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1. Introduction

In recent years, panel data models have become increasingly popular in theoretical and empirical analyses, since richer
information from both the cross-section and time series dimension leads to more powerful inferences than with a sin-
gle cross-section or a single time series. In particular, the modeling and inferences of structural changes in panel frame-
works have attracted significant attention in the literature. Compared to applying the single detection method for structural
changes separately to each series, using panel datasets improves break detection power. The detection procedures in pan-
els are often designed to test for the null hypothesis that the regression parameters in each series are constant over time
against the alternative that at least one series exhibits structural changes. See, for example, Horvath and HuSkova (2012) in a
mean-shift panel model, De Wachter and Tzavalis (2012) and Hidalgo and Schafgans (2017) in dynamic panels, Pauwels et al.
(2012) in panel data models allowing for heterogeneous coefficients, Chen and Huang (2018) in a time-varying panel data
model, and Antoch et al. (2019) in panels with fixed T and large N, to name a few. However, the rejection of the null hy-
pothesis leaves the researcher with no information as to which cross-sectional unit exhibits structural changes. Furthermore,
it naturally leads to the issue of change point estimation in panel data models.

Classical change point estimation methodologies in panel literature often assume that break point occurred in each se-
ries at the same location, referred to as the common break point. The major advantage of this assumption is the increased
accuracy of the change point estimate, as noted by Bai (2010). It is well known that only the break fraction (i.e., the break
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date divided by the sample size) can be consistently estimated in a single time series. In panel frameworks, however, the
failure of the consistency of the break point in time series models has been overcome under the common break assumption.
This enhanced precision of the common break point estimate has been widely confirmed under various frameworks in panel
data analyses. Kim (2011, 2014) focused on panel deterministic time trend models and considered a factor structure for the
error component. Although the former study stated that the ordinary least squares break date estimator fails to achieve con-
sistency by imposing the factor structure, the latter overcame this problem and developed a new estimation strategy, where
the common break date is estimated jointly with the common factor to successfully sustain the precision advantage of the
common break point estimate in panels. In addition, Qian and Su (2016) used a panel data model in which the parameters of
interest are homogeneous and errors are assumed to be cross-sectionally independent, while Baltagi et al. (2016) considered
a more general panel framework allowing for heterogeneous parameters across individuals and multifactor error structure.
More related works, including Li et al. (2016), Baltagi et al. (2017), Horvath et al. (2017), Westerlund (2019), and others, have
documented that the break date estimate obtains increased precision via imposing a common break assumption in panels.

In practice, however, the common break assumption is restrictive, and some evidence has verified that the break points
are likely to vary significantly across individuals (see Claeys and Vasicek, 2014; Adesanya, 2020). To the best of our knowl-
edge, no study has focused on the validity of the common break assumption in panels. In this paper, we contribute to
the literature in three ways. First, we fill in this gap to introduce a test for the null hypothesis that the panels exhibit a
common break against the alternative that break dates can vary across units. The closest related work is that of Oka and
Perron (2018), who considered common break detection in maximum likelihood frameworks in multiple equation systems.
We extend their model to a more general framework where both the number of series N and the number of observations T
are sufficiently large, which makes it available using panel or macroeconomic data in applications.

The second major contribution of this paper is that we investigate the statistical properties of the estimated common
break point when the common break assumption fails. It is verified that the common break estimate cannot be consistent
for each series, but will be restricted to a specific region. Based on this property, our test has a non-degenerate distribution
under the null hypothesis and achieves consistency under the alternative.

Third, our test delivers monotonic power as the magnitude of the breaks increases. The statistic is established by the
squares of the cumulative sum of the residuals, and we use a normalization factor to replace the long-run variance estimator
to avoid power loss when the shift increases under the alternative (the so-called nonmonotonic power problem). Monte
Carlo simulations show good size performance for large T. Moreover, the test can successfully reject the null hypothesis
of a common break against various types of alternatives and has nontrivial power for large breaks. An empirical example
demonstrates that a common break exists in the mutual fund data during the sub-prime crisis.

From a different perspective, recent clustering literature suggested an estimation methodology as an alternative strat-
egy to identify distinct breaks across units in panels. The panel data are modeled using a grouped pattern, in which the
regression coefficients containing break dates are heterogeneous across groups but homogeneous within a group. In this
framework, Okui and Wang (2021) and Lumsdaine et al. (2022) proposed iterative estimation approaches to jointly estimate
the break point, group membership structure, and coefficients. The consistency of all estimates can be achieved simultane-
ously within the prior information on the number of groups and an appropriate choice of the initial values for iteration.
Researchers can determine whether to conduct a testing procedure, apply an estimation methodology, or use a hybrid of
two approaches depending on their empirical purpose.

The remainder of this paper is organized as follows. Section 2 introduces the model and necessary assumptions.
Section 3 explains the testing strategy for the common break assumption. Section 4 establishes the asymptotic distribu-
tion of the statistic under the null hypothesis and the consistency of the test under the alternative hypothesis. Monte Carlo
simulations are conducted in Section 5. Section 6 provides an empirical example, and Section 7 provides concluding remarks.
The mathematical proofs are relegated to the Appendix.

2. Model and Assumptions

We consider a panel data model allowing for heterogeneous coefficients across units, defined by
Yie =X Bi + X610y +uir, 1<i<Nandl<t<T, (1)

where x;; = [x;:(1),...,x;(p)] is a p-dimensional explanatory vector including a constant term; thus, the first element is
unity for all t. The coefficients 8; = [Bj1. ..., Bipl’, 8; = [8;1.....8;p]" are p x 1 vectors of fixed parameters, and L0y is an
1

indicator function that takes the value one if t > k?, and zero otherwise. u; is an unobservable stochastic disturbance. Note
that B;; and B;; + 8;; correspond to the individual effects in the fixed effect model.

