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1. Introduction

Spillovers, which are interpreted as exogenous interactions in the explanatory variables, are one of the three types of
interactions across units in a cross section of observations. The other two types are endogenous interactions that affect the
dependent variable and interaction effects among the error terms. Each of these models is represented in the spatial econo-
metrics literature by a different specification of the spatial effects. The first type, which considers exogenous interactions,
is usually specified as an SLX model (Y = X + WXy +u) in which the dependent variable (Y) is a linear function of the
regressors X. There is a direct effect of the regressors on the dependent variable through the § parameters and an indi-
rect effect through the spatial matrix W that allows for spillovers from the covariate X; on Y; for i # j. The second model
specification is the spatial autoregressive (SAR) model, which adds a weighted average of nearby values of the dependent
variable to the base set of explanatory variables: Y = WY + X8 + u. The third specification given by the spatial error model
(SEM) uses a similar structure to directly model spatial relationships among the errors: Y = X8 + u, with the error variable
u =0Wu + e, where 6 captures the spatial correlation between the error terms. The spatial Durbin model combines spatial
features in the dependent variable and exogenous regressors.

Spatial econometric models suffer, in general, from identification problems. Halleck Vega and Elhorst (2015) discuss three
types of identification problems. First, different spatial econometric models are generally impossible to distinguish without
assuming prior knowledge about the true data-generating process, including the spatial W matrix (see Gibbons and Overman
(2012), Corrado and Fingleton (2012) and Partridge et al. (2012)). For this reason, empirical analyses usually report estima-
tion results under different specifications of the dependence structure. Kelejian (2008) and Kelejian and Piras (2011) develop
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test statistics to select a spatial weights matrix from a set of candidates. Lam and Souza (2020) estimate the best linear com-
bination of candidates and a sparse adjustment matrix using the least absolute shrinkage and selection operator (LASSO).
Higgins and Martellosio (2022) develop a similar approach based on a penalised quasi-maximum likelihood estimator that
controls for unobserved factors. Bhattacharjee and Jensen-Butler (2013) estimate the interaction matrix from the spatial au-
tocovariance matrix with panel data, showing that identification is only partial. Rose (2017) identifies peer effects in a social
network from the fluctuations in the variance and covariance of the outcomes. Second, spatial models are characterised by
N(N-1) potential relationships among the observations, but only N data observations are available (see McMillen (2012)).
The third identification problem occurs when the unknown parameters of a model cannot be uniquely recovered from their
reduced-form specification even if the spatial econometric model and W are correctly specified. Although this problem can
arise in models exhibiting spatial endogeneity, such as the SAR model, the spatial econometrics literature has made signif-
icant progress in this direction by developing techniques for the consistent estimation of the model parameters given the
correct specification of the spatial model and certain assumptions about the weight matrix (see Kelejian and Prucha (1998,
1999), Lee (2004), Bramoullé et al. (2009) and Sun (2016)). See also Anselin (1988) for an excellent monograph on spatial
econometrics models.

In this paper, we will focus on the first two issues by proposing a functional specification of an SLX model. Our con-
tribution is to model the spatial effect as a functional coefficient that is approximated nonparametrically using a series of
Taylor expansions applied over disjoint intervals covering a partition of the spatial variable. This approach is nonparamet-
ric because the Taylor approximation and the partition require a number of regressors that increases with the sample size
(see Pinkse et al. (2002), Sun (2016) and Koroglu and Sun (2016) for similar frameworks). The second contribution is to
extend the standard SLX model by allowing for spatial effects that are characterised by random variables different from the
geographical distance. This extension has nontrivial implications for modelling purposes. While the geographical distance
is treated as a non-stochastic variable, the latter variable indexing the functional coefficient is a random variable, adding
another layer of complexity to the model.

The identification of N(N — 1) interactions in a cross section of N observations is possible due to the specification of the
functional coefficient characterising spillovers between observations. Each pairwise interaction is interpreted as a realisation
of the functional parameter. This setting takes advantage of smoothing techniques for approximating unknown functional
parameters (see Fan and Gijbels (1996), Cai and Li (2008), Cai and Xu (2008) and Cai and Xiao (2012) for local polynomial
approximations in different contexts). Sun (2016) applies a similar procedure in a spatial model by only considering en-
dogenous SAR effects, and Koroglu and Sun (2016) apply a similar procedure in a nonparametric spatial Durbin model. In
contrast to these authors, we do not use kernel methods to control for the local character of the approximation. Instead,
we approximate the functional coefficient using Taylor expansions over an increasing number of disjoint intervals defining
a partition of the compact support of the spatial variable. This methodology allows us to estimate the coefficients defining
the local Taylor expansions by minimising the residual sum of squares over each interval. In this respect, our estimation ap-
proach can be framed in the sieve regression literature (see Newey (1997) for a general setting and Pinkse et al. (2002) for
an application of series estimators to endogenous spatial models) and, more specifically, it belongs to the class of partition-
ing estimators (see Cattaneo and Farrell (2013) and Cattaneo et al. (2020)), which we extend to the spatial literature. The
accuracy of our approximation also depends on the order of the Taylor expansion of the functional coefficient, which, in
contrast to the number of intervals defining the partition, is assumed to be finite.

As an additional contribution, we extend the existing theory on partitioning estimators to derive the pointwise and uni-
form convergence of the partitioning estimator of the functional coefficient for the SLX model and leave the analysis of the
model with endogenous features for future research. In particular, we derive pointwise estimates based on realisations of
the functional coefficient at specific locations that are shown to converge at a rate N to a standard normal distribution. This
convergence rate is due to the presence of N(N — 1) potential neighbours and is similar to the square-root-of-N convergence
of the partitioning estimator in a nonparametric setting (see Cattaneo and Farrell (2013); Cattaneo et al. (2020)). We use
the asymptotic results derived by these authors to extend the convergence of the partitioning estimator to a centred Gaus-
sian process in the functional space. We also develop pointwise t-tests to evaluate the statistical significance of the spatial
effects on specific locations and a uniform test that extends the analysis to the compact support of the spatial variable.
The implementation of the uniform test is not straightforward, as it is a composite hypothesis. Under the null hypothesis,
we face Davies (1977, 1987)'s problem of the lack of identification of the nuisance parameter. Thus, the asymptotic null
distribution of the composite test Hy is a zero-mean Gaussian process with a covariance kernel that cannot be tabulated.
Nevertheless, we follow the theory of Cattaneo et al. (2020) to derive the asymptotic distribution of the test, and the wild
bootstrap methods of Hansen (1996) are used to approximate its finite-sample distribution under the null hypothesis.

The finite-sample performance of these tests is evaluated using Monte Carlo methods. We compute the bias and root
mean square error (RMSE) of the parameter estimators to demonstrate their consistency. Second, we analyse the size
and power of the marginal t-tests and uniform test. The simulations show a very good performance for both tests in
terms of power and a reliable empirical size. The proposed methodology is illustrated in an empirical application that in-
volves studying the environmental Engel curves (EECs) discussed in an influential work by Levinson and O’Brien (2019).
We extend the analysis carried out by these authors by incorporating neighbouring effects in the relationship between
households’ income and pollution measures. The variable characterising the spatial structure of the model is the L; dis-
tance between households’ income from two different units, such that two neighbouring observations are characterised by
similar income patterns. Building on recent studies about peer effects in household consumption and energy behaviours
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(Agarwal et al., 2021; Wolske et al., 2020; De Giorgi et al., 2020), we provide strong empirical evidence of neighbouring ef-
fects in the relationship between different forms of environmental pollution and after-tax household income discovered by
Levinson and O’'Brien (2019). The sign of this relationship is positive, suggesting a reinforcing effect of income on pollution
coming from households with similar income levels.

The rest of the paper is structured as follows. Section 2 introduces a functional SLX model. In Section 3, we propose a
nonparametric estimator for the functional parameter based on the theory on partitioning estimators and derive the asymp-
totic theory of the proposed estimators. In particular, we show the consistency and uniform convergence of the functional
parameter estimator obtained by our augmented regression model. This section also derives pointwise convergence results of
the convergence of the estimators to a normal distribution and weak convergence to a Gaussian process. Section 4 presents
different hypothesis tests to statistically assess the presence of spatial effects in the data. This section also discusses model
selection and the optimal choice of tuning parameters such as the width of the intervals defining the partition and the order
of the Taylor expansion. Section 5 presents a Monte Carlo exercise to evaluate parameter estimation and hypothesis testing
in finite samples. Section 6 contains the empirical application, and Section 7 concludes the paper. An appendix contains the
mathematical proofs of the main results of the paper.

1/2 . 1
In what follows, ||A|| = (ZL] Z']ﬁ:] aizj> denotes the L2 norm for A, an m x n matrix, and ||a|| = (Z?=1 al.z) /? denotes

the L2 norm for a vector a of dimension n.

2. A novel spatial regression model

This section introduces the nonparametric SLX model obtained by considering a functional coefficient for the spatial
effects. This section also proposes estimators of the spatial parameters based on the theory on partitioning estimators (see
Cattaneo and Farrell (2013) and Cattaneo et al. (2020), which are recent seminal contributions).

2.1. The baseline model

The proposed model is

N
y,'Z)\,X,‘-i-ZW(dij)Xj-FS,‘, i=1,...,N, (1)
=1
J#
where y; is the dependent variable and x; is the exogenous regressor evaluated at unit i. Both variables are demeaned such
that there is no intercept in the model; A is the slope coefficient measuring the direct relationship between the dependent
variable and the regressor and ¢; is a zero-mean error term. The indirect effect between y; and the regressors evaluated at
different units is what we call the spatial effect. This effect is captured by an N x N interaction matrix with elements w(d;;).
The diagonal elements of this matrix are zero such that w(d;) =0 for d; = 0 and the off-diagonal terms are characterised
by the distance d;; between the different units. This distance is constructed as d;; = f(u;, u;j), with f(-,-) e x cR*. It is a
metric defined by realisations {u;, u;} of a spatial variable U evaluated at units i and j; x is a compact set. To illustrate
the model and estimation procedure, we consider one regressor, but the methods below can be extended naturally to the
case of a finite number of regressors. Our objective is to estimate the N(N — 1) parameters of the interaction matrix from a
sample of N observations. To do this, we model w(d;;) as a functional coefficient (see Pinkse et al. (2002) and Sun (2016) for
similar settings).

The following assumptions impose the exogeneity of the regressors and the independence of the errors, and they in-
troduce regularity conditions on the functional coefficient and the elements of the partition. Before this, we introduce
the following notation. Let [z, — hy, z, + hy) be a generic interval of the partition, with hy being some bandwidth pa-
rameter such that hy — 0 as N — oo. This nuisance parameter characterises a partition of the compact set x given by
Ufle [z — hn, z + hy). Let 1yy(d) be an indicator function with 1,y(d) =1 if d belongs to the interval [z, — hy, z; + hy) and
1 (d) = 0 otherwise. Then, py = E[1,y(d)] = P{d € [z — hy, z + hy)} such that YK | peyv = 1.

Assumption A.

(A1) {(x;,u;, &)} is an independent and identically distributed (iid) sequence across index i and y; is generated from
model (1). The regressor E[x;‘] <oo, fori=1,....N.

(A2) The functional coefficient w(d) is (q+ 1)-times continuously differentiable on (and an extension of) the compact
set x c R, with g > 0 fixed. The compact set is partitioned into Ky disjoint intervals centred at the knots {zyy, ..., zgn}-
The subscript k refers to the specific knot k and the subscript N refers to the dependence of the knots on the sample size
through the choice of the bandwidth parameter hy. In what follows, we remove the subscript N whenever possible from
1in (), h, K, ziy and pyy.

(A3) The distance variable d € x is continuously distributed with a Lebesgue density that is bounded, and it is bounded
away from zero on .

(A4) E[S,’ I Xi =X, d,’ = d] =0 for di = {dil’ ey di,i—ls di,i+1v ey diN} and d e XN_]; O'2(X, d) = E(812 | Xi =X, d,’ = d) is con-
tinuous and bounded away from zero, and E[ef | X; = x.d; = d] < oo, for all i and any (x.d) e R x xN-1.

3
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(A5) K/N — 0 and N/K9+1 — 0 as K, N — oc.

