.2 we discuss identifiability of exact factor models for a fixed N. We show that for N big with
respect to g the spectral density f)’;’ is identifiable. However, we also show that singularity of the spectral density of the
minimal static factors vector may have the consequence that some parameters of the state-space model are not unique, a
fact that has been overlooked so far, see Section 4.2.2

In the case where no N-independent static factors exist, frequency-domain methods, as described in Section 4.3, may be
applied.

In Section 5.1 we present some applications of the results on singular ARMA models to empirical macroeconomic analy-
sis, to the so-called fundamentalness problem in particular. Some results on cointegration for singular ARIMAs are presented
in Section 5.2.

2. High-Dimensional Dynamic Factor Models (DFM). The Model Class

The basic idea is to represent the N-dimensional observation vector at time ¢ € Z, y’[" say, as

w=x"+&" (21)

where (xN |t e Z) and (§) | t € Z) are the N-dimensional processes of common and idiosyncratic components respectively.
The one-dimensional processes (x;, t € Z) are strongly dependent across the index i, whereas the processes (§;, t € Z) are
weakly dependent. The precise meaning of strong and weak dependence is given below.

Throughout, except for Section 5.2, we assume that (yf’), (XtN) and (%}N) are wide-sense stationary. In addition, through-
out we assume

ExN=EgN=0 Wt (2.2)

ExNEN' =0 Vs, (23)
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and that the spectral densities of ( X[" ) and (S[N ) exist. As a consequence, (y{" ) is stationary and has a spectral density, which,
using an obvious notation, is:

RO =F0+7F0), rel-nm ml. (2.4)

Throughout, z is used for a complex variable as well as for the backward shift on Z.

The class of DFM’s can be defined in two ways. In the first, assumptions are imposed on the observable processes (yN).
In the second, the structure (2.1) is assumed together with conditions on the latent processes (xN) and &N). In the present
paper we adopt the second, for a reason that is made clear below, see Assumption 7 and our comment thereon.

The following assumptions constitute the class of DFM’s considered in the present paper (we follow Deistler et al. (2010)):

Assumption 1. There exist processes (xV) and (£), fulfilling (2.2) and (2.3) such that (2.1) holds.

Assumption 2. For all N, f)’;’ is a rational spectral density.

An obvious consequence of Assumption 2 is that f)’;’ has constant normal rank, i.e. has the same rank almost everywhere
on[-m, m].

Here, for asymptotic analysis not only the sample size T, but also the cross-sectional dimension N is tending to infinity—
this has an empirical motivation in the study of high-dimensional vector time series, i.e. vector time series whose dimension
is allowed to be close to or even higher than the sample size. Thus the underlying process considered is a double-indexed
stochastic process (y;; |i €N, t € Z), corresponding, as N varies, to a nested sequence of models (2.1), in the sense that y;;,
Xit» and &; do not depend on N, for i <N.

Assumption 3. We suppose that there exists Ny such that, from Ny onwards, the rank of f)’z’ is independent of N. Such rank
is denoted by q.

As is well known, see e.g. Hannan and Deistler (2012), every rational spectral density can be described by an ARMA or
alternatively a state space system.

Assumption 4. The state dimension of a minimal, stable and miniphase state space realization corresponding to f)’;’ is inde-
pendent of N from a certain N; onwards. Such state dimension is denoted by n.

Of course, without loss of generality, we can assume Ny = N;. Next we define weak and strong dependence. We use
wg’s(k), ol (1), w/;(1) to denote the s-th largest eigenvalue of the Hermitian matrix fé\’ ), [N, fIY (1), respectively.

Assumption 5. Weak cross-sectional dependence of (“;‘tN ). The eigenvalue a)g’ 1 (1) is bounded, i.e. there exists B > 0 such
that a)g’1 (A) < B for all N and A almost everywhere in [-7, 7].

Assumption 6. Strong cross-sectional dependence of (X[N ). The eigenvalues a))"(’.s()\), s=1,..., q, diverge as N — oo, A al-
most everywhere in [-7, 7).

Note that Assumptions 5 and 6 place restrictions on the cross-dependence of the idiosyncratic and common component
respectively, not on their autocorrelations. Note also that the assumptions defining the common and idiosyncratic terms are
asymptotic, for the number N of observable variables tending to infinity, so that in empirical application the observable
vector yN is supposed to be high dimensional.

Forni and Lippi (2001) prove that Assumptions 1,3,5, and 6 imply that:

Assumption 7. The eigenvalues wys()\), s=1,...,q, diverge as N — oo, A almost everywhere in [, r]. There exists B > 0
such that a)J’Zq+l (A) < B, for all N and A almost everywhere in [-m, 7].

They also prove that, conversely, if Assumption 7 holds, then Assumptions 1,3,5, and 6 hold. However, although of course
our complete set of assumptions, 1 through 6, implies Assumption 7, we do not know how to further specify Assumption
7 in order to obtain that it implies, in addition to Assumptions 1,3,5, and 6, also Assumptions 2 and 4. In particular, we
doubt that it is possible to put conditions on the spectral density ny which imply the rationality of f)’;’. Thus, although the
approach based on Assumption 7 is by far more elegant, our interest in the consequences of Assumptions 2 and 4 motivates
our approach.