If the panels exhibited structural changes, the traditional way would assume that the breaks occurred at the same lo-
cation and estimate the common break date. In this case, the precision of the break date estimate can be significantly
improved. In practice, however, the break points may differ from individuals. A common break assumption will lead to mis-
specification and inaccurate estimation. No method has been proposed to determine whether the common break assumption
can be used in panel data models in the application. Thus, in this study, we focus on testing whether the break point in
each series is common against the alternative that the break point varies across individuals. We assume that the regression
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parameters in the ith panel change from g; to §; + §; at unknown time k?. The null hypothesis is defined as
Ho: k9 =k°, forall i=1,2,...,N.

Under the alternative of distinct breaks across individuals, we suppose that there exist G groups, and the regression coeffi-
cients share the common break point in each group g=1,2, ..., G. Then, the alternative hypothesis is defined by

H, : kgl ;ékgz, for some g;,2, € {1,2,...,G}.

If the number of groups G is equal to N, the alternative allows for heterogeneous break dates across individuals. Furthermore,
this test can be applied to test for one common break against multiple common breaks when different breaks are considered
along time dimension. These cases are illustrated in Simulations and Tables 11-12.

In this paper, we impose the following assumptions.

Assumption 1. k? = [T7?], where z° € (0,1) and [ ] is the greatest integer function.

The break point k?, which is a positive fraction of the total sample size, is assumed to be bounded away from the end
points. This is a conventional assumption in the change point literature, see Bai (1997).

Assumption 2. Denote 80 as the true shift for individual i. Define ¢y = >N 8?/8?. Suppose that
(i) ¢y — o0 as N — oo,
(i) %) is bounded as N — oo,
(iii) & — oo, o4 — o0 as (T, N) — oo.

Assumptions 2(i)-(ii) are borrowed from Assumption A2 in Baltagi et al. (2016). The additional condition T/N — oo re-
quires that T grows at a faster rate than N. This is a significant condition to ensure a non-degenerate distribution of the
statistic under the null hypothesis and consistency of the test under the alternative.

Assumption 3. (i) For each series i, u;; is independent of x;; for all i and ¢;
(i) uir = X320 aij€ic—jr € ~ (O, aiﬁ) are i.i.d over t and {e;} is independent of {e;;} for i # j with sup;E|€;|?” < oo for
some y > 1; 37; jla;| <M for all i.

The idiosyncratic errors form a stationary time series, and it is assumed that u; are cross-sectionally independent, similar
to the assumption in Bai (2010). In practice, this assumption is relatively restrictive, as cross-sectional dependence commonly
exists in many panel datasets. Some additional techniques are needed if we relax Assumption 3 to allow for cross-sectional
dependence.

Assumption 4. For i=1,...,N, {x;} is strictly covariance-stationary process and the law of large numbers holds.
(1/T) Z[T=1 Xi¢X/, converges in probability to a nonrandom and positive definite p x p matrix G; as T — oc.

Denote the jth row of C; by clfj for j=1,...,p. That is, C =[cj, ..., ¢jp). Note that the vector ¢, is the first row of ;.

K9 N KO+s

tx:k?—s+1 X"txl/’f and (1/N) }5itq Ztlzk?ﬂ

are stochastically bounded and have minimum eigenvalues uniformly bounded away from zero in probability for all large N.
(ii) For each t, (1/N) Zf’ﬂ X;¢X], is stochastically bounded as N — co.

Assumption 5. (i) For a positive finite integer s > 1, the matrices (1/N) Zf’z > Xie X},

Assumption 4 is a conventional assumption in time series models, see, for example, Bai (1997), while Assumption 5 is
borrowed from Assumption 5 in Baltagi et al. (2016).

3. Test Statistic

The null hypothesis assumes that the panels exhibit one break occurring at an unknown common location. We first use
the least squares method, as proposed by Baltagi et al. (2016), to estimate the common break point. Let

Yi=[yin.Yio..... ¥l X=X, X2, ... %7 ]

Zi(k) =10, ..., 0, X 1ys - - - Xir I, wi = [, u, ... ur ]
The model with an unknown break point k; can be rewritten in matrix form as

Y = XiBi + Zi(k)d; + u;

= [x,-,zi<ki)1[§"] + U

1

= Xi(ki)bi + Uj, (2)
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where X;(k;) = [X;, Z;(k;)], and b; = [B],8!]'. Given any k* =12, ..., T —1, b; can be estimated by

Bi
b (k
(k") = [Sk

1

)i| = [Xi(k*) X (k)] X (k*)'Y;, i=1,...,N.
The sum of squared residuals for ith equation is given by
SSRi (k™) = [Y; = X (k)b (k)Y = Ki(k)by(k)], i=1,....N.