Under assumption Al, the regressors are iid across individuals and their fourth statistical moment is finite. This will be
required for proving the consistency of the sample covariance matrices. Assumption A2 is a classical smoothness condition
on the functional coefficient that allows us to approximate the unknown function w(d) using different Taylor expansions
applied to a disjoint set of shrinking intervals covering the compact set. Assumption A3 guarantees that all the intervals
in the partitioning of the compact set are non-empty. Assumption A4 imposes moment conditions on the error term of
the regression equation (1) conditional on the vector of exogenous covariates x and d. The assumption also guarantees the
smoothness of the conditional variance as a function of the covariates and the existence of the conditional fourth moment
of the error term. Importantly, the model accommodates the presence of conditional heteroscedasticity as a function of the
covariates. Assumption A5 imposes some regularity conditions on the number of intervals characterising the partition with
respect to the order of the Taylor expansion and the sample size. Moreover, the definition of the partition of x entails
the condition h < K=! such that according to the conditions in assumption A5, it follows that Nh — oo and Nh9t! — 0 as
N — oo.

Under the above partition and noting that foﬂ 1,(d) = 1, the functional coefficient can be expressed as a Taylor expan-
sion of order g, with q fixed, such that

K ¢q
wid) = 33 T w™ (@) (d - 20™,(d) +R(@), @)

k=1m=0"""

where w(™ (z,) is the m" derivative of w(-) evaluated at z;, w®(z,) = w(z) is the functional coefficient evaluated at z;
and R(d) = Y5, w0 () (d — )91, (d) is the remainder of the Taylor expansion, with ¢, € (z; — h, z + h).

Local polynomial approximations of functional coefficients are proposed by Fan and Gijbels (1996), Cai and Li (2008), Cai
and Xu (2008) and Cai and Xiao (2012), among others. However, in contrast to these studies, the approximation proposed
below is not based on kernel smoothers of the neighbouring observations but on a partitioning of the compact set into

disjoint intervals. More formally, let )?fkm) = Z?;]xj (dij —z)™1,(d;;) be regression variables indexed by k=1,...,K and
J#
m=0,..., q, and let y, = %w(m)(zk) be the corresponding spatial regression coefficients. Similarly, let R; = Z?’:1R(dij)xj

J#i
be the aggregate remainder term. By plugging in the Taylor expansion in equation (1) and using the above notation, we

obtain the following regression model:

K q
i =)»Xi+zz7/km?7}km) +Ri + & (3)
k=1m=0
By applying a Taylor expansion to w(d;;) around the different knots in the partition, we reduce the above infinite-
dimensional problem with N2 parameters to a regression model with K(q+ 1) parameters with K, N — oo, K/N — 0 and
q fixed, under assumption A5.
A more convenient specification for estimation purposes is its matrix form:

Y=XA+XT+R+e¢, (4)

where Y = (Yy,...,Yy) and X = [Xy,...,Xg] is a matrix of dimension N x K(q + 1). Each X, defines an N x (q + 1) matrix

; k0 I . . . .
with elements (Rf ). ,i}‘q)). Similarly, the vector of coefficients satisfies I' = (I', ..., ), with T = (Voo - - - ykq)/. The

vector € = (&1, ...,&y)’ is the error term and R is a vector with the remainder terms R; fori=1,...,N.

3. Partitioning estimator for the SLX model
3.1. Estimation

Using the partitioned inverse, a suitable estimator of A is
-~ o~ ,] o~ ~
A= (XiXa) Xo(Y =Y), (5)
with X, = MxX, where Mx = Iy — Px and Px = X(X’X)~1X’. Similarly, ¥ = PxY is the projection of Y on X = [X1...., Xk].
This matrix is partitioned into blocks such that each of the spatial parameters is estimated from the partitioned regression

as follows:
-1

N N
Pe= (2 %X | D Xui—2x), (6)
i=1 i=1
for each Ty = (Jio. .- .. Ykq)' (see Cattaneo and Farrell (2013) for details on partitioned regressors). The estimator of w(d) is
obtained from the Taylor expansion (2) as follows:
K q K
W) = 33 Fin(d - 20™1(d) = 3 Tiwn(@1,(d). (7)
k=1m=0 k=1
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with v (d) = [1. (d = ). (d = ). ... (d — 2)7].

Another important quantity for making statistical inferences about the spatial parameters is the variance of the pa-
rameter estimators. Let &g = E[X’MxX] and W, = E[X’MxX&2]. The sample counterparts are & = %Z?Iﬂ X' Xy and ¥ =
§ XN, X! X, €2, where e; = y; — Ax; — Y f_; Xy T Then,

V@)=%64®64. (8)

Similarly, let Q; = E[X};X\;]/p, and A, = E[X;a.Xk,-eiz]/pk be the spatial covariance matrices. An appropriate estimator of the
variance of the vector of spatial parameter estimators is

V() = oo G AG (9)

. P . . ~ 1 N ~ 1 N
where oy = N(N — 1) is a standardising constant for the spatial coefficients, Q; = EnFE it X Xi Ar = anbr izt ,(,szez
and p, captures the probability of belonging to a given interval of the partition of x. From these expressions, a natural
estimator of the variance of w(d) in equation (7) is

K

Vw(d) = > V)V (Tve(d)1,(d). (10)

k=1

3.2. Asymptotic convergence of the SLX estimator

This subsection presents pointwise and uniform convergence results for the functional estimator w(d) in equation (7).
This subsection also presents results that are necessary for making asymptotic inferences on the pointwise estimates and
explores uniform approximations and convergence results when the estimator is considered a process in d € x. The follow-
ing regularity conditions guarantee the existence of the population covariance matrices and suitable conditions for applying
the law of large numbers and the central limit theorem in an iid setting.

Assumption B. The matrices ®y and W, are positive definite, such that || ®g|| < oo, [|¥g]l < oo, ||<I>51 || < oo and ||\1151 | <
oco. Similarly, we impose E[[|X’MgX||?] < co. We also assume that ||Q|| < oo and ||A]| < oo, for k=1, ..., K. The conditions
in assumption B guarantee the existence and positive-definiteness of the population covariance matrlces ®y, ¥o, Q, and
Ay, for k=1,...,K. This assumption is sufficient to show that ||<I> <I>0|| =o0p(1). Convergence results for the spatlal co-
variance matrices are presented as follows. Let Qk = ka Z,-=] ZJ»:]Xkyink’U and A,( = ka Zi:l Zj=1 ka,»ij_,-j ¢, where

j#i j#i
)7(,“4] = (x;1(dij), xj(dij — ) 1 (dyj), . ... xj(djj — z)91)(d;;)) and e; represents the residuals defined above.

Lemma 1. Under assumption Al, it follows that ||Qk Qk|| = Op( ) for k=1,... K. Similarly, ||AV,< —ﬁkH = Op<ﬁ) as N —

Q.

The result in Lemma 1 allows us to replace the sample covariance matrices Gk with Q\k for estimation purposes. The latter
matrix is more convenient for analytical and computational purposes, as it does not consider the sample cross-correlations
between x; and x; for i, j=1,..., N. These correlations converge to zero in probability under the iid assumption in Al. The
consistency of the latter sample covariance matrix is derived below.

Lemma 2. Under assumptions A and B, for k=1, ..., K, it follows that ||Q,< Qcll = Op<f> as K,N — oo.

The above result in Lemma 2 is refined in the proof in the appendix and differentiates between the cases d;; # d;; and
d;j = dj;. Nevertheless, in a spatial setting, we are only concerned with the symmetric case.

These results also allow us to derive the consistency of the slope parameter estimator 2 and the spatial parameter esti-
mators ['y, foreach k=1,... K.

Proposition 1. Under assumptions A and B, it follows that ||X — Al = 0,(1/+/N) and ||f,< — Tl = 0Op(WK/N), for k=1,....K,
as K,N — ooc.

The above result illustrates the effect of considering a partitioning estimator for the spatial effects. The convergence rate
includes an additional effect produced by dividing the compact set into K disjoint intervals.

Proposition 2. Under assumptions A and B,

VNG =) S N0, 05" W) (1)

These results allow us to derive the uniform convergence of the estimator of the functional coefficient.
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Theorem 1. Under assumptions A and B,

sup |[W(d) —w(d)| = 0p(VK/N + K@), (12)
dey

The uniform convergence is determined by a variance term +/K/N given by the estimation of the spatial parameters and
a bias term K—@+1) driven by the approximation error due to the remainder terms of the Taylor expansions evaluated at
different intervals. The following auxiliary results are useful for obtaining the asymptotic distribution of the estimator of the
functional coefficient.

Lemma 3. Under assumptions A and B and the result in Proposition 1, for every k=1, ..., K, we have ||Kk —Acll = Op<ﬁ>.

Lemma 4. Under assumptions A and B, for k=1,..., K, the estimator (9) satisfies
1 K
VO = 0+ 00 )

This result can be extended to derive the asymptotic convergence of the variance estimator (10). To do
this, we introduce further notation. Let Vg(d)=ay 25:1 UL(d)V(fk)vk(d)lk(d). Similarly, we define VK(d) =
Zk 1vk(d)Q\,:12kQ\,: v (d)1,(d)/py. Note that knowledge of the probability p, is not required to obtain VK(d) This is
because i cancels out in the covariance estimator Q, 1A,<Qk Note also that the definition of VK(d) considers the esti-

mators Qk and Ak instead of the sample covariance matrices Q,( and A,( used in the definition of V(Fk) in equation (9).
As shown in Lemmas 1 and 2, this is done for analytical convenience but does not affect the asymptotic results in
Proposition 3 due to the differences in convergence rates.

Proposition 3. Under assumptions A and B, for k=1, ..., K and any fixed d € x, it holds that

(i) Vic(d) = Vie(d)| = Op(K/N),
(ii) V(Van(W(d) —w(d))) = Vi (d) + O(N/K>@+1),

Therefore, under the regularity conditions in assumption A5, a consistent estimator of V (/ay(W(d) —w(d))) is VK(d).
More formally, by applying the triangular inequality, Proposition 3 can be used to show that

IV (Ve (@(d) — w(d))) — Vk(d)] = O(N/K2@D) 4 0,(K/N) = Op(K/N). (13)
under assumption A5.

The following theorem presents the asymptotic distribution of the estimator of the functional coefficient.

Theorem 2. Under assumptions A and B, for any fixed d ¢ y, it follows that
w(d) —w(d) 4

VON
Ve (d)

£ N@©,1). (14)

The convergence rate of the estimator reflects the influence of neighbouring effects. This result is the basis of point-
wise tests for the presence of spatial effects given by the null hypothesis Hy : w(d) =0 vs. the alternative hypothesis
H, : w(d) # 0, for some fixed d € x. Importantly, this result can be also extended to the functional space if w(d) is con-
sidered a process in d € x. Unfortunately, the stochastic process w(d) is not asymptotically tight and, therefore, does not
converge weakly in £, where £* denotes the set of all uniformly bounded real functions on x equipped with the uniform
norm. Nevertheless, the weak convergence of the above process can be obtained by adapting the strong approximation re-
sults derived in Section 6 of Cattaneo et al. (2020). We state the following result, the proof of which is obtained through
the application of the asymptotic results found by these authors.

Proposition 4. Under assumptions A and B, the estimator w(d), for d € yx, satisfies
w(d) —w(d) w

VON
V@)

= G(d), (15)

where 5 denotes weak convergence and G(d) is a zero-mean Gaussian process defined on d e X-
The asymptotic distribution of the supremum functional can be obtained as a byproduct of this result such that

w(d) — w(d)| a4
V2 (d)

The proof of the above follows from the continuous mapping theorem applied to the supremum. The next section introduces
a test for the presence of spatial effects based on the above results and discusses different methods for model selection.

Jay sup

dey

as N — oo. (16)

6
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4. Hypothesis testing and model selection
4.1. Hypothesis testing

This subsection exploits the above asymptotic theory to construct different hypothesis tests. Although the focus is on
testing for the presence of spatial effects, we also introduce a framework to statistically assess the functional form of w(d).

In our context, testing for the presence of spatial effects can be formulated as Hy : sup |w(d)| = 0, against the alternative
dey
Hy :sup|w(d)| > 0. The null hypothesis can be modified to evaluate specific functional forms of w(d). In this case, the
dey
hypothesis of interest is Hy : sup [w(d) — f(d)| = 0, where f(-) is some known functional specification of d € y, against the
dey

alternative Hyj @ sup |w(d) — f(d)| > 0.
dey

Following Davies (1977, 1987), we propose the test statistic
w(d) - f(d)

Ve (d)
where the functional form f(d) depends on the null hypothesis under study. Hypothesis tests involving nuisance parameters
under the null hypothesis have been widely investigated in the time-series literature and, in particular, in threshold models
and structural break testing. The seminal contribution of Andrews and Ploberger (1994) proposes alternative tests based

on average weighted and average exponential statistics. Hansen (1996) develops a Wald-type test that is made operational
through a p-value transformation.

