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a b s t r a c t 

For the panel generalized autoregressive conditional heteroskedasticity (GARCH) model, the 

conditions for the stationarity and positive definiteness of conditional covariance processes 

are examined. A new feasible specification is constructed for the class of panel GARCH 

models, and a three-step estimation technique is developed based on a variance-targeting 

(VT) approach. The consistency and asymptotic normality of the VT estimator are shown 

when the time dimension tends to infinity and the cross-sectional dimension is fixed. The 

stationarity and asymptotic properties are discussed for both time and cross-sectional di- 

mensions tend to infinity. The results of Monte Carlo experiments indicate that the finite 

sample property of the VT estimator is satisfactory, implying that increasing the cross- 

sectional dimension does not affect the speed of convergence, but shrinks the asymptotic 

covariance matrix. The empirical results of the analysis of the inflation rates of G7 coun- 

tries and growth rates for the value of trade in four economic regions indicate that the 

feasible specification provides a competitive alternative to the class of panel GARCH mod- 

els. The empirical results indicate that the global financial crisis affects the growth rates 

of trades, while the influence of the COVID-19 pandemic shows that its effect on inflation 

rates is insignificant. 

© 2022 EcoSta Econometrics and Statistics. Published by Elsevier B.V. All rights reserved. 

 

 

 

 

1. Introduction 

Interest in allowing heteroskedastic disturbance in panel data regression is ongoing. See Arellano (1987, 2003) ; Cermeño 

and Grier (20 06) ; Hansen (20 07) ; Kiefer (1980) ; Pakel et al. (2011) ; Stock and Watson (2008) , and Vogelsang (2012) among

others. Arellano (1987) ; Kiefer (1980) , and Hansen (2007) consider heteroskedasticity-robust standard errors as extensions 

of the work of White (1980) , while Arellano (2003) ; Stock and Watson (2008) , and Vogelsang (2012) use variants of the

covariance estimator of Newey and West (1987) to allow heteroskedasticity and autocorrelations. Instead of an unknown 

form of the heteroskedasticity assumption, Cermeño and Grier (2006) develop a panel data model allowing the generalized 

autoregressive conditional heteroskedasticity (GARCH) structure. The empirical results of Bouras et al. (2019) ; Cermeño and 

Sanin (2015) ; Deniz et al. (2020) ; Lee (2010) ; Ribeiro et al. (2017) , and Valera et al. (2017) demonstrate the usefulness of

this class of panel GARCH model. 

For their panel GARCH model, Cermeño and Grier (2006) consider maximum likelihood estimation for large T with fixed 

n , where T and n are the time and cross-sectional dimensions, respectively. However, there are several gaps in the theoret-

ical literature. First, no conditions for the stationarity and positive definiteness of the covariance process are yet available. 
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Second, we need to verify the conditions for the consistency and asymptotic normality of the estimators. Third, it is impor-

tant to relax the assumption of Gaussian disturbance to accommodate quasi-maximum likelihood (QML) estimation. Fourth, 

it is useful to apply the recent works on variance-targeting (VT) estimation developed by Francq et al. (2011) ; Kristensen

and Linton (2004) , and Pedersen and Rahbek (2014) to the panel GARCH model. 

The first purpose of this study is to derive the conditions for stationarity and positive definiteness. We show that the

specification of Cermeño and Grier (2006) is infeasible and/or impractical. The second purpose is to develop a new feasible

panel GARCH model that satisfies the conditions for stationarity and positive definiteness as well as show the asymptotic 

and finite sample properties of the VT estimators. The third purpose is to report the results of an empirical analysis. Once the

stationarity condition is obtained, we can apply the works of Bollerslev and Wooldridge (1992) and Hafner and Preminger 

(2009) to obtain the asymptotic results for the QML estimator. Hence, we concentrate on VT estimation. 

The organization of the remainder of the paper is as follows. Section 2 derives the stationarity condition for the panel

GARCH model to develop a new feasible specification and discusses how stationarity under n tends to infinity. Section 3 

shows the asymptotic properties of the VT estimator when T tends to infinity and n is fixed. Furthermore, this section in-

vestigates the finite sample properties of the VT estimator. Section 4 presents an empirical analysis of the inflation rates of

G7 countries and growth rates for the value of trade in four economic regions. Section 5 concludes the paper. 

We use the following notation throughout the paper. For the product of two matrices, ◦ and � denote the Hadamard 

and Kronecker products, respectively. The Frobenius norm of the matrix, or vector A , is defined as || A || = 

√ 

tr (A 

′ A ) . For a

positive matrix A , we define the square root, A 

1 / 2 , by the spectral decomposition of A . 

2. Feasible Panel GARCH Models 

2.1. Panel GARCH Model 

We explain the panel GARCH model suggested by Cermeño and Grier (2006) . By checking the conditions for the positive

definiteness of the conditional covariance matrices, we show that their specification is infeasible and/or impractical. 

Consider the following dynamic panel data model with fixed effects: 

y it = αi + φy i,t−1 + x it β + u it , i = 1 , . . . , n, t = 1 , . . . , T , (1)

where x it is a 1 × k vector of strictly exogenous variables, αi is an individual effect, φ is an AR parameter, and β is a k × 1

vector of parameters. Assume the disturbance term u it has zero mean and the following conditional moments: 

E(u it u js |� t−1 ) = 

⎧ ⎪ ⎨ 

⎪ ⎩ 

h iit for i = j and t = s 
h i jt for i � = j and t = s 
0 for i = j and t � = s 
0 for i � = j and t � = s, 

(2) 

where 

h iit = κii + γ u 

2 
i,t−1 + ϕh ii,t−1 , 

h i jt = κi j + ρu i,t−1 u j,t−1 + ηh i j,t−1 , (3) 

and � t−1 = σ (y 1 ,t−1 , . . . , y n,t−1 , y 1 ,t−2 , . . . ) is the sigma field generated by the past information of (y 1 t , . . . , y nt ) . We assume

that γ � = 0 and ρ � = 0 to ensure a dynamic covariance structure. The specification on u it does not allow autocorrelation

and non-contemporaneous cross-sectional correlation. The former is redundant as the mean equation can be extended to 

accommodate higher autocorrelation, while the latter is a standard assumption. In addition, the dynamic panel model above 

allows for a time-varying covariance process. The specification is convenient in a panel data context because the number of 

parameters is considerably reduced by imposing common dynamics on each of them. 

We refer to Eqs. (1) –(3) as the “panel GARCH” model. We can generalize the mean and variance-covariance equa- 

tions with P th order autoregression and the (p, q ) th order GARCH specification, respectively. 

2.2. Feasible Specification 

To analyze the time-varying covariance structure, it is convenient to present an alternative form of Eqs. (1) –(3) as 

y t = α + Z t θ + u t , (4) 

u t = H 

1 / 2 
t ε t , E( ε t ) = 0 , E( ε t ε 

′ 
t ) = I n , E( ε t ε 

′ 
s ) = O (t � = s ) , (5) 

H t = K + C ◦ u t−1 u 

′ 
t−1 + D ◦ H t−1 , (6) 
24 
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where y t = (y 1 t , . . . , y nt ) 
′ , u t = (u 1 t , . . . , u nt ) 

′ , ε t = (ε 1 t , . . . , ε nt ) 
′ , 

Z t = 

⎛ 

⎜ ⎜ ⎝ 

z 1 t 
z 2 t 
. . . 

z nt 

⎞ 

⎟ ⎟ ⎠ 

, H t = 

⎛ 

⎜ ⎜ ⎝ 

h 11 t h 12 t · · · h 1 nt 

h 21 t h 22 t · · · h 2 nt 

. . . 
. . . 