The least squares estimator of k* is defined as

N
k =arg min ZSSR (k). (3)

m<k*<T-m

Brown et al. (1975) introduced the CUSUM test for structural breaks in the coefficients of a linear regression model. Our
statistic is composed of the CUSUM of ordinary least squares residuals based on the estimated common break point k. We
decompose the panels into two regimes using k in the time series dimension. Then, the OLS residuals are calculated by

o PR L N
0; = [y, G, ..., Qi | =Y; = Xi(k)bi k), (4)
and the squares of the partial sum of the OLS residuals i; are defined by

2
k
USnr (k, k) = ( ZZ&H) where k = [Tt] with T € (0, 1). (5)

=1 t=1

The statistic is motivated by the consistency of the break point estimate if the common break assumption holds. Under
the null hypothesis that all individuals are assumed to share a common change point k? = [T1°] with 70 ¢ (O 1), Baltagi

et al. (2016) verified that the common break date is consistently estimated. Based on the consistency of k25 k9, the re-
gression parameters in regimes [1,...,k] and [k+1,...,T] are stable over time. Consequently, the cumulative sums of the
corresponding residuals will not diverge and can have a non-degenerate distribution, which is derived as follows:

a2 [W(r) — ZW(T9)? ift <10
oW (T) =W (z Tt WEoO2? ifts>10’

USNT(k, ’2) = {

where W(.) is a one-dimensional Brownian motion, and o2 s the long-run variance defined by

2
limy 7y 00 E (ﬁ Z?’: 1 ZL] ui ) . Under the alternative of distinct breaks, since the estimated common break point

cannot coincide with the true break point for each series, partial residuals will significantly deviate from the one under the
null hypothesis, and USyr (k, k) will diverge to infinity as N, T — oo such that we can successfully reject the null hypothesis.

A traditional approach is to use a consistent estimate to replace the unknown o2, while the kernel estimator is commonly
applied. Typically, the selection of the bandwidth for the kernel estimator significantly affects the size and power perfor-
mance of the test. In time series analyses, it has been extensively mentioned that the structural change tests suffer from
the so-called non-monotonic power problem; that is, the tests may lose power as the magnitude of the break increases. See
Vogelsang (1999), Deng and Perron (2008), Yamazaki and Kurozumi (2015), and Jiang and Kurozumi (2019), among others.
The main reason is that the long-run variance estimated under the null hypothesis is consistent but may be severely biased
under the alternative hypothesis. To maintain nontrivial detection power for large breaks, we extend the self-normalization
method proposed by Shao and Zhang (2010) to construct a normalization factor instead of using the long-run variance es-
timate. This normalization factor Vyr (kq, k, ky) is required to be proportional to o2 such that the long-run variance can be
canceled out as

USyr (k, IAc) o2 functional of Brownian motions
Vir(ky, k, ky) ~ o2 functional of Brownian motions’

Furthermore, the normalization process cannot grow at a faster rate relative to the process USyr (k, k) under the alterna-
tive to avoid loss of power. To this end, we separate the panels into four regimes by flexible points kq, k, and the esti-

mated break point k, where ki < k < k. We estimate the model on the basis of four regimes {X;1, ..., Xy, }, {Xix, 1) - > X3}
{xi(,»(“), -+ Xiky b and {Xjg, 41y, .-, Xir} for the ith equation. Denote T x p matrices by
Xﬁ(a, b) = [0, ey O,Xi,a_*_], -5 Xibs 0, ey 0]/, ] = ], 2, (6)
X3i(a) = [0, ..., 0, Xiag+1s ...,XT]/, (7)
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where the elements of the (a+ 1)th-bth rows of Xj;(a, b) are the same as that of X; and zero otherwise, and the elements
of the (a+ 1)th-Tth rows of X3;(a) are the same as that of X; and zero otherwise. Then, the model can be represented by

Bi
~ ~ 81i
Yi = [X;, Xqi(ky, k), Xai(k, ko), X3i(ka)] 8“ +u
2i
83
= XiB; + Xai(kn. k) 81i + Xoi (k. ko) 83 + Xsi(k2) 831 + vy
= Xi(ky, k. ko) by + uy, (8)
where £ (k1 k, ko) = [X;, Xq1(kq., k), Xo;(k, k2). X31(k2)], by; = (B8], 8 85;, 84, Using the coefficient estimators Bi, 811, 85, and
85, the corresponding residuals are calculated as
iy = [, g, ..., Gir] = Yi = XiBi — Xai (ke K) 81 — Xoi (k. k2) 82 — Xai (k283 9

Then, we define the process Vit (kq, k, k,) based on the residuals i as

Vir (k1 k. ky)

s=1 i=1 t= ki+1 i=1 t=s
1 ky 1 N s 2 1 T 1 N T 2
tT > INT Do ) o+ T > INT 20D i) - (10)
s=k+1 i=1 41 s=ky+1 i=1 t=s

Thus, our test statistic is composed of the squared CUSUM of residuals (5) and the normalization factor (10), defined by

su USnt (k, i{)
(k.kr,kp)e(e) Vyr (1, IA<, ky)

1 k 2 1 ky 1 N s 2
sup — i = — i;
(k.ki.k)e(e) \ VNT ; =1 " T Z VNT 21: =1 !

Sr (k)

where Q(e) = {(k, k1. kp) or (7, 71, 7o) : [Te] <k < [T(1 —€)].[Te] < ky <k—[Tel.k+[Te]l <k, < [TA = )]}. k=[Tz], kg =
[Tt1] and ky = [T1,] with 7, 71, 75 € (0, 1). Note that the permissible range of k, kq, and k, are the trimmed intervals with
the trimming parameter €, which is introduced because of a technical reason.

4. Asymptotic Theory

We next derive the limiting properties of the test statistic.