Ty = /o sup
dey

. (17)

Theorem 3. Under assumptions A and B, and the null hypothesis of interest (Hy or Hyy), it holds that

Ty % sup |G(d)], as N — oo, (18)
dey

where G(d) is the zero-mean Gaussian process defined above.

The proof of this theorem follows as an application of the asymptotic result (16), and it is obtained by replacing w(d)
with the null hypothesis of interest.

Obtaining asymptotic critical values for these tests is difficult because the asymptotic distribution is non-standard and
cannot be tabulated. Fortunately, simulation and resampling methods can be applied to approximate the critical values in
finite samples (see Andrews (1993), Hansen (1996) and, more recently, Cattaneo et al. (2020)). We now discuss a p-value
transformation method for testing the null hypothesis of interest. We operate conditionally on a realisation of {(x;, yi)}f’: "
which is denoted as wy. Expression (A.17) in the mathematical appendix shows that

N K R
1 rn-1<x¢/
w(d) —w(d) Mmggvk(d) Q' Xje0i1,(d)

Ve vAd V2 (@)

+0p(1),

where e(; represents the residuals of the data-generating process obtained under the null hypothesis, e.g. eg; =y; —/):xi,
where X is the ordinary least square (OLS) estimator of the regression model without spatial effects obtained under the null
hypothesis Hy : sup |[w(d)| = 0.

dey

The objective of this approximation is to construct independent replicas of the test statistic Ty for this case. Let G}, be
a conditional zero-mean Gaussian process with the same covariance kernel as G(d). This process can be simulated by gen-

erating a vector of iid random variables € = (¢4, ..., €)' to construct the simulated residuals ej = ey ® €, with ® denoting
element-by-element multiplication. Then,
1 NoX 1A-1x/
0N Pk Zlkz:lvk(d) Qk ineailk(d)
G* (d) — 1=lk= , (19)
N V2 (d)

and T} = sup |Gy (d)].
dey

Using the same arguments used by Cattaneo et al. (2020), we assert that the p-value obtained from the simulated process
G}, converges to the asymptotic p-value of the test under the null hypothesis. More formally,

Py T} > Tn} — PHO{TN > Sup|G(d)|}, as N — oo, (20)
dey

where P, denotes a probability distribution function conditional on the realisation of the sample wy, and Py, is the prob-

ability distribution of sup|G(d)| under the null hypothesis. Although the distribution of T} is not directly observed, it can
dey
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be approximated to any degree of accuracy by conditionally operating on wy. The algorithm used to compute the p-value
of the test is described below.
Algorithm:

1. Construct a grid of K points Z = [z;, ...,zg], with z; =h and z, =z, +2h, for k=2,...,K. This grid characterises a
partition of the set x = [0,C] that spans the support of the network variable d;;, which measures the distance between
the regressors x; and x;, for i, j=1,..., N, such that d;; € x. For a given h and C, we choose the number of intervals K
as K =C/2h.

w(d)—f(d)

V% @)
equally distant points inside x. This set of points characterises a finer grid of the interval x than Z.

3. For a given realisation wy = {x,-,yi}f’zl, execute the following steps for b=1,...,B:

(a) Generate {ei(b)}{f’:] iid N(0, 1) random variables independent of the data to construct the simulated residuals eg(b) =
eg ® €, where e is the vector of residuals of the regression model (1) under the null hypothesis Hy. Then, compute
the simulated process (19).

(b) Store the bootstrap test statistic

2. Compute the test statistic Ty = /oy Sup , where f(d) denotes the null hypothesis; D denotes a discrete set of
deD

T:® = sup|G” (d)].
deD

This algorithm yields a random sample of B observations from the distribution of sup|Gj (d)|. Using the Glivenko-Cantelli
dey
theorem and previous assumptions, the empirical p-value conditional on wy defined by

B
1 «(b
Dnp = Ezl(TN( ) > Ty)
b=1
converges to a probability Py, HTI\’,(") > TN] as B — oo.

4.2. Model selection

The estimation of the model parameters depends on the choice of h. This choice determines the number of intervals
K covering the compact set x and, hence, the quality of the approximation of the function w(d). Choosing an optimal
bandwidth in finite samples is important for improving the quality of the fit. Suitable methods for partitioning estimators
are proposed by Cattaneo and Farrell (2013) and Cattaneo et al. (2020) (seminal examples). These authors explore how
to construct plug-in estimators of the bandwidth parameter and, correspondingly, the number of intervals defining the
partition, using an integrated mean square error expansion of the partition estimator. These methods are cumbersome in
most instances; thus, in this subsection, for simplicity, we adapt off-the-shelf methods for bandwidth selection developed
for nonparametric regression models. For illustrative purposes, we consider a compact set given by the interval [0, C].

We first discuss two different methods proposed for series estimation (see Mallows (1973), Li (1987) and Wahba (1985))
that are adapted to our setting. A review of these methods can be found in the monograph by Li and Racine (2007). Thus,
Mallows (1973) selects h such that

~ c
_ . /\2 —
h,\,,_arg{’f?m{aE <1+Nh)}’ (21)

where 62 = £ YN e? is obtained under the conditional homoscedasticity of the error term. Craven and Wahba (1978) pro-
pose a generalised cross-validation method. Other more sophisticated model selection procedures for series estimators, such
as the leave-one-out cross-validation method of Stone (1974), can be found in the literature. These authors select h such
that

—~ &2
hgey = argmin % . (22)
w1 55)

Standard information criteria can be also adapted to this framework to optimally choose the order of the Taylor expansion
in the approximation of the functional coefficient w(d). The choice of q has a non-negligible effect on the accuracy of the
approximation because it directly affects the number of regressors in equation (3). In particular, we adapt the Akaike
information criterion (AIC) and Bayesian information criterion (BIC) such that

{maﬁuWW“} (23)

{haic. qaic} = argmin N
{h,

q}



JID: ECOSTA [m3Gsc;March 5, 2023;1:10]

J. Olmo and M. Sanso-Navarro Econometrics and Statistics xxx (XXxX) xXx
Table 1
Bias of estimators of A and w(d) in equations (5) and (7).
Model 1: Exponential function Model 2: Gaussian kernel function
A h 0 N A w(h/2) w(h) w(3h/2) w(2h) A w(h/2) w(h) w(3h/2) w(2h)
1 0.050 5 100 0.144 -0.006 0.011 0.018 0.017 0.004 0.002 0.001 0.003 0.007
250 0.095 0.010 0.014 0.015 0.014 0.046 0.005 0.003 0.003 0.005
500 0.064 0.007 0.010 0.011 0.012 0.078 0.005 0.004 0.005 0.006
9 100 0.011 0.000 -0.001 -0.005 -0.005 0.010 0.010 -0.002 -0.001 0.005
250 0.030 -0.005 0.004 0.003 0.002 -0.002 0.009 -0.002 -0.001 0.003
500 0.033 -0.003 0.003 0.001 -0.001 -0.002 0.005 -0.003 -0.001 0.003
0.075 5 100 0.055 -0.001 -0.001 -0.002 0.000 0.006 0.013 0.008 0.006 0.003
250 0.115 -0.005 0.000 -0.001 -0.002 0.001 0.003 -0.002 -0.001 0.001
500 0.016 -0.006 -0.002 -0.002 -0.003 0.004 0.003 -0.002 -0.001 0.002
9 100 0.008 -0.016 0.004 0.002 0.000 -0.019 0.024 -0.010 0.000 0.008
250 -0.001 -0.017 0.005 0.001 -0.005 -0.007 0.030 -0.009 -0.002 0.009
500 0.009 -0.012 0.005 -0.001 -0.005 0.000 0.023 -0.011 0.000 0.012
0.100 5 100 0.015 -0.010 0.003 0.002 -0.003 0.003 0.012 -0.004 -0.001 0.003
250 0.032 -0.007 0.001 -0.001 -0.004 0.008 0.009 -0.004 -0.001 0.004
500 0.058 -0.008 0.000 -0.002 -0.003 -0.001 0.009 -0.004 0.000 0.005
9 100 -0.020 -0.020 0.013 0.001 -0.008 0.000 0.058 -0.024 0.003 0.026
250 0.002 -0.021 0.011 -0.001 -0.010 -0.003 0.055 -0.026 0.001 0.024
500 0.002 -0.022 0.010 -0.001 -0.009 -0.008 0.054 -0.026 0.002 0.025
0.25 0.050 5 100 0.030 0.002 0.002 0.002 0.004 0.006 -0.005 0.001 0.004 0.003
250 0.075 0.003 0.003 0.003 0.004 0.013 0.004 0.001 -0.001 0.000
500 0.044 0.001 0.002 0.003 0.002 0.020 0.001 0.001 0.001 0.001
9 100 -0.006 0.000 0.002 0.001 0.002 -0.011 0.003 -0.001 -0.001 0.003
250 0.007 -0.003 0.000 0.001 0.001 0.000 0.003 0.001 0.000 0.000
500 0.009 0.002 0.001 -0.001 -0.001 -0.001 0.002 -0.001 -0.001 0.000
0.075 5 100 0.004 0.007 0.002 -0.001 0.000 0.006 0.006 0.002 0.000 -0.002
250 0.032 0.002 0.002 0.001 0.000 0.000 -0.002 -0.001 0.000 0.001
500 0.058 0.000 -0.001 -0.001 -0.001 -0.005 0.000 0.000 0.001 0.000
9 100 -0.001 -0.005 0.001 -0.001 -0.004 -0.002 -0.002 -0.003 0.004 0.006
250 0.002 -0.005 0.000 -0.001 -0.002 -0.002 0.007 -0.003 -0.001 0.001
500 0.002 -0.002 0.001 -0.001 -0.002 0.001 0.006 -0.003 -0.001 0.003
0.100 5 100 -0.013 -0.008 0.002 0.004 0.003 -0.003 0.002 0.000 0.001 -0.001
250 0.015 -0.006 0.000 0.001 0.001 -0.005 0.006 -0.001 -0.002 -0.001
500 0.013 0.000 0.000 -0.001 -0.001 -0.002 0.003 0.000 0.001 0.001
9 100 0.011 0.003 0.004 -0.003 -0.006 0.005 0.007 -0.007 0.004 0.012
250 0.001 -0.005 0.002 -0.001 -0.002 0.000 0.013 -0.006 0.002 0.006
500 0.005 -0.004 0.003 -0.001 -0.002 -0.008 0.015 -0.007 0.000 0.006

Note: This table reports the estimation bias under two specifications for the functional parameter for d € [0, C], with C = 1. The number of intervals is
K = 1/2h. The number of simulations is 500.

and

{m&z L (a+ 1)[C/I%Jh] +Din N}.

{EBIC, gpic} = argmin
{h.q}

5. Monte Carlo simulations

This section explores the finite-sample approximation of the asymptotic results using Monte-Carlo simulations. We
present three different exercises that illustrate i) the consistency of the parameter estimates, ii) the rejection rates asso-
ciated with the marginal t-tests using the asymptotic distribution in Theorem 2 and iii) the empirical size and power of the
uniform tests Hy and Hyy obtained from Theorem 3.

The data-generating process (DGP) considered for the simulation exercise is

N
Yi=Mxi+ Yy w(dijx;+e;, fori=1,....N, (25)
i=1
J#
where x; represents realisations of a single covariate X with a N(0, 1) distribution. For simplicity, the regressor also acts
as the spatial variable Z, which establishes the proximity between units in the cross section such that d;; = |x; — x;|. The
error term ¢&; is modelled as a N(O, log2 |1+ x;|) random variable that is uncorrelated with X but exhibits conditional het-
eroscedasticity.