. . . 
. . . 

h n 1 t h n 2 t · · · h nnt 

⎞ 

⎟ ⎟ ⎠ 

, 

with z it = (y i,t−1 x it ) , α = (α1 , . . . , αn ) ′ , θ = (φ, β
′ 
) ′ , 

K = 

⎛ 

⎜ ⎜ ⎝ 

κ11 κ12 · · · κ1 n 

κ21 κ22 · · · κ2 n 

. . . 
. . . 

. . . 
. . . 

κn 1 κn 2 · · · κnn 

⎞ 

⎟ ⎟ ⎠ 

, C = ρJ n + (γ − ρ) I n , D = ηJ n + (ϕ − η) I n , (7)

and J n defined by an n × n matrix of ones. To guarantee positive definiteness for all H t , we make the following proposition. 

Proposition 1. Suppose that H 0 and K are positive definite matrices. If the parameters (γ , ϕ, ρ, η) satisfy the conditions: 

γ ≥ ρ, γ + ρ(n − 1) ≥ 0 , ϕ ≥ η, ϕ + η(n − 1) ≥ 0 , 

then H t ( t = 1 , 2 , . . . ) is positive definite. 

For notational convenience, we define the following mean-subtracted sequence: 

˜ y it = y it − ȳ i , ˜ x it = x it − x̄ i , ˜ z it = z it − z̄ i , 

where ȳ i = T −1 
∑ T 

t=1 y it , x̄ i = T −1 
∑ T 

t=1 x it , and z̄ i = T −1 
∑ T 

t=1 z it . We denote 

˜ y t = 

⎛ 

⎜ ⎜ ⎝ 

˜ y 1 t 
˜ y 2 t 
. . . 

˜ y nt 

⎞ 

⎟ ⎟ ⎠ 

, ˜ X t = 

⎛ 

⎜ ⎜ ⎝ 

˜ x 1 t 
˜ x 2 t 
. . . 

˜ x nt 

⎞ 

⎟ ⎟ ⎠ 

, ˜ Z t = 

⎛ 

⎜ ⎜ ⎝ 

˜ z 1 t 
˜ z 2 t 
. . . 

˜ z nt 

⎞ 

⎟ ⎟ ⎠ 

. (8) 

We use the quantities to construct and analyze a conventional estimator for the fixed effect regression models below. 

Before we discuss stationarity, we make the following assumptions for ( x it , ε it ) . 

Assumption 1. 

a) ( x i 1 , . . . , x iT ) and (ε i 1 , . . . , ε iT ) are independent and identically distributed (i.i.d.) over i = 1 , . . . , n . 

b) E(ε it ) = 0 and E(ε it ε is ) = 0 for t � = s . 

c) plim X̄ = M x and plim Q̄ x = Q x , where M x = E(X t ) , Q x = E( ̃  X ′ t 
˜ X t ) , X̄ = T −1 

∑ T 
t=1 X t , and Q̄ x = T −1 

∑ T 
t=1 

˜ X ′ t 
˜ X t . Furthermore,

Q̄ x is non-singular. 

Remark 2.1. We can relax Assumption 1 using the strict exogeneity condition, as in a standard assumption for regression

models. Since our concern is primarily to estimate the conditional covariance model, we use a simpler assumption for x it 
and ε it . 

Assumption 2. 

a) x it is stationary and ergodic and E[ || x it || 4 ] < ∞ . 

b) ε t is i.i.d over t = 1 , . . . , T . The distribution of ε t is absolutely continuous with respect to the Lebesgue measure on � 

m ,

and zero is an interior point of the support of the distribution. 

Remark 2.2. The fourth moment condition corresponds to the assumption of Theorem 1 of White (1980) . Assumption 2 (b)

is from Theorem 2.4 of Boussama et al. (2011) . Although Boussama et al. (2011) derive the condition for BEKK multivariate

GARCH models, it is applicable in this context, as explained below. 

Regarding the stationarity of u t , we start from the vec form of Eq. (6) , given by 

h t = κ + C vec 
(
u t−1 u 

′ 
t−1 

)
+ D h t−1 , (9) 

where h t = vec (H t ) , κ = vec (K) , C = diag ( vec (C)) , and D = diag ( vec (D )) . We can apply the argument of Theorem 2.4 of

Boussama et al. (2011) to the vech form, which is straightforwardly obtained by the vec form (9) , to construct a Markov

chain for a vector ( vech (H t ) 
′ , vech (H t−1 ) 

′ , u 

′ 
t , u 

′ 
t−1 

) ′ . The stationarity condition is that the spectral radius of C + D is less

than 1, and it can be simplified as 

γ + ρ < 1 , ϕ + η < 1 . (10) 

From the condition in Proposition 1 , we can verify γ + ρ ≥ 0 since γ + ρ ≥ max (ρ, −ρ(n − 1)) + ρ ≥ 0 if n ≥ 2 . In the same

manner, we obtain ϕ + η ≥ 0 . As we can derive the lower bounds of γ + ρ and ϕ + η by Proposition 1 , they are not stated
25 
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in Eq. (10) . The argument of Theorem 2.4 of Boussama et al. (2011) implies that there exists a unique stationary ergodic

solution to the models (5) and (6) and that E[ || u t || ] < ∞ . 

For the stationarity of y t , we make the usual assumption that | φ| < 1 . By Assumption 2 , x it is stationary process with

finite fourth moments. Since x it and u t are stationary ergodic processes with finite second moments, y t in Eq. (4) is also a 

stationary ergodic process with finite second moments, E[ || y t || 2 ] < ∞ . 

Remark 2.3. Define � = E( u t u 

′ 
t ) . Then, � is the solution of 

� = K + C ◦ � + D ◦ �, (11) 

and we can show that � is positive definite under the condition of Proposition 1 by applying Theorem 2.2 of Ding and

Engle (2001) . 

Now, we provide the condition for the positive definiteness of K, which is assumed in Proposition 1 . 

Proposition 2. For the stationary panel GARCH models (4) –(6) , K is positive definite if γ + ϕ − ρ − η ≤ 0 . 

Remark 2.4. Under the parameter restrictions in Proposition 1 , the condition, γ + ϕ − ρ − η ≤ 0 , holds if γ = ρ and ϕ = η.

Hence, Propositions 1 and 2 imply that Eq. (6) reduces to 

H t = (1 − γ − ϕ)� + γ u t−1 u 

′ 
t−1 + ϕH t−1 , (12) 

to guarantee the positive definiteness of H t (t ≥ 1) and that the stationarity condition is γ + ϕ < 1 . Proposition 2 supports

the empirical results of Cermeño and Grier (2006) , since their estimates of γ and ϕ are similar to those of ρ and η, respec-

tively. 