Lastly, and crucially, Forni and Lippi (2001) prove that representation (2.1) is identified. More precisely, if ()ZtN), (5["’) and
the integer § fulfill

yN=xN+£N, forall N,

(2.2) and (2.3), that is Assumption 1, plus Assumptions 3,5 and 6, then § =g, ¥N = xN, N = &N. Let us point out that As-
sumptions 5 and 6 are asymptotic and therefore here identifiability is asymptotic as N — oco. For a fixed N, Assumptions
5 and 6 do not make sense and, in general, the remaining assumptions do not imply identification of common and idiosyn-
cratic components unless further restrictions are imposed.
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Identification results for N fixed can be obtained with exact dynamic factor models, considered in Geweke (1977), Sargent
and Sims (1977). There fé"()\) is diagonal, i.e. the one-dimensional idiosyncratic processes are mutually uncorrelated at any
lead and lag. Exact dynamic factor models are rather restrictive, in that the class of spectral densities corresponding to them
is restricted if q is small relative to N (which is the most important case), see Scherrer and Deistler (1998). On the other
hand, for g small enough in relation to N, identifiability results are available for fixed N, see again Scherrer and Deistler
(1998). On identification of restricted models for N fixed see Section 4.2, Subsection 4.2.2 in particular.

In general, several interpretations for DFM's are possible. E.g., the components &N may be interpreted as “measurement”
error and xN as unobserved “true” variables; this is in line with errors-in-variables models, which, from an abstract point
of view, are the same as factor models. An alternative interpretation of (2.1) is the decomposition of observations into a
part (XtN ) representing the comovements between the variables (for instance representing the “market” effect on all stock
prices) and individual movements (£N) (representing the firm’s specific effect). The components &; are usually called the
idiosyncratic components, while the latent variables y; are referred to as the common components.

It is easy to see that, given a bijective map g: N — N, if Assumption 6 holds for the process (x; |ieN, t € Z), then it
holds for (x4 |i€N, t € Z), because the vector X is nested in the vector Xf‘M = (Xgat)t - Xg(wy,) for some M. As a

consequence, a)’)‘(’ys(k) < a)‘)g('f‘f()\), see e.g. Forni and Lippi (2001), Fact M, (b), p. 1121. Thus Assumption 6 holds irrespective
of the order of the variables y; (and thus ;).

However, the speed of divergence of the eigenvalues w’)‘{‘s(k), s=1,..., q, depends on that order. A simple example is the
following. Let (as, s € N) be a square summable sequence of real numbers and (js, s € N) a sequence of positive integers.
Then let

Xie = bive,
where v; is a unit-variance scalar white noise and the coefficients b; are the following:
1, a, .. .Cljl, 1, aler], C. aj]Jrjz, 1, ajl+j2+1, c (25)

In this case we have
N

o ;) =) b
h=1

In particular, if N=K + j; +... + jk,

i) =K g

Assuming that js = 1 for all s, we see that, for N odd,

i Wy (A) g K@+ tag 1

N—oo N - N—oo 2K - 2’
On the other hand, assuming that js =s, we obtain a reordering of the coefficients b;, with ones appearing at linearly
increasing intervals. It is easy to see that in this case the eigenvalue w%l (L) grows asymptotically at speed N'/2. DFM’s in

which the eigenvalues are assumed to diverge with rates N¥, 0 < « < 1, known as models with “weak factors”, necessarily
rely on a particular assumption on the order of the variables, see Onatski (2012) and related literature.

3. Modeling the Latent Process
3.1. Singular ARMA and state space systems

By Assumptions 2 and 3, the latent process (xN) has a rational and, for N > Ny > g, singular spectral density. By its
rationality, it can be represented by a singular ARMA or state space system, i.e. an ARMA or state space system with a
singular innovation variance. For regular ARMA or state space systems, i.e. systems whose output has an a.e. nonsingular
spectral density, we refer to Hannan and Deistler (2012), Deistler and Scherrer (2019); for the singular case see Section 3.3.

Hereafter, unless strictly necessary, we omit the superscript N. For the ARMA system, assuming that N > Ny, we have

s s
P@xe=Q@wv, P@)=PR-) PZ, Q@ =) Q7 (3.1)
j=1 j=0
where v; is an orthonormal g-dimensional white noise, with P; e RN<N, Q; e RN*4, Moreover,
detP(z) #0 for |z| <1, (3.2)
which is the stability condition, and
rankQ(z) =q, for |z| <1, (3.3)

which is the strict miniphase condition.
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Thus the steady state solution of (3.1) is
xe =P 1 @Q@)v = k()= kjv;_j. (3.4)
j=0
Due to the stability and the miniphase conditions, (3.4) is a Wold representation, v; are innovations and the one-step
ahead prediction error for y;, given its past xs, S <t, is kovt, see below. The spectral density of (x;) is of the form
fy ) = @) k(e k(e ™) (3.5)

where « denotes the Hermite conjugation. fy (A) has rank q for all A € [-, 7]. Given fy, under conditions (3.2) and (3.3),
k(z) is unique up to postmultiplication by (constant) orthogonal matrices. Moreover:

Assumption 8. We suppose that Py = Iy and that P(z) and Q(z) are left coprime (see Hannan and Deistler, 2012, p.41)), i.e.
the matrix (P(z) Q(z)) has rank N for all z € C.