Although our estimation procedure does not require knowledge of the parametric form of the functional parameter w(-),
we do need to impose a specification to fully characterise the DGP in the simulation exercise. With this aim, two alterna-
tives have been considered. The first specification corresponds to the exponential function w(d;;) = B exp (—Qdij), while the

9
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Table 2
Root mean square error of estimators of A and w(d) in equations (5) and (7).
Model 1: Exponential function Model 2: Gaussian kernel function
r h 6 N A w(h/2) w(h) w(3h/2) w(2h) A w(h/2) w(h) w(3h/2) w(2h)
1 0.050 5 100 0.251 0.242 0.109 0.117 0.102 0.205 0.239 0.100 0.108 0.100
250 0.128 0.091 0.046 0.048 0.043 0.125 0.086 0.037 0.041 0.036
500 0.070 0.052 0.030 0.030 0.028 0.116 0.043 0.019 0.021 0.019
9 100 0.201 0.242 0.101 0.108 0.095 0.210 0.232 0.101 0.107 0.097
250 0.122 0.086 0.037 0.039 0.036 0.120 0.086 0.037 0.041 0.036
500 0.093 0.039 0.017 0.019 0.018 0.084 0.042 0.018 0.020 0.018
0.075 5 100 0.234 0.205 0.084 0.091 0.083 0.220 0.201 0.087 0.090 0.080
250 0.176 0.072 0.030 0.033 0.029 0.135 0.071 0.030 0.033 0.029
500 0.142 0.037 0.016 0.017 0.016 0.099 0.034 0.014 0.016 0.015
9 100 0.220 0.200 0.083 0.092 0.081 0.224 0.206 0.085 0.091 0.080
250 0.134 0.069 0.029 0.032 0.030 0.137 0.077 0.033 0.034 0.032
500 0.099 0.036 0.016 0.016 0.015 0.101 0.042 0.019 0.016 0.018
0.100 5 100 0.244 0.179 0.072 0.079 0.069 0.253 0.183 0.074 0.078 0.071
250 0.164 0.064 0.025 0.030 0.027 0.162 0.064 0.026 0.029 0.026
500 0.143 0.033 0.013 0.014 0.013 0.128 0.032 0.013 0.014 0.014
9 100 0.259 0.180 0.077 0.083 0.071 0.248 0.189 0.078 0.079 0.074
250 0.157 0.067 0.028 0.029 0.027 0.162 0.086 0.037 0.029 0.035
500 0.124 0.039 0.017 0.014 0.016 0.128 0.062 0.029 0.014 0.028
0.25 0.050 5 100 0.219 0.244 0.099 0.109 0.099 0.204 0.242 0.101 0.110 0.096
250 0.136 0.085 0.037 0.041 0.037 0.121 0.086 0.037 0.041 0.035
500 0.066 0.041 0.019 0.020 0.017 0.086 0.041 0.018 0.020 0.017
9 100 0.199 0.247 0.101 0.108 0.098 0.215 0.250 0.105 0.115 0.100
250 0.125 0.086 0.037 0.039 0.035 0.122 0.085 0.038 0.041 0.037
500 0.084 0.041 0.017 0.019 0.017 0.088 0.041 0.018 0.019 0.017
0.075 5 100 0.207 0.199 0.084 0.091 0.082 0.219 0.202 0.081 0.087 0.078
250 0.133 0.072 0.029 0.033 0.030 0.141 0.072 0.031 0.034 0.031
500 0.113 0.035 0.014 0.016 0.014 0.103 0.034 0.014 0.016 0.014
9 100 0.216 0.203 0.082 0.089 0.080 0.215 0.208 0.085 0.094 0.082
250 0.135 0.072 0.031 0.033 0.030 0.133 0.070 0.031 0.032 0.029
500 0.097 0.035 0.014 0.016 0.014 0.100 0.034 0.015 0.016 0.014
0.100 5 100 0.262 0.179 0.075 0.078 0.069 0.252 0.171 0.075 0.077 0.069
250 0.161 0.065 0.026 0.028 0.026 0.167 0.064 0.027 0.028 0.025
500 0.126 0.031 0.013 0.014 0.013 0.125 0.031 0.013 0.014 0.012
9 100 0.247 0.183 0.072 0.078 0.070 0.248 0.180 0.075 0.082 0.072
250 0.170 0.068 0.025 0.030 0.027 0.171 0.067 0.027 0.029 0.027
500 0.128 0.031 0.013 0.014 0.012 0.127 0.034 0.015 0.014 0.014

Note: This table reports the root mean square error under two specifications for the functional parameter for d € [0, C], with C = 1. The number of intervals
is K = 1/2h. The number of simulations is 500.

second one is the Gaussian kernel w(d;;) = B8 exp (—%(9%)2), with 8,6 > 0. Both formulations are standard in the spatial

econometrics literature for describing neighbouring effects (see Fischer and Wang (2011)). The first specification represents
exponentially decaying spillover effects of x; on y; as d;; increases. The second formulation corresponds to the standard
Gaussian kernel used in the nonparametric econometrics literature (Li and Racine, 2007), as well as in locally weighted and
geographically weighted regressions (see Cleveland and Devlin (1988) and Wheeler and Paez (2010), respectively).

Throughout the Monte Carlo exercise, we implement B = 500 simulations, and the compact set is x = [0, 1], such that
K = 1/2h. By doing this, we explore the spatial effects given by close observations and discard values of d greater than
one. Furthermore, we consider the values h = 0.05, 0.075, 0.1 to assess the sensitivity of the estimates to the choice of the
bandwidth parameter. The sample size is equal to N = 100, 250, 500. The parameters characterising the functional form of
w(d) are 8 =0.1 and 6 =5,9. This choice of parameters results in small spatial effects; however, as shown below, the
test statistic (14) has considerable power to reject the null hypothesis under the presence of such effects. We also consider
6 =7 in the study of the asymptotic coverage rate o corresponding to the (1 — «)-confidence interval of w(d), which is
constructed as follows:

[W(d) - 21_0/2Vg > (d) //aN, W(d) + 21_0/2V () //an]. (26)

where VK(d) = Z’,f:1 v;{(d)@f/?k@:lvk(d)lk(d)/pk is defined in Proposition 3, and z, is the critical value of a standard
normal distribution function at a significance level of c.

5.1. Consistency of the parameter estimates

The consistency of the parameter estimators (5) and (7) is assessed through the analysis of the bias and root mean
square error (RMSE). Table 1 reports the biases of the parameter estimators A and w(d) for two regression models given by

10
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Table 3
Empirical coverage rates for the confidence interval (26) at a significance level (coverage rate) of o = 0.05.
Model 1: Exponential function Model 2: Gaussian kernel function
h 0 N A w(h/2) w(h) w(3h/2) w(2h) A w(h/2) w(h) w(3h/2) w(2h)
0.050 5 100 0.178 0.096 0.118 0.126 0.118 0.112 0.092 0.106 0.120 0.106
250 0.232 0.080 0.092 0.090 0.068 0.066 0.058 0.084 0.084 0.084
500 0.324 0.050 0.064 0.056 0.082 0.084 0.078 0.046 0.052 0.058
7 100 0.120 0.100 0.090 0.116 0.124 0.112 0.098 0.126 0.112 0.098
250 0.082 0.070 0.078 0.086 0.070 0.088 0.060 0.078 0.092 0.060
500 0.066 0.044 0.058 0.060 0.048 0.042 0.058 0.064 0.074 0.074
9 100 0.116 0.114 0.132 0.122 0.118 0.092 0.110 0.108 0.112 0.120
250 0.082 0.080 0.082 0.060 0.054 0.074 0.068 0.058 0.066 0.076
500 0.052 0.050 0.036 0.044 0.048 0.080 0.050 0.064 0.064 0.060
0.075 5 100 0.102 0.114 0.094 0.102 0.110 0.104 0.100 0.100 0.104 0.112
250 0.088 0.060 0.064 0.066 0.070 0.074 0.068 0.062 0.072 0.068
500 0.058 0.082 0.080 0.054 0.064 0.064 0.048 0.050 0.044 0.068
7 100 0.106 0.086 0.098 0.108 0.114 0.092 0.124 0.102 0.116 0.094
250 0.072 0.056 0.066 0.080 0.068 0.076 0.072 0.072 0.060 0.072
500 0.068 0.052 0.054 0.046 0.056 0.072 0.056 0.086 0.068 0.054
9 100 0.098 0.108 0.096 0.102 0.100 0.110 0.122 0.088 0.102 0.090
250 0.078 0.064 0.060 0.064 0.052 0.044 0.066 0.076 0.072 0.068
500 0.068 0.056 0.050 0.044 0.082 0.066 0.066 0.062 0.074 0.080
0.100 5 100 0.118 0.092 0.106 0.072 0.080 0.138 0.098 0.116 0.106 0.092
250 0.096 0.058 0.060 0.076 0.060 0.102 0.092 0.094 0.072 0.082
500 0.056 0.054 0.050 0.052 0.074 0.084 0.046 0.048 0.062 0.054
7 100 0.138 0.102 0.122 0.102 0.106 0.112 0.110 0.092 0.088 0.138
250 0.074 0.062 0.072 0.056 0.062 0.102 0.062 0.076 0.072 0.100
500 0.056 0.054 0.044 0.054 0.046 0.074 0.044 0.048 0.048 0.066
9 100 0.080 0.094 0.104 0.096 0.090 0.132 0.110 0.158 0.092 0.130
250 0.080 0.054 0.068 0.076 0.050 0.078 0.094 0.094 0.062 0.056
500 0.066 0.052 0.070 0.058 0.064 0.064 0.082 0.084 0.066 0.078

Note: This table reports the coverage probability of the confidence interval for the functional parameter w(d) under two specifications for d € [0, C], with
C =1. Hence, K = 1/2h. The DGP is given by A =1, 8 = 0.1, and the number of simulations is 500.

A =1,0.25, respectively. The left panel corresponds to the specification of w(d) given by an exponential function, while the
right panel considers w(d) given by a Gaussian kernel. Table 2 reports the corresponding RMSE for the different DGPs.

For the sake of presentation, we restrict our simulation exercise to show the influence of the closest neighbours, which
are given by d = {h/2, h, 3h/2, 2h}. The figures displayed in Table 1 do not show evidence of bias in any direction. This bias
decreases in most instances as the sample size increases. The results in Table 2 are more conclusive; the RMSE decreases
monotonically to zero as the sample size increases, providing strong empirical evidence of the consistency of the parameter
estimators of w(d) for different values of d in the interval [0,1].

5.2. Empirical coverage rate and rejection probabilities

This exercise studies the finite-sample coverage probability of the asymptotic confidence intervals for A and w(d) for
a discrete grid of values d = {h/2, h,3h/2,2h} under the heteroscedasticity of the error term. To do this, we compute the
empirical fraction of times that the true parameters A and w(d) are outside the above (1 — «)-confidence intervals for
o =0.05. Tables 3 and 4 report, respectively, the empirical coverage rates & for the regression models characterised by
X =1,0.25. In line with the previous subsection, the left panel corresponds to the exponential function and the right panel
considers the functional specification of w(d) given by the Gaussian kernel. The simulated results show empirical rates close
to 0.05 that, in most cases, are slightly above the nominal coverage rate. To study the relationship between the empirical
coverage probability, the sample size and the functional form of w(d), we have also considered 6 =7 as an additional
DGP. The empirical coverage rates provide very satisfactory results across the two functional specifications of w(d), for
different values of 0 and for different sample sizes. Furthermore, the coverage rates converge to the nominal coverage rates
at o = 0.05 as the sample size increases.

Tables 5 and 6 present the power of the marginal t-tests obtained from the asymptotic convergence result (14) for the
pointwise null hypothesis Hy : A = 0 vs. the alternative Hy : A # 0, for A =1,0.25, and Hy : w(d) =0 vs. Hy : w(d) # 0, for
d = {h/2, h,3h/2, 2h}. We should note that the DGP is generated under the alternative hypothesis given by w(d) following an
exponential function (left panel) or a Gaussian kernel function (right panel). To be consistent with the study of the empirical
coverage probability at o = 0.05, we consider 8 = 0.1 and 0 =5, 7,9 as data-generating processes for both the exponential
and Gaussian kernel functions. The results of this simulation exercise show the strong performance of the t-tests when it
comes to rejecting the null hypothesis across values of d in the grid and for different DGPs. The empirical power of the test
is large in most instances and achieves values above 0.80 for N = 500 in most scenarios.