Remark 2.5. We can derive the condition to ensure the positive definiteness of H t (t ≥ 1) for the panel GARCH( p, q ) model

with the conditional variance and covariance equations defined by 

h iit = κii + 

q ∑ 

s =1 

γs u 

2 
i,t−s + 

p ∑ 

r=1 

ϕ r h ii,t−1 , 

h i jt = κi j + 

q ∑ 

s =1 

ρs u i,t−1 u j,t−1 + 

p ∑ 

r=1 

ηr h i j,t−1 . (13) 

Note that the panel GARCH( p, q ) model is a special case of the diagonal GARCH model, as in Eq. (9) . Scherrer and Ribarits

(2007) show that all covariance matrices of the diagonal GARCH model are positive definite if and only if the model has a

diagonal BEKK representation. For the panel GARCH( p, q ) model, it is straightforward to show that the model has a diagonal

BEKK representation if and only if γs = ρs (s = 1 , . . . , q ) and ϕ r = ηr (r = 1 , . . . , p) . 

Our feasible specification for the panel GARCH model is given by Eqs. (1) and (2) with 

h i jt = (1 − γ − ϕ) σi j + γ u i,t−1 u j,t−1 + ϕh i j,t−1 , (14) 

for all i and j ( i, j = 1 , . . . , n ) . 

2.3. Stationarity with Large n 

We investigate strict stationarity with n → ∞ , as defined by Zhu et al. (2017) . 

Definition 1. Zhu et al. (2017) . Let { y t ∈ � 

n } be an n -dimensional time series with n → ∞ . Define W = { ω ∈ � 

∞ : 
∑ | ω i | <

∞} , where ω = (ω i ∈ � 

1 : 1 ≤ i ≤ ∞ ) ′ ∈ � 

∞ . For each ωin W , let ω n = (ω 1 , . . . , ω n ) 
′ ∈ � 

n be the truncated n -dimensional vec-

tor. { y t } is then said to be strictly stationary if it satisfies the following conditions: for any ω ∈ W , (1) y ω t = lim n →∞ 

ω 

′ 
n y t 

exists in the almost sure sense and (2) y ω t is strictly stationary. 

For the panel GARCH models (1), (2) , and (14) , we can show that y ω t follows an AR(1)-X-GARCH process, as presented

below. We assume that x t is strictly stationary in the sense of Definition 1 . Define x ω t = lim n →∞ 

ω 

′ 
n x t , u ω t = lim n →∞ 

ω 

′ 
n u t ,

and h ω t = lim n →∞ 

ω 

′ 
n H t ω n . Then, we obtain 

y ω t = αω + φy ω t−1 + x ω t β + u 

ω 
t 

u 

ω 
t = 

√ 

h 

ω 
t ε t , E(ε t ) = 0 , E(ε 2 t ) = 1 , 

h 

ω 
t = (1 − γ − ϕ) σω + γ (u 

ω 
t−1 ) 

2 + ϕh 

ω 
t−1 , (15) 

where αω = 

∑ ∞ 

i =1 ω i αi and σω = 

∑ ∞ 

i =1 

∑ ∞ 

j=1 ω i ω j σi j . We can show the existence of y ω t with probability one by verify-

ing E| y ω t | < ∞ . Evidently, y ω t is strictly stationary if it exists. Hence, y t is said to be strictly stationary (in the sense of

Definition 1 ). 

Remark 2.6. Nijman and Sentana (1996) discuss the contemporaneous aggregation of the diagonal GARCH model (e.g., Ding 

and Engle, 2001 ). By virtue of the common parameters in specification (γ , ϕ) , our panel GARCH model yields the strong

GARCH process defined by Drost and Nijman (1993) in which ε t has an independent and identical distribution. 
26 
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In the next section, we consider the estimation of the feasible panel GARCH model and examine the asymptotic and 

finite sample properties. 

3. Three-Step VT Estimator 

3.1. VT Estimator 

Rather than the maximum likelihood estimation suggested by Cermeño and Grier (2006) , we develop an estimation 

method based on the feasible specifications in (1), (2) , and (14) . 

Denote the parameter vectors with their parameter spaces for the fixed effect regression model (4) as β ∈ 
β ⊂
� 

k +1 and α ∈ 
α ⊂ � 

n . Define the parameter vectors for the multivariate GARCH Eq. (12) based on the VT structure 

(11) as σ = vec (�) ∈ 
σ ⊂ � 

n 2 and λ = (γ , ϕ) ′ ∈ 
λ ⊂ � 

2 . Denote the set of parameter vectors as ψ = ( θ
′ 
, α′ , σ′ , λ′ 

) ′ ∈ 
ψ 

,

where 
ψ 

= 
θ × 
α × 
σ × 
λ. To emphasize the dependence of the parameters, we denote H t as H t ( ψ ) and restate

Eqs. (5) and (12) as 

u t = H 

1 / 2 
t ( ψ ) ε t , (16) 

H t ( ψ ) = (1 − γ − ϕ)� + γ
[
( y t−1 − α − Z t−1 θ)( y t−1 − α − Z t−1 θ) ′ 

]
+ ϕH t−1 ( ψ ) . (17) 

We assume that the initial values, y 0 , y −1 , X 0 , and H 0 , are given in our estimation ( Hafner and Preminger, 2009; Pedersen

and Rahbek, 2014 ). 

We construct a three-step VT estimator as follows. In the first step, we estimate ( θ, α) using the fixed effect estimator.

The second step estimates σ using the sample covariance matrix based on the residuals of the fixed effect regression. The 

third step conducts the QML estimation by optimizing the log-likelihood function for λ conditional on the other estimates. 

The details of the procedure are as follows. 

Step 1. Estimate ( θ, α) using the conventional technique for the fixed effect regression model. The fixed effect estimator

is given by 

ˆ θ = 

( 

T ∑ 

t=1 

˜ Z ′ t ̃  Z t 

) −1 
T ∑ 

t=1 

˜ Z ′ t ̃  y t = 

( 

T ∑ 

t=1 

n ∑ 

i =1 

˜ z 
′ 
it ̃  z it 

) −1 
T ∑ 

t=1 

n ∑ 

i =1 

˜ z 
′ 
it ̃  y it , (18) 

ˆ α = ȳ − Z̄ ̂  θ, (19) 

where ˜ y t , ˜ X t , and 

˜ Z t are stated in Eq. (8) , ȳ = T −1 
∑ T 

t=1 y t , and Z̄ = T −1 
∑ T 

i =1 Z t . 

Step 2. Estimate σ using the sample covariance matrix, defined by 

ˆ σ = vec 
(

ˆ �
)

= vec 

( 

1 

T 

T ∑ 

t=1 

ˆ u t ̂  u 

′ 
t 

) 

, (20) 

where ˆ u t = y t − ˆ α − Z t ̂  θ. 

Step 3. Estimate λ by maximizing the quasi-log-likelihood function conditional on ( ̂ θ, ̂  α, ̂  σ) . The VT estimator is given by

ˆ λ = arg max 
λ∈ 
λ

L T ( ̂  θ, ̂  α, ̂  σ, λ) , (21) 

where 

L T ( θ, α, σ, λ) = −NT 

2 

log (2 π) − 1 

2 

T ∑ 

t=1 

log det (H t ( ψ )) − 1 

2 

T ∑ 

t=1 

( y t − α − Z t θ) ′ H t ( ψ ) −1 ( y t − α − Z t θ) . (22)

In the following, we examine the asymptotic and finite sample properties of the VT estimator. 