Alternatively, by Assumptions 3 and 4, for N > N, to f) (A) there corresponds a minimal state-space realization

Xe1 = Fxe + GWeyq (3.6)

Xe = Hxe, (3.7)

where x; is an n-dimensional state, w; is a g-dimensional orthonormal white noise, where n and q are independent of N,
F e R™M, G e R™4, H e RN*" are parameter matrices. The stability condition is

o(F) <1, (3.8)

where p(F) denotes the spectral radius of F, and

I-Fz -G
rank( H 0) =n+gq, for |z] <1 (3.9)

is the strict miniphase condition.
Under conditions (3.8) and (3.9), w; is an innovation for ;. Moreover, setting

K(z) =H(z 'I-F)7G,
we have
xt = HI — F2)"1Gw; = K(2)w,. (3.10)

Under our assumptions, the innovations and the transfer function are unique up to premultiplication and postmultiplication
by orthogonal matrices, respectively, so that we can assume with no loss of generality that w; = v; and K(z) = k(z), where
v: and k(z) are defined in (3.1) and (3.4) respectively.

Representation (3.6)-(3.7) implies that, for N > Ny, the dimension of the space spanned by x1;, X2, ---» Xne call it SV,
for any given t, does not exceed n. Therefore there exists N > Ny and r < n such that for N > N,

dim(sM) =r. (3.11)

With no loss of generality we can assume that N = N. By (3.11), XNo+k.r» k > 0, is a linear combination of x1r, Xar, -+, Xng.to

so that Yy, ik, = Hixe, Hi € RI*" where x; is the state vector of the minimal state-space realization for N = Np. Thus, repre-
sentation (3.6)—(3.7) holds for all N > Ny with the same x;, w¢, F and G, and nested matrices H. Otherwise stated, (3.6)-(3.7)
hold with (3.7) replaced by x; = H;x;, where H; is the i-row of the matrix H.

Note that there is a Hilbert space (in the Hilbert space L, of square integrable random variables) construction of a state-
space system, obtained by projecting all future values of the output process (x:) on the Hilbert space spanned by its past
(see e.g. Akaike 1974). Then, by the rationality of the spectral density, the space spanned by these projections is finite
dimensional and every basis is a minimal state, see e.g. Hannan and Deistler (2012), Deistler and Scherrer (2018). We will
call this the Kalman-Akaike realization of a state-space system.

The state space system (3.6)-(3.7) corresponds to a definition of past and future, respectively, as xs, s <t and xs, s > t.
If we, however, define the past as xs, s < t, the Kalman-Akaike realization leads to a system of the form

X1 = FX + Gu, (3.12)

Xt = I:I)zt + BOV[ (3]3)
and the corresponding representation of the transfer function is

HUz ' = F)~'G + B,. (3.14)
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Note that now we impose a stability and a minimum phase condition analogous to (3.8) and (3.9) respectively, for
(F,G,H, By). Moreover, Hx; is the one-step ahead forecast for y; and Byv; the corresponding one-step ahead prediction
error.

When N > Ny > q, so that (x;) is a singular stochastic process, i.e. a process with a singular spectral density, the left
inverse of k(z) is not unique. To see this, consider the Smith-McMillan form (see e.g. Hannan and Deistler (2012))

k(z) = u(z)d(2)v(2). (3.15)

where u(z) and v(z) are N x N and q x g, respectively, unimodular polynomial matrices (i.e. their determinants are non-zero
constants) and

€1(2) 0 ... 0
V1(2)
€q(2)
= 0 o .- 4
4@ 7@ |
0 o - 0
0 o - 0
where the matrix of zeros at the bottom is (N —q) x q, €; and ¥;, fori=1,..., g, are relatively prime monic polynomials, ¢;
divides €;,1 and ;¢ divides ;. Then a particular causal left inverse is given by
h=(@) =v1(2)(d' (2)d(z))"'d (2)u~ ' (2). (3.16)
As is easily seen, h~(z) has no poles or zeros for |z| <1 so that
ve=h"(@)x: (3.17)

is a causal relation and thus (v;) are indeed innovations.

In order to uniquely determine k(z) corresponding to the Wold decomposition from f, (compare (3.5)), in addition
to stability and the miniphase assumption, we have to remove its non-uniqueness caused by post-multiplying by a q x g
orthogonal matrix. This leads to the following assumption guaranteeing uniqueness of k(z):

Assumption 9. For g = r, we assume that k(0) = Iy, i.e. Qy = Iy holds. For q < r, we assume that the top g x g submatrix of
k(0) is (1) non-singular (which is the case generically) and (2) lower triangular (with non-zero diagonal elements).

3.2. Static and dynamic factors

In Section 3.1 we have argued that by Assumption 4, under a suitable choice of Ny, for N > Ny the dimension of the
space SN spanned by xi, i=1,...,N is r. Let (f;) be an r-dimensional process such that

(i) fi forms a basis in S},

(ii) fr = Sx¢, with S independent of t.

Of course (i) and (ii) imply that (f;) is weakly stationary with a rational spectral density and that

Xt =Lft, (3.18)

where L is an N x r matrix independent of t. The vector f; is called a vector of (minimal) static factors and L the correspond-
ing loading matrix.

As is easy to see, a minimal static factor is unique up to premultiplication by a constant non-singular matrix 7" and the
factor loading matrix L is unique up to postmultiplication by 7-1. By (3.7), the state x; is a static factor, though in general
not a minimal one.

In particular, let (f;) be a process of static factors corresponding to No. Because dimSN = dimSiV0 for all N > Ny, fr is a
basis in SN for all N > No. Thus there exists a representation (3.18) in which the factors are independent of N and the matrix
L corresponding to N is nested in the matrix L corresponding to M, for M > N. In other words, there exist an r-dimensional
vector of factors f; and a matrix L € R®*" such that x; = L;ft, for all i € N, where L; is the i-th row of L.