1
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Table 4
Empirical coverage rates for the confidence interval (26) at a significance level (coverage rate) of o = 0.05.
Model 1: Exponential function Model 2: Gaussian kernel function
h [% N A w(h/2) w(h) w(3h/2) w(2h) A w(h/2) w(h) w(3h/2) w(2h)
0.050 5 100 0.186 0.100 0.090 0.096 0.110 0.094 0.098 0.112 0.112 0.128
250 0.260 0.078 0.062 0.068 0.094 0.090 0.068 0.088 0.072 0.062
500 0.328 0.054 0.076 0.070 0.056 0.052 0.068 0.052 0.052 0.070
7 100 0.104 0.108 0.094 0.098 0.112 0.104 0.122 0.118 0.120 0.114
250 0.062 0.056 0.060 0.054 0.066 0.058 0.050 0.062 0.064 0.062
500 0.068 0.060 0.052 0.046 0.060 0.056 0.056 0.062 0.042 0.052
9 100 0.116 0.128 0.084 0.130 0.130 0.096 0.128 0.114 0.100 0.108
250 0.068 0.060 0.066 0.078 0.086 0.056 0.066 0.074 0.062 0.064
500 0.062 0.058 0.070 0.056 0.064 0.052 0.048 0.054 0.048 0.060
0.075 5 100 0.106 0.092 0.082 0.112 0.090 0.122 0.106 0.104 0.108 0.144
250 0.082 0.078 0.072 0.060 0.062 0.080 0.070 0.054 0.048 0.060
500 0.092 0.058 0.064 0.066 0.054 0.048 0.060 0.084 0.072 0.062
7 100 0.088 0.100 0.118 0.110 0.118 0.122 0.104 0.098 0.088 0.118
250 0.070 0.068 0.072 0.064 0.056 0.072 0.074 0.068 0.068 0.072
500 0.076 0.054 0.060 0.056 0.066 0.068 0.068 0.072 0.056 0.064
9 100 0.112 0.108 0.096 0.114 0.082 0.122 0.106 0.124 0.148 0.120
250 0.072 0.068 0.072 0.074 0.064 0.084 0.064 0.066 0.066 0.066
500 0.056 0.060 0.062 0.084 0.070 0.042 0.072 0.064 0.060 0.038
0.100 5 100 0.124 0.092 0.090 0.086 0.112 0.110 0.096 0.110 0.100 0.088
250 0.076 0.078 0.072 0.080 0.070 0.084 0.068 0.072 0.072 0.068
500 0.074 0.046 0.052 0.040 0.050 0.098 0.066 0.068 0.072 0.070
7 100 0.104 0.100 0.114 0.154 0.112 0.102 0.104 0.112 0.102 0.100
250 0.080 0.068 0.068 0.066 0.058 0.078 0.054 0.060 0.070 0.080
500 0.082 0.048 0.068 0.060 0.080 0.046 0.064 0.072 0.052 0.056
9 100 0.112 0.104 0.114 0.108 0.110 0.096 0.102 0.128 0.062 0.092
250 0.118 0.090 0.066 0.070 0.066 0.078 0.080 0.074 0.082 0.082
500 0.068 0.054 0.062 0.064 0.066 0.052 0.074 0.086 0.054 0.074

Note: This table reports the coverage probability of the confidence interval for the functional parameter w(d) under two specifications for d € [0, C], with
C =1. Hence, K = 1/2h. The DGP is given by A = 0.25, § = 0.1, and the number of simulations is 500.

Table 5
Empirical power of marginal t-test for Hy : w(d) = 0.
Model 1: Exponential function Model 2: Gaussian kernel function

h 6 N A w(h/2) w(h) w(3h/2) w(2h) A w(h/2) w(h) w(3h/2) w(2h)
0.050 5 100 0.990 0.128 0.234 0.180 0.200 0.988 0.152 0.286 0.210 0.214
250 1.000 0.250 0.624 0.444 0.442 1.000 0.216 0.682 0.588 0.628

500 1.000 0.554 0.958 0.882 0.886 1.000 0.576 0.982 0.968 0.982

7 100 0.992 0.146 0.216 0.180 0.170 0.998 0.138 0.238 0.196 0.232

250 1.000 0.196 0.566 0.372 0.332 1.000 0.218 0.676 0.562 0.614

500 1.000 0.558 0.952 0.856 0.808 1.000 0.552 0.988 0.950 0.956

9 100 0.994 0.154 0.210 0.144 0.138 0.994 0.108 0.252 0.210 0.196

250 1.000 0.206 0.560 0.372 0.310 1.000 0.234 0.646 0.560 0.536

500 1.000 0.554 0.942 0.794 0.690 1.000 0.542 0.976 0.930 0.940

0.075 5 100 0.988 0.138 0.288 0.186 0.182 0.980 0.134 0314 0.286 0.260
250 1.000 0.298 0.716 0.474 0.470 1.000 0.302 0.846 0.712 0.692

500 1.000 0.682 0.986 0.946 0.902 1.000 0.700 0.992 0.988 0.990

7 100 0.982 0.132 0.222 0.170 0.148 0.988 0.120 0.320 0.250 0.266

250 0.998 0.304 0.676 0.382 0.288 1.000 0.252 0.788 0.668 0.640

500 1.000 0.648 0.968 0.864 0.816 1.000 0.742 0.996 0.982 0.970

9 100 0.994 0.134 0.218 0.160 0.152 0.986 0.136 0.318 0.244 0.216

250 1.000 0.278 0.626 0.352 0.272 1.000 0.302 0.764 0.590 0.512

500 1.000 0.684 0.962 0.768 0.628 1.000 0.706 0.986 0.956 0.912

0.100 5 100 0.966 0.154 0.278 0.186 0.168 0.960 0.134 0.402 0.308 0.274
250 0.996 0.350 0.752 0.490 0.432 0.998 0.372 0.878 0.724 0.720

500 1.000 0.762 0.984 0.922 0.876 1.000 0.788 0.998 0.998 0.992

7 100 0.972 0.150 0.248 0.150 0.144 0.948 0.148 0.336 0.282 0.230

250 1.000 0.320 0.722 0.392 0.296 0.998 0318 0.852 0.680 0.586

500 1.000 0.766 0.982 0.874 0.686 1.000 0.804 0.998 0.990 0.950

9 100 0.972 0.188 0.240 0.118 0.132 0.948 0.144 0.320 0.182 0.164

250 0.998 0.328 0.690 0.344 0.204 0.996 0.378 0.818 0.556 0.368

500 1.000 0.764 0.966 0.722 0.474 1.000 0.816 0.994 0.936 0.822

Note: This table reports the rejection rates of marginal t-tests for the null hypothesis Hy : w(d) = 0 vs. the alternative Hy : w(d) # 0. Data is generated
under the alternative hypothesis considering two specifications for the functional parameter, which were exponential and Gaussian functions, for d < [0, C],
with C = 1. The number of intervals characterising the partition is K = 1/2h. The DGP is given by A = 1 and the number of simulations is 500.
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Table 6
Empirical power of marginal t-test for Hy : w(d) = 0.
Model 1: Exponential function Model 2: Gaussian kernel function
h 6 N A w(h/2) w(h) w(3h/2) w(2h) r w(h/2) w(h) w(3h/2) w(2h)
0.050 5 100 0.420 0.110 0.236 0.202 0.188 0.402 0.108 0.306 0.276 0.226
250 0.704 0.224 0.614 0.476 0.430 0.636 0.190 0.710 0.588 0.602
500 0.960 0.578 0.960 0.856 0.866 0.902 0.552 0.984 0.964 0.984
7 100 0.378 0.116 0.206 0.176 0.182 0.390 0.152 0.302 0.214 0.214
250 0.646 0.208 0.576 0.390 0.370 0.652 0.214 0.696 0.578 0.590
500 0.918 0.578 0.950 0.828 0.788 0.882 0.526 0.978 0.958 0.956
9 100 0.382 0.138 0.196 0.134 0.132 0.404 0.144 0.278 0.240 0.196
250 0.630 0.208 0.580 0.368 0.282 0.652 0.262 0.656 0.532 0.538
500 0.902 0.578 0.944 0.768 0.660 0.850 0.586 0.974 0.944 0.928
0.075 5 100 0.372 0.154 0.260 0.192 0.180 0.354 0.140 0312 0.274 0.284
250 0.548 0.264 0.720 0.524 0.470 0.510 0.262 0.812 0.706 0.734
500 0.788 0.664 0.980 0.904 0.874 0.792 0.752 0.990 0.982 0.984
7 100 0.342 0.130 0.238 0.160 0.144 0.372 0.162 0.358 0.252 0.226
250 0.520 0.304 0.658 0.412 0.338 0.536 0.274 0.800 0.658 0.632
500 0.712 0.692 0.982 0.854 0.782 0.708 0.704 0.996 0.978 0.966
9 100 0.326 0.166 0.230 0.164 0.174 0.372 0.174 0.310 0.226 0.218
250 0.566 0.276 0.612 0.348 0.226 0.554 0.312 0.760 0.596 0.526
500 0.726 0.666 0.964 0.738 0.572 0.728 0.722 0.988 0.972 0.924
0.100 5 100 0.308 0.152 0.276 0.186 0.190 0.354 0.174 0.372 0.268 0.290
250 0.452 0.372 0.782 0.492 0.426 0.450 0.366 0.878 0.750 0.752
500 0.634 0.768 0.986 0.934 0.862 0.568 0.754 0.998 0.992 0.986
7 100 0.306 0.134 0.250 0.122 0.126 0.324 0.144 0.318 0.218 0.210
250 0.442 0.356 0.720 0.410 0.294 0.446 0.374 0.842 0.674 0.586
500 0.562 0.732 0.978 0.856 0.716 0.564 0.768 0.994 0.978 0.944
9 100 0312 0.138 0.228 0.132 0.096 0.316 0.174 0.376 0.226 0.152
250 0.416 0.338 0.672 0.310 0.186 0.456 0.360 0.808 0.548 0.378
500 0.566 0.786 0.978 0.756 0.436 0.606 0.834 0.992 0.958 0.808

Note: This table reports the rejection rates of marginal t-tests for the null hypothesis Hy : w(d) = 0 vs. the alternative Hy : w(d) # 0. Data is generated
under the alternative hypothesis considering two specifications for the functional parameter, which were exponential and Gaussian functions, for d € [0, C],
with C = 1. The number of intervals characterising the partition is K = 1/2h. The DGP is given by A = 0.25 and the number of simulations is 500.

Table 7
Empirical size and power of the uniform test (17).

Hp: No network structure

Size Power
0 N h=0.050 0.075 0.100 h=0.050 0.075 0.100
5 100 0.071 0.056 0.065 0.998 0.998 1.000
250 0.049 0.052 0.036 1.000 1.000 1.000
500 0.073 0.032 0.040 1.000 1.000 1.000
9 100 0.065 0.062 0.071 0.985 0.997 0.998
250 0.039 0.042 0.054 1.000 1.000 1.000
500 0.035 0.036 0.052 1.000 1.000 1.000
Hoy: Exponential function
Size Power
0 N h=0.050 0.075 0.100 h=0.050 0.075 0.100
5 100 0.056 0.058 0.046 0.994 1.000 0.999
250 0.024 0.042 0.041 1.000 1.000 1.000
500 0.030 0.030 0.034 1.000 1.000 1.000
9 100 0.055 0.057 0.071 0.980 0.994 0.998
250 0.037 0.042 0.028 1.000 1.000 1.000
500 0.038 0.033 0.034 1.000 1.000 1.000

Note: This table reports the rejection rates of the uniform test for two different DGPs under the null hypothesis. The nominal size is & = 0.05, and the
number of simulations is 500.

5.3. Size and power of the uniform test

The study of the power of the marginal t-tests confirms empirically their suitability for detecting spatial effects for
specific values of d given by d = {h/2, h, 3h/2, 2h}. This subsection extends this analysis by evaluating the finite-sample size
and power of the uniform test presented in equation (17) and Theorem 3. We consider two different null hypotheses given
by i) the absence of spatial effects and ii) a specific functional form for w(d) given by the exponential function.

To assess the presence of spatial effects, data is generated under the null hypothesis w(d) =0 for every d € x. This
implies that the DGP is a standard cross-sectional regression model. For the simulation exercise, we consider A =1 and

13
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Empirical application: Descriptive statistics of the variables for selected years (cross section).
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Year 1984 (N=3,184)

Year 1998 (N=2,706)

Year 2012 (N=3,538)

Mean St. Dev. Minimum Maximum Mean St. Dev. Minimum Maximum Mean St. Dev. Minimum Maximum
PM10 11.874  7.027 0.726 87.029 12.178  6.532 0.840 59.402 11.626 6.780  0.399 89.510
VOCs 19.990 14.522 1.180 309.383 18.948 13.101 1.139 179.079 16.352  12.331 0.234 227.510
NOx 73270  39.559 3.559 362.799 77.408 37.872 3.763 311.762 71.658 38.244 2.634 539.093
SO, 117.869 66.667 5.649 553.229 126.882 63.329 6.203 497.223 121.411 65327 4.928 1,044.552
co 45.723 34375 2346 374.047 43.277 31.623 2318 289.077 39.195 30.928 0.815 357.851
Income 3.913 2.819 -0.083 16.866 4.306 3.255 -0.043 20.312 4.706 3.954  -0.060 25.192
Income sq. 23.258  33.400 0.000 284.448 29.134  44.722 0.000 412.589 37.772  68.971 0.000 634.628

Notes: Pollutants are measured in pounds and have been calculated according to the technologies and emission intensities of the year 2002. After-tax
income is expressed in units of 10,000 2002 US dollars.
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(b) Coefficient for squared after-tax household income (Yt net)-

Fig. 1. Spatial regression estimation of environmental Engel curves (EECs) in the US from 1984-2012.
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Fig. 2. Spatial regression estimation of EECs in the US from 1984-2012. Functional coefficient.

