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orous description of the asymptotic behavior of the multivariate portmanteau test statistic,
which depends on the dimension d of the observations, the number m of lags involved,
and the length n of the observation period. Then, based on the concepts of center-outward
ranks and signs recently developed (Hallin, del Barrio, Cuesta-Albertos, and Matran, Annals

ﬁirvﬁ(\),risi;ite ranks and signs of Statistics 49, 1139-1165, 2021), a class of multivariate rank- and sign-based portmanteau
Measure transportation test statistics is proposed which, under the null hypothesis and under a broad family of
Le Cam’s asymptotic theory innovation densities, can be approximated by an asymptotically chi-square variable. The
Multivariate time series asymptotic properties of these tests are derived; simulations demonstrate their advantages
VARMA models over their classical pseudo-Gaussian counterpart.

© 2023 EcoSta Econometrics and Statistics. Published by Elsevier B.V. All rights reserved.

1. Introduction
1.1. The Gaussian multivariate portmanteau test

The so-called portmanteau test certainly ranks among the most popular and most widely used testing procedures in time
series analysis. It is simple, intuitive, apparently well understood, and naturally complements eye-inspection of residual
correlograms.

In their univariate forms, portmanteau test statistics were first introduced by Box and Pierce (1970) as a sum of squared
residual autocorrelations of orders one through m associated with the estimation (usually, least squares or Gaussian QMLE)
of the model parameters. A later version by Ljung and Box (1978) is taking into account the fact that a residual autocor-
relation of order k, when computed from a series of length n, is based on a sum of (n— k) terms only; while improving
finite-sample performance, that modification has no asymptotic impact, though.

Chitturi (1974) for the VAR case, Hosking (1980), and Li and McLeod (1981) for the VARMA case extended the Ljung-
Box-Pierce test to the multivariate context by replacing sums of squared residual autocorrelations with sums of normal-
ized squared elements of (estimated) residual cross-covariance matrices; modified versions in the spirit of Ljung and Box
(1978) also are proposed by these authors.
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A widespread opinion is that the null distribution of the multivariate portmanteau statistic, in the d-dimensional
VARMA(p, q) case, is asymptotically chi-square with d2(m — p — q) degrees of freedom under a “broad” class of innovation
densities, where m is the number of lags in the test statistic. This is, for instance, the statement in Theorem 2 of Hosking
(1980). In this statement, Hosking is not very precise about what is to be understood with “asymptotically chi-square.” Ac-
tually, if only the series length n goes to infinity, the claim is incorrect. In his Appendix, he recommends m = 0(n'/2); but
this clearly precludes an asymptotic distribution with finitely many degrees of freedom. Chitturi (1974), and Li and McLeod
(1981) are more cautious, with a somewhat vague claim that this asymptotic null distribution is “approximately chi-square
with d2(m — p — q) degrees of freedom for m and n (the series length) large enough.”

As we shall see, these statements, at best, are imprecise and the asymptotic distribution of the portmanteau test statistic
under the null is not chi-square with d2(m — p — q) degrees of freedom—not even under Gaussian innovation densities. The
chi-square critical values resulting from these statements, nevertheless, are routinely used in the daily implementation of
the test.

In the univariate case, a similar problem was detected by Taniguchi and Amano (2010), who show that the classical uni-
variate portmanteau test statistics of Box and Pierce (1970) and Ljung and Box (1978) are not asymptotically chi-square if
the number m < co of lagged residuals in the test statistic is fixed. Based on this observation, they also propose a modi-
fied Whittle likelihood ratio test which is asymptotically chi-square. In a more general setting of single-output regression
with ARMA errors, Akashi et al. (2018, 2021) propose a likelihood ratio-based portmanteau test incorporating the Whittle
likelihood ratio test of Taniguchi and Amano (2010) as a special case and provide a sufficient condition, in terms of Fisher
information, under which their test statistic is asymptotically chi-square.

Half a century after its introduction, thus, one of the most popular tests in time series analysis still relies on vague or
even faulty asymptotic statements. The first objective of this paper is to fix these asymptotic results. Rather than modifying
the classical test statistics (as Taniguchi and Amano (2010) and Akashi et al. (2018, 2021) are doing in the univariate case),
we are providing a precise account and a rigorous derivation of the asymptotic behavior of the portmanteau test statistic
for VARMA models. Taking advantage of this, we then propose, based on the measure-transportation-based concepts of
center-outward ranks and signs recently developed in Hallin et al. (2021) (see Hallin (2022) for a nontechnical survey) a
class of rank-based portmanteau tests and establish their asymptotic distributions under the null. Simulations demonstrate
the advantages of these tests, in terms of power and resistance to outliers, over the classical Chitturi-Hosking-Li-McLeod
pseudo-Gaussian ones under non-Gaussian innovation densities.

Throughout, the theoretical tools we are using are borrowed from Le Cam’s powerful asymptotic theory of statistical
experiment—a theory that was not available, fifty years ago, to Chitturi, Hosking, Li, and McLeod, who instead are making
intensive use of Taylor expansions.

1.2. Center-outward rank-based multivariate portmanteau test

Despite their popularity, the Gaussian portmanteau tests have some undesirable drawbacks. First, their validity and con-
sistency rely on the assumption of finite fourth-order innovation moments, an assumption that may not hold in economic
and financial practice, where data are usually heavy-tailed. Second, the finite-sample performance of pseudo-Gaussian tests
often is quite poor under non-Gaussian innovations (see Section 1.2 in Hallin et al. (2022b) for numerical examples). Last
but not least, the pointwise chi-square approximation of the null distribution of the pseudo-Gaussian portmanteau statis-
tic under given innovation density f is far from uniform with respect to f. As a consequence, the sup; of the size under
innovation density f of pseudo-Gaussian tests, in general, does not converge to the nominal asymptotic level o (see, e.g.,
Section 1.1 in Hallin et al. (2022a)): as a semiparametric test, thus, the pseudo-Gaussian portmanteau test fails to satisfy the
asymptotic probability level condition.

Thanks to distribution-freeness, classical (univariate) rank-based tests are escaping that asymptotic size problem: for
the ARMA case, see, e.g., Hallin and Puri (1988, 1994), Hallin and Jureckova, (1999). In a multivariate or multiple-output
context, however, due to the fact that no canonical ordering is available in R? for d > 2, a long-standing problem has been:
“what are ranks and signs in dimension d > 2?” Various notions of ranks and signs have been proposed in the literature,
including the componentwise ranks (Puri and Sen, 1971), the spatial ranks (Oja, 2010), the depth-based ranks (Liu, 1992), and
the Mahalanobis ranks and signs (Hallin and Paindaveine, 2004). None of these ranks or signs are distribution-free under
the whole family of absolutely continuous distributions, though. The center-outward ranks and signs recently proposed by
Chernozhukov et al. (2017) and Hallin et al. (2021) are not only distribution-free under absolutely continuous distributions;
they also are maximal ancillary (see Hallin et al. (2021)). They have been applied quite successfully to various statistical
models of daily statistical importance, including multiple-output regression and MANOVA (Hallin et al., 2022a), goodness-
of-fit (Ghosal and Sen, 2022), tests of vector independence (Deb and Sen, 2021; Shi et al., 2022a; 2022b; 2023), multiple-
output quantile regression (del Barrio et al., 2022), R-estimation for VARMA models (Hallin et al., 2022b), and rank-based
order selection of VAR models (Hallin et al., 2023).

In this paper, we propose a class of asymptotically distribution-free portmanteau tests for VARMA models based on
residual center-outward ranks and signs. These residuals are the estimated residuals based on an estimation Q(”) of the

parameter @ of the null VARMA model: the resulting ranks and signs, thus, are aligned ones, failing to achieve exact finite-
sample distribution-freeness but enjoying asymptotic distribution-freeness. For sufficiently large m, however, we show that
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the test statistic is arbitrarily close to an asymptotically chi-square (d?(m — p — q) degrees of freedom) oracle statistic based
on the ranks and signs of the exact residuals—that is, based on the actual @ value, as opposed to the aligned ones; the ranks
and signs of these exact residuals are fully distribution-free but, of course, cannot be computed from the observations.

While the pseudo-Gaussian portmanteau test requires plugging-in the Gaussian quasi-likelihood VARMA estimator é(n)
for the unspecified VARMA parameter 6, our rank-based tests rely on plugging-in the center-outward R-estimators Q M _3s
derived in Hallin et al. (2022b)—based on the same score function as the test statistic itself. A numerical study reveals that,
when based on Gaussian scores, our rank-based test outperforms the classical pseudo-Gaussian one under a broad range
of innovation distributions. This is probably the sign of a general Chernoff-Savage property (Chernoff and Savage, 1958) for
which, however, we have no proof in this context.

The paper is organized as follows. Section 2 introduces the VARMA model and the local asymptotic normality of the
model under some mild regularity assumptions. Section 3 revisits the Gaussian multivariate portmanteau tests of Chitturi
(1974), Hosking (1980) and Li and McLeod (1981) and re-establishes their asymptotic properties under precise form via Le
Cam’s asymptotic theory. Section 4 proposes a class of center-outward rank-based portmanteau test statistics and similarly
establishes their asymptotic properties. A brief numerical analysis of the finite-sample size and power of these tests is
conducted in Section 5. Section 6 concludes. All proofs are collected in the Appendix.

2. Notation and general setting

In this section, we introduce the VARMA(p,q) model (Section 2.1) and the local asymptotic normality property
(Section 2.2) which is the essential tool in our analysis of the asymptotic behavior of the Gaussian and center-outward
rank-based multivariate portmanteau test statistics.