Of course, for estimation uniqueness of f; and L is desirable. A common normalization is to assume that the top r x r
submatrix of L, L; say, is nonsingular (which is the case, generically) and then to impose L; = I;. Clearly this corresponds
to the selection of the first r elements of x; as (minimal) static factors. In this case the on- and above-diagonal entries
of Ef; f{ are additional free parameters. We will refer to this normalization as the standard normalization. Another common
normalization is to assume that Ef; f/ = I;. Then L is unique up to multiplication by an orthogonal matrix, which is made
unique by assuming appropriate Q — R decompositions for L;.

A special explicit form of the static factors can be obtained in the following way. Let R be an N x r matrix such that
RR =y, (0), the expected value of x;x/. As ¥y (0) has rank r for N > Ny, we have rankR = r for N > Ny as well. Now define

fe= RB'R % (3.19)
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= (RR)'Rk@)v; = w2, (3.20)

(see (3.4) for the first equality in (3.20)). Note that f; is orthonormal and that L = R.

When R = P, where P has the first r normalized eigenvectors of y, (0) on the columns, the factors are the first r principal
components of x;. Note that if we take, for each N, f; as the first r principal components of Xth the factors depend on N
and the matrices L are not nested. The same occurs if the principal components are normalized, that is if R = v A~1P, where
A is the diagonal matrix with the first r eigenvalues of y, (0) on the diagonal.

Obviously, if the rank of the r x r spectral density of (f;) were less than g, then by (3.18) Assumption 3 would be violated,
so that r > g must hold. The spectral density of (f;) is then nonsingular or singular, for r = q or r > q respectively. Thus the
dynamics of the static factor process (f;) can be represented by a nonsingular or singular ARMA process of type (3.1),
respectively. By (3.18) and (3.20), the Hilbert spaces spanned by x: and f; are the same and therefore, v; is an innovation
for f; as well and k(z) = Lw(z) is the corresponding transfer function.

The innovations (v;) in (3.4), and (3.20), are called the (minimal) dynamic factors. As has been stated already, under our
assumptions, for given (f;) they are unique up to premultiplication by a non-singular matrix or by an orthogonal matrix if
we assume orthonormality of v;.

Piecing together what we have seen here and in the previous section, under Assumption 4 the latent variables can be
represented as follows:

Xie = Lift (3.21)

@ (2)fe = B@v, (3.22)

for i € N, where L; is the i-th row of the matrix L € R®*" and

14 m
a@) =1l - A, AjeR™, B(z)=) Bz, BjeR™,
j=1 j=0
and where we assume that «(z) satisfies the stability condition, 8(z) satisfies the the miniphase condition (that is, respec-
tively, (3.2) with P(z) replaced by «(z) and (3.3) with Q(z) replaced by S(z)) and that «(z) and S(z) are left coprime as
P(z) and Q(z) in Assumption 8.

Lastly, let us point out that normally the literature on DFM’s assumes, rather than our Assumption 4, the existence of
representation (3.21)-(3.22), that is the existence of N-independent static factors, see the seminal papers Stock and Watson
(2002a,b), Bai and Ng (2002), Bai (2003).

As is seen below, Assumption 4 and representation (3.21)-(3.22) are equivalent. That Assumption 4 implies representa-
tion (3.21)-(3.22) has been proved above. Conversely, if (f;) fulfills equation (3.22), then it has the minimal state-space
representation

X = F& + G,
ft = H)zt,
where %; is a fi-dimensional state vector. Thus the N-dimensional vector y; has the minimal state-space representation
X1 = F X + Gur
Xt = LH)?{,

where 7 is independent of N, so that representation (3.21)-(3.22) implies Assumption 4.

Another assumption on the static factors is usually imposed, i.e. that the first r eigenvalues of the covariance matrix
¥y (0) diverge as N — oo. Its introduction and motivation are better discussed in Section 4.1, where we deal with estimation
of DFM's.

The advantage of a static factor process (f;) for (x;) is that modeling the dynamics of (x;) can be done by modeling
the dynamics of (ft), so that the dimension of the parameter space can be reduced and is independent of N. However, even
for ¢ < N we may have r = N, see Section 4.1. This is the case when there is no non-trivial constant (i.e. independent of 1)
element in the left kernel of fy (X), as this is equivalent to

T
7,© = [ f G
-
being nonsingular (for more details see Deistler (2019)).
3.3. Singular ARMA systems: The genericity of the AR case

In this section we explain that for the case r > q “generically”, in a sense to be described below, the static factor process
(fr) in (3.22) is an AR process. This is important because estimation in the AR case is much simpler compared to the ARMA
case.
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Consider the ARMA system (3.22)
a(2)fe = (@),

where r > q and thus B(z) is a “tall” matrix. As is intuitively clear, 8(z) is generically zeroless (i.e. in the Smith-McMillan
form (3.15) the ¢; are generically constant), since e.g. the zeros of a suitably chosen nonsingular q x ¢ submatrix of B(z)
“typically” can be compensated by another g x q submatrix of 8(z). In other words, and to be more precise, for given p
and m (the orders of the AR and MA matrix polynomials respectively), generically, i.e. for an open and dense subset in
the parameter space, 8(z) has no zeros. This implies that generically the ARMA system (3.22) fulfills the minimum phase
condition or that, equivalently, v; is an innovation process for f;.