B =0.1. The top panel of Table 7 reports the empirical size and power for the null hypothesis for a nominal size o = 0.05.
Due to space constraints, we only consider # =5 and 9. The figures show reliable empirical size estimates for the uniform
test Ty for different values of h across sample sizes. The same procedure has been implemented to evaluate the specification
of the functional coefficient w(d). In this case, the null hypothesis of interest is Hys : w(d) = exp (-0d), for d € [0, 1]. The
empirical size and power of the test are reported in the bottom panel of Table 7. We observe results similar to those
obtained for the case of spatial effects, i.e. the empirical power is very high even when the test is slightly undersized.

6. Empirical application

This section extends the analysis carried out by Levinson and O’Brien (2019) by incorporating neighbouring effects in
the relationship between households’ income and the pollution generated to produce the goods and services they consume.
These authors construct a rich dataset obtained from a random survey of households to study environmental Engel curves
(EECs) for the US for each year from 1984 to 2012. The number of individuals available for their study varies from 3000 to
3500 per year.

Levinson and O’Brien (2019) have two main objectives. The first one is to find the shape of the relationship between
income and pollution, and the magnitude of the slope, and to study its curvature. The second aim is to analyse shifts in EECs
in terms of income increases (movements along the curve) or in terms of regulation-induced price increases (movements of
the curve). By conducting the analysis separately for each year, Levinson and O’Brien (2019) are able to control for prices,

15
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Fig. 3. Spatial regression estimation of the functional coefficient. Uniform test statistic, p-values.

available products and regulations. These authors find that EECs are upward-sloping, indicating that richer households cause
more pollution and that the rate at which pollution increases with income is less than one-to-one. In addition, pollution
increases at a decreasing rate with income over time, i.e. EECs are concave. The latter result shows that households have
consumed a basket of goods that cause less pollution, both directly and indirectly, in recent years.

Levinson and O’Brien (2019) construct two types of EECs: one that uses only income as a covariate, and a multivariate
model that incorporates households’ characteristics (up to 18 regressors). Table 2 in Levinson and O’Brien (2019) presents
a detailed description of these variables. As pointed out by these authors, ‘adding those common demographic variables has
little effect on the conclusions about the shapes of EECs or how they have changed over time’ (p. 122). Furthermore, endogeneity
between household income and household pollution is not an issue in this context, as discussed by these authors on page
124. In the present application, we focus on their first model, which considers pollution as a function of after-tax income
and its square. These authors estimate separate curves for five major air pollutants - particulates smaller than 10 microns
(PM10), volatile organic compounds (VOCs), nitrogen oxides (NOy), sulfur dioxide (SO,) and carbon monoxide (CO) - because
they are not measured in the same units and have different environmental consequences; see Table 8 for cross-sectional
descriptive statistics of selected years of the sample. By adopting this approach, and taking into account the literature on
peer effects in household consumption and energy behaviour (Agarwal et al.,, 2021; De Giorgi et al.,, 2020; Wolske et al.,
2020), we estimate the following specification:

N
Pic = MeYie + ZW(dij,t)th + AaeyE + &, (27)
=t
where p;; and y;; are the pollution and after-tax income, respectively; ¢; is the error term that satisfies E[e;; | Y;] = 0, with
Y: = ¥1t, - - - ¥ne)- The coefficients are indexed by t because we run separate regressions for each year.

The above specification incorporates indirect effects on the relationship between pollution and income from households
with similar levels of after-tax income. The model aims to capture these effects using the functional coefficient w(d;;;),
with djj; = |y —yjel, for i, j=1,..., Nt, where N; is the number of households included in the sample for a given year. For
simplicity, we restrict the spatial effects to a linear relationship between pollution and income. The estimation equation can
be extended, at the expense of a larger regression model, by also assuming that there are spatial effects on the quadratic
component. Using the specification presented in expression (3), the above model can be approximated by

K q
Pie = AMeYie + Zzykm,tyi(tkm) + Aoy + Eit. (28)
k=1m=0
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(a) PM10 (b) NOx
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Fig. 4. w(d) for d € [0.125,0.5] for the spatial regression estimation of EECs in the US from 1984-2012.

where y$™ =N |y (dije — 2™ (dije). and 1,(dije) = 1(|d;j¢ — 2| < h). The regression coefficients are Y, =
j#i
%w(’”) (z,), and they correspond to the Taylor expansion for m =0, 1, ..., g, with ¢ = 2 in this application.

The dynamics of the parameters associated with the relationship between the different pollutants and households’ after-
tax income (A1) and its square (A, ) are plotted in Figure 1. Although these parameters display different magnitudes across
pollutants, they suggest a positive relationship between pollution and income that, in line with Levinson and O’Brien (2019),
tends to decrease over time. In fact, the magnitude of the estimated coefficients is very similar to that obtained by these
authors for the quadratic model (see the first column of their Table 2). The estimated EEC for PM10 using household data
from 1984 is concave, with a linear coefficient associated with after-tax income of 1.95 and a negative coefficient associated
with income squared of -0.03; both are statistically significant. Our estimates are of a similar magnitude and significant
at the 1% level. For completeness, we also report the results for the other pollutants being studied. In all cases, they also
indicate a concave-shaped, and statistically significant at 1%, relationship with household income.

More importantly, Figure 2 reports the estimates of the functional coefficients w(d) in equation (28) that capture spatial
effects for selected values of the distance variable d. We consider d = {h/2, h,3h/2,2h}, as in the Monte Carlo exercise.
However, the choice of the bandwidth parameter h is determined by the optimisation of the Bayesian information criterion
and slightly varies between hopr = 0.225 and hope = 0.25. Similar results are obtained when the Akaike information criterion
is used. In this application, the spatial effects describe the explanatory power of households with similar after-tax incomes
on the pollution generated to produce the goods and services that these households consume. These neighbouring effects
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Fig. 5. Spatial regression estimation of EECs in the US from 1984-2012.

are, in most periods, of small magnitude but statistically significant at the 5% level, according to the p-values of the marginal
t-tests reported for each coefficient. The analysis of the NOx and SO, pollutants yields parameter estimates of a larger
magnitude. Interestingly, the sign of the functional coefficients varies across hep: although we find positive neighbouring
effects for w(hop/2), they are negative for w(3hop/2) and w(2hep ). The statistical significance of these neighbouring effects
is illustrated in Figure 3. This chart reports the p-values of the uniform test Ty in expression (17) over the course of the
evaluation period. Despite their fluctuation, the results provide ample support for the significance of neighbouring effects in
this context, adding further evidence to that obtained from the marginal t-tests for the different realisations of the function
w(d) discussed above.

Figure 4 presents a similar analysis but reports the estimator w(d) as a function of the distance d = {h/2, h, 3h/2, 2h}.
For ease of presentation, we only report the results for the pollutants PM10, NOx, SO, and CO. The results for VOC; are
similar and omitted from the figure due to space considerations. The estimates show a declining pattern in the spatial
effect and some small negative values of the function as the distance d increases. The most important effect occurs for
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the neighbouring observations at d = h/2, with h = 0.25. Although the magnitudes of the spatial effects are quite small, we
should note that they are similar to more conventional spatial models characterised by a fixed interaction matrix. In these
models, it is common practice to impose spatial weights given by 1/N for contiguous observations, implying spatial effects
of similar or even smaller magnitudes than in our empirical exercise.

The analysis is completed by studying the adjusted coefficient of determination (R?) of the spatial regression model (28).
The presence of heterogeneity in the explanatory power across models and over time is shown at the top of Figure 5. More
specifically, the adjusted R? value fluctuates between 0.25 and 0.45. We should note that these figures are particularly high
given that the number of regressors of model (28) is (q + 1)Kopt + 2, with Kope = %Om This number varies with the choice
of the optimal bandwidth parameter h obtained for each period and model but is between 10 and 15 regressors. To attach a
statistical figure to these values, we compute the F-test using the difference between the unadjusted R? value obtained from
the spatial regression model and its cross-sectional counterpart, which is given by the quadratic regression model estimated
by Levinson and O’'Brien (2019). The p-values of the F-test, plotted at the bottom of Figure 5, show overwhelming evidence
that the statistical significance of the augmented model given by considering the spatial variables is greater than that of the

benchmark model given by the cross-sectional quadratic regression model.

7. Conclusions

This paper proposes a spatial regression model that extends conventional spatial regression models in several dimensions.
Importantly, the spatial effects are modelled as a functional coefficient indexed by a spatial variable. Our model is approxi-
mated by local piecewise polynomials estimated over disjoint intervals of a partition of the domain of the spatial variable.
By doing this, we avoid model misspecification issues produced by imposing a certain parametric structure on the spatial
dependence. The second innovation is to extend the SLX model by considering a broader definition of spatial dependence
in which neighbouring observations are determined by a spatial variable that is potentially different from the geographical
distance. The technical implications of this extension are not trivial because the spatial variable becomes stochastic. These
results are formalised by studying the asymptotic properties of the nonparametric estimators and proposing statistical tests
for assessing the presence of spillover effects. This is done using pointwise and uniform tests in which the presence of
spatial effects is tested over the domain of the spatial variable.

The proposed methodology is illustrated in an empirical application that involves studying the environmental Engel
curves discussed in a recent influential work by Levinson and O’Brien (2019). We find strong empirical evidence of neigh-
bouring effects on the relationship between different forms of environmental pollution and after-tax household income.
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Appendix A. Mathematical Proofs

Proof of Lemma 1. Let Q, = e YN, XXy and Ay = ot YN X Xe2, with e =y; — Ax; — YK_; Xy Ty the residual
term, ooy = N(N — 1) a standardizing constant for the spatial coefficients, and p, the probability of belonging to a given
. .. - ~ 5 -~ <5 - =
interval of the partition of x. Similarly, let Q, = 7 >N, ZIJV.:? XiiXij and Ay = oo >N, Zlf;! XpijXkije?. where X, ;; =
J#i J#i

(%1, (djj), x;(dij — i) 1k (dyj), - -, xj(dij — )91, (djj))- B R R

To prove the asymptotic convergence in probability between Q; and Qy, it is sufficient to show that E[||Q, — Qi||?] = o(1)
as N — oo. Note that

2

5 A 1 &G AN o
EUNQe = Qul"l = 5 2 0 | Do 7R = D6y —20™ 1(dy) [
NF%k r=0s=0 i=1 j=1
J#i
with q the order of the Taylor polynomial such that the matrices are of dimension q + 1.
Simple algebra applied to each element of the matrix shows that

N N N

REDRED S0 (dij — z0) ™ 1i(dyg) = Y Y % (dij — )" 1 (dig) (dy — 20)° 1, (dy).
-1 =1 =1
Jj#i j#i AL
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Let 1) ;; denote the event 1,(d;;) = 1. Then, the above expression can be expressed as E[IIQ< - lelz] =
2

N N
N(N— 1)2 ZZZ YD xxidi; = z) e i(di — 210 T

pkr 05s=0 j=11=1
j#i 1L

N N
T N(N- 1)2 222 DD E[E[65xF | Vo T ] (dij — 200 (diy — 20) " TiijTea] |-

Piizos=o j=11=1
i L

applying the law of iterated expectations and noting that  E[xjxxeXs | Ty Tias Trir Tiis] =
E[x; | 1ii51E[%; | 1 glE[Xr | g3 ]E[Xs | 1j 5] = O for j # I # r # s, under assumption A.1. Similarly, E[x?x,xr | Tiijs Tkt Leir] =0
for j # | # r. Furthermore, the iid assumption in Al also implies that

NN = ])2 ZZZ ZZE[ [3x7 | Ny T ] (dij — 2% (di = 2)* i T

Piisosmo\ imii=
A 1AL
C qa 4q 2r+s)
~ r+s
= N2 h
r=0s=0

given that E[xfxl2 | 1,(,,-1-1,(,,-1] < C under assumption A.1, for C some positive constant, and E[(d;; — 2% (dy — Zk)zslk,ijlk.il] -
E[(dij — z)*" | 14045]E[(dy — 2)* | 1y lpi < W29 p2. Finally,

2

2(g+1)

EUIG - Gul2) =S 33 m2r) — %
N 1—hi ’

r=0s=0

l—hz(qﬂ)
k 5
l—hk

which converges to zero given that N — oo, and ( ) < oo for 0 < hy < 1. Therefore, E[||Q; — Q;[?] = O(y) that

implies ||(5k - @<|| = Op<\iFN> as N — oo, applying standard probability theory convergence results.