3.2. Asymptotic Properties 

We first investigate the asymptotic properties of the three-step VT estimator for the case with fixed n and large T . We

make the following classical assumptions to state the result for consistency. 

Assumption 3. 

a) The process { y t } is strictly stationary and ergodic. 

b) The true parameters ψ 0 ∈ 
ψ 

and 
ψ 

are compact. 
27 
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c) For λ ∈ 
λ, if λ � = λ0 , then H t ( θ0 , α0 , σ0 , λ) � = H t ( θ0 , α0 , σ0 , λ0 ) almost surely, for all t ≥ 1 . 

d) plim Q̄ z = Q z , where Q z = E( ̃  Z ′ t ˜ Z t ) and Q̄ z = T −1 
∑ T 

t=1 
˜ Z ′ t ˜ Z t , and Q̄ z is non-singular. 

e) E[ || ε t || 4 ] < ∞ . 

We now state the following result regarding the consistency of the VT estimator. 

Proposition 3. Under Assumptions 1 –3 , as T → ∞ , 

ˆ ψ 

a.s. −→ ψ 0 . (23) 

Remark 3.1. Assumption 3 (e) is necessary for the consistency of ˆ θ, as in Theorem 1 of Nicholls and Pagan (1983) . 

We make the following assumption for the asymptotic normality of the VT estimator. 

Assumption 4. 

a) E[ || u t || 6 ] < ∞ . 

b) θ0 is in the interior of 
. 

c) The distribution of ε t is symmetric. 

We need to assume finite sixth-order moments to show that the second-order derivatives of the log-likelihood function 

converge uniformly on the parameter space. In the univariate case, we only require finite fourth-order moments (see Francq 

et al. (2011) ). 

Proposition 4. Under Assumptions 1 –4 , as T → ∞ , 

√ 

T 

(
ˆ ψ − ψ 0 

)
d −→ N(0 , �0 ) , (24) 

where 

�0 = 

(
�m 

0 O 

O P 0 �
v 
0 P 

′ 
0 

)
, P 0 = 

(
I n 2 O 

−(�λ
0 ) 

−1 �σ
0 −(�λ

0 ) 
−1 

)
, 

with the non-singular matrix �λ
0 

and the matrix �σ
0 

defined by (A.13) and the non-singular matrices �m 

0 
and �v 

0 
stated in 

Lemma 2 . 

Remark 3.2. The asymptotic covariance matrix is block diagonal under Assumption 4 (c), which corresponds to the result 

for the QML estimator for the ARMA-GARCH process, as discussed in Remark 3.7 of Francq and Zakoïan (2004) . Hence,

the asymptotic accuracy of the estimators of the GARCH parameters is not affected by the mean equation. By relaxing the

assumption, we obtain a non-diagonal asymptotic covariance matrix. Note that the specification of H t will affect the estimate 

of �m , as discussed later. 

Remark 3.3. Instead of the VT estimator, we can consider QML estimation, which maximizes L T ( ψ ) directly, as in Cermeño

and Grier (2006) . Under Assumptions 1 –4 , we can show the consistency and asymptotic normality of the QML estimator

by combining the works of Bollerslev and Wooldridge (1992) and Hafner and Preminger (2009) . For asymptotic efficiency, 

the QML estimator is preferred to the VT estimator, as implied by Corollary 2 of Francq et al. (2011) . VT estimation is more

useful than QML estimation owing to its lower computational time. While the number of parameters in QML estimation is 

k + 3 + n (n + 3) / 2 , the third-step estimator of the VT estimation method uses just two parameters in the optimization step.

Furthermore, Francq et al. (2011) discuss the advantages of the VT approach and show that when the model is misspecified,

the VT estimator can be superior to the QML estimator for making long-term predictions or calculating value-at-risk. 

We can estimate �m 

0 
, �v 

0 
, �λ

0 
, and �σ

0 
using the sample outer-products and sample Hessian matrices as follows: 

ˆ �m = 

1 

T 

T ∑ 

t=1 

ˆ ω 

m 

t ˆ ω 

m ′ 
t , ˆ �v = 

1 

T 

T ∑ 

t=1 

ˆ ω 

v 
t ˆ ω 

v ′ 
t , 

ˆ �λ = 

1 

T 

T ∑ 

t=1 

ˆ �λ
t , 

ˆ �σ = 

1 

T 

T ∑ 

t=1 

ˆ �σ
t , (25) 

where 

ˆ ω 

m 

t = 

(
Q̄ 

−1 
z 

˜ Z ′ t ̂  u t 

(I n − Z̄ Q̄ 

−1 
z 

˜ Z ′ t ) ̂  u t 

)
, ˆ ω 

v 
t = 

( 

vec ( ̂  u t ̂  u 

′ 
t ) − ˆ ω 

∂ l t ( ψ ) 
∂ λ

∣∣∣
ψ= ̂  ψ 

) 

, 

ˆ �λ
t = 

∂ 2 l t ( ψ ) 

∂ λ∂ λ′ 

∣∣∣∣
ψ= ̂  ψ 

, ˆ �σ
t = 

∂ 2 l t ( ψ ) 

∂ λ∂ σ ′ 

∣∣∣∣
ψ= ̂  ψ 

, 

with Q̄ z stated in Assumption 3 (d). We can then use the model-based estimator for �m as 
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Table 1 

Finite Sample Properties of the VT Estimator for the Panel GARCH Model ( n = 5 ) 

Parameter True T = 250 T = 500 

Mean Std. Dev. RMSE Mean Std. Dev. RMSE 

φ 0.6 0.5924 0.0287 0.0297 0.5959 0.0205 0.0209 

β 1.0 0.9976 0.0974 0.0974 0.9992 0.0722 0.0722 

α1 0.2 0.2131 0.0971 0.0980 0.2063 0.0683 0.0685 

α2 0.4 0.4189 0.1016 0.1033 0.4117 0.0732 0.0741 

α3 0.6 0.6233 0.1106 0.1130 0.6114 0.0796 0.0804 

α4 0.8 0.8238 0.1254 0.1276 0.8144 0.0864 0.0875 

α5 1.0 1.0299 0.1351 0.1383 1.0169 0.0956 0.0970 

σ11 1.0 0.9847 0.2381 0.2385 1.0059 0.1888 0.1889 

σ21 -0.4 -0.3913 0.1798 0.1800 -0.4039 0.1404 0.1405 

σ31 0.16 0.1630 0.1761 0.1761 0.1608 0.1311 0.1311 

σ41 -0.064 -0.0626 0.1694 0.1694 -0.0594 0.1323 0.1323 

σ51 0.0256 0.0266 0.1702 0.1701 0.0253 0.1348 0.1348 

σ22 1.0 0.9973 0.2468 0.2467 0.9988 0.1906 0.1906 

σ32 -0.4 -0.4016 0.1845 0.1844 -0.3973 0.1384 0.1384 

σ42 0.16 0.1608 0.1729 0.1729 0.1555 0.1307 0.1307 

σ52 -0.064 -0.0692 0.1713 0.1714 -0.0642 0.1317 0.1316 

σ33 1.0 1.0113 0.2566 0.2568 0.9945 0.1784 0.1785 

σ43 -0.4 -0.4040 0.1875 0.1875 -0.3976 0.1378 0.1377 

σ53 0.16 0.1695 0.1747 0.1749 0.1604 0.1309 0.1309 

σ44 1.0 0.9948 0.2485 0.2485 1.0026 0.1884 0.1884 

σ54 -0.4 -0.4045 0.1792 0.1793 -0.3983 0.1441 0.1441 

σ55 1.0 1.0069 0.2436 0.2436 1.0036 0.1878 0.1878 

γ 0.04 0.0357 0.0090 0.0099 0.0385 0.0057 0.0059 

ϕ 0.94 0.9042 0.0532 0.0641 0.9300 0.0112 0.0150 

γ + ϕ 0.98 0.9398 0.0522 0.0659 0.9685 0.0088 0.0145 

Note: The number of replications is 20 0 0. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