As is well known, every zeroless r x g polynomial matrix, with g <r, can be extended to a unimodular r x r matrix
B(2) = (B(2) 8(2)), say. Now write (3.22) as

Bl @@ = (’g) (3.23)

Since B(z) is unimodular, ,3*1 (z) is unimodular too and thus (3.23) is a (singular) autoregression, additionally satisfying the
stability condition (3.2). Multiplying both sides of (3.23) by (8(0) §(0))~1, which is of course nonsingular, we obtain:

p
a@)fi=bv. a@) =I-Y Az, beR™, (3.24)
j=0
where b = B(0), see e.g. Anderson and Deistler (2008), Anderson et al. (2016). Thus, in a certain sense, for r > g, “almost
every” factor process (f;) can be assumed to be generated by a singular AR process.
As opposed to regular AR processes (where r = q and b = I hold), here the assumption a(0) = I does not guarantee iden-
tifiability, unless the assumptions that (a(z) b) is left coprime and that rank (A, b) = r are imposed.
In this AR setting, the factor process is described by the integer-valued parameters r, ¢ and p (the latter being the
autoregression order) and the parameter space guaranteeing identifiability is

O = {vec(A1, ...,Ap,b), where (3.2) holds, a(z) and b are left coprime

and rank(Az, b) =r } (3.25)

However, not every singular AR system can be described in such a parameter space. For more general parameter spaces see
Deistler et al. (2011), where it has been shown that by prescribing the column degrees of a(z) and by assuming rank (Ac, b) =
r, where A. denotes the column end matrix, every singular AR system can be parameterized (see also Section 4.2.2).

It is important to point out that r > g has been invariably observed in empirical applications of DFM’s to large macroe-
conomic datasets, see Barigozzi et al. (2021) for a review. A very interesting consequence of singularity is briefly accounted
for in Section 5.1.

4. Separation of the Common Components. Estimation
4.1. Principal components

We start by illustrating estimation of the latent variables yx;;, given the observables y;;, by means of this simplest example.
Assume that
Yie = Xie + & Xie = Live, (41)

where (v¢) and (&;) are scalar unit-variance white noise processes, fulfilling (2.2) and (2.3). Moreover, assume that the
processes (&;;) are mutually orthogonal at all leads and lags. We have:

© =Exx/=([L L - LN)/(Ll Ly - Ly
¥ =Eywr=yy(0)+Iy

The model is static and fy (A) = (27r) "1y, (0) for all A’s. All assumptions 2 through 5 and 8 are obviously fulfilled. Regarding
Assumption 6, the rank of fy () is 1 so that g = 1. We have

N
ol =@Qm) Y 17
i=1
(which is independent of A) so that assuming that ZLi2 — oo, Assumption 6 is also fulfilled. Lastly, observe that the first
eigenvalue of the matrix yy(0) is

N
/L% = (271)(0’;1 +1= ZL,Z +1,
i1



M. Lippi, M. Deistler and B. Anderson Econometrics and Statistics 26 (2023) 3-16

with left eigenvector (L L, --- Ly). Now consider the following average of the observable variables y;, i=1,---,N:

1 N
Py = ——= L.

[y =1

which is known as the first principal component of the N-dimensional vector with coordinates y;, i=1,..., N, and define
N 1 N
Ay.t = Dyt (4.2)
[N
My q
We see that
N N N N
Al = /%N > ie Lixie + A%N Yot Ligie = MLN iy LAve + l%w Yic1 Ligie
yz.g 2 v y.1 y.1
i=1"~j

1 N
Ut + ir1 Li§ir,
Z,L L,ZH Z?’:l va2+1 2171 ISH

which implies that
i L2 2 N2
E(AY, —v)? = [%:12 L 1} g imh S
Yim i +1 [Ch 12 +1]

and therefore that the limit in mean square of A;,‘{t, as N — oo, is ;. Also, in mean square, the projection of y; on Aﬁt
converges to x; and the regression coefficient to L;.

Example (4.1) illustrates the basic features of the estimation techniques used in DFM’s. The weighted average A;,\{t, which
is the rescaled first principal component of the observable variables y;, does both the “cleaning” of the y’s, in that it averages
out the idiosyncratic components, and the consistent estimation of the common components.

However, the estimate Aﬁt is defined using the population covariances of the y’s—as though, so to speak, T were infinite—
and is therefore unfeasible. In empirical situations, such covariances are estimated and depend both on N and T. Moreover,
the principal-component technique must be extended to the general case, in which, firstly, r, the number of static factors,
can be greater than q and g can be greater than unity and, secondly, the static factors depend on the dynamic factors
through an ARMA model. Before we go over the estimation procedure in the general case we must however introduce
another assumption.

Assumption 10. The r largest eigenvalues of the covariance matrix yy (0) diverge as N — oc.

We show below, by means of an example, that Assumption 10 is not a consequence of Assumption 6 and that it is
necessary for consistent estimation of the space spanned by the factors f;.

Note that if the static factors are orthonormal, y, (0) =LL’. In any case, as the covariance matrix of f; is nonsingular,
Assumption 10 is equivalent to asssuming that the first r eigenvalues of LL’ diverge as N — occ.

Under the assumptions 2 through 10, the first step of the procedure consists in the estimation of the integers q and r.
This is a non-standard problem because, firstly, both T and N tend to infinity, and, secondly, the factors are estimated, not
observed. Bai and Ng (2002) provide a class of information criteria allowing to consistently estimate r. In the same vein see
Hallin and Liska (2007) for the estimation of q.

The second step estimates the static factors f;. By (2.1) and (3.21), setting L; = (Lj; Ly --- L),

Yie = Lift + & = Lo fie + Lifor + - - - + Lir fre + &ie.