2.1. VARMA models

Consider the d-dimensional VARMA(p, q) model

p q
(Id _ ZA,U)XI - (ld + ZBij)et, tez, (21)
i—1 =1

where Aq,...,Ap, By,...,Bg are d x d matrices, L denotes the lag operator, and {&:;t € Z} is some iid. mean-zero d-
dimensional white noise process with density f with respect to the Lebesgue measure . on RY. Denoting by

0 := ((vec(Ay))',..., (vec(Ap))', (vec(By))', ..., (vec(By))')',

(where ’ indicates transposition) the (p + q)d%-dimensional VARMA parameter, we throughout assume that @ satisfies the
following very classical conditions ensuring identifiability and the existence of a stationary and invertible solution to (2.1).

Assumption 1.

(i) All solutions of the determinantal equations

) q
det({l;— ) Az | =0 and det|{l;+) Bjz/ ) =0, zecC
i=1 j=1
lie outside the unit ball in C;
(ii) det(Ap) # 0 #det(Bg); ‘
(iii) 1y — 3P Az and I; + Z‘}:l B;z/ have no common left factors other than I,.

Denote by @, 4 the VARMA(p, q) parameter space—namely, the set of all § values satisfying Assumption 1: @p 4 is a finite
collection of open connected subsets of R(P+0d*,

Let XM := {X%”), ... X" (superscript ™ omitted whenever possible) be an observed finite realization of some solution
of (2.1). For any 6 € ®p 4, this observation XM is asymptotically (as n — oo) stationary and invertible; associated with

any (p + q)-tuple (x(n), . x(_";H, €0, ..., €_q41) of initial values, it determines, for any 6, an n-tuple of residuals

p q
Z"(6) = (ld - ZA,U)X[(”) ~Y Bjle, t=1,....n,
i=1 Jj=1

which can be computed recursively. These residuals are i.i.d. with density f and Z§")(0) coincides with ¢ for any t iff X(™
is a solution of (2.1) with parameter value 6.
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2.2. Local asymptotic normality (LAN)

Our asymptotic analysis relies on the local asymptotic normality (LAN) property of VARMA models. That property requires
mild regularity conditions on the density f of ¢;.

Assumption 2.

(i) The innovation density f belongs to the class of non-vanishing Lebesgue densities on RY, i.e., f(x) > 0 for all x € RY;
(ii) /xf(x)du =0 and [xx/f(x)du = E where E is finite and positive definite;

(iii) f1/2 is mean-square differentiable with mean-square gradient D f1/2, that is, there exists a square-integrable vector Df1/2
such that, for any sequence h € R? such that 0 £ h — 0,

(Wh)~! / [F12(x+h) - f12(x) - WDf2(x)Pdp — 0;

(iv) letting gof(x) = (P (X). ..., @ (X)) 1= —-2Df12(x)/f1/2(x) (the location score function), [[¢;(x)]*f(X)du < oo,

i=1,.
(v) the functlon X = @(X) is piecewise Lipschitz, i.e., there exists K e R and a finite measurable partition of RY into J
non-overlapping subsets I, ..., Iy such that, for all x,y in [}, j=1,..., 1,

losx) —orW Il <Klx-yl.

Conditions (i) and (iii) are standard in the context of LAN; (ii) and (iv) guarantee the existence of a full-rank informa-
tion matrix for 6. Under (v), the impact of initial values is asymptotically negligible in mean square norm; without loss of
generality, thus, we henceforth assume that

X = =X"  =0=€=...=¢€q.

Denote by F,; the class of densities f satisfying Assumption 2.
Letting P(") denote the distribution of X(™ under parameter value @ and innovation density f, write

()
P0+n*1/2r(">;f

Lm =log

0-+n-12¢m /0, f (n)
dpo;f
where 7™ is a bounded sequence of R(P+04  for the log-likelihood ratio of Pa 12 with respect to ng} computed
at X Define
L@) :=n""2((n - 1)"2(vec(T{"(8)))', .., (n— )2 (vec(T{P(0))) ... (vec(T\", (6))))', (2.2)
with the so-called f-cross-covariance matrices
n
1““”(0) =073 @™ ONZ" @) i=1....n-1 (2.3)
t=i+1
Let C§" := (Cy g..... €, 1 4) With
Yo Teo (G By) @ Hj
min(q.i—j— p) o /
Cig = Z Z (Glijikika)(g)Hj ci=1, ,n—1, (24)
I;@H ,
Id [ H;_q

where G, and Hy, u € Z are the Green matrices associated with the autoregressive and moving average operators, respectively,
n (2.1)—namely, the matrix coefficients of the inverted linear difference operators (A(L))~! and (B(L))"

u=0

-1 -1

%) p e} q

> Guz'= (ld - ZA#) and ) H,zz'= (Id + Zszf) ,zeC, |z <1.
=0 i1 =
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More constructive (recursive) definitions of Green’s matrices can be found in Section 1.1 of Hallin (1986) and Section 3 of
Garel and Hallin (1995) but are not needed here, and we skip them for the sake of space: the only thing we need to recall
is the fact that, under Assumption 1, ||Gy|| and ||Hy]|, just as the moduli of all solutions of the homogeneous difference
equations associated with A(L) and B(L), are exponentially decreasing as u — oo, which implies that [|¢; 4|l exponentially
decreases as i — oo. Defining

n—1
AP (0) = ;c,,,,(n —i)2vec(I'") (8)) = n'C{" T " (9), (2.5)

(the central sequences), the following LAN result is established in Garel and Hallin (1995), Proposition 3.1.

Proposition 2.1 (Garel and Hallin (1995)). Let Assumptions 1 and 2 hold. Then, for any bounded sequence t™ in R(P+Dd
under PV, as n — oo,

0.f
1
Ly eemgg = T AT 0) = 3T A O)T + 00 (D), (26)

with A(f")(ﬂ) (the central sequence) defined in (2.5) and (p + q)d? x (p+ q)d? symmetric and positive definite A (0) (the in-

()

formation matrix—see equation (3.16) in Garel and Hallin (1995) for an explicit form). Still under P, P

A}”) (0) is asymptotically
normal with mean 0 and covariance A f(6).

3. The Chitturi-Hosking-Li-McLeod multivariate portmanteau test

In this section, we are revisiting the pseudo-Gaussian multivariate portmanteau test of Chitturi-Hosking-Li-McLeod and,
adopting a Le Cam approach, clarify their asymptotic results.

3.1. Residual cross-covariance matrices

For a Gaussian density f, the score function is ¢;(z) = —X -1z, where X is the covariance matrix of €, and the f-cross-
covariance matrices (2.3) reduce to

@) :=—-0)7'T" > Z,(0)Z_(0), i=1,....n-1 (3.1)

t=i+1

rm

[

Note that I‘i(:'}\?.(a) differs from the traditional lag-i cross-covariance matrix (n —i)~! Siiiv1 Z:(0)Z;_;(9) by a left factor —X.

Proposition 3.1 provides the asymptotic distribution of F,.(,'}\)/(O) under ng} and contiguous sequences of alternati-
ves Pl()rjr)n* f2gif See the Appendix for a proof. In practice, of course, ¥ remains unspecified and has to be estimated by

some X —typically, the residual empirical covariance matrix. As long as X is consistent, substituting it for X in (3.1), in
view of Slutsky’s Lemma, has no impact on asymptotic distributions. Rather than introducing cumbersome additional nota-
tion, thus, we pursue with the ¥-based definition of Fif'l),(O). As for its rank-based counterparts defined in Section 4.3, they
do not involve any X nor any of the parameters of the actual innovation distribution.

Proposition 3.1. Let Assumptions 1 and 2 hold. Then, for any positive integers i # j, the vectors

(n—1)"2vec(C".(0)) and (n— j)l/zvec(F](.R,(G))

are jointly asymptotically normal, with mean (0’,0")’ under P;’?}, mean

(ZeX)e,r) . (Ze 7)) (32)

T X! 0

(n)
under P0+ 0 S5

120 and covariance (

) under both.

To determine the asymptotic behavior of the Gaussian portmanteau test, the asymptotic linearity of (n — i)”zvec(l"i(:\)/(O))
is required. That result is established in Lemma 4 of Hallin and Paindaveine (2005) under the quite restrictive assump-
tion that the distribution of ¢; is elliptically symmetric. Here, we make the assumption that asymptotic linearity holds for
general f satisfying Assumption 2; the form of the linear term on the right-hand side of (3.3) below follows from the form
of the shift matrices in (3.2)—itself a consequence of Le Cam’s third Lemma.

5
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Assumption 3. For any positive integer i,
(n—i)'2[vec(T V(0 + n~"21)) —vec(I'{.(0))] = (£ ® T71)¢] 47 +0p(1) (3.3)

LN

under P;f'}, as n — oo.

We refer to Section 4 of van den Akker et al. (2015) for primitive conditions.
The Gaussian portmanteau test is based on the plug-in of 9;7), the Gaussian quasi-maximum likelihood estimator (QMLE)
of @, in the test statistic to be defined. Recall that 9}5) is defined as the solution of AJ(M'?) (0) = 0 where

n-1
AP (0) :=Y " c;g(n— i) 2vec(I'.(0))
i=1
is the Gaussian central sequence. A finite fourth-order moment assumption on ¢; is required in order for 9/(\'1) to be root-n-
consistent; see, e.g., Mélard (2022) for a recent proof.

Assumption 4. E[vec(etet/ )(vec(e[et’))/] < 0.

In view of (3.3), the plug-in impact of substituting 95\2) for the actual @ in a quadratic form of (n— i)l/zvec(Fi(K}(O)),

i=1,...,m is asymptotically non-negligible. Taking into account the fact that AJ(\'})(Q(G)) = 0, however, that impact can be
neutralized in view of Lemma 3.2 below.