˜ �m = 

1 

T 

T ∑ 

t=1 

˜ ω 

m 

t H t ( ̂  ψ ) ̃  ω 

m ′ 
t , ˜ ω 

m 

t = 

(
Q̄ 

−1 
z 

˜ Z ′ t 
(I n − Z̄ Q̄ 

−1 
z 

˜ Z ′ t ) 

)
, (26) 

with H 1 ( ̂  ψ ) = 

ˆ � being the initial value. Note that ˆ �m is robust to model misspecification, while ˜ �m is expected to be

efficient when the model is correctly specified. We compare these in our empirical analysis. 

Remark 3.4. When n tends to infinity but T is fixed, it is known that ˆ θ is inconsistent, leading to the inconsistency of the

remaining estimators. 

Remark 3.5. When n tends to infinity, Y t is strictly stationary in the sense of Definition 1 , as discussed in Section 2.3 . For a

large n , the first-step estimator is biased but consistent as T tends to infinity, as in the standard panel data analysis. Hence,

we can apply the same argument for the proof of Propositions 3 and 4 to show the consistency and asymptotic normality

of the VT estimator when T increases faster than n . We need further examination when n/T → k < ∞ and n/T 3 → 0 (see

Section 6.2 of Arellano (2003) for instance). Even if the first-step estimator is consistent, we need to assume sparsity on

� to obtain its estimate, which is invertible, as in Bickel and Levina (2008a,b) for instance. As their approaches assume 

independent and identical distributions, they are inapplicable to our case directly. We await further theoretical research on 

estimating large covariance matrices. 

3.3. Monte Carlo Experiment 

We examine the finite sample property of the three-step VT estimator for the feasible panel GARCH model defined by 

Eqs. (1) , (2) , and (14) . To compare the properties for different dimensions and/or different sample sizes, we use two di-

mensions ( n = 5 , 20 ) and two sample sizes (T = 250 , 500) . We consider an exogenous variable that follows the independent

uniform distribution, that is, k = 1 and x it ∼ U(0 , 1) . We specify the parameters as 

αi = i/n, θ = (0 . 6 , 1) ′ , � = { σi j } , σi j = (−0 . 4) | i − j| , λ = (0 . 04 , 0 . 94) ′ . 

The parameters satisfy the stationarity condition and the unconditional covariance matrix of u t , �, is positive definite. The 

number of replications is 20 0 0. 

Table 1 presents the sample mean, standard deviation, and root mean squared error (RMSE) of the VT estimates for the

dimension n = 5 . The sample means are close to the true values and the standard deviations are similar to the RMSEs.

The biases are negligible even for T = 250 . As the sample size increases, the RMSEs have lower values. Figure 1 shows the

histogram and QQ plots for the VT estimates of (γ , ϕ) for (n, T ) = (5 , 250) . The distribution of γ is close to the normal

distribution, whereas that of ϕ is skewed to the left. Figure 2 displays the histogram and QQ plots for (n, T ) = (5 , 500) . The
29 
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Fig. 1. Histograms and QQ Plots of the VT Estimates for (n, T ) = (5 , 250) . Note: The red line in the histograms indicates the normal density with the same 

mean and variance. 

Table 2 

Finite Sample Properties of the VT Estimator for the Panel GARCH Model ( n = 20 ) 

Parameter True T = 250 T = 500 

Mean Std. Dev. RMSE Mean Std. Dev. RMSE 

φ 0.6 0.5937 0.0178 0.0189 0.5970 0.0133 0.0137 

β 1.0 0.9994 0.0495 0.0495 0.9998 0.0358 0.0358 

γ 0.04 0.0294 0.0030 0.0110 0.0351 0.0018 0.0052 

ϕ 0.94 0.9123 0.0078 0.0287 0.9335 0.0035 0.0073 

γ + ϕ 0.98 0.9417 0.0070 0.0389 0.9687 0.0028 0.0117 

Note: The number of replications is 20 0 0. We omitted the results for α and σ to save space. 

 

 

 

 

 

 

 

 

 

 

pattern of skewness is the same as that in Figure 1 , but Figure 2 shows that the distributions are closer to normal than

those of Figure 1 are. Figure 2 supports the asymptotic normality of the VT estimator, shown by Proposition 4 . 

Table 2 presents the results for the VT estimates for n = 20 with T = 250 and 500. We compare the increasing dimension

n for T = 250 . The sample means in Table 2 for T = 250 are close to those in Table 1 . On the contrary, the RMSEs in

Table 2 for T = 250 are smaller than those in Table 1 . Figure 3 presents the histogram and QQ plots for the VT estimates

for (n, T ) = (20 , 250) , which imply that the distributions are close to normal. Hence, increasing the dimension shrinks the

asymptotic covariance matrix of ˆ λ, while it does not quicken the speed of convergence, as discussed in Remarks 3.4 and 3.5.

The result for n = 20 with T = 500 in Table 2 and Figure 4 also supports Remark 3.5 . 

4. Empirical Examples 

We provide illustrative empirical examples for the estimation of the feasible GARCH model using the inflation rates of 

G7 countries and growth rates for the value of trade on goods for four economic regions. 

We calculate the monthly inflation rates based on the consumer price indices (CPIs), while we obtain the growth rates for

the value of trade using the export and import of goods. The four economic regions are advanced economies, emerging and

developing Asia, sub-Saharan Africa, and the remaining emerging and developing countries. The data are from International 

Financial Statistics. The sample period for inflation rates is from January 1978 to February 2021, and we set (n, T ) = (7 , 517) .

Since our data include the period in which the COVID-19 pandemic hit, we define a COVID-19 dummy variable that takes
30 
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Fig. 2. Histograms and QQ Plots of the VT Estimates for (n, T ) = (5 , 500) . Note: The red line in the histograms indicates the normal density with the same 

mean and variance. 

Table 3 

First-Step Estimates of the Inflation Rates of G7 Countries 

Parameter Estimate Robust S.E. FP S.E. CCP S.E. 