The first r principal components of the observable variables y;, rescaled as in (4.2), are computed, based on their estimated
covariances, and used to estimate the space spanned by the factors f;. The common components x; and the loadings L; are
estimated by regressing the y’s on the estimated factor space. Bai (2003) proves, under some additional technical assump-
tions, that these estimates of the common components converge in probability to their population counterparts, as both N
and T tend to infinity, with rate

1 1
max| —, — |-
(m VT )

In the third step an ARMA model for the estimated static factors is estimated, see equation (3.22), this leading to the
estimation of the dynamic factors as the innovations of the ARMA model. When r > g the ARMA can be replaced by a
singular AR, see Section 3.3. For this approach see Forni et al. (2009).

Some observations are in order.

(I) Firstly, let us show by an example that Assumption 10, which is the static counterpart of Assumption 6, is necessary
for consistent estimation by means of principal components. Let us slightly modify model (4.1) in the following way:

Yie =Ve+Vi1+&n
Vi =Vc+8&, for i>1. (4.3)

1
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The space S{V, spanned by x;, i <N, for N > 1, has dimension 2, so that r = 2, a basis being fi; = vt, for = v,_1. It is fairly
easy to see that both the first eigenvalue of y, (0) and of f, (1) diverge at rate N. However, the second eigenvalue of y, (0)
is bounded. Thus Assumption 6 holds with ¢ =1 but Assumption 10 does not. It also easy to see that the first rescaled
principal component converges to v, but the second does not “clean” the variables y; from the idiosyncratic component
and therefore does not converge to the space spanned by the factors. The consequence is that the common and idiosyncratic
components of y;, as estimated by principal components, are, respectively:

veand ve_q + & fori=1,
vy and &, fori> 1.

For another example consider
Xit = Ve + Mjve_4 (4.4)

with >7°, Ml.2 < oo. In this case the common and idiosyncratic components of y;; estimated by the principal components are
vr and Mv;_q + &, respectively.

(II) What examples (4.3) and (4.4) show is that in order to “finally” (i.e. for N — oo) separate the idiosyncratic from the
common components it is necessary that each factor is loaded infinitely often and that the loading coefficients, if declining,
do not decline too fast. This is usually rendered by saying that the factors must be “pervasive” and has a precise formulation
in Assumption 10.

4.2. A State-Space Formulation of a DFM. Generic Identifiability and Maximum Likelihood Estimation

4.2.1. The State-Space Formulation

A different approach to estimation of DFM’s has been introduced in Doz et al. (2012). The paper employs a maximum
likelihood estimator for the DFM resulting from the assumption that the idiosyncratic components are cross-sectionally
uncorrelated, and shows that this misspecification has no effect on the estimated common components as N — oo. See also
Bai and Li (2016), Barigozzi and Luciani (2019) and Poncela et al. (2021). This motivates the following formulation of a DFM
in state space.

To repeat, it is assumed that the underlying model is an exact factor model, i.e. that the univariate idiosyncratic compo-
nents are mutually uncorrelated; in addition we assume that they are of AR(1) type (the latter can easily be generalized).
Both assumptions of course restrict generality, but are nevertheless appropriate for many applications. An advantage of the
state-space formulation is that an EM algorithm of Shumway-Stoffer type, see Shumway and Stoffer (2000), can be used for
parameter estimation by means of the Kalman smoother. Clearly in this case identifiability is an important advantage.

We retain the assumption that N > r > q and as earlier, we have the latent variables and minimal static factors related
by (3.18). Further, in case r > g, and relying on an assumption of genericity, there is no loss of generality in working with an
AR model for the minimal static factor process as given by (3.24). Indeed, even if r = g, we shall assume that such a model
is valid. This, of course, is not a consequence of genericity, and is restrictive.

Next, we shall assume that the i-th entry of the idiosyncratic component, &;, is the first order AR process:

&ir = 0i&i_1 + it (4.5)

where |§;] <1, i=1,2,...,N, and (n;) are mutually uncorrelated zero-mean white noise processes, and also uncorrelated
with the process v; driving the factor process model.

These assumptions follow the construction of a state-space model, where the (rp + N)-dimensional state vector is taken
to be

fe
fea
fi—pi
&
The model is given by
Ah A ... Ajr Ay O b 0
I o ... 0 0 O 0 O
0 I ... 0 0 O 0 O v
Xer1 = . X+ <t+l>
: : : Nt
0 0 ... I 0 0 0 0 (4.7)
0 o ... 0 0 4 0 Iy
Vi1
=A B
X + ( e )
Ve =[L 0 Iyxe =Cx;
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Here,

8 =diag(81,82,....8n8), me=(nie ae -+ one)'s &= (& Ear - Ene)
and, to repeat,

5
a(2) fre1 = b1, a@) =1L - Az (4.8)
j=1

Of course, we retain the stability requirement that det(l; — 3; Ajzf) #0forz=<1.
Note that the dimension of the state depends on N and that this may cause problems in proving consistency, see Bafbura
and Modugno (2014).

4.2.2. Generic Identifiability

In studying identifiability of such a model, one should eliminate unnecessary parameters. Hence we shall assume, as in
Section 3.2, the standard normalization for L (the top r x r submatrix of L is equal to I;), in order to uniquely obtain L from
Exex{.

Wte shall assume, using a further appeal to genericity, that none of the quantities 8,.‘1 is a zero of det(l; — 3; Ajzf).

The first step in establishing generic identifiability, is to explain how the separation of common and idiosyncratic compo-
nents can be achieved, or, equivalently, how we can separate the spectrum matrix fy into its two additive components fy
and f. There are in fact two ways in which this can be done.