Denote by F,(’}\)f* (6) the matrix of residuals in the regression of Fi(,’}\}(é’)'s entries with respect to Af\'})(O) in their joint
n)

asymptotic (under P;. f

(n — i) 2vec(I' (" (6))

) distribution; namely, let

n-1
= (n—1i)vec(I'.(0)) - (T® zfl)c;,,,(zc,,,,(z ® ):*I)cgvo) 1AM (0) (3.4)
i=1
n-1
= (n—i)"vec(T(0)) — (T @ 2’1)c;v0(2ci,9(2 ® zfl)cgy,,)fl

i=1
n—1
x (Z Cig(n — i)”zvec(FiE'j\).(O))) (3.5)
i=1

mn)

Lemma 3.2 below shows that F}Q(?)ﬁ)) and r}_'x.*(o) under Pé‘f only differ by a op(n~1/2) quantity: under Pé’?} and

. . . A . T . . .
contiguous alternatives, thus, using I‘i(’;v).(ON ) in the portmanteau test statistic is asymptotically equivalent to using I’](”N)* ).

TR . . ~(1) . . . .. .
The advantage of the latter (an oracle statistic) is that it no longer involves 0; , which simplifies the derivation of asymptotic
results. See the Appendix for a proof.

Lemma 3.2. Let Assumptions 1, 2, 3, and 4 hold. Then

(n— 1) vec(TOY) - T (®)) = o (1), (36)

LN

(n)

0.f as n— oo.

and any contiguous pim

for any fixed i > 1, under any P 9on 120, f

. . . ~(m)
Note, however, that the asymptotic equivalence (3.6) results from the fact that the estimator 6, and the cross-
covariances F,('}\), both are associated with the Gaussian distribution (although f needs not to be Gaussian): the same result

would not hold with non-Gaussian quasi-maximum likelihood estimators (for instance, the estimator 3;'1) obtained from the
actual likelihood equations A}") (6) =0, with f non-Gaussian. Nor does it hold, e.g., with robust or R-estimators (see Hallin

et al. (2022D)) of 6 plugged into I'{").

3.2. The (pseudo-)Gaussian test

The statistic of the Gaussian portmanteau test of Hosking (1980) (to be performed as a pseudo-Gaussian test) takes the
form

~(n) o ) NGNS ~() ~(n) < = A(n)
Q@) =Y (n—iyvecTW @y ) (T & T)vecT M@ )) =T @y ) (ne T ) TEV @),
i=1
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where
LM (0) :=n~'2((n - 1)'2(vec(T{(0)))'. ... (n —m)"/2(vec(T 7 (6)))')

and £ :=n1 Y7, 2Oz, @0).
The asymptotic behavior of ngv(éj(\c)) is obtained by approximating it (for sufficiently large m) by a statistic that is
asymptotically chi-square with d2(m — p — q) degrees of freedom as n — oo. Specifically, it follows from Lemma 3.2 and the

exponential decrease (as i — oo) of the ||¢; ¢||’s that, for m large enough, (n — i)12vec(r " (9/(3))) is arbitrarily close to

)
LN

(n—i)'2vec(I'{(0))

= (n—1i)2vec({N(0) - (Z® E‘l)clf_o(Zci‘o(E ® E‘l)clf’o) -1 (Z Cig(n— i)1/2vec(Fif'}V),(0))),
i1

i=1

a quantity that results from truncating at m terms the sums in the right-hand side of (3.5).
Let

m
) ==Y (n— i) (vec(T " (0))) (Z ®© X)'vec(I')(6)).
i=1
The following result states that ng;jv(@i"f)) can be approximated by Qr(nnf\’}* (6), where Q,(n”;\*}* (6) is asymptotically chi-square
under P;':’} as n — oo.
Proposition 3.3. Let Assumptions 1, 2, 3, and 4 hold. Then, under Pé’?} and contiguous alternatives,

(i) for all 8, € > 0, there exist integers My ., and Ns . such that

P10 @) - Qi @] <5) > 1-¢

for all n > Ny . and fixed m > Mj .,
(ii) Q,%”}J* (0) is asymptotically chi-square with d*(m — p — q) degrees of freedom as n — oc.

See the Appendix for a proof.

4. A portmanteau test based on multivariate center-outward ranks and signs
4.1. Pseudo-Gaussian versus rank-based tests

Pseudo-Gaussian tests are generally considered asymptotically valid over some class P of distributions (containing the
Gaussian). And the critical value obtained from the common asymptotic distribution of a pseudo-Gaussian test statistic
indeed yields, for each P € P, a test with correct asymptotic size ¢, say. As mentioned in the introduction, the convergence
to «a of the finite-sample sizes of the resulting tests, however, in general is highly non-uniform: while converging to «
pointwise in P € P, the supp., of these sizes typically fails to do so. If P remains unspecified, which is the case when
pseudo-Gaussian tests are performed, the «-level constraint should apply to the supp.p of the size under P which, typically,
does not converge to «. This is to be kept in mind when performing pseudo-Gaussian tests.

Distribution-free tests do not suffer from the same drawback; since their finite-sample size (hence also their asymptotic
size) does not depend on P € P, pointwise and uniform convergence are equivalent under distribution-freeness. The typical
example of distribution-free tests is that of rank-based tests. The advantages in terms of size and validity of rank tests over
the pseudo-Gaussian ones, moreover, are not obtained at the cost of power and efficiency, as shown, for location and simple-
output regression, by the celebrated Chernoff-Savage and Hodges-Lehmann results (Chernoff and Savage (1958); Hodges and
Lehmann (1956)) and, for univariate ARMA time series, by Hallin (1994) and Hallin and Tribel (2000). Although no fully
general versions of the Chernoff-Savage and Hodges-Lehmann inequalities have been established so far, in the multiple-
output case, for center-outward ranks and signs, partial results (restricted to elliptical densities f) have been obtained by
Hallin and Paindaveine (2002a) and Deb et al. (2021), and, for elliptical VARMA models, by Hallin and Paindaveine (2002b,
2005). These inequalities are quite likely to hold beyond the class of elliptical densities, though.

The basic tools for constructing our rank-based multivariate portmanteau test are the center-outward ranks and signs
proposed by Hallin et al. (2021), based on ideas and results from measure transportation theory. In Section 4.2, we introduce
the center-outward distribution function and its empirical version, from which the center-outward ranks and signs can be
defined.
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4.2. Center-outward ranks and signs

Denote by S; and §; the open and closed unit ball, respectively, and by S, ; the unit hypersphere in RY. Let Pdi denote
the family of all distributions P with densities in F; such that, for all positive r € R, there exist constants Ly > 0 and L; < co
for which

Ly < f(x)<Lf forall xer§,.

For P in this family, the center-outward distribution functions defined below are continuous: see Figalli (2018). More general
cases are studied in del Barrio et al. (2020), but require more cautious and less intuitive definitions of these center-outward
functions which, for the sake of simplicity, we do not consider here. Denote by U, the spherical uniform distribution over Sy,
that is, the product of a uniform measure over the hypersphere S;_; and a uniform over the unit interval of distances to
the origin.

The center-outward distribution function F. of P is defined as the a.e. unique gradient of convex function mapping R?
to Sy and pushing P forward to Uy (that is, such that Fo(X) ~ Uy if X~ P). For Pe Pdi, such mapping is a homeomor-

phism between S; \ {0} and R?\ F;!({0}) (Figalli (2018)) and the corresponding center-outward quantile function is de-
fined as Q. :=F;! (letting, with a small abuse of notation, Q. (0) := Ff({o})). For any given distribution P, the quantile
function Q. induces a collection of continuous, connected, and nested quantile contours Q. (rS;_;) and regions Q. (rSy) of
order r € [0, 1); the center-outward median Q(0) is a uniquely defined compact set of Lebesgue measure zero. We refer to
Hallin et al. (2021) for details.

Turning to the sample, the residuals Zg”) 9).....Z" (@) under P((:} are iid. with density f e F; and center-outward
distribution function F.. For the empirical counterpart F(i”) of F., let n factorize into n = ngng + ng, for ng,ng,ng e N
and 0 < ngy < min{ng, ng}, where ng — oo and ns — co as n — oo, and consider a sequence & of grids, where each
grid consists of the ngng intersections between an ns-tuple (uy,...upg) of unit vectors, and the ni hyperspheres with
radii 1/(ng +1),...,ng/(ng + 1) centered at the origin, along with ng copies of the origin. The only requirement is that
the discrete distribution with probability masses 1/n at each gridpoint and probability mass ng/n at the origin converges
weakly to the uniform U, over the ball S;. Then, we define F(i”)(Zt(")), fort=1,..., n as the solution (optimal mapping) of a
coupling problem between the residuals and the gridpoints. Specifically, the empirical center-outward distribution function
is the (random) discrete mapping

FW .z = @™, ... z") —» FM@"),... . FPZ"))

satisfying
n n
2oz —FP@™)))? = min } 1Z" - T@™)IP, (41)
t=1 t=1

where Z™ =z (8), the set {F(Z{)|t =1,...,n} coincides with the n points of the grid, and 7 denotes the set of all
possible bijective mappings between Z%”),...,Zfl") and the n gridpoints. Intuition for this mapping in dimension d =2 is
provided in Figure 1.

Based on this empirical center-outward distribution function, the center-outward ranks are defined as

R :=RM(0) := (ng + D|FP @™M)], (4.2)
the center-outward signs as
S} :=SU1(0) := FV @M)IFD ") # 0]/ |[F (Z(M) . (43)
It follows that FS)(ZE”)) factorizes into
E0 (zM) — RO G whence  Z™ — (n)( RY; S<">) (4.4)
S ng+1"%0 t = \ng+17%1) '
Those ranks and signs are jointly distribution-free under ng} (for Pe Pdi): more precisely, under P‘s"} the n-tuple
F (Z%”)),...,F(i”) () is uniformly distributed over the n!/ng! permutations with repetition of the n underlying grid-

points (the origin having multiplicity ng). Moreover, the center-outward distribution functions, ranks, and signs inherit, from
the invariance properties of Euclidean distances, elementary but remarkable invariance and equivariance properties with
respect to shift, global scale, and orthogonal transformations: see Proposition 2.2 in Hallin et al. (2022a) for details.