The proof for the asymptotic convergence between Zk and Kk follows analogously. O

Proof of Lemma 2. Let ak Zl 121 1Xk ka l]/pk' with Xk ij = (lek(dij)*xj(dij7Zk)1k(dij) ..... Xj(dl‘jfzk)qlk(d,‘j)).
J#
To prove the asymptotic convergence of Qk to Q, it is sufficient to show that E[| |Q,< Ql1?] = o(1). Thus,

E[[|Q - Qll*] =

2
BN { (2, 1T (- zk>r(a.-j—zkm(dij)—E[xf(dij—zkmij—zk>51k(d,~,~>])) }

J#i
Following similar algebra to the proof of Lemma 1, we use 1 ;; to denote the event 1,(d;;) =1, and apply the law of

iterated expectations in several instances. Thus, we obtain E [||@( —-Qll? =

ZZZ ZZE[E[X4 | lku](du *Zk)z(prs)]kz ]]

aNpkr 0s5=0 \ i=1 j=1
J#

N N

ZZ DO E[EI | Vg Tail (dij — 20 (dji — 200 * T il i)
O‘Npk r=05=0 \ i=1j-1
i

N N N

—— ZZ SO CE[EDSKT | Vg Tl (dij — 200 (dip = 20)* Vgt ]

Olek r=05=0 \ i=1 j=1I=1
ji 1AL
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N N N

5 ZZ DO E[EG | il (dij — 210 * Ve JE[EIX | Vel (dip — 20)* T |

aNpkrOSO i1 j=1 11
A

The iid cross-sectional assumption in A1 entails the condition E[x?x,2 | Tijlial = E[x? | 14]E[x? | 1) 4] for j # I, such that
the only remaining elements are those defining the fourth central moments. More specifically,

EL1Qe - QullP] = ZZZ S E[(EI | Taagl 208 | 1) iy — 20710,

krOsO i=1 j=1
Jj#

ZZ ZZE[(E[X4 | 1ku]k]1] EZ[XZ | 1I< l]]k]l]) Zk)zr(dji_Zk)zsllc(dij)1k(dji)]
Npkr—Os 0\ i=1j=1
i

Under A, the sequence {x;}¥

ir is iid implying that

R 1 4.4
E[11Qc — 1= MZZE[(E[X? | il = E2[%3 | 1) (dij — 2291 5] (A1)
r=0s=0
N-2 e 4 2742 2r 2s
+ anp? DD E[(ERG | Thgleil = E20%3 | Teijlieil) (dij — 210 (dji — 2)* 1e(dij) (i) |-
k r=0s=0
Furthermore, E[x;.l | i1k jil <Co < oo fori, j=1,...,N, such that the above expression can be bounded as

E[NQ— Q1] < ZZE[(dU = 2)*") | 14451/ e

r—Os 0

C
- ﬁZZEl(dw ~ 2% (dji = 2)* | 1(dij) 1 (dji)]

r=0s=0

2
Gy 2(r+s) 2 _ o ( K 1) (1=h2@D
< aNZZh /P + = ZZh ( a + N) S

r=0s=0 r=0s=0
K 1
-0 —),
(aN N)

by noting that p; < K~! given that p; < h as imposed in assumption A.5. This result is also obtained by noting (see also

2
the proof of Lemma 1) that 37 /30 (h2(+9) =31 (h2r 570 h?s = (1‘“2@“)) . Finally, noting from assumption A.5 that

1-h2
K/N = 0, we obtain E[||Q — QelI2] = 0(3) such that [|@; — Q| = op(ﬁ).
Expression (A.1) simplifies under symmetry of the distance variable (d;; = dj;) for all i, j=1,..., N. In this case, the sum

of the two expressions in (A.1) collapses into one single term such that

EIIG.~ 01— b5 [ S E[(E1E 1 11 202 | 1)y — 20271,

aNpkr—Os 0\ i=1j=1
i

1 q q
= NZZE[(dU = 2% | 14451/ i

r=05=0
_ p2@+D\?
< & 1 7’1 il :O(K)’
~ Npy 1-h? N
under assumption A.5. Then, ||Qy — Q| _OP(%) a
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Proof of Proposition 1. The orthogonality condition )?[,X =X'MxX =0, with 0 a (p+1) x K(q+ 1) matrix of zeros, implies
that

A—A=0! %X’Mxe + 1 %X’MXR (A2)

The consistency of the vector of parameter estimators is obtained by showing (i) ||33 — Dgl| = 0p(1) with ||Dg|| < oo, (ii)
| £X'Mxe|l = op(1) and (iii) || 4X'MxR|| = 0p(1) as N — co.

The proof of condition (i) follows from the law of large numbers for iid sequences under assumption Al. For condition
(ii), under assumption Al, it is sufficient to show that ﬁE[HX/MXst] = o(1). This is, however, naturally satisfied under as-

. . . . 2
sumptions A1 and A4 that entail the existence of finite second moments of x; and ¢;. More formally, ﬁ E[(Zﬁi 1 X,»’Mxigi) ] =

o PIARD B E[Xi’MX,-a,-XJfMstj] = NE[X/MyX;e?], with My; and My; columns of matrix My, under the mutual indepen-
dence between the error terms in assumption A4. Now, applying the Cauchy-Schwarz inequality:
1
SE[XIMxie?] < [(x M.X)?] E[8]"* = 01N,

under assumptions A4 and B. B
Similarly, for condition (iii), the iid assumption in A1 implies that it is sufficient to show that E[||1X’MXR||2] =o0(1) as

N — oco. To show this, we write the expression as ﬁE[(Zf’:l Xi/MXiRi)Z] N2 ¥V, Z; ]E[X/MX,RX My R; ] In contrast to

the preceding case, there is cross-sectional dependence between the observations such that, applying the Cauchy-Schwarz
inequality,

. , 212 [R2R 172
E[X/MxiRXMx;R;| < E[ (X/ MM X;)?] [R,- Rj] ) (A3)
Under assumptions A1 and B, the first term is O(1). To study the convergence of the second term, we have
2
s N N
ERR;1=E| | Y R(dij)x; > R(dj)x, (A4)
e =
N N N N
= ZZZZE[ijlxj’xl’R(dij)R(dil)R(djj’)R(djl’)]‘ (AS)

j=11=1j=1=1
JA A g VA

Under assumption Al imposing the independence between the different units, and using similar algebra to the
proof of Lemma 2, the leading term is (N — 1)ZE[X?]E[X%]E[R(dij)z]E[R(d”)2], with E[R(d;j)?] = Y5, (ﬂ(q“)(ck))zE[(dU -
)@+ | 1,(d;j) = 1]py, such that

K
E[R ;] = (N — 12E[IE[R(d)* P + o(N = 1)%) = Co(N — 123 h*@ D p2 1 o(N - 1)?)
k=1
= Go(N—1)2K5 4 o(N - 1)?),

with Cy >0 an upper bound of ,<£‘1‘?_?‘,<{(/3(q+1)(0'<))2}- and p, <K' and h=K-!. Therefore, E[Xi/MX,-E,-XJfMXjRj]:
O(N/K24+5/2) such that || §X'MxR|| = Op(v/N/K9+5/4). Then,

|X-A|=op<%+m@l) ZO"(Jlﬁ) =0,(1), (A6)

under assumption A5.
For the second part of the proof, expression (6) implies that

=~ ~ 1
Fk—Fk=Qk‘1a—NX’X(A e+ Q! —X,cR/prk st/pk. (A7)

We study each right hand side term in (A.7) separately. First, using Lemma 2, ||(Z:l I = 0p(1). Also,

ZXk,xl(k /el = A - 3l P ZX Xi/ Dl (A.8)
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Note from the analysis above that |7L—)L| =0,(1/+/N). To analyze the asymptotic convergence of the above expres-

sion we study %E[(Zfil X}Xi/Px) ] Under assumption Al, E[x;jx]=0 and E[x;xx?] =0, for j k.i different val-

ues, such that the previous expression is equal to O}—NBk/pk, with Bk:E[a]N P Zﬁy:]XL_in,u-jxiz/pk]. Note that
i
B,<=E[)?Linkij | 1(dipIElx}], that is finite, under assumptions A1 and B1. Then, g-Bi/p;=0(z7) such that

N2
ek S grmil = 0p () and ) G gk S 34X = R/l = 0p (75 )-
For the second expression on the right hand side, we use the Cauchy-Schwarz inequality to obtain

N N N N
|| ;V;x;c,-&-/pknz - ||O}N;Z1x;,ini/pk||2 < [18 - Qull + ||@<||]03N;R?/pk.
i= i=1 j= i=
i
Using Lemmas 1 and 2, ||(5k — Qill = 0,(1/+/N) and, by assumption B, Q, = O(1). We now study ﬁ Zf’zl Eiz/pk to obtain
the consistency of the network parameter estimators. A sufficient condition to show this is aizfi 1 Z?’:]E [E?E?/pi].

This condition is, however, shown in expression (A.4) such that N2 Zl 121 1 1)2 [R /pk] = 0(K—49-3). Therefore,

_ _ 1/2
e T R /py = 0p(K=24-3/2) such that (W YNIR /pk) = 0,(K=973/4). Thus,
~ 1 12
1Q;! OTNZX;ﬂ.Ri/pkH = 0,(1)(0p(1/v/N) + 0(1)) "0, (K~973/4) = 0,(K~973/4).
i=1

Finally, we prove that IIQ;lﬁ Y Xei/pill = Op(vK/N). To do this, it is sufficient to show that - E[(Zl 1Xk,8 /Pk) ] =

O(K/NZ). Under assumption A4, E[xj¢;] =0 and E[x;x,e 12] =0, for j #k, such that the previous expression is p — Ay, with
Ay = E|:aN Z, 1Z] 1X,< UX,C ij&i /p,{| Note that Ay :E[)i(;_,»j)i(k,,-jsiz]/pk, that is finite, under assumptions A4 and B. Then,
J#i

A N
#}J,{Ak = O(%) such that ||Q, 10}7: Y Xpei/pell = Op(%
Putting together the different expressions, and for q > 1 fixed, we obtain

1T = Tl = o,,(ﬁ) +0p(K9734) + op(‘f) = op(‘f) (A.9)

under the conditions in Assumption A5. More specifically, the above convergence rate holds if K-9-3/4/(K1/2/ /aiy) — 0 as
K, N — oo. This condition is guaranteed by assumption A5. O

Proof of Proposition 2. First, we note that
Y so1lgy salos
h—2=0 SXiEe + ®TIIXR, (A10)

using the property )?LQX =X'MxX =0 with 0 a (p+ 1) x K(q + 1) matrix of zeros. To derive the asymptotic normality of the
standardized parameter estimator, note from (A.10) that

~ .1 ~ .1 _
VN(A=1) = d ' —X'Myxe + d ' —X'MxR.
(=) INT INT T
Therefore, we need to show that ||ﬁX’MX§|| =0p(1) as N — oo. For this, it is sufficient to note from condition (iii) of

Proposition 1 that || X'MxR|| = O(v/N/K%+5/4), for q fixed. Then, || ﬁX’MXEH = O(N/KT+5/4) = 0,(1), under assumption AS5.
Now, applying the central limit theorem to the above expression, we obtain

1N
WZX{MXS,- — N(0, W), (A1)
with \DO:E[(X{MXsi)z]. Furthermore, under assumptions A1 and B, and applying the law of large numbers, D=

%Z?’ﬂ X/MxX; is a consistent estimator of ®y = E[X’MxX] such that ||5> — ®g|| = 0p(1), with ||DPg|| < co. With these re-
sults, we obtain the asymptotic convergence in distribution:

VYN(k = 1) — N(O, &5 W ;). (A12)
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Proof of Theorem 1. To prove this result we combine expressions (2) and (7), and apply the triangular inequality, such that

K

3Tk — T) vie(d) 11 (d)

sup|w(d) — w(d)| < sup
dey k=1

+ sup|R(d)].
dey dex

For the first term, we note that

K

sup Z(fk - Fk)/l}k(d)lk(d) < max {Sup‘ (i::k _ rk)/vk(d)lk(d)‘ },
dex | k=1 {k=T,..K} | dey

given that 1,(d) =1 for one interval of the partition only.
Furthermore, applying the triangular inequality and the partition of the compact space into K disjoint intervals, the

quantity on the right hand side of the above expression is bounded by {kmax

L -T U (d) 1 (d)] }. T
1% T = Tl {kn}?fk}{ig)l()' K@D ”} ©

Lemma A.4 in Cattaneo and Farrell (2013) shows this condition for K = (N/logN)é, with & e (0, 1). More generally, using the
~ 1/2
result in Proposition 1, we obtain that P{{kmax }||Fk =Tl > (%) 6} is arbitrarily small for € large enough. This result
=1...K
is obtained applying Boole’s inequality, Bernstein’s inequality, and p; < K~1, see proof of Theorem 2 in Cattaneo and Farrell
(2013) for additional details. Therefore,