Theorem 1. Suppose that Assumptions 1-5 hold. Then, under Hy, we have, as N, T — oo,

Sr (k)

1-10 70

2
L sw {W(t)—rW(TO) (_To)[W(l)—W(rO)_W(rO)}{mU}}
(T,71,72)€Q2(€)

T 2 T B
{ [ [wm-rW(“)} are [ [W(T%_Wm_( )W<>W<>] )
0 71 7

0 -1

+/I |:W(r)W(t°)(r )W(TZ)_W(TO)} dr

T, — 10

5
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Table 1
Critical values

70 10% 5% 1% 70 10% 5% 1%

0.20 44.683  58.000  93.334 0.51 45.756  57.819  85.933
021 45718 59.858  94.657 0.52 45432  57.391 85.602
022 46276  59.513  94.293 053 45.081 56.906 86.526
023  46.059 59.685  95.175 0.54 45.042 56.957 85.382
0.24 46.529  60.253  94.964 0.55 45.066  56.481 86.857
025 46.179 59375  96.660 056 45136 57.023  86.867
026 46.013 59.314  94.966 0.57 45337 57.199  85.988
0.27 46.166  59.984  96.143 0.58 45.016 57.061  86.211
0.28 46320 59.641  96.147 0.59 45.228 56.656  89.053
029 46.126  59.472  92.999 0.60 45.172 57.241  90.397
030 45457 57.897 93472 0.61 45322 56.988  89.481
031 45402 57.797 91919 0.62 45.854 57.699  89.855
032 45552 57.722 91.743 0.63  46.077 58336 91.704
033 45358 58.284  93.649 0.64 45595 58.398  93.175
034 45222 58.992  93.089 0.65 45.604 58478  91.605
035 45398 59376  92.584 066 45689 59.002 91.513
036 45316  58.525  90.879 0.67 46.013 57.876  93.687
037 45556  58.329  91.502 0.68  46.095 58.768  92.220
038 45423 57.710  89.287 0.69  46.293  59.020  95.095
039  5.162 58.428  90.632 0.70  46.487 59.175  93.728
0.40 45413  57.989  90.335 0.71 46.404 58.840 92.819
041 45549 58.119  91.709 0.72  46.593  59.804  94.161
042 45987 57.619  92.507 0.73  47.027  59.090  93.900
043  46.039 58.082  91.103 0.74 46.444 59.781 93374
0.44 45992 57.755  88.373 0.75 46.328 59.942  92.876
045 45935 58262 87.018 0.76 46287  60.022  92.439
046  46.114 58.039  87.676 0.77 46.943  60.321  94.096
0.47 45760  57.398  87.558 0.78 46.115 60.078  95.111
0.48 45.865 56.650  86.703 0.79  46.091 60.739  96.691
049 45.844 57.083  84.092 0.80 45.160 59.248  94.886

0.50 45476  57.809  85.984

wa -w 1,
1- T ’

—+/1PNU)—MKH—(1—0

2
where W (.) is a standard Brownian motion, k = [Tt], ky = [T11], k° = [T°], and k, = [T1y] with T, 7y, 71, T2, € (0, 1).

Under the null hypothesis, the proposed test has a non-standard limit distribution depending on the true break fraction,
which is unknown in practice. We tabulate the critical values in Table 1 when the trimming parameter € = 0.1, by ap-
proximating Brownian motions in the limiting distribution using 2,000 independent normal random variables with 10,000
replications. Note that the possible break fractions 70 are from 0.2 to 0.8 when ¢ = 0.1.

Next, we investigate the behavior of the proposed test statistic when the breaks vary across individuals. We focus on the
case in which there are two groups, and individuals in the same group share a common break k?, ji=1,2.

Hya: [K® —KS| > AT, for some A > 0.

Assumption 6. Let N;, j = 1,2, denote the number of units in group j (N = N; 4+ N;). Suppose that N;/N — 7; > 0 for j =
1,2.

To characterize the limiting properties of the test statistic under the alternative, it is useful to first state some preliminary
results regarding the statistical properties of the estimated common break point. Define K(C) ={k:1 <k < kﬁ’ -C, kg +C<
k < T — 1}, where C is a finite number.

Proposition 1. Suppose that Assumptions 1-6 hold. Then, under Hy,, for any given € > 0, for both large N and T,
P(k € K(C)) < €.
Proposition 1 states the possible region of the location of the common break date estimator when the common break
assumption fails. This implies that this estimator will be bounded away from both end points. In other words, the estimated

common break point may lie between the two true break points or be stochastically bounded by either of the true break
dates.

Proposition 2. Suppose that Assumptions 1-6 hold. Under Hy,, for both large N and T,
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() if k <K,

sup USpyr(k, IA<) — 00,
keQ(e)

(ii) if k9 < k < kS,

sup USwr(k, k) — oo,
keQ(e)
(iii) if k9 < &,

sup USpyr(k, l?) — 00.
keQ(e)

Proposition 2 derives the divergence rate of the process USyr (k, IA<) under the alternative. In case (i), we show that the
common change point estimate is bounded by the true break point k?; that is, k? —k =0p(1). Since we assume that the
two true breaks are separated by some positive fraction of the sample size, k will become distant from the other break date
kg. Therefore, for individuals in group 2, the regression parameters will be estimated based on an inconsistent break fraction
estimate. The CUSUM of the corresponding residuals i in USyr (k, k) can diverge to infinity at a rate of NT. For the second
and third cases, it is shown that the divergence rate of the process USyy (k, k) is the same as that in case (i).