First, since the power spectrum fy is rational, it has a partial fraction expansion. By genericity, each pole is simple.
Each §; gives rise to a pole 8;1 and appears in the i-th diagonal entry of fg, but not in fy, for which all poles are zeros
of det(l; — ZjAjzj) # 0. Hence the residue matrix associated with the pole 5;1 in the partial fraction expansion of f is
a diagonal matrix of rank 1. On the other hand, the residue matrix associated with any pole arising as a zero of det(l, —
> Ajzf) # 0 will generically be a matrix with many, and maybe all, nonzero entries, even should it have rank 1. Hence the
power spectrum f, can be determined by adding together those summands of the partial fraction expansion of f, whose
residue matrices are other than diagonal and of rank 1.

The alternative procedure, see Deistler and Scherrer (1993), does not require assuming (4.5). We suppose that fé" is

diagonal and that N exceeds 2q. We can expect by genericity that q x q submatrices of f), obtained by deleting an arbitrary
set of N — g columns and an arbitrary set of N — q rows are nonsingular, while (g + 1) x (q+ 1) submatrices obtained via a
like process are necessarily singular. Now for each diagonal entry of fy, choose a (q+ 1) x (q+ 1) matrix of f, by selecting
(q+ 1) not necessarily continguous rows and (q+ 1) not necessarily contiguous columns containing that diagonal entry
but containing no other diagonal entry. Note that such a choice is possible precisely because N > 2q. The entries of the
submatrix will be identical with the entries of the corresponding submatrix of fy, save for the entry corresponding to the
single diagonal entry of fJ’,\’ . Singularity of the submatrix of f) for which all but one entry are known will allow identification
of the remaining entry, which is a diagonal entry of f,. Since all diagonal entries of f, can be obtained this way, and the
off-diagonal entries of the matrix are identical with those of f,, again the separation is achieved.

The next step in establishing generic identifiability is to construct the “real-valued” parameters L, A;, ..., A, b, § and
E’7i2t- for given integer-valued specification parameters r, q, p from the given spectral density fy, or, equivalently, from the
second moments of (x;). This is done as follows:

1. From Ex; x/ = LL’, L can be uniquely determined using the standard normalization introduced in Section 3.2.

2. The transformation (3.19) then uniquely defines the second moments of the process (f;).

3. Now consider the autoregression (3.24); then, as well known, the parameters A;, ..., A, b are uniquely defined from
the (population) second moments of (f;) if the following assumption holds:

Assumption 11.

fia\ (fea\’

E >0 (4.9)

fi-s) \Ji-p
holds.

4. Finally, from (2.4) we obtain f; from f, and fy and thus the parameters § and Er]izt.

Note that Assumption 11 is equivalent to controllability of (4.7). Due to our assumptions, (4.9) is fulfilled, as easily shown,
for r = q. For r > g, however, which in a certain sense is standard, this may not be the case. As shown in Deistler et al. (2011),
see p. 20, in this case a first basis of elements of (f/, ...,ft’_ﬁH) can be selected and this corresponds to a prescription
of column degrees p; < p,i=1,...,r, for a(z) in (4.8). With the corresponding prescription of a state vector, this modified
state space system is controllable (for this argument see also the comment on (3.25) in Section 3.3).

In our knowledge, this difficulty, i.e. the possibility that the coefficients of the ordinary VAR for f; are not unique, has
not been noted so far in the literature based on the exact factor model and its state-space representation, see the papers
mentioned at the beginning of Section 4.2.1.
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4.3. Generalized Dynamic Factor Models

Let us conclude this section by mentioning a strand of literature in DFMs in which Assumption 4 does not necessarily
hold. As we have seen, Assumption 4 is equivalent to assuming that the dynamics of the latent variables y; are completely
accounted for by the dynamics of the finite-dimensional, N-independent vector f;, via the static loadings L;. The following
factor model is an elementary example in which no static factors exist. Let

1
T (4.10)
Xit T az ¢
where v¢ is scalar unit-variance white noise, —0.8 <a; <0.8, a;#«; for all i and j, i#j We have fy(A)=
(27T)71HN()L)H,’(,()L), where
) = (1 —ae ™) (1 a1

As fy (A) has rank one for all A, the first eigenvalue of fy (A) is its trace, that is

N
o ;) = Rm)T Y1 — e |2
=1

Because a)’)\(’ 1(A) diverges for all A, we have g = 1. On the other hand,
Xie =Ve+QiVe g+ 400 Wy 4+

If the matrix y, (0) = Ex; x/ were singular then the N x N matrix with ai'”*l in entry (i, m), with i, m=1,...N should be
singular. But the determinant of the latter is the Vandermonde determinant of ¢y, ..., an_1, Which vanishes only if at least
two of the a's are equal. Thus the dimension of the space SN is N, not some N-independent r, and Assumption 4 does not
hold. As a consequence the estimation technique based on a fixed finite number of principal components does not apply.

The DFM without Assumption 4 has been studied by means of frequency-domain methods in Forni et al. (2000), Forni
and Lippi (2001), Hallin and Lippi (2013), Forni et al. (2015), Forni et al. (2017), Forni et al. (2018), and called Generalized
Dynamic Factor Model. The main tool is the dynamic principal component analysis introduced in Brillinger (1981), which
consist of linear combinations of current, past and future values of the observable variables y;; (instead of just current values
as in the standard principal components).