~ VK
max ||y =Tl <0, — ).
ymax [T =Tl < p<N
Additionally,

{k

for h = hy, ..., hg. This result is bounded for 0 < h < 1.
For the second term, R(d) = Yk_, w(@ D (¢,)(d — 2,)7t11,(d). Then, 3up|R(d)| < Co{klr]laXK}{th}y with Cp a positive con-
ox -
stant satisfying that ’ rrllaxK}|w(q“)(Ck)| < Co. Therefore, sup|R(d)| = Op(K~@+1V). Then,
k=1,..., dey

d)1,(d S 1Rt 1 et
1 = =
max, suplv@1(@)] < max 5 {ki‘}f‘f?m{ T } R

sup|w(d) —w(d)| = op(*m + 1<-(q+1>>.
dey N

(]
Proof of Lemma 3. We proceed to show the asymptotic convergence between the estimator Ay = # YN, Z?’=1 Y;j)?ijeiz /P
i#i
and A, = E[)f(;'ijfkv,-jsiz/pk]. To obtain the asymptotic convergence it is sufficient to show that E[||A, — Ac]|2] = 0,(1). Note
that

-~ 1 N N—/ - [— —
E[llAy — Acll*] = E ”07 szk.ijxk,ijeiz —E Xk,ijxk,ijEiZ] /Prll?
i1 j=1 -
i

Using the triangular inequality and further algebra, this expression is bounded by

1 AR v v 1 NN — = .
£ ”aN 2D XuiXui(ef —ef) | /pell” | +E ”OfN ZZ(Xk,ink,uSiz _E[Xk.ijxk,ijgiz:l)/pknz
i=1j=1 i=1 j=1
i i

For the first expression, we note that e; = &; +x;(A )+ YK X (T = ) + Ry, such that applying the Cauchy-Schwarz
inequality, the asymptotic convergence of Q,, and the convergence of the parameter estimators in Proposition 1, the ex-
pression converges to zero in probability as K, N — oo. For the second expression, using the same steps as in Lemma 2, the

conditional zero-mean error term in A4 implies that E|:|| # >N, Z'}':l (Y,Q_,»J»)f(kvijsiz - E[X;C,ijkv,-jg?])/pk”z] =
i

2
i ZZOE{&% (Z?’:l Zlfﬂ (X?S,z (dij — z)™ 13 (dyj) — E[ij-Siz (d;j - Zk)Hs]k(dij)])/pk) :|

i
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After tedious algebra, the preceding expression can be written as

N N N
1 q

NE(N )ZZZ DO > ElXix7e! E[(dij — 2i)* (diy — 21)* 1k (dij) 1 (di) ]/ P}

r=0s=0 \ i=1j=1I=1
jei A

N N N N

N2(N 172 ZZ SN DY ElxixpeteE[(dy — 21)* (dip — zi)* 1 (d) 1(dip)) 1/ P}

r=0s=0 \ i=1j=11=10'=1
A U4

N N N N

- NN (N 172 ZZ DYDY Elxfe?IEIxieT EN(dy — 21)* (i — zi)* 15 (dy) 1 (dip) )1/ P}

r=0s=0 \ i=1 j=1I=1I'=1
ji BAHU#)

Under assumptions Al and A4, E[xllez,eizsjz.] = E[x?e?|E[x2 82] Then, the above expression is equal to

NZ(N )ZZZ ZZE[X eMEN(dij — 2)* ™9 1,(dij) 1/ i

r=0s=0 \ i=1 j=1
J

N N N

NZ(N ])ZZZ DO Elxxtel [E[(dij — zi)™ (dy — zi)*15(dij) 1k (di) 1/ P}

r=0s=0 \ i=1j=1I=1
j#i 1AL

N(N 1)225[" ef [E[(dij — 2)* ™ | 1i(dip) 1,(di)]/ i

r=0s=0

q q
v %ZZE[xﬁx%sﬂEudﬁ 207 (g~ 207 | 1) 1)

r=05=0

K K\ G (1—h2aD\? 1
<0( 5 ) DI (5 )+N<1_hz =0(y):

rOsO

with Cy some positive constant that reflects the finite character of the first four moments of x; and ¢; imposed in A1 and

A4. Note also that py = K=, therefore, we obtain E[||Ay — A||*] = O(}) such that ||A, - A|| = Op(ﬁ . O
Proof of Lemma 4. Expression (A.7) implies that
L Zxkls, Q' 5k zx,ax,(x 1)+ 0p(K9-3/4).
Then,
1N
E[(Ty — T'y)? ]—* Q, 72 [X}iXuie? |/ P Q! (A13)
AN iz
T~ f 1L ~ .
+ —Q ' 5 D_E[Xixi(h — M)XK /i | Q! (A14)
Dk ay i1
1~
~ 5 (az > E[X ek - M)x Xk,]/pk)qk +0p(K-2032), (A15)
¢ N j=1

Using Lemma 2 and the definition of A, expression (A.13) is equal to ﬁkak*lAka*l + 0p(1/N). Similarly, we use the re-

Q’ (Zl ]E{(Z] 1Xkuxl)a\)_1\poa\)_1 (Z] 1Xkuxl) }/pk)Q\kL
J#i J#

Furthermore, using the consistency of ® to @, and the definition of B, in the proof of Proposition 1, we note that

sult in Proposition 2 such that expression (A.14) is
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!
ﬁ YN, E|:(Z’}’=1 X;(Tijxi)CI) Ty, d- (Z] X l]xl) j|/p,( = @' Wod; 1By +0,(1), with ||By|| < oo as shown above. Then,
J#i J#i

- 1 N
Q.
Q Zpe L

DE[%Xi (k- k)ZX/XkI]/pk)@«ln =op(%).

The asymptotic convergence of expression (A.15) is studied in a similar fashion. More specifically, replacing expression (A.10):

1 o ~ 1 =
2 Z [X;a-é','()\. - )\.)X,{in] = ongk (E[X;d8,'q)_1X/Mx8X;in]/pk)
N - N

1 ~ —
+ 5 (E[ X} ® ' X' MxRX{Xi ]/ Px).
adp?

1iEi - MXXi ]Il = 0, with E[X},&; o-1X’ Mxex/X;|/ Py = 0, under the assumption E[x;] =0 in A1,
and E[X;(l.si@“X’MXRXi’X,d]/pk = 0, by assumption E[&;] = 0 in A4.
Thus, putting together the above expressions, the variance of the spatial parameter estimator is

~ 1 K
E[(Ty —Tp)?] = inzlAsz:] + OP(W)'

N
such that ”ﬁpﬁ Y E[x

O

Proof of Proposition 3. let Vi(d)=ay Z’,le v;{(d)V(fk)vk(d)] k(d). Lemmas 2 and 3 imply that
Vi (d) = Zfﬂ ULA(dA)Qk‘]AkaJvk(d)lk(d)/pk +0p(x). Similarly, using expression (10), we oIAJtain Vi (d) =
Zf:1 vL(d)Qk*]Ale:]vk(d)1k(d)/pk. Using the convergence results in Lemmas 2 and 3, it follows that |Vi(d) — Vi (d)| =
Op(§): as N — oo, that proves result (i).

To show result (ii), we put together expressions (2) and (7), and obtain

K
Van@(d) - w(d)) = 3" van (T - T) v(d)1(d) — VanR(d). (A.16)

k=1

Using the result in Lemma 4, we have

V(van(w(d) —w(d))) = Vi(d) + ay V(R(d))

K
—an Y v (d)Cov((Ty — Ti) 1 (d). R(d))vi (d).

k=1

with R(d) = YK, w@D (¢,)(d — 2,)771,(d). Thus, the variance of the remainder term satisfies

K
VR@) = 3wV ()2 (EL(d — 202D | 1,(d) = 1]pe — E[(d — 20" | 1,(d) = 1°p2)
k=1

K
=Y WD ()2 [V((d = 2" | 1(d) = 1)pg + E[(d = 2)"" | 1i(d) = 12 pe(1 = p) ]

k=1
K K
<2Gy W@V p — Gy W@V pi = (K@) 4 O(K2473),
k=1 k=1
given that pj, =< 1/K and nax (BED (c))? < G.

Similar tedious calculations for the covariance term yield the same convergence O(K~2(4+1) as above, and we obtain
V(Van(w(d) —w(d))) = Vk(d) + O(N*/K*@*D),
with ay/K2@+1D — 0 under assumption A5. Finally, we note that Vi (d) = O(K), by construction. O

Proof of Theorem 2. To show the asymptotic distribution in this theorem, note from expressions (A.7) and (A.9) that fk -
Iy = @:1 O(LN Zf\il £/ Dy + Op(l\{/z) Therefore, using expression (A.16), we obtain

Jayw(d) - W(d))—Fzzvk(d)Q,<1X§a81k(d)/pk+0p<:£> VoanR(d). (A17)

i=1k=1
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K r10-1x/ o.

Let zy(d) = Zt DY KO with Ve = Y 0,(d)'Q, ' A4, i (@)1(d)/pye The process {zy(d)}Y, inherits the

N "k
properties of the error term ¢;, by assumption A4, such that E[z;y(d) | X, D] =0 and E[zizN(d) | X,D] = 1. Thus,
Ja(W(d) -w(d) _ ¢ JaR() 1
V12 = ZZfN(d) TP + 0p ﬁ )
k i=1 k

with Vlg/z = 0(vK), by Proposition 3. Furthermore, the proof of Theorem 1 shows that |R(d)| = Op(K~@+D) such that

w =0p (N/I(‘1+3/2). Therefore, by assumption A5, this quantity converges to zero in probability, such that
k

VN
The quantity Zf’zl ziy(d) is of order Op(1). To show this, note from the proof of Proposition 1 that ||Qk‘l D}—N 2?1:1 X3€i/Pell =

op(ﬁ). Then, YN, ziv(d) = Op(1), given that |G ' &= T Xp.ei/pl| = 0p(vK) and V2 = O(VK).
It remains to see the asymptotic distribution of the standardized estimator. To do this we note that z;y is a triangular

array, and apply a Lindeberg-Levy central limit theorem to Zf’: 1Zin(d). More formally, we need to verify the Lindeberg
condition

Janw(d) -wd) o N ( 1 )

T - X;Z’N (@) +0p (I<q+3/2> 0
K 1=

N
S E[Z4 (d)1(lziw(d)| > 8) | X.D] 5 0.
i=1
for any & > 0. This condition can be represented as

2
N E YR v @) Q514 (d) /g 1 YR v () QX1 (d) /
Zi:l a;l/zvkl/z "‘rlv/zvl]/z
K

> 8) | X,D 20, for any & > 0. Applying Holder’s in-

equality, the above expression is bounded by
b n

2
B 2+n 2+ B P
ZN E K V@) Q581 (d)/ | X.D p YK 0@ Q7 K61, (d)/py 5 |X.D i
i=1 al/zvl/z ’ al/zvl/z ’ .
N Yk N VK
L
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Now, using Markov’s inequality, we have the following upper bound:

_ 2+ 2+
E[ K, w@y o speit@ym” 1 x0] | *
1+ 147 1+ 14T
ay ZVK 2 52+r;aN ZVK 2

2
N E[II we@e Hpeite@mf ™ 1 x0]

24n
2

IX,D

K 1 2+n
_ [ @ o e @m T 1x0] S ot 12y 1@

. N oY o
with Ay, =E| | gb X0l Xk ijXk.ij€2/Dr

J#

241 21/ 14n/2
SINT/2(N=1) 2 Vk1+r]/2 SNNN/ Vk

2 n
Note that Akzg’] =V, and therefore, such that A,m/v,:*z = 0(1). Therefore, under assumption A5, the above expression
satisfies

K
k_Z] [V, ()Q, HII* A, 11 (d)

<S'7Nn/2\/l”'7/2 = N2
K

— 0, as N — oo, for n > 0.

Therefore, the central limit theorem applies such that w LY N(0,1), for d € x fixed. Furthermore, the result
k

V(d) P

|Vk(d) — Vk(d)| = 0p(1) in Proposition 3 implies that nd 1, for all d € x such that for V,,(d) # 0, we obtain

x/oTN(W%d])/z‘ w(d)) 4 N(0,1), for de x, as N— ooc.
k

O
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