Proposition 3. Suppose that Assumptions 1-6 hold. Under Hya, for any given € > 0, there exists a finite M > 0 such that, for
both large N and T,

(i)
P( inf Vr(k, ko ko) > M[KO —C <k < k?) <e
(k1.kz)ef2(€)
(ii)
P inf  Vyrky ko ko) > MKO <& 10) ,
((kl,kglgsz(e) Nt (k1. k, ko) > 1<k<ky)<e
(iii)
P( inf Vir (ki ko ko) > M|KS < & < k9 +c) <e.
(ky.k2)e2(€)

Proposition 3 investigates the limiting properties of the normalization process under the alternative. The results indicate
that inf(kl,kz)eg(e) Vnr (k1. k, k2) is Op(1). The numerator of the statistic diverges at a rate of NT, and the denominator has a
finite limit. Then, we derive the consistency of the test under the alternative in the following theorem:

Theorem 2. Suppose that Assumptions 1-6 hold. Then, under Hq4, we have, as N, T — oo,

SNT (k) — OQ.

The consistency of this test is achieved under a particular and specified alternative Hq4. Nevertheless, our simulations
confirm that this test is valid and powerful against a variety of alternatives.

5. Finite Sample Properties

In this section, we investigate the finite sample performance of the test considered in the previous sections. The data-
generating process (DGP.1) under the null hypothesis of a common break is given by

Yie :xftﬁi+x§t8,-1{t>ku}+u,-t, i=1,...,N. t=1,...,T.

where x; = [1,z;]" includes a constant, each z; has a normal distribution N(1,1), and is independent of the errors u,
1<t<T,1<i<N. We assume that a common break k? = [0.5T] exists in the slopes. The coefficients 8; ~ i.i.d.U(—0.8,0.8)
and §; are the jumps for each series with §; ~ i.i.d.U(0, 0.5). We allow for serial correlation in the errors ujy = pu;;_1) + €
with ej; ~1.i.d.N(0, (1 — p)?2). The trimming parameter € is 0.1, the number of replications is 2,000, and all computations
are conducted using the GAUSS matrix language.

Table 2 summarizes the empirical sizes of the test for the different pairs of (N, T). In the case of i.i.d. errors, the nominal
rejection rate is close to the corresponding significance level of the test. When the errors are allowed to be serially correlated
with p = 0.4, for small N and T, the size distortion is quite noticeable. The size improves for large T and appears to be quite
close to the nominal level at T = 200. In the case of strong serial correlation (p = 0.8), the size is distorted but appears to be
controlled when T increases. The results are similar and are thus omitted. Moreover, since the true break point is unknown
in practice, our statistic replaces the true break fraction with its consistent estimator, and we investigate the impact of the
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Table 2
Size of the test DGP.1
T N 10% 5% 1% 10% 5% 1%
(@p=0 (b) p=0.4
20 10 0.149 0.092 0.028 0.224  0.145 0.062
50 0.125 0.075 0.033 0.238 0.157 0.063
100 0.110 0.068  0.023 0.243  0.167  0.077
50 10 0.082  0.040  0.009 0.153  0.086  0.025
50 0.072  0.035  0.007 0.146  0.080 0.033
100 0.058 0.022  0.005 0.132  0.073  0.022
100 10 0.080  0.035  0.005 0.119  0.060 0.014
50 0.079  0.035 0.007 0.115 0.064 0.016
100 0.071 0.028 0.006 0.106  0.053  0.012
200 10 0.083  0.037  0.008 0.106  0.049  0.013
50 0.076  0.032  0.006 0.092 0.043  0.009
100 0.086 0.041 0.008 0.091 0.050 0.013
Table 3
Size of the test DGP.1 (based on true break point)
T N 10% 5% 1% 10% 5% 1%
(@ p=0 (b) p=04
20 10 0.096 0.051 0.011 0.234 0.155  0.068
50 0.090 0.046 0.013 0.238  0.155  0.062
100 0.098 0.059 0.018 0.243  0.167 0.077
50 10 0.067  0.031  0.004 0.148  0.083  0.029
50 0.070  0.033  0.006 0.145 0.080  0.033
100 0.058 0.022  0.005 0.132  0.073  0.022
100 10 0.075 0.031  0.006 0.115 0.055 0.015
50 0.076  0.035  0.008 0.115 0.064 0.016
100 0.071 0.028 0.006 0.106  0.053  0.012

replacement. Table 3 shows the size of the test when the statistic is constructed based on the true break point k°. In the
case of small T and N (T=20, N=10 and 50), the true break point reduces the size distortion when p = 0. In other cases, the
size behaviors are quite similar to those in Table 2 because of the consistency of k2 k for large T and N.

In practice, no prior information is available on the form of structural changes for researchers. Therefore, we conduct
extensive simulations to explore the empirical power of the test for various group patterns of structural change and different
magnitudes of the break. We first impose a benchmark case as Assumption 6. There are two groups in panels, and the
break points for individuals are common in the same group but distinct across groups. We next consider more general
circumstances in which there are more than two groups in panels or the break dates can be distinct across individuals.
Moreover, we are interested in the validity of the test when the break dates are common, but multiple common breaks
occurred in the panels. Then, four types of alternative hypotheses are considered as follows:

» Hys: There are two groups and the series in each group share common break k?, j=1,2. Let N; denote the number of
units in group j and N = N; + N,.

« Hys: There are three groups and the series in each group share common break kg.’, j=1,2,3. Note that N = Ny + N, + N3.

» H3,: Suppose that there is no group pattern. The break point for the jth series is given by k?, j=1,2,...,N.

» Hyus: The panel data exhibit multiple common break dates.