An intuitive choice of ng and ng in the factorization of n is ng ~ n'/? and ns ~ n@-1/4; ng, indeed, is the cardinality
of a one-dimensional grid over [0,1], ng the cardinality of a grid over the (d — 1)-sphere S;_;. Other heuristic criteria are
possible, though. Mordant (2021), for instance, since the grid is supposed to provide an approximation of the spherical
uniform, suggests minimizing the Wasserstein distance between the empirical distribution over the grid and the spherical
uniform: see Section 3.2 of Hallin and Mordant (2022).
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ngp
np+171

Fig. 1. A regular grid of n = ngns points over S,.

4.3. Center-outward rank-based cross-covariance matrices

Writing Fsz R(B and S(B for Fﬂ”(lﬁ”) 6)), R(i”_g(ﬂ), and S(i”_g(ﬂ), respectively, consider the center-outward rank-based
counterpart of F}")(O). Specifically, define

L™ @) i=n12((n =)' (vec@™ @))'....
~h)2 ~1h)a

(n—i)'2(vec(T'™ (8)))'..... (vec(I'™ (0)))’)’, (4.5)
iJi.J2 n-1J;.J2
with, fori=1,...,n-1,
rm @) = (n— i)*1 Xn:J R:(tng S(n) J’ Rgi—i S(n) (4.6)
~ihk = 1 ng+ 1 5t JI2\ g 1 0xe .

t=i+1
where J; and J, : §; — R are score functions satisfying Assumption 5 below. Call FF") (0) a (residual) rank-based cross-

~iJiJ2
covariance matrix with lag i: this matrix is distribution-free under Pé’?} due to distribution-freeness of the center-outward

ranks and signs. In order to establish its asymptotic distribution, we make the following assumption on J; and J,.

Assumption 5. The score functions J; and J,

(i) are continuous over Sg;
(ii) are square-integrable, that is, de [IJe (@) ||2dUy < oo for £=1,2.

Moreover,

(iii) for any sequence s := {sgn), ....s\M} of n-tuples in Sy such that the uniform discrete distribution over s con-
verges weakly to Uy,

n
limn !SI = [ Pau, e=1.2 (47)
t=1 d
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Let
=BG EDL D).

Dy, = [ /S L)), (uz)dud(m)] ® [ /S hw)), (uz)dudmz)]
- [ /S g /S dJ@(u)dUd} ® [ /S i ay, [S ! (u)dud},

Kj, 1, 1 := El2(Fx (€0)€{] ® ElJ1 (F (€)@} (€0) -
We then have the following result from Hallin et al. (2022b).

and

Proposition 4.1. Let Assumptions 1, 2, and 5 hold. Then, for any positive integers i +# j, the vectors
(n—i)"?vec(’'™ (0) —p"}) and (n— j)lﬂvec(r(“) (0) wm
~ihb 1.J2 ~j J1.)2

are jointly asymptotically normal, with mean (0’,0")" under P;”}, mean

’
((Kh,bfc;ﬁt)/’ (KJth,fc},ﬂr)/) (4.8)

0

under P0+ g and covariance ( 62 D,

) under both.
Without loss of generality, we will assume that y,(") =o(n~1/2), A sufficient condition is either deh (w)dU; =0
or deJZ (u)dU, = 0; indeed, following the same lines as in Lemma 1 of Hallin and La Vecchia (2020), one has

”‘J(IH}Z E(Ji (F21)E(, (Feq)) = o(n~1/?).

Moreover, note that, for the scores in Examples 1-3 of Section 4.7, M](?,_)lz = 0 holds whenever the regular grid ™ is sym-
metric with respect to the origin. See Hallin et al. (2023) for details.
To define the rank-based test statistic and derive its asymptotic theory, we assume the following asymptotic linearity
of (n— i)]/zvec([‘g)J (6)), where the form of the right-hand side of (4.9) again follows from the form of the shift matrix
J1:J2

n (4.8).

Assumption 6. For any positive integer i, as n — oo,
(n—i)'7?2 [vec(r@ @+n"21)) - (rF;”J (0))] = —Kj, 5, £€, T +0p(1) (4.9)
~ ~id ;

(n) n)
under Py (hence also under P() n1/27. f)

Sufficient conditions for (4.9) can be found in van den Akker et al. (2015).
Let AJ(")J 0) = Z?;ll Cig(n— i)]/zvec(FF;')J (0)) denote the rank-based central sequence. The asymptotic linearity
~ . ' ~iJi)a

1.2
of A™ (), that is,

1.2

n-1

AP (@ 4+n7127) — A™ (@) = =3¢ Ky, ), 1€ T +0p(1 410
NJlJz( ) NleJz( ) ; 1.0N1.J2.f 51,0 p(1) ( )

both under P;’_I} and under P;”) as n — oo readily follows from Assumption 6.

+n=1/27;f

4.4. Center-outward rank-based portmanteau tests

. . . A(m) . .
Recall from Lemma 3.2 that the pseudo-Gaussian portmanteau test relies on a plug-in of the QMLE Oﬁv , which kind
of neutralizes the asymptotic impact of computing cross-covariances from estimated residuals rather than exact ones.

Lemma 4.2 below shows that a similar result holds for the rank-based cross-covariance matrix I’(’;)J when computed at the
th.J2

R-estimator 0;") of Hallin et al. (2022b). That result will not hold if the R-estimator and the rank-based cross-covariance
matrix are based on dlstmct score functions, or if the QMLE is plugged in instead of the adequate R-estimator.

Let T(”) f(0) = Z; 1 oKy, . fc denote the shift matrix in (4 10) and let T(") be a consistent (under P(”}) estimator

thereof; see Hallin et al. (2022b) for details. Further, denote by 0 a preliminary /n-consistent and asymptotically discrete

10
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estimator of . Recall that an estimator 9(n) of @ is called asymptotically discrete if the number of values it takes in balls of
radius cn=1/2 (¢ > 0) is bounded as n — oo, which is easily obtained by discretization. This assumption, which is classical
in Le Cam asymptotics, is needed in asymptotic statements but has no finite-sample implications. The one-step R-estimator
of @ based on scores J; and J, is defined as

oM . 0 +n—1/2(T(")) 1AM (0 ) (4.11)
~“h) ~hk
Now, consider the matrix F'(;l)*J f(0) of residuals in the regression of the components of (n— 1')1/2vec["(’})J (0) with
~t]1.J2, ~uhl
respect to AJ(”)J (0) in the covariance matrix (note, however, that this matrix is not the asymptotic covariance matrix
~h2
of (n—1)12vecT™ (8), A™ (9)))
~iJi)a ~Jih
DJI J2 KJl J2 ,fc;,e

n-1
oKy s Dok rCl
i=1
Namely, define the oracle (it depends on the actual f) statistic
(n—0)!Pvec(""  (6))

n-1

=(n l)]/zvec(F(”) (0))—1(,1 1sCol Yo cioKy, 1, 1€y *19;";2(0)
i=1 k

n-1

( )1/2vec(r‘(ﬂ) (0)) - K.ll Ja. fcl 0(2 G, 9KJ1 Jo. fcl 0) !
i=1

n-1
x (Zc,o(n—l)l/zvec(l"(") (0))) (4.12)
i=1
Lemma 4.2 below shows that (n— 1)1/2F(") @™ ) and the oracle statistic (n— iyl/2pms 0™ ) are asymptotically
~iJike “hilk ~iJiJa S I
equivalent. Hence, the asymptotics of the rank-based test statistic constructed from (n — )1/2F(”) (0(") ) coincide with

~idva “hik

those of its counterpart built from (n — 1)1/2[‘(?)*J f(ﬂj(") ). See the Appendix for a proof.
il f ~hil

Lemma 4.2. Let Assumptions 1, 2, 5, and 6 hold. Then
()Am(wm)—wa>
~hda

ii) (n—i)12vec( T™* (™ r™ @™ y) =op(1), and
(i) ( ) ( Ll f(Nth) ~111]2(~]1 2) p(L)

i) (n—1i)"2vec[T™* (@™ y_T™*  (@)) =o0p(1
(i) (n — ) (”lh]zf(”hlz) i@ ) =or®

for any fixed i > 1, under P(") and P0+) - TeRPHOP g5 1 5 oo,

Note that the asymptotic covariance matrix of (n — 1)1/2vec(F(”) (0)) in Proposition 4.1, which does not depend on

the underlying density f, differs from the corresponding shift matrlx KJ J,.f» Which is not even symmetric for a general f.

This was not the case for the asymptotic covariance matrix of (n—l)l/zvec(F(”)(O)) As a consequence, the construction
of rank-based portmanteau tests is more intricate than in the classical pseudo- Gau551ar1 case and requires some additional
notation.
In view of Lemma 4.2, the test statistic should involve a consistent estimator of the covariance matrix
of (n—l)l/zvec(l“(")* (0)) rather than a consistent estimator of the covariance matrix of (n— )1/2vec(l:lf';)J (0)). Let
3102

(m) . (m) (m)/
QY (0) =Wt (WP (0) (413)
with

1
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m -1
(m) (m)/ 1/2 / / (m+1) 1/2
Wi £ (0) = @™ @Dy/1) Ky, €[ Dok, ps€ip | G (m@DyT) (414)
i=1
and e(m) standing for the ith vector of the canonical basis in R™.