φ (AR(1)) 0.4086 (0.0299) (0.0287) (0.0277) 

β (COVID-19) -0.0859 (0.0527) (0.0577) (0.0598) 

α1 (Canada) 0.1595 (0.0183) (0.0196) (0.0196) 

α2 (France) 0.1546 (0.0153) (0.0153) (0.0154) 

α3 (Germany) 0.1048 (0.0164) (0.0162) (0.0163) 

α4 (Italy) 0.2297 (0.0164) (0.0202) (0.0201) 

α5 (Japan) 0.0535 (0.0192) (0.0147) (0.0148) 

α6 (UK) 0.1870 (0.0186) (0.0160) (0.0160) 

α7 (US) 0.1673 (0.0151) (0.0181) (0.0181) 

Note: Standard errors are in parentheses. “Robust S.E.” denotes robust standard errors based on ˆ �m stated in Eq. (25) , while “FP S.E.” and “CCP S.E.” denote 

standard errors based on ˜ �m defined by Eq. (26) with the covariance matrix of the feasible panel GARCH and CCP GARCH models, respectively. 

 

 

 

 

 

 

 

 

one from February 2020 and zero otherwise. For the growth rates on trade, the sample period is from January 1978 to July

2019, giving (n, T ) = (4 , 498) . We examine the effect of the global financial crisis (GFC) by using a GFC dummy variable that

takes one from September to December 2008 and zero otherwise. 

We estimate the feasible panel GARCH model in (1), (2) , and (14) with the dummy as an exogenous variable in the

mean equation. As a benchmark, we consider the constant correlation panel (CCP) GARCH model, as in Cermeño and Sanin

(2015) and Ribeiro et al. (2017) . The elements conditional covariance matrix of the CCP GARCH model is given by 

h iit = (1 − γ − ϕ) σii + γ u 

2 
i,t−1 + ϕh ii,t−1 , h i jt = r i j 

√ 

h iit h j j t , (27) 

where | r i j | < 1 for all i � = j ( i, j = 1 , . . . , n ). Eq. (27) corresponds to (14) in the feasible panel GARCH model. We can obtain

the VT estimator for the CCP model, as the estimates of σii and r i j are calculated using ˆ � in the second step. The number

of parameters in the CCP model is the same as that in the feasible GARCH model. 

Table 3 shows the first-step estimates for φ, β , and αi (i = 1 , . . . , 7) and their standard errors. The robust standard errors

based on 

ˆ �m are close to the standard errors based on 

˜ �m with the covariance matrix of the feasible panel GARCH and

CCP GARCH models. The autoregressive parameter is 0.41, which is positive and significant at the five percent level. The 
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Fig. 3. Histograms and QQ Plots of the VT Estimates for (n, T ) = (20 , 250) . Note: The red line in the histograms indicates the normal density with the same 

mean and variance. 

Table 4 

Third-Step Estimates of the Inflation Rates of G7 Countries 

Parameter Feasible Panel GARCH CCP GARCH 

γ 0.0340 (0.0047) 0.0580 (0.0069) 

ϕ 0.9431 (0.0097) 0.9243 (0.0144) 

QLike - 921.10 - 891.05 

Note: Standard errors are in parentheses. “QLike” denotes the quasi-log-likelihood stated in (22) . 

 

 

 

 

 

 

 

 

coefficient for the COVID-19 dummy is negative and insignificant, implying that the effect on inflation rates is negligible. All 

the estimates of the individual effects are significant. The individual effect for Japan is relatively low, implying low inflation 

rates over 40 years. Table 4 reports the third-step estimates for the feasible panel GARCH and CCP GARCH models. All the

parameters are positive and significant and they satisfy the stationarity condition. The estimates of the feasible panel GARCH 

model are close to the corresponding values for the CCP GARCH model. The CCP GARCH model has the higher value for the

quasi-log-likelihood, implying that the data prefer the CCP GARCH model. It is unnecessary to check information criteria 

such as the Akaike and Bayesian information criteria, since the number of parameters in the two models is the same. Using

the VT estimates as the initial values, we obtain the QML estimates, which are listed in Table 5 . There are no major changes

in the results as compared to Tables 3 and 4 . 

Regarding the growth rates for the value of trade in the four regions, we obtain the QML estimates using the VT esti-

mates as the initial values. Table 6 reports the QML estimates. The autoregressive parameter is negative and significant. The 

coefficient for the GFC dummy is negative and significant, which shows the negative impact of the GFC on the growth rates

of trade. All individual effects reject the null hypothesis that the parameter is zero. For the feasible panel GARCH specifica-

tion, the estimates of γ and ϕ are positive and significant, and γ + ϕ is less than 0.35. The estimate of γ is significant for

the CCP GARCH model, whereas ϕ is insignificant. The values of the quasi-log-likelihood function indicate that the feasible 

panel GARCH specification is preferable to the CCP GARCH model. 
32 



M. Asai Econometrics and Statistics 25 (2023) 23–38 

Fig. 4. Histograms and QQ Plots of the VT Estimates for (n, T ) = (20 , 500) . Note: The red line in the histograms indicates the normal density with the 

same mean and variance. 

Table 5 

QML Estimates of the Inflation Rates of G7 Countries 

Parameter Feasible Panel GARCH CCP GARCH 

φ (AR(1)) 0.1373 (0.0213) 0.1355 (0.0191) 

β (COVID-19) -0.0807 (0.0452) -0.0762 (0.0593) 

α1 (Canada) 0.1585 (0.0190) 0.1686 (0.0196) 

α2 (France) 0.1268 (0.0140) 0.1344 (0.0139) 

α3 (Germany) 0.1125 (0.0164) 0.1196 (0.0166) 

α4 (Italy) 0.1802 (0.0128) 0.1914 (0.0132) 

α5 (Japan) 0.0203 (0.0217) 0.0277 (0.0208) 

α6 (UK) 0.1502 (0.0185) 0.1618 (0.0202) 

α7 (US) 0.1858 (0.0149) 0.1907 (0.0132) 

γ 0.0528 (0.0039) 0.0638 (0.0047) 

ϕ 0.9424 (0.0043) 0.9147 (0.0065) 

QLike - 774.98 - 761.61 

Note: Standard errors are shown in parentheses. We omit the estimates for � to save space. “QLike” denotes the quasi-log-likelihood stated in (22) . 

Table 6 

QML Estimates of the Growth Rates for the Value of Trade of Four Regions 

Parameter Feasible Panel GARCH CCP GARCH 

φ (AR(1)) -0.3473 (0.0285) -0.3497 (0.0210) 

β (GFC) -0.1651 (0.0255) -0.1751 (0.0235) 

α1 (Advanced Economy) 0.0068 (0.0029) 0.0072 (0.0030) 

α2 (Emerging and developing Asia) 0.0156 (0.0042) 0.0159 (0.0041) 

α3 (Sub-Saharan Africa) 0.0111 (0.0028) 0.0106 (0.0029) 

α4 (Others) 0.0080 (0.0030) 0.0089 (0.0032) 

γ 0.1279 (0.0239) 0.1512 (0.0204) 

ϕ 0.2140 (0.0990) 0.1052 (0.0704) 

QLike 285.69 284.41 

Note: Standard errors are shown in parentheses. We omit the estimates for � to save space. “QLike” denotes the quasi-log-likelihood stated in (22) . 
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5. Conclusion 

For the panel GARCH model developed by Cermeño and Grier (2006) , we derived the conditions for the stationarity and

positive definiteness of the covariance matrix. Based on the result, we suggested a feasible panel GARCH model and exam- 

ined stationarity when n tends to infinity. We considered the three-step VT estimator and demonstrated its consistency and 

asymptotic normality when T goes to infinity. We investigated the finite sample property of the VT estimator using Monte 

Carlo experiments. The Monte Carlo results indicate that the finite sample properties of the VT estimator are satisfactory. 