The data generating process (DGP.2) under Hy4 is given by

Yie = X[, Bi +X§t3n1{t>kg} +u; t=1,...,T, foriin group 1,
Yie =X}, Bi +x§t82,-l{[>kg] +u; t=1,...,T, foriin group 2,

which is the same as DGP.1, except that the change point varies across groups. The first group exhibits one common break
at k? =[0.25T], and we set the time of change kg equal to [0.75T] in the second group. We assume f; ~i.i.d.U(-0.8,0.8)
and the jumps 8;;, 85; ~ i.i.d.U(0, 0.5). The ratio of units among the groups is set to N; : N =5 : 5. Table 4 shows that the
test is powerful (almost with a rejection probability of more than 80%), except for small N or T. Table 5 reports the effect
of the magnitude of change on power. As expected, the proposed test delivers monotonic power. When the magnitude of
the changes is larger than 0.4, our test almost perfectly rejects the null hypothesis (power tends to one). We can see that
the test shows good performance in the case of two well-separated groups. We further investigate the sensitivity of the test
when the group characteristics (distance between two change points or number of units in each group) change. In Table 6,
we fix one common break at [0.2T], and the other break changes from [0.25T] to [0.8T]. If the distance between two breaks
exceeds [0.3T], the rejection probability reaches at least 90% at the 10% significance level. When the two break dates become
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Table 4
Power of the test DGP.2 (under Hi,)
T N 10% 5% 1% 10% 5% 1%
(@)p=0 (b) p=04
20 10 0.151 0.090 0.027 0327 0236 0.113
50 0.572 0443 0224 0.807 0.719  0.500
100 0.835 0.732 0485 0956 0.909 0.787
50 10 0.264 0.168  0.046 0394 0.277 0.116
50 0903 0.827 0.616 0.947 0894 0.744
100 0996 0983 0913 0999 0992 0.942
100 10 0.549 0418 0.189 0.611  0.489 0.269
50 0.991 0.980 0.920 0992 0983 0934
100 1.000 1.000 0.992 1.000 1.000 0.994
* k9 =[T/4], k3 = [3T/4], Ny : N, =5 : 5.
Table 5
Power of the test DGP.2 (under Hys)
81y 82 10% 5% 1% 10% 5% 1%
(a) p=0 (b) p=0.4
U(0,0.1) 0.130 0.066 0.018 0200 0.124  0.053
U(0.1,0.2) 0.534 0.401 0.164 0.661 0.538  0.306
U(0.2,0.3) 0917 0.846 0.624 0.951 0911  0.762
U(0.3,04) 0993 0.977 0.906 0.997 0985 0.940
U(0.4,0.5) 1.000 0.997 0.975 1.000 1.000 0.986
U(0.5,0.6) 1.000 1.000 0.995 1.000 1.000 0.999
U(0.6,0.7) 1.000 1.000  1.000 1.000 1.000  1.000
U(0.7,0.8) 1.000 1.000  1.000 1.000 1.000  1.000
U(0.8,0.9) 1.000 1.000 1.000 1.000 1.000 1.000
U(0.9,1.0) 1.000 1.000  1.000 1.000 1.000  1.000
U(1.4,1.5) 1.000 1.000 1.000 1.000 1.000  1.000
* T =50,N=50. Tk9 = [T/4], k9 = [3T/4], N; : N, =5:5.
Table 6
Power of the test DGP.2 (under Hi,)
k9 kS 10% 5% 1%
0.2T 0.25T 0.116 0.062 0.018
0.3T 0.317 0.199 0.062
0.4T 0.794 0.692 0.454
0.5T 0.932 0.883 0.723
0.6T 0.952 0.909 0.763
0.7T 0.926 0.871 0.699
0.8T 0.869 0.776 0.569
*N=T=50,p=04 N;:N,=5:5.
Table 7
Power of the test DGP.2 (under Hi,)
N : N, 10% 5% 1%
2:N-2 0.157 0.099 0.033
1:9 0.251 0.182 0.073
2:8 0.538 0.425 0.240
3:7 0.806 0.715 0.491
4:6 0.929 0.885 0.738
5:5 0.976 0.949 0.830

*N=T=50, p=04. 1k = [0.3T], kK = [0.7T].