For sufficiently large m, due to the exponential decrease of ||c; ||, the matrices Qf;’”l f(oj(”; ) are (uniformly in i) arbi-
“h)2

trarily close to the covariance matrices of (n — 1)1/2vec(F(”) f(0)) as n — oo. Letting

E“’” ) 10) =1 — (n @Ky, f)c<'“+”/(2c, oK), 1,76 )T CYY, (4.15)
i=1
we have
diag(Q}p, ;0)1zizm =E") () @Dy, 1,)E") (0). (416)

Heuristically, E(m) f(0) which appears in the rank-based test statistic (4.18), is taking into account the difference
between F(“)* (0) and F(") (0) in (4.12).

1 2
Our rank based test statlstlcs involve consistent estimators of the quantities defined above. Denote by l((") a consistent

estimator of Ky . r; such KJ(?-)Jz can be obtained via (4.9)—for example, letting
d?
Tj = o(n) (C 0(11) C O(n) ) e( )

“hilz Nl Thd

2 . . .
where e§d ) denotes jth vector of the canonical basis in RY,

1172 (n) () ~1/2 (n) (n)
(n= 1" vee( , @ +n2g) T L @) ))
is a consistent estimator of the jth column of Ky ; . For j=1,. ., d2, this yields a consistent estimator of Kh Jof-

Let Qf;"l)_h (#) and E(m) (@) stand for the consistent estimators of Q,J b £(0) and E(m) f(0) obtained by plugging K] b
into (4.13)-(4.14) and (4 15). Then the center-outward rank-based portmanteau test StatlSth we are proposing takes the form

Q" (8”) =3 (- v @ ) (), @ )

~mJi.J. Il i ol
x vec(T'™ (™)), (4.17)
~iJik “hik
where A~ denotes the Moore-Penrose inverse of a matrix A. Alternatively, in view of (4.16), Q™ (01("; ) can be written as
"’m:_l]._lz ~JJ2
(n) (m,n)/  p(n) (m) (g(n) Tmy ) \\-
QW @™ )= nr ™" ) (BT O ) an 0Dy, )BT O")))
B T ~IJ N S
x F(m*m(()(") ) (4.18)
~hl “hhk
where
L0(@) i= 02 ((1= 1) (vec @ @) (1=m)'2(vec(T” (@)Y
~h)2 ~1h) ~mJi )z
is a truncated version of l:l(”; ).
192
4.5. Asymptotic distribution
In view of Lemma 4.2 and the consistency of 01(")] and RleJz' we have
~hJ2
QW (0™ )=Q™  (®)+op(1) (4.19)

~mj) "I ~mJi 2. f

where

Q(n)* 0) :— _ r(")* 0 m). 0))- F(n)* 0).
Nm;sz( )= ;(n iyvec( ( N (Q1,.r(0)) VeC(Nu%b’f( )
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Moreover, note that for m large enough, due again to the exponential decrease of ||c; 4], Q™* (@) is arbitrarily close to
' ~miy . f

(n)** . i . (m,n)sx* / (m) — (m,n)s
gmdhh,f«)) = ;(n — ivec(L M ) (2}, @) vec(I' 9)) (4.20)
where
-1

m
(n— i)1/2vec([’:;"";)*;‘ ) == (n- i)”zvec(l::’;)J (0) — Ky, 1, 1o | D ciKy 1, 1€
J1:J25 J1.02 i=1

m
I TIUE i)l/zvec(rf';)J 0)) (4.21)
; ~iJ)
i=1
is an approximation of (n—i)l/zvec(FF’;)"J
~ul
of (4.12); the asymptotic covariance matrix of (n — i)12vec(I'™™*(@)) is Q™ (@) under P{™.
~iJi o f iJiJo:f 0.f
The following result is the rank-based counterpart of Proposition 3.3 and states that Q™ (01(”)J ), for m large enough,
~mJi.J, “hkh
can be approximated by Q™** (@) which is asymptotically chi-square under P;’?} as n — oo. Note that r;mi">(0), which
~mijyJo. f ' “hoh
depends on the ranks of the “true” residuals, is fully distribution-free, while (due to the presence of Ky, 5,.1) FF;"';)*;(O)
~u)Jo.

f(0)) resulting from truncating at m the summation in the right-hand side

in (4.21), hence Q™** () in (4.20), are not. However, Q™** () is asymptotically distribution-free.
~miyJo. f ~miJy ). f

Proposition 4.3. Let Assumptions 1, 2, 5, and 6 hold. Then, under Pé’?},
(i) for all 8, & > 0, there exist Ms . and N . € N such that

P(‘Q(’” ") —gm= (0)‘ < 5) ~1-¢
~mi)) Thilk ~mii o f
foralln>Ns, and Mg, <m<n-1;

(ii) irrespective of the innovation density f, QM™** () is asymptotically chi-square with d?(m — p — q) degrees of freedom
~mjy .
as n — oo.

See the Appendix for a proof.
4.6. Local powers and AREs

Having obtained the asymptotic distributions of portmanteau test statistics under the null, natural questions are: what
are their local asymptotic powers? can we derive their asymptotic relative efficiencies (AREs) with respect, for instance, to
the classical procedure?

Local powers and AREs, however, depend on the type of alternative under consideration and are usually obtained via
an application of Le Cam’s third Lemma. This requires an embedding of the VARMA(p, q) model that has been studied so
far into a larger model enjoying LAN and containing the alternatives of interest. A simple example is the VARMA(p1, q1)
model with p; > p and/or gq; > g, for which LAN results are available (Garel and Hallin, 1995); call it the “VARMA(p1, q1)
case”. Other alternatives of interest are, e.g., the presence of bilinear terms in the data-generating process, or the conditional
heteroskedasticity of the €;’s—for which LAN, in the vicinity of VARMA(p, g) models, is not available in the literature. While
we have no doubt that such LAN structures hold under appropriate assumptions, establishing such results is beyond the
scope of this paper, and we are restricting this section to a discussion of the VARMA(p1, q1) case.

Now, even in the VARMA(p;,q;) case, things are not as simple as it may appear at first sight. While

asymptotic shifts under local VARMA(p;,q;) alternatives are easily obtained for the Gaussian (n—i)”zvec([‘f;'}\}*w))
and the rank-based (n—i)l/zvec(I:i(;l)zzvf(G)), hence, in view of Lemmas 3.2 and 4.2, for (n—i)”zvec(l‘,.(:%(@fc)))
and (n—i)”zvec([‘i(,”l)’J2 (g(:;z))' the quadratic forms (’3:,(0) and g:: i (@) are not idempotent (not even asymptoti-
cally so) in these statistics and are not asymptotically chi-square under the null. As a consequence, the asymptotic shifts

of (n—i)1/2 vec (Fé%(ax))) and (n— i)l/zvec(rlf;lf’;z f(QJ(:}z)) do not induce, for the portmanteau statistics ('3\,(9(”)):

Q@) + op(1) and Q™ (01("} Yy=Q™* (@) + op(1), the usual chi-square noncentrality parameters, and the classical
- ~mjp Tl rmi b
methods expressing AREs in terms of ratios of noncentrality parameters do not apply.

13
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These classical methods, on the other hand, do apply to the asymptotically chi-square approximations Qr(n'%*(é’)

and Q** (@). These, however, are oracle test statistics that cannot be computed from the observations and the re-
~miJiJp
sulting AREs cannot be considered as approximations of the actual portmanteau AREs; the approximation errors in

Propositions 3.3 and 4.3, indeed, do not go to zero as n — oco. Such AREs are of limited practical value, thus. Accordingly,
we will not proceed any further with their numerical evaluation, and rather recommend, for power comparisons, the Monte
Carlo approach adopted in Section 5.

4.7. Some standard score functions

The rank-based test statistic Q™ (OJ(")J ) depends on the choice of the score functions J; and J,. Here we provide
~mjpl “hilk
three examples of standard score functions, extending scores that are widely applied in the univariate (see e.g. Hallin and

La Vecchia (2020)) and the elliptical setting (see Hallin and Paindaveine (2004)).

(n)
Example 1 (Sign test scores). Setting J(('_flﬁltlsgg) :Si”}, ¢=1,2 yields the center-outward sign-based cross-

covariance matrices
n

r™ @) =m-i" Y sM@s!) 6. i=1..n-1

. ENA
i,sign -
& t=i+1

The resulting test statistic Q™ (01(”} ) entirely relies on the center-outward signs S?;(O), which justifies the terminology
~mJly Tk '
sign test scores.

Example 2 (Spearman scores). Another simple choice is J; (u) = u = J,(u). The corresponding rank-based cross-covariance
matrices are

n
LW @) =m-" 3FNFYY, i=1,. n-1
~i.Sp : T
t=i+1

reducing, for d = 1, to Spearman autocorrelations, whence the terminology Spearman scores.
Example 3 (van der Waerden or spherical normal scores). Let

REE g RE \go
s n _ s n —
JK nR-‘r]Si’t _]l nR+1 S:t.f’ l= 1; 25

with J, (u) = ((Fdxz)‘1 (u))”z, where FdX2 denotes the chi-square distribution function with d degrees of freedom. This yields
the spherical van der Waerden (vdW) rank scores, with cross-covariance matrices

n 5 (n) ) RM™
I:(n)w(o)z (n—i)! Z (Fdx )l(Ri,[(0)> 172 (Fdx )71 it—z(0)> 12 SL’T%(O)SQ‘}L,-(o), i

ivd Pared ng +1 ng +1

1,...,n—1.

5. Numerical assessment of finite-sample performance and resistance to outliers

In this section, we investigate through a brief Monte Carlo experiment the finite-sample performance of the center-
outward rank-based and pseudo-Gaussian tests under various innovation densities, including contaminated ones.