Furthermore, the results show that the size of n does not affect the speed of convergence, while it does affect the asymp-

totic covariance matrix. The empirical results for the inflation rates of the G7 countries and growth rates for the value of

trade on goods for four economic regions indicate that the feasible panel GARCH specification is a competitive alternative 

to the CCP GARCH model of Cermeño and Sanin (2015) and Ribeiro et al. (2017) . The empirical results indicate that the GFC

significantly decreases the growth rates on trades, while the impact of COVID-19 on inflation rates is insignificant for G7. 

As in recent empirical work, it is useful to derive the asymptotic theory for the panel GARCH-in-mean and GARCH- 

X specifications. We may apply the theoretical work of Conrad and Mammen (2016) for the GARCH-in-mean model and 

extend the work of Han and Kristensen (2014) for GARCH-X models. Furthermore, we may consider time-varying GARCH 

parameters as in Cho and Korkas (2021) and Silvennoinen and Teräsvirta (2021) . The derivation of the asymptotic theory for

such extensions is an important direction for future research. 
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Appendix A 

A1. Derivatives of the Quasi-Log-Likelihood Function 

We can restate the quasi-log-likelihood function given by (22) as 

L T ( θ, α, σ, λ) = 

T ∑ 

t=1 

l t , (A.1) 

where l t is the tth contribution defined by 

l t = −1 

2 

log (2 π) − 1 

2 

log ̄h t − ū 

2 
t 

2 ̄h t 

. (A.2) 

The gradient and Hessian of the quasi-log-likelihood function are given by 

∂L T 

∂ λ
= 

1 

T 

T ∑ 

t=1 

∂ l t 

∂ λ
, 

∂ 2 L T 

∂ λ∂ λ′ = 

1 

T 

T ∑ 

t=1 

∂ 2 l t 

∂ λ∂ λ′ . 

Applying the chain rule and product rule, we obtain 

∂ l t 

∂ λ
= 

∂ ̄h t 

∂ λ

∂ l t 

∂ ̄h t 

, 
∂ 2 l t 

∂ λ∂ λ′ = 

∂ 2 h̄ t 

∂ λ∂ λ′ 
∂ l t 

∂ ̄h t 

+ 

∂ ̄h t 

∂ λ

∂ ̄h t 

∂ λ′ 
∂ 2 l t 

∂ ̄h 

2 
t 

, (A.3) 

with 

∂ l t 

∂ ̄h t 

= 

1 

2 ̄h t 

(
ū 

2 
t 

h̄ t 

− 1 

)
, 

∂ 2 l t 

∂ ̄h 

2 
t 

= 

1 

2 ̄h 

2 
t 

(
1 − 2 ̄u 

2 
t 

h̄ t 

)
(A.4) 

and 

∂ ̄h t 
∂γ

= ( ̄u 

2 
t−1 − σ̄ ) + ϕ 

∂ ̄h t−1 

∂γ
, ∂ ̄h t 

∂ϕ 
= ( ̄h t−1 − σ̄ ) + ϕ 

∂ ̄h t−1 

∂ϕ 
, 

∂ 2 h̄ t 
∂γ 2 = ϕ 

∂ 2 h̄ t−1 

∂γ 2 , ∂ 2 h̄ t 
∂ γ ∂ ϕ 

= 

∂ ̄h t−1 

∂γ
+ ϕ 

∂ 2 h̄ t−1 

∂ γ ∂ ϕ 
, ∂ 2 h̄ t 

∂ϕ 2 
= 2 

∂ ̄h t−1 

∂ϕ 
+ ϕ 

∂ 2 h̄ t−1 

∂ϕ 2 
. 

(A.5) 

To compute ∂ h t 
∂ λ′ and 

∂ 2 h t 
∂ λ j ∂ λk 

, we set zeros for the pre-sample values as in Fiorentini et al. (1996) . 
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A2. Proofs of the Propositions 

Proof of Proposition 1. As discussed in Ding and Engle (2001) , specification (6) produces positive definite matrix H t for

all t as long as initial covariance matrix H 0 is positive definite when the matrices of parameters K, C, and D are positive

(semi-)definite. Hence, we need to check the latter conditions. For any n × 1 vector x , we obtain 

x ′ C x = (γ − ρ) 
n ∑ 

i =1 

x 2 i + ρ

( 

n ∑ 

i =1 

x i 

) 2 

= (γ − ρ) 
n ∑ 

i =1 

(x i − x̄ ) 2 + (γ + ρ(n − 1)) n ̄x 2 ≥ 0 , 

under the condition in Proposition 1 , where x̄ = n −1 
∑ n 

i =1 x i . Hence, C is positive (semi-)definite. Similarly, we can show that

D is positive (semi-)definite. Therefore, Proposition 1 holds. �

Proof of Proposition 2. By Eq. (11) , we obtain K = � ◦ (J n − C − D ) , where J T is the n × n matrix of ones. For any vector x

and Assumption 1 , we obtain 

x ′ K x = (1 − ρ − η) 

( 

n ∑ 

i =1 

x i 

) 2 

− (γ + ϕ − ρ − η) 
n ∑ 

i =1 

x 2 i 

= n [ (1 − γ − ϕ) + (n − 1)(1 − ρ − η) ] ̄x 2 

− (γ + ϕ − ρ − η) 
n ∑ 

i =1 

(x i − x̄ ) 2 ≥ 0 , 

if γ + ϕ − ρ − η ≤ 0 . �

Proof of Proposition 3. For the fixed effect estimator of θ, we obtain 

ˆ θ − θ0 = 

( 

1 

T 

T ∑ 

t=1 

˜ Z ′ t ̃  Z t 

) −1 

1 

T 

T ∑ 

t=1 

˜ Z ′ t u t = 

( 

1 

T 

T ∑ 

t=1 

Z ∗′ t Z ∗t 

) −1 

1 

T 

T ∑ 

t=1 

Z ∗′ t u 

∗
t , (A.6) 

where Z ∗t and u 

∗
t are defined by the orthogonal transformation of ˜ Z t and u t (e.g., Arellano, 2003 ): 

u 

∗
it = 

√ 

T − t 

T − t + 1 

[ 
u it −

1 

T − t 
(u i,t+1 + · · · + u iT ) 

] 
, 

z ∗it = 

√ 

T − t 

T − t + 1 

[ 
z it −

1 

T − t 
( z i,t+1 + · · · + z iT ) 

] 
, 

respectively. Since Z t and u t are strictly stationary and ergodic, we can apply the uniform law of large numbers for stationary

ergodic processes (see Lemma A.2.2 of White (1994) ) for each element of Z ′ t Z t and Z ′ t u t under the existence of second

moments. Using the technique of the proof of Theorem 1 in Nicholls and Pagan (1983) , we obtain 

ˆ θ
a.s. −−→ θ0 . 