quite close (the distance is equal to [0.1T]), the power of the test decreases to 0.317 at the 10% significance level. On the
other hand, the power of the test is sensitive to the number of individuals in each group. Table 7 shows that the test rejects
the null hypothesis with probability over 73.8% when the number of observations in each group is sufficiently large (the
ratio of units between two groups is larger than 3/7). If the number of individuals in one group is much less than that in
the second group, the heterogeneity between the two groups cannot be identified. Eventually, it is not easy to reject the
null hypothesis, even if the two break dates are distinct. Furthermore, we consider the case that the model has common
observed factors, that is x;; = [1,z]" and z; has a normal distribution N(1, 1). Tables 8 and 9 show good performance of the
test in terms of size and power. In time series models, the CUSUM test will lose power when the mean of the regressor c is
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Table 8
Size of the test (x; is common across units)
T N 10% 5% 1% 10% 5% 1%
(@ p=0 (b) p=0.4
20 10 0.161 0.091 0.032 0.258 0.173 0.074
50 0.162 0.099 0.041 0.275 0.186 0.084
100 0.137 0.090 0.032 0.275 0.193 0.093
50 10 0.089 0.044 0.011 0.145 0.075 0.027
50 0.074 0.033 0.005 0.152 0.093 0.031
100 0.068 0.026 0.005 0.138 0.087 0.028
100 10 0.081 0.036 0.007 0.109 0.058 0.014
50 0.080 0.036 0.009 0.117 0.061 0.018
100 0.072 0.036 0.005 0.114 0.059 0.018
Table 9
Power of the test (x; is common across units under Hyy)
T N 10% 5% 1% 10% 5% 1%
(@)p=0 (b) p=04
20 10 0.177 0.117 0.036 0.332 0.260 0.126
50 0.555 0.421 0.232 0.774 0.692 0.513
100 0.796 0.689 0.468 0.913 0.864 0.715
50 10 0.286 0.183 0.053 0.412 0.311 0.140
50 0.894 0.821 0.613 0.939 0.885 0.728
100 0.988 0.970 0.888 0.994 0.983 0.932
100 10 0.551 0.405 0.190 0.624 0.501 0.274
50 0.992 0.975 0.888 0.993 0.979 0.909
100 1.000 0.999 0.990 1.000 0.999 0.994
Table 10
Power of the test (o = 0.4 under Hy,)
K0 K9 K9 Ny:Ny:N; T N 10% 5% 1%
[04T] [05T]  [0.6T] 3:3:4 50 10 0256 0.168 0.061
50 0.560 0.444 0.263
100 0.711 0.598 0.376
[02T] [025T] [0.5T] 3:3:4 50 10 0341 0244 0.104
50 0.899 0.841 0.675
100 0.988 0.976 0.920
[02T] [03T]  [08T] 3:3:4 50 10 0331 0247 0.100
50 0.807 0.712 0.483
100 0.933 0.893 0.733
[0.2T]  [0.5T] [0.8T] 1:4:5 50 10 0322 0220 0.097
50 0.905 0.830 0.649
100 0.988 0.973 0.923
Table 11
Power of the test (under Hsy)
T N 10% 5% 1% 10% 5% 1%
(@ p=0 (b) p=04
20 10 0.191 0.113 0.030 0.319 0.234 0.108
50 0.509 0.378 0.175 0.701 0.586 0.372
100 0.706 0.576 0.317 0.876 0.794 0.538
50 10 0.238 0.150 0.051 0.347 0.242 0.108
50 0.745 0.617 0.332 0.815 0.704 0.467
100 0.863 0.761 0.486 0.903 0.822 0.558
100 10 0.457 0.329 0.141 0.527 0.401 0.197
50 0.943 0.879 0.634 0.942 0.885 0.667
100 0.983 0.946 0.753 0.976 0.926 0.742

perpendicular to the shift (¢’8; = 0) (see Deng and Perron 2008). Our preliminary simulations show that our tests also lose
power in panels in the case of &;;, 65; ~i.i.d.U(-0.5,0.5). This implies that our test is useful when changes in individual
coefficients are in the similar direction.

We next investigate the power properties of the test under H,4. The results for distinct change point locations and ratios
of units among groups are reported in Table 10. The test can successfully reject the null of one common break for large N.
The close break points among the three groups will reduce the power.

10
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Table 12
Power of the test DGP.3 (under Hyy)
T N 10% 5% 1% 10% 5% 1%
(@p=0 (b) p=0.4
20 10 0314 0.215 0.087 0547 0.442 0.264
50 0.691 0.588 0.368 0914 0.863 0.689
100 0.874 0.827 0.667 0990 0.974 0.906
50 10 0.545 0.416 0.216 0.667  0.559  0.347
50 0963 0932 0.799 0992 0981 0.902
100 0996 0.992 0.971 0999 0.998  0.985
100 10 0.758  0.664  0.428 0.804 0.717 0.512
50 0.998 0.995 0.977 0.999 0.998  0.982
100 1.000 1.000 1.000 1.000 1.000 1.000

* K9 = [T/4], K9 = [3T/4].

The alternative hypothesis Hs4 considers heterogeneous change points without a group pattern. The change point for
individual j is set to I<5.’ = [T‘L']Q], j=1,2,...,N, while the break fraction ‘L']Q is drawn from U(0.25, 0.75). Table 11 shows that
the test is still powerful for large N.

The data generating process (DGP.3) under Hyy is given by

Yit = X;tﬂi +X1{t81i1[k?<t§l(g} +X;t52i1{t>kg} + Ui, t = 1,..., T, i= 1,...,N,

where the coefficients change from g; to S;+d;; in the second regime and change from g;+8;; to B;+ 8y in the
third regime. The change points are set to k? =[0.25T] and kg =[0.75T], while the coefficients B; ~i.i.d.U(-0.8,0.8),
8q; ~1.i.d.U(0,0.5), and &y; ~i.i.d.U(0,0.5). Table 12 shows the good performance of the test when there exist two com-
mon breaks in the panels.

In summary, the size of our test is controlled for large N and T. The test exhibits monotonic power as the magnitude of
the break increases and is powerful against various alternatives.

6. Empirical Example

In this section, we apply our approach to detect common breaks in the capital asset pricing model (CAPM). We use the
Fama-French three-factor model augmented with the Carhart (1997) momentum factor considered in Antoch et al. (2019),
which is given by

Re — R =t + (R — RI) AL+ RIVLGIIML 4 RO G3MO 4 RUOM GHON .y,

for 1<t <Tand 1<i<N, where R; — Rtf denotes the excess return on the mutual fund; the three factors include market
risk premium, returns on a high minus low (HML) portfolio, and returns on a small minus big (SMB) portfolio; the momen-
tum factor RMOM describes the tendency of securities that have outperformed (or underperformed) the market over the past
period to continue to outperform (or underperform) the market.