5.1. Size and power

We first compare the sizes of these tests, hence their validity, by generating N = 300 replications of sample size n = 1000
from the bivariate VARMA(1, 1) model with

05 02 03 0
A1:<—0.1 0.4> andB]:(o 0.4) (5D

and three types of innovation densities f: spherical normal, mixture of three Gaussians, and skew-t distribution with 3
degrees of freedom (denoted as skew-t3; see Azzalini and Capitanio (2003) for a definition), respectively.
The mixture is of the form

3 3 1
gN(ML E1)+§N(Mz, Ez)+ZN(M3,E3)7 (5.2)
with pq = (=5,0), 1y = (5,0), p3 =(0,0), and

7 7 — 4
Y= 5722= 6,):3= Ov
5 5 6 6 0 3
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Fig. 2. Rejection frequencies (nominal level 5%; asymptotic chi-square critical values and, for the van der Waerden, Spearman, and sign tests, bias-
corrected (BC) permutational critical values), for m = 5, 10,..., 25, of the Gaussian, van der Waerden, Spearman, and sign portmanteau tests for unspecified
VARMA(1,1) model, under the VARMA(1,1) model (5.1) with spherical normal (upper panel), mixture (5.2) of three Gaussians (middle panel) and skew-t3
(lower panel) innovation densities. Number of observations n = 1000; N = 300 replications. The solid and dashed horizontal lines indicate the nominal
level o = 5% and the rejection limits of the 5% two-sided test of the hypothesis that the actual level indeed is 5%.
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Fig. 3. Rejection frequencies (nominal level 5%; asymptotic chi-square critical values), for m= 5, 10, ..., 25, of the Gaussian, van der Waerden, Spearman,

and sign portmanteau tests for unspecified VARMA(1,1) model, under the VARMA(1,2) alternative (5.3) with spherical normal (upper panel), mixture (5.2) of
three Gaussians (middle panel) and skew t3 (lower panel) innovation densities. Number of observations n = 1000; N = 300 replications. The solid horizontal
line indicates the nominal level o = 5%.
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Table 1

Optimal lag numbers my and empirical powers (against the VARMA alternative (5.3))
of the van der Waerden, Spearman, sign and Hosking portmanteau tests, under spher-
ical normal, mixture of three Gaussians, and skew t3 innovation densities, respectively.
Boldface indicates the winner (consistently, van der Waerden with m =5 or 6) in each

column.
Gaussian Mixture Skew-t3
Test my Power my Power my Power
vdW 6 0.272 5 0.660 5 0.580
Spearman 14 0.193 10 0.507 10 0.400
Sign 22 0.142 - - 15 0.217
Hosking 5 0.203 5 0.350 5 0.237

For each replication, a VARMA(1,1) model has been estimated, via Gaussian likelihood, van der Waerden, Spearman, and
sign R-estimation, respectively (ranks and signs computed from a grid with ng = 25, ng = 40, and ng = 0). Based on these
estimators, the Gaussian, van der Waerden, Spearman, and sign portmanteau tests (ranks and signs similarly computed from
a grid with ng = 25, ng = 40, and ny = 0) were performed for each replication at 5% nominal level for m =5, 10, ..., 25. Note
that a series length of n = 1000 in dimension two—roughly corresponding to a series length of n ~ /1000 ~ 32 in dimension
one—is not a very long one.

The rejection frequencies under the null hypothesis of an unspecified VARMA(1,1) model are shown in Figure 2 for
the spherical Gaussian, the mixture of three Gaussians (5.2), and the skew-t3 innovation densities. The dotted horizontal
lines provide the 5% critical band outside which the empirical size of a test is significantly different from the nominal
level @ = 5%.

Irrespective of the innovation density, rejection frequencies (for fixed n) tend to decrease as m increases. As a function
of m, the decrease depends on the scores and the actual innovation. It appears, for instance, that the van der Waerden test
meets the nominal «-level constraint for m ~ 8 under all three innovation densities, while the Spearman test requires m
to be as large as 10 (under the mixture of Gaussians or the Skew-t3) or even 14 (under the spherical Gaussian) for not
exhibiting significant over-rejection. In that respect, van der Waerden is “more m-parsimonious” than Spearman, and the
sign test is particularly “greedy” (never meeting the nominal 5% size requirement for m between 5 and 25 in the mixture
case). As for Hosking’s traditional pseudo-Gaussian test, it is meeting the nominal level constraint for m as small as 5.

In order to compare the powers of the various portmanteau tests, we simulated the bivariate VARMA(1, 2) model with
matrix coefficients

A 05 02 B 03 0 4 B 0.07 0.03 53
= 01 04) 7" o o04) M T 002 01 (>3)
under the same innovation densities as above.

The rejection frequencies, under the VARMA(1,2) alternative (5.3) with spherical normal, mixture (5.2) of three Gaussians,
and skew-t3 innovation densities, of the same Gaussian, van der Waerden, Spearman, and sign portmanteau tests as in
Figure 2 are shown in Figure 3 for m =5, 10, ...,25. As expected, rejection frequencies tend to decrease as m increases,
irrespective of the innovation density. Interestingly, for given m, Spearman has greater power than Hosking’s traditional test,
even under normal innovations, for all m < 25. So has the sign test—but this is largely due to the fact that, as shown in
Figure 2, it is over-rejecting. Now, a fair comparison should take the results of Figure 2 into account. Table 1 provides, for
each test and each innovation density, the optimal lag numbers my—that is, the lag compatible with the 5% level condition
at which the empirical power is maximal—along with that power. Inspection of the table reveals that van der Waerden
with m =5 or 6 lags is the uniform winner, and more parcimonious than Spearman, which is second best, albeit with more
than m = 10 lags. Both are overperforming Hosking’s traditional test.

These conclusions, of course, are based on a very limited Monte Carlo experiment. More general innovation densities
and more general alternatives (bilinear, heteroskedastic, etc.) clearly should be considered. However, a general phenomenon
emerges: increasing the number m of lags while n is fixed helps (see Propositions 3.3 and 4.3) improve the chi-square
approximation, but comes at the cost of additional degrees of freedom, hence larger critical values and lower rejection
frequencies. The choice of a test statistic, thus, relies on a trade-off: once it is large enough for the level constraint to be
satisfied, increasing m is not desirable unless a gain of power compensates for the loss caused by the additional degrees of
freedom.

5.2. Robustness

Next, we investigate the robustness properties of the center-outward rank-based and pseudo-Gaussian tests. A thorough
theoretical treatment of this issue is beyond the scope of this paper, and we only perform a limited Monte-Carlo study,
focusing on two cases: resistance to a temporary change in the innovation density, with a short “crisis period” of heavy-
tailed innovations, and resistance to the presence of a patchy outlier. In both cases, the level and power of the rank-based
test remains largely unaffected while the pseudo-Gaussian severely over-rejects.
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Fig. 4. Rejection frequencies (nominal level 5%; asymptotic chi-square critical values), for m = 5, 10, ..., 25, of the Gaussian, van der Waerden, Spearman,

and sign portmanteau tests for unspecified VARMA(1,1) model, under the VARMA(1,1) model (5.1) with spherical normal innovations contaminated by 30
points of skew-t, ones. Number of observations n = 1030; number of replications N = 300. The solid and dashed horizontal lines indicate the nominal
level v = 5% and the rejection limits of the 5% two-sided test of the hypothesis that the actual level indeed is 5%.

5.2.1. Resistance to changes in the innovation density

In this section, we consider, for —29 <t < 1000 (hence, n = 1030 observations), the same VARMA(1,1) and VARMA(1,2)
data-generating processes as in Section 5.1, with spherical Gaussian innovations for t = 1,..., 1000 but, for the initial pe-
riod t = —29,...,0 (that is, 3% of the total observation period), innovation outliers from a centered skew-t,. This can be
interpreted as a crisis-exit scenario with crisis period ending at time t = 0—an information that is not available to the ana-
lyst.

The rejection frequencies under the VARMA(1,1) null hypothesis (5.1) and the VARMA(1,2) alternative (5.3) are shown
in Figures 4 and 5, respectively. Comparing Figure 4 and the top panel of Figure 2 reveals that the size of the rank-based
tests under the null are remarkably robust (the van der Waerden satisfies the nominal 5% constraint for m > 5, as it did in
the upper panel of Figure 2) while the size of Hosking’s pseudo-Gaussian test, with a rejection frequency under the null
of about 0.80, is very severely affected: the impact on Hosking of the initial crisis (3% of the observation period), thus, is
quite persistent. The high rejection frequency of the classical portmanteau test, in Figure 5, which is more or less the same
as under the null, is meaningless and entirely explained by overall over-rejection under the null. Quite on the contrary, the
empirical powers of the rank-based tests remain quite stable and van der Waerden with m = 6 remains the best choice (note
that Spearman with m = 14 slightly over-rejects). Rank-based portmanteau tests, thus, unlike the traditional ones, are robust
to the fact that 30 observations still belonging to the crisis period have been included in the analysis (the end-of-crisis date
being unknown).

5.2.2. Resistance to patchy outliers

Another form of robustness is resistance to the presence of patchy innovation outliers. Here, at t = 500,501
and t = 502, 503 respectively, shocks of sizes (20, 20)’ and (—20, —20) are added to the Gaussian innovations for the same
VARMA(1,1) and VARMA(1,2) data-generating processes as in Section 5.1 (same observation period, n = 1000).