We cannot discuss here the merits of this “dynamic” approach relative to the one adopted in the present paper. We
limit ourselves to observing that by means of the dynamic principal components the latent variables in model (4.10) can be
consistently estimated. Moreover, by means of the dynamic principal components, the common and idiosyncratic compo-
nents of the variable y;; in example (4.3) would be correctly estimated as v; + v;_; and &;; respectively. The same holds for
example (4.4), where by means of the dynamic principal components we estimate the latent variables v; + M;v;_7. Thus the
approach based on the dynamic principal components gives the correct results even when Assumption 4 does not hold, or
when Assumption 4 holds but not Assumption 10.

5. Macroeconomic Applications: Some Consequences of Singularity

A large literature has used DFM'’s as a tool for forecasting key macroeconomic indicators, see the seminal papers Stock
and Watson (2002a,b), see also Forni et al. (2005) and Stock and Watson (2016). In another important application DFM'’s
have been used in structural macroeconomic analysis. It has been shown that by replacing the macroeconomic variables
of interest with their common components, estimated from a large dataset by the DFM technique, provides a solution to a
much-debated difficulty known among macroeconomists as the “fundamentalness problem”. Such solution, as we see below,
depends on the singularity of the static factors and the results presented in Section 3.3.

Interesting issues, arising with nonstationarity of the variables y;,, which is of course the case for the majority of the
macroeconomic variables, are briefly introduced in Section 5.2.

5.1. Applications to Structural Macroeconomic Analysis

We give here a short illustration of this literature by means of a very simple example. Consider a DFM with g = 1 and
suppose that

Yie = Ve + Mive_1 + & (5.1)
Then focus on the vector (x1; x2) :

X1t =V+Muy=0+M2w
Xt =Vt + Moy = (1+M2)ve.

This is a singular vector and we see that the 2 x 1 matrix

1+ Mz
1+ M,z

(5.2)
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is zeroless unless My = M, and thus generically zeroless as (M; M,) varies in an open set of R2. It is convenient to exclude
from the parameter space all points (M; My) with [M;| =1 or |[My| =1.

Thus generically the minimum phase condition is fulfilled for (5.2), or, in an alternate terminology, v; is fundamental
in (5.2). Note that this does not imply that |M;| <1 or |M;| < 1. In other words, if My # M,, v; is fundamental for the
2-dimensional vector (x1;) even though it is non-fundamental for each of the scalar processes x;; and x,; taken separately.

Now suppose that an econometrician is interested in y;; and, for the sake of simplicity, that y;; is observed without
error, i.e. ¥ = x1;. We assume also that yq; = vy + Mqv;_1 is a structural equation, i.e. that the parameter M; and the white
noise v; have a structural interpretation.

Standard Var analysis would estimate a VAR for yq¢, which is just an AR in this case, then the AR would be inverted. As
the generating process is an MA(1), this procedure estimates consistently an MA(1):

Yie =we +Niwe_q.

Now, w¢, being the residual of an AR, is an innovation for y;;, which implies that |N;| < 1. Thus N; is equal to M; only
if [Mq| < 1, otherwise N; = 1/M;. The so-called fundamentalness problem in Structural VAR analysis arises because usually
the econometrician’s information is not sufficient to identify the structural model among those consistent with the spectral
density of the observable vector. In our case the econometrician is not able to decide between N;, which is by definition
less than unity in modulus, and 1/Nj.

The solution of the fundamentalness problem based on DFM'’s can be presented, in the case of our simple example, as
follows:

1. We have assumed that yq, the variable of interest, belongs to a large macroeconomic dataset (y;), i=1,...,N.

2. Assuming that the variables in the dataset have the DFM structure 5.1, with ¢ =1 and r = 2, we apply the separation-
estimation technique outlined in Section 4, thus obtaining the static factors f;, the loadings L; and the common components
Xit-

3. Now consider any 2-dimensional vector (x1¢ Xir) = V1t Xir), With i1, for example x: = (y1+ X2¢). An estimate of
a singular VAR for x; and its inversion will consistently estimate a vector MA(1) for x;, with a white noise w; which is
fundamental. On the other hand, v; is generically fundamental in (5.2). Uniqueness of fundamental representations implies
that w; = v and the first equation in the estimated vector MA(1) is precisely y; = v + Mqv¢_q.

Note that in step 3 we estimate a VAR for the common components of xq; and y. Alternatively, we can estimate a
singular VAR for the factors. For details in the general case and macroeconomic applications see Forni et al. (2009), Stock
and Watson (2016), Forni et al. (2020).

5.2. Nonstationary DFMs and cointegration of the factors

In general only some of the processes in an empirical dataset are stationary. Assuming that the nonstationary processes
are I(1), the separation-estimation procedure described in Section 4 applies to the dataset obtained by taking first differences
of the I(1) processes.

Suppose for simplicity that all the processes y;, Xi, fr and &; are 1(1). We consistently estimate (1 —2z)f;, (1 —2)x;
and (1 —2z)&;. Then the levels are obtained by integration. This, apart from minor issues regarding the initial conditions,
is a fairly trivial extension. However, if we want to estimate a VAR for the factors f; or a vector of common components,
as in Section 5.1, cointegration must be taken into account. Indeed, under the assumption r > g, i.e. under singularity of
ft, the spectral density of f; has rank q at all frequencies and therefore at frequency zero, so that f; is cointegrated with
cointegration rank at least r — q.

For cointegration of singular vector processes and the singular version of the Granger representation theorem, see Deistler
and Wagner (2017), Barigozzi et al. (2020). See also Barigozzi et al. (2021) for estimation and some empirical applications.
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