An alternative form of ˆ α is given by 

ˆ α − α0 = 

1 

T 

T ∑ 

t=1 

S ′ t u t , (A.7) 

where 

S t = I n − ˜ Z t 

( 

1 

T 

T ∑ 

t=1 

˜ Z ′ t ̃  Z t 

) −1 

Z̄ ′ . 

The same technique for ˆ θ yields ˆ α
a.s. −−→ α0 . 

For the estimator �, we obtain 

ˆ � = 

1 

T 

T ∑ 

t=1 

[ 
u t − ( ̂  α − α0 ) − Z t ( ̂  θ − θ0 ) 

] [ 
u t − ( ̂  α − α0 ) − Z t ( ̂  θ − θ0 ) 

] ′ 

= 

1 

T 

T ∑ 

t=1 

u t u 

′ 
t + o p (1) , (A.8) 
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using ˆ θ
a.s. −−→ θ0 and 

ˆ α
a.s. −−→ α0 . Assumption 3 (a) and E|| u t || 2 ] < ∞ indicate that according to the ergodic theorem, as T → ∞ ,

ˆ σ
a.s. −−→ σ0 . 

For the third-step estimator, we can apply the technique from the proof of Theorem 2.1 in Newey and McFadden (1994) ,

as in the proof of Theorem 4.1 of Pedersen and Rahbek (2014) , to show 

ˆ λ
a.s. −−→ λ0 . �

Lemma 1. Under Assumptions 1 –4 , as T → ∞ , 

√ 

T 

⎛ 

⎜ ⎝ 

ˆ θ − θ0 

ˆ α − α0 

ˆ σ − σ0 

∂L T ( ψ 0 ) / ∂ λ

⎞ 

⎟ ⎠ 

= 

1 √ 

T 

T ∑ 

t=1 

(
ϒm 

t ( ψ 0 ) O 

O ϒv 
t ( ψ 0 ) 

)(
ε t 

vec ( ε t ε t − I n ) 

)
+ o p (1) , (A.9) 

where 
∂L T ( ψ 0 ) 

∂λ
= 

∂L T ( ψ ) 
∂λ

∣∣∣
ψ= ψ 0 

and 

ϒm 

t ( ψ 0 ) = 

(
Q 

−1 
z (Z t − M z ) ′ H 

1 / 2 
0 t (

I n − M z Q 

−1 
z (Z t − M z ) ′ 

)
H 

1 / 2 
0 t 

)
, 

ϒv 
t ( ψ 0 ) = 

(
(1 − γ0 − ϕ 0 ) 

−1 (1 − ϕ 0 ) 
(
H 

1 / 2 
0 t 

� H 

1 / 2 
0 t 

)
n 

−2 
[∑ ∞ 

s =0 ϕ 

s 
0 N t−1 −s 

]′ (
ι′ H 

−1 / 2 
0 t 

� ι′ H 

−1 / 2 
0 t 

) ), 

with N t = ( ̄u 2 t − σ̄ , ̄h t − σ̄ ) ′ and ι = (1 , . . . , 1) ′ . 

Proof of Lemma 1. Assumption 3 (d) implies Z̄ − M z = o p (1) , and 

ˆ Q z − Q z = o p (1) . From (A.6) , we obtain 

√ 

T ( ̂  θ − θ0 ) = Q̄ 

−1 
z 
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T 
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Z ∗′ t u 

∗
t = Q 

−1 
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′ u t + o p (1) . 

Similarly, from (A.7) , we obtain 
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I n − (Z t − M z ) ̄Q 

−1 
z M 

′ 
z 

]′ 
u t + o p (1) , 

where M z = [ μy M x ] . Since ˆ θ
a.s. −−→ θ0 and 

ˆ α
a.s. −−→ α0 from Proposition 4 and (A.8) , following the same argument used in the

proof of Lemma B.8 of Pedersen and Rahbek (2014), we obtain 

√ 

T 

(
ˆ σ − σ0 

∂L T ( ψ 0 ) / ∂ λ

)
= 

1 √ 

T 

T ∑ 

t=1 

ϒv 
t ( ψ 0 ) vec ( ε t ε t − I n ) + o p (1) . 

These results establish (A.9) . �

Lemma 2. Under Assumptions 1 –4 , as T → ∞ , 

1 √ 

T 

T ∑ 

t=1 

(
ϒm 

t ( ψ 0 ) O 

O ϒv 
t ( ψ 0 ) 

)(
ε t 

vec ( ε t ε t − I n ) 

)

d −→ N 

([
0 

0 

]
, 

[
�m 

0 O 

O �v 
0 

])
, (A.10) 

where 

�m 

0 = E 
[
ϒm 

t ( ψ 0 ) ε t ε 

′ 
t ϒ

m 

t ( ψ 0 ) 
′ ]

�v 
0 = E 

[
ϒv 

t ( ψ 0 ) vec ( ε t ε t − I n ) vec ( ε t ε t − I n ) 
′ ϒv 

t ( ψ 0 ) 
′ ]. 

Proof of Lemma 2. From the structure, (ϒm 

t ( ψ 0 ) , ϒ
v 
t ( ψ 0 ) , ε t , vec ( ε t ε t − I n ) is an ergodic martingale difference sequence. 

As in the Appendix of Nicholls and Pagan (1983) and Lemma B.9 of Pedersen and Rahbek (2014) , we can demonstrate that

the sequence is square-integrable. The regularity conditions of Brown (1971) are satisfied by the ergodic theorem, thereby 

establishing Lemma 2 . �
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Proof of Proposition 4. Under Assumption 3 (b) and the definition of ˆ λ in (21) , we apply the mean value theorem to
∂L T ( ψ ) 

∂λ

∣∣∣
ψ= ̂  ψ 
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0 = 

∂L T ( ψ 0 ) 

∂λ
+ �θ

T ( ψ 

∗
)( ̂  θ − θ0 ) + �α

T ( ψ 

∗
)( ̂  α − α0 ) 

+�σ
T ( ψ 

∗
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∗
)( ̂  λ − λ0 ) , (A.11) 

where 
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∗
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T ( ψ 

∗
) = 

∂ 2 L T (ψ) 

∂ λ∂ λ′ 

∣∣∣∣
ψ = ψ 

∗
, 

with ψ 

∗
located between ψ 0 and 

ˆ ψ . From the technique in the proof of Theorem 4.2 of Pedersen and Rahbek (2014) , we

obtain 

√ 
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T ( ψ 

∗
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∗
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0 , (A.12) 

where 

�θ
0 = E 

[ 

∂ 2 L T (ψ) 

∂ λ∂ θ ′ 

∣∣∣∣
ψ= ψ 0 

] 

, �α
0 = E 

[ 

∂ 2 L T (ψ) 

∂ λ∂ α′ 

∣∣∣∣
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] 
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[ 
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] 

, �λ
0 = E 

[ 

∂ 2 L T (ψ) 

∂ λ∂ λ′ 
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ψ= ψ 0 

] 

. (A.13) 

Since it is straightforward to show that the information matrix for the quasi-log-likelihood function is block diagonal 

under the assumption of a symmetric distribution, as discussed in Remark 3.7 of Francq and Zakoïan (2004) , we obtain

�θ
0 

= O and �α
0 

= O . The result with Lemma 1 and 2 and the Slutzky theorem produces the asymptotic normality of the

estimator. �
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