The rejection frequencies under the VARMA(1,1) null hypothesis and VARMA(1,2) alternative are shown in Figures 6
and 7, respectively. The plots clearly indicate that the rank-based tests are considerably more robust than their Gaussian
competitor: the empirical size of the Hosking test (value 1 for m =5, 10, 15, values 0.993 and 0.970 for m = 20, 25) is ex-
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Fig. 5. Rejection frequencies (nominal level 5%; asymptotic chi-square critical values), for m= 5, 10, ..., 25, of the Gaussian, van der Waerden, Spearman,

and sign portmanteau tests for unspecified VARMA(1,1) model, under the VARMA(1,2) alternative (5.3), with spherical normal innovations contaminated
by 30 points of skew-t, additive outliers. Number of observations n = 1030; number of replications N = 300. The solid and dashed horizontal lines indicate
the nominal level @ = 5%.
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Fig. 6. Rejection frequencies (nominal level 5%; asymptotic chi-square critical values), for m = 5, 10,..., 25, of the Gaussian, van der Waerden, Spearman,

and sign portmanteau tests for unspecified VARMA(1,1) model, under the VARMA(1,1) model (5.1) with spherical normal innovations contaminated by 4
points of additive outliers of size 20. Number of observations n = 1000; number of replications N = 300. The solid and dashed horizontal lines indicate the
nominal level @ = 5% and the rejection limits of the 5% two-sided test of the hypothesis that the actual level indeed is 5%.
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Fig. 7. Rejection frequencies (nominal level 5%; asymptotic chi-square critical values), for m= 5, 10, ..., 25, of the Gaussian, van der Waerden, Spearman,

and sign portmanteau tests for unspecified VARMA(1,1) model, under the VARMA(1,2) alternative (5.3), with spherical normal innovations contaminated
by 4 points of additive outliers of size 20. Number of observations n = 1030; number of replications N = 300. The solid and dashed horizontal lines indicate
the nominal level @ = 5%.

ploding and its empirical power, which is close to the empirical size, is therefore meaningless. In stark contrast, Figure 6 and
the top panel of Figure 2 remain relatively similar: the empirical sizes of the rank-based tests are not affected by outliers
(e.g., for m =5 or 6, the van der Waerden tests yield the nominal 5% size) and their empirical powers remain approximately
the same as under the uncontaminated case.

6. Conclusions

This paper achieves two objectives: a rigorous statement of the asymptotic behavior of the portmanteau test statistic
under the null hypothesis, and the construction of rank-based versions of the same. Simulations indicate that the latter,
thanks to a faster convergence, both in terms of the number n of observations and the number m of lags involved, bring
substantial potential gains of power when compared to their classical counterparts—particularly so under skewed and heavy-
tailed innovation densities.

The same simulations also provides empirical evidence of a better resistance of rank-based tests to the presence of
contaminated innovations. A more thorough analysis, on the model of Hampel et al. (1986), Ronchetti and Yen (1986), or
Heritier and Ronchetti (1994) (all restricted to models with independent observations), of the robustness properties of rank
tests in the time-series context is highly desirable, and should be left for further research.
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Appendix
Proof of Proposition 3.1. The result follows from deriving the asymptotic joint distribution, under Pg'}, of
(n—0)'vec(I{(8).  (n—j)"2vec(T{}(8)). and A" (6)

along the same lines as in the proof of Lemma B.1 in Hallin et al. (2022b). An application of Le Cam’s third Lemma yields
the asymptotic shifts in (3.2) and concludes. Details are left to the reader. O

Proof of Lemma 3.2. Since A/(\'})(éfc)) =0, we have, in view of (3.4), FS’&(@?) = F;'/’\?,* (@j(\’;)). Moreover, (3.3) entails

. nyx ™ n)s
(n— l)”zvec(I’l.(;A?, 6, - FfN) 0))
n-1
= (n—0)vec(T™@y) ~ TW(0) —(Z o Z*l)cl{o( ST 2*1)c§_9)*1

i=1
ol . ~(n)
x| Yo cipn—i)Pvec(T (B ) — T0(0)) | +0p(1)
i=1

n-1
= ((): T, - (T ):’1)c§‘0(2c,-,9(2 ® zfl)c;.,,)*1
i=1

n-1

(TewEe z—l)c;ﬂ))nl/Z(éX? —0) +op(1)

i=1

= Op(l )
The result follows. O
Proof of Proposition 3.3. Due to Lemma 3.2 and the exponential decrease, as i — oo, of ||¢; g,

~(n)
iN1/2 (m, 1) (n)

H n-0Y vec(Fw *(0) - T V0 )) H

with probability one converges to zero exponentially fast as m increases and n — oo. Part (i) then follows.
Turning to Part (ii), let

T (0) :=n~"2((n — 1)/ (vec(T{y"*(0))) . ... L (n—m)'2(vec(I TP (6)))') .

mN
Note that F/(\}"‘”)** () can be written as FJ(NT,"'”)** 0) = Ej(\f[’)(o)rj(vrfn,n)(o)’ where
EJ(‘\T) (0) = Imd2 - (Im ®TL® 271)C:)m+1)/
X (Cémﬂ)(lm RER 2—1)C;m+1)/)—lc‘(9m+l)

is an idempotent matrix. Then it follows from Proposition 3.1 that FX’I"”)** (0) is asymptotically normal with mean zero and

covariance Efwm) O (Jn® X ®X) under P(()'?}. It remains to prove that tr(E(gm)) = (m— p—q)d?, where tr(Eg")) denotes the

trace of E;m). Using tr(ABC) = tr(CAB), we obtain
tr(Ey™) = tr(lyg) — tr(Cy" (In © £ @ T-HCy™
(€ (@ Te =7HEm ) )
=md? — tr(Ip,q)g2) = (M — p — q)d>.
The result follows. O

Proof of Lemma 4.2. It follows from (4.10) and Lemma 4.4 in Kreiss (1987) that, under Pg‘"},

A (0(") ) = A @) - n12ym f(0)<0(n) _0) +op(1).
~h) “hilk ~h) Sk ~hi)

21



JID: ECOSTA [m3Gsc;March 2, 2023;2:11]

M. Hallin and H. Liu Econometrics and Statistics xxx (XXxX) xXx

; T () ; i n
Hence, letting Yy, -Jz-f(o) = limy_ o le,Jz,f(a)' it follows from the definition of QJLJz in (4.11) that

™ (g™ _ A gy _ 172 0™ 12 am g™y
éJlJz (QJIJZ) B éJl..lz ®)-n <le,]2’f(0)0 o éJl..lz G lehj(a)o) +or(D)

A 127 ™ _Am @™ 1
NJlJz(O) Ik f(0)< 0) NJ]JZ(a ) +oe()

~(n) ~(n)
—n'2,, ,,Lf(o)(o - 0) - nl/ZT,M,f(o)(o _ 0) +op(1) = op(1).

This establishes part (i) of the lemma. Part (ii) follows as a corollary of Part (i), since F(;)*J f(GJ(") ) is the residual of the
2.f ~Thi)2
regression of Ffj)J (6) with respect to AJ(”)J (@) computed at 6 = 6’;”)J . Asymptotic linearity, the asymptotic discreteness
~uhd2 ~hiJ2 “h)2

of 0](")] and Lemma 4.4 of Kreiss (1987) entail (iii). O
“hl

Proof of Proposition 4.3. Part (i) follows from (4.19) and the exponential decrease of ||c; ¢|. Turning to Part (ii), let

D () = 2((n = 1) 2 (ee(T M @) ... (n = m) 2 (vee(D ™ (8)))')
~Jba.f Jie.f ~mJi.Ja.f
where F(;” :)** (0) is defined in (4.21). Note that F(mjn)}‘* (6) can be written as
iJiJo.f 2
1“('”’”**(0) EM™ (0)r<'“-“>(0).
~hL.f bk f ~Jik
Then, from the definition of Q™** () in (4.20),
~mJiJp. f
Q" (8) =n("""(8))'(diag(S})y, ;(8))1<izm) L[ (0)
~miiJa. f Wil f o ~hl

= n(zmv")(o))/E(m” £(0)(diag(R{]", -(0)1izm)”

x EJ(I'";Z f(o)r“"v”)(o)

=n(C " O)Ey, O)(E}T, ;(0)(In @ Dy, )
<E"" (0)) E") f(o)r“" ().

where the last equality follows from (4.16). Now, letting
My :=M") .(6)
= (ln @ D}/DE" (O)(E") ;(0)(In @Dy, 1,)E") .(8))” E) .(0)(In @D;']),
we obtain
!
Q™ (8)=n(T™"()) (I ® D} )My (n © D ))T ™" (6).
~m:Jy.Jo. f ~hk 2T~

1/2

In view of Proposition 4.1, (Ip ® D )F(m m (@) is asymptotically normal with covariance 1., ,,. Moreover, since My is sym-

metric and idempotent (indeed, M(,Mo = M,,) it only remains to show that My is of rank (m — p — q)d?. Note that My has
the same rank as E(:"J)Z f(0) which is also idempotent, it suffices to prove that tr(E(m) f(0)) = (m - p —q)d2. Using again
the fact that tr(ABC) = tr(CAB), we have

tr(E;) £(6))

m
= tr(lmdz) —tr ((Im ® Kjl_b'f)chHU/ <Z ciﬂKjl-Jz-fcx{ﬂ) _1C§m+1))

i=1
m
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=md* —tr(I.q@) = (M — p — q)d*.

The result follows. O

22



ARTICLE IN PRESS

JID: ECOSTA m3Gsc;March 2, 2023;2:11
M. Hallin and H. Liu Econometrics and Statistics xxx (XXxX) xXx
References

Akashi, F, Hirokaki, O., Taniguchi, M., Monti, A.C., 2018. A new look at portmanteau tests. Sankhya, the Indian Journal of Statistics 80, 121-137.

Akashi, F, Taniguchi, M., Monti, A.C., Amano, T., 2021. Diagnostic Methods in Time Series. Springer, Singapore.

van den Akker, R., Hallin, M., Werker, B., 2015. On quadratic expansions of log-likelihoods and a general asymptotic linearity result. In: Hallin, M., Mason, D.,
Pfeifer, D., Steinebach, J. (Eds.), Mathematical Statistics and Limit Theorems, Festschrift in honor of Paul Deheuvels. Springer, pp. 147-166.

Azzalini, A., Capitanio, A., 2003. Distributions generated by perturbation of symmetry with emphasis on a multivariate skew t-distribution. Journal of the
Royal Statistical Society Series B 65, 367-389.

del Barrio, E., Gonzalez-Sanz, A., Hallin, M., 2020. A note on the regularity of optimal-transport-based center-outward distribution and quantile functions.
Journal of Multivariate Analysis 180, 104671.

del Barrio, E., Sanz, A.G., Hallin, M., 2022. Nonparametric multiple-output center-outward quantile regression. arXiv:2204.11756..