We test for common breaks in the coefficients for the mutual fund return data around the sub-prime crisis. Our sample
period is from February 2005 to December 2011. Four factors can be downloaded from Ken French'’s data library (http://mba.
tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html). The monthly return data of mutual funds are taken from
Yahoo Finance. Mutual funds are classified according to their size, growth, value characteristics, and investment strategies.
Using the Yahoo Finance classification, we focus on the characteristics of blend, growth and value to select 13 categories
of mutual funds. These are Foreign Large Blend, Foreign Small/Mid Blend, Foreign Large Growth, Foreign Small/Mid Growth,
Large Blend, Mid-Cap Blend, Small Blend, Large Growth, Mid-Cap Growth, Small Growth, Large Value, Mid-Cap Value and
Small Value. There are many missing data in Foreign Large Value and Foreign Small/Mid value during the period of sub-
prime crisis, and thus we exclude these two groups.

First, we apply the test to detect common breaks in the whole sample period of 2005M02-2011M12. The results in panel
(a) of Table 13 show that the test rejects the one common break assumption at the 1% significance level for 12 categories. In
this case, there are several possibilities such that there is no common break and each series (or some groups) has distinct
one or several breaks, or there are multiple common breaks. To see the overall tendency, we tentatively apply the Bai-Perron
sequential test (Bai and Perron, 1998) to estimate the number and locations of the breaks for several mutual funds in each
group. We find multiple break points, which are centralized at similar locations (early 2006, early 2008, and early 2009),
even if the mutual funds are from different categories. These results suggest the possibility of multiple common breaks in
mutual fund data.

Based on the above result and because Antoch et al. (2019) indicated that there exist structural changes in US mutual
fund data during the sub-prime crisis period (mid-2008 to early 2009), we split the whole sample period into (b) the period
before the sub-prime crisis (2005M02-2008M05), and (c) the period during the sub-prime crisis (2008M06-2011M12). In
panel (b) of Table 13, the test rejects the null hypothesis for all categories in the period before the sub-prime crisis (before

1
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Category N T Statistic Syr(k, k1, k)  Estimated common break date
(a) 2005M02 - 2011M12

Foreign Large Blend 58 83 270.2507** 2008MO01
Foreign Small/Mid Blend 7 83  98.1177*** 2008M02
Foreign Large Growth 39 83 299.1527*+* 2008MO01
Foreign Small/Mid Growth 11 83 8.5283 2008M11
Large Blend 205 83  278.6359** 2008MO01
Mid-Cap Blend 54 83  305.5441** 2008MO01
Small Blend 76 83  240.9046* 2008MO01
Large Growth 186 83 100.4435** 2008M02
Mid-Cap Growth 88 83  103.6767** 2008M02
Small Growth 92 83  110.178* 2008M02
Large Value 162 83  314.0573* 2008MO01
Mid-Cap Value 51 83  338.7583** 2008MO01
Small Value 65 83  278.0823** 2008MO01
(b) 2005M02 - 2008M05

Foreign Large Blend 58 40  146.0774* 2007M12
Foreign Small/Mid Blend 7 40  146.2134* 2007M12
Foreign Large Growth 39 40 145.7293* 2007M12
Foreign Small/Mid Growth 11 40 116.7004** 2007M12
Large Blend 205 40  150.0121* 2007M12
Mid-Cap Blend 54 40  146.7684* 2007M12
Small Blend 76 40 137.2884** 2007M12
Large Growth 186 40  157.4825* 2007M12
Mid-Cap Growth 88 40  151.1206*** 2007M12
Small Growth 92 40  136.7168** 2007M12
Large Value 162 40  164.8793* 2007M12
Mid-Cap Value 51 40  142.665"* 2007M12
Small Value 65 40  124.3605*** 2007M12
(c) 2008M06 - 2011M12

Foreign Large Blend 58 43 52.1541* 2008M12
Foreign Small/Mid Blend 7 43 26.9158 2008M12
Foreign Large Growth 39 43 31.5376 2008M12
Foreign Small/Mid Growth 11 43 34.1773 2008M12
Large Blend 205 43  10.6933 2008M12
Mid-Cap Blend 54 43 9.4507 2008M12
Small Blend 76 43 13.8338 2008M12
Large Growth 186 43  16.8967 2008M12
Mid-Cap Growth 88 43 20.9836 2008M12
Small Growth 92 43 9.853 2008M12
Large Value 162 43  11.5434 2008M12
Mid-Cap Value 51 43 10.1721 2008M12
Small Value 65 43 12.0666 2008M12

[*] * reject at the 10% significance level. [{]** reject at the 5% significance level. [{] *** reject at the 1%
significance level

the middle of 2008); there still exists the possibility of distinct breaks in each series or multiple common breaks in this sub-
period. On the other hand, as in panel (c) of Table 13, our test cannot reject the null hypothesis for the period 2008M06-
2011M12. This result implies that the mutual fund data exhibit one common break during the sub-prime crisis.

7. Conclusion

In this study, we developed a new test based on the OLS residuals to detect whether structural breaks across individuals
occurred at the common location in panel data models. The asymptotic properties of the test were investigated under the
null and alternative hypotheses. The simulation results indicated that the test is powerful against various alternatives. In ap-
plication, we found evidence of the common break phenomenon in mutual fund data during the sub-prime crisis. Although
we assumed cross-sectional independence throughout the