Box, G., Pierce, D., 1970. Distribution of residual autocorrelation in autoregressive- integrated moving average time series models. Journal of the American
Statistical Association 65, 1509-1526.

Chernoff, H., Savage, L.R,, 1958. Asymptotic normality and efficiency of certain nonparametric tests. Annals of Mathematical Statististics 29, 972-994.

Chernozhukov, V., Galichon, A., Hallin, M., Henry, M., 2017. Monge-Kantorovich depth, quantiles, ranks, and signs. Annals of Statistics 45, 223-256.

Chitturi, R.V., 1974. Distribution of residual autocorrelations in multiple autoregressive schemes. Journal of the American Statistical Association 69, 928-934.

Deb, N., Bhattacharya, B., Sen, B., 2021. Efficiency lower bounds for distribution-free Hotelling-type two-sample tests based on optimal transport.
arXiv:2104.01986.

Deb, N., Sen, B., 2021. Multivariate rank-based distribution-free nonparametric testing using measure transportation. Journal of the American Statistical
Association doi:10.1080/01621459.2021.1923508.

Figalli, A., 2018. On the continuity of center-outward distribution and quantile functions. Nonlinear Analysis 177 (part B), 413-421.

Garel, B., Hallin, M., 1995. Local asymptotic normality of multivariate ARMA processes with a linear trend. Annals of the Institute of Statistical Mathematics
3, 551-579.

Ghosal, P, Sen, B., 2022. Multivariate ranks and quantiles using optimal transport: consistency, rates and nonparametric testing. The Annals of Statistics 50,
1012-1037.

Hallin, M., 1986. Non-stationary g-dependent processes and time-varying moving-average models: invertibility properties and the forecasting problem.
Advances in Applied Probability 18, 170-210.

Hallin, M., 1994. On the Pitman non-admissibility of correlogram-based time series methods. Journal of Time Series Analysis 16, 607-612.

Hallin, M., 2022. Measure transportation and statistical decision theory. Annual Review of Statistics and its Applications 9, 401-424.

Hallin, M., del Barrio, E., Cuesta-Albertos, J., Matran, C., 2021. Center-outward distribution and quantile functions, ranks, and signs in dimension d: a measure
transportation approach. Annals of Statistics 49, 1139-1165.

Hallin, M., Hlubinka, D., Hudecova, S., 2022a. Fully distribution-free center-outward rank tests for multiple-output regression and MANOVA. Journal of the
American Statistical Association doi:10.1080/01621459.2021.2021921. In press. arXiv: 2007.15496.

Hallin, M., Jureckova, M, 1999. Optimal tests for autoregressive models based on autoregression rank scores. Annals of Statistics 27, 1385-1414.

Hallin, M., La Vecchia, D., 2020. A simple R-estimation method for semiparametric duration models. Journal of Econometrics 218, 736-749.

Hallin, M., La Vecchia, D., Liu, H., 2022b. Center-outward R-estimation for semiparametric VARMA models. Journal of the American Statistical Association
117, 925-938.

Hallin, M., La Vecchia, D., Liu, H., 2023. Rank-based testing for semiparametric VAR models: a measure transportation approach. Bernoulli 29, 229-273.
Hallin, M., Mordant, G., 2022. On the finite-sample performance of measure-transportation-based multivariate rank tests. In: Yi, M., Nordhausen, K. (Eds.),
Robust and Multivariate Statistical Methods: Festschrift in honor of David E. Tyler. Springer. To appear. Available at http://arxiv.org/abs/2111.04705
Hallin, M., Paindaveine, D., 2002a. Optimal tests for multivariate location based on interdirections and pseudo-Mahalanobis ranks. Annals of Statistics 30,

1103-1133.

Hallin, M., Paindaveine, D., 2002b. Optimal procedures based on interdirections and pseudo-Mahalanobis ranks for testing multivariate elliptic white noise
against ARMA dependence. Bernoulli 2, 787-815.

Hallin, M., Paindaveine, D., 2004. Rank-based optimal tests of the adequacy of an elliptic VARMA model. Annals of Statistics 32, 2642-2678.

Hallin, M., Paindaveine, D., 2005. Affine-invariant aligned rank tests for the multivariate general linear model with VARMA errors. Journal of Multivariate
Analysis 93, 122-163.

Hallin, M., Puri, M.L.,, 1988. Optimal rank-based procedures for time series analysis: testing an ARMA model against other ARMA models. Annals of Statistics
16, 402-432.

Hallin, M., Puri, M.L., 1994. Aligned rank tests for linear models with autocorrelated error terms. Journal of Multivariate Analysis 50, 175-237.

Hallin, M., Tribel, O., 2000. The efficiency of some nonparametric rank-based competitors to correlogram methods. In: Bruss, ET.,, LeCam, L. (Eds.), Game
Theory, optimal Stopping, Probability, and Statistics: Papers in honour of T.S. Ferguson on the occasion of his 70th birthday. In: I.M.S. Lecture Notes—
Monograph Series, pp. 249-262.

Hampel, FR., Ronchetti, E., Rousseeuw, P, Stahel, W.A., 1986. Robust Statistics: the Approach Based on Influence Functions. Wiley & Sons.

Heritier, S., Ronchetti, E., 1994. Bounded-influence tests in general parametric models. Journal of the American Statistical Association 89, 897-904.

Hodges, J.L., Lehmann, E.L, 1956. The efficiency of some nonparametric competitors of the t-test. Annals of Mathematical Statistics 2, 324-335.

Hosking, J.R.M., 1980. The multivariate portmanteau statistic. Journal of the American Statistical Association 75, 602-607.

Kreiss, J.P., 1987. On adaptative estimation in stationary ARMA processes. Annals of Statistics 15, 112-133.

Li, WK., McLeod, A.l, 1981. Distribution of the residual autocorrelation in multivariate ARMA time series models. Journal of the Royal Statistical Society
Series B 43, 231-239.

Liu, RY., 1992. Data depth and multivariate rank tests. In: Dodge, Y. (Ed.), L! Statistics and related Methods. North-Holland, Amsterdam, pp. 279-294.

Ljung, G.M., Box, G.E.P,, 1978. On a measure of lack of fit in time series models. Biometrika 65, 297-303.

Mélard, G., 2022. An indirect proof for the asymptotic properties of VARMA model estimators. Econometrics and Statistics 21, 96-111.

Mordant, G., 2021. Transporting Probability Measures: some Contributions to Satistical Inference. PhD thesis, Université catholique de Louvain.

Oja, H., 2010. Multivariate Nonparametric Methods with R: an approach based on spatial signs and ranks. Springer, New York.

Puri, M.L, Sen, PK., 1971. Nonparametric Methods in Multivariate Analysis. John Wiley & Sons, New York.

Ronchetti, E., Yen, ].H., 1986. Variance-stable R-estimators. Statistics 17, 189-199.

Shi, H., Drton, M., Hallin, M., Han, F,, 2022b. On universally consistent and fully distribution-free rank tests of vector independence. Annals of Statistics 50,
1933-1959.

Shi, H., Drton, M., Hallin, M., Han, F. 2023. Semiparametrically efficient tests of multivariate independence using center-outward quadrant, Spearman, and
Kendall statistics. Available at http://arxiv.org/abs/2111.15567.

Shi, H., Drton, M., Han, F,, 2022a. Distribution-free consistent independence tests via center-outward ranks and signs. Journal of the American Statistical
Association 117, 395-410.

Taniguchi, M., Amano, T., 2010. Systematic approach for portmanteau tests in view of the Whittle likelihood ratio. Journal of the Japan Statistical Society
39, 177-192.

23


http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0001
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0002
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0003
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0004
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0005
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0006
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0007
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0008
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0009
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0010
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0011
https://doi.org/10.1080/01621459.2021.1923508
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0013
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0014
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0015
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0016
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0017
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0018
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0019
https://doi.org/10.1080/01621459.2021.2021921
arxiv:2007.15496
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0020a
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0021
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0022
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0023
http://arxiv.org/abs/2111.04705
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0025
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0026
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0027
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0028
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0029
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0030
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0031
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0032
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0033
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0034
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0035
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0036
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0037
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0038
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0039
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0040
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0041
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0042
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0043
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0044
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0045
http://arxiv.org/abs/2111.15567
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0046
http://refhub.elsevier.com/S2452-3062(23)00006-0/sbref0047

	Center-outward Rank- and Sign-based VARMA Portmanteau Tests: Chitturi, Hosking, and Li-McLeod revisited
	1 Introduction
	1.1 The Gaussian multivariate portmanteau test
	1.2 Center-outward rank-based multivariate portmanteau test

	2 Notation and general setting
	2.1 VARMA models
	2.2 Local asymptotic normality (LAN)

	3 The Chitturi-Hosking-Li-McLeod multivariate portmanteau test
	3.1 Residual cross-covariance matrices
	3.2 The (pseudo-)Gaussian test

	4 A portmanteau test based on multivariate center-outward ranks and signs
	4.1 Pseudo-Gaussian versus rank-based tests
	4.2 Center-outward ranks and signs
	4.3 Center-outward rank-based cross-covariance matrices
	4.4 Center-outward rank-based portmanteau tests
	4.5 Asymptotic distribution
	4.6 Local powers and AREs
	4.7 Some standard score functions

	5 Numerical assessment of finite-sample performance and resistance to outliers
	5.1 Size and power
	5.2 Robustness
	5.2.1 Resistance to changes in the innovation density
	5.2.2 Resistance to patchy outliers


	6 Conclusions
	Acknowledgement
	Appendix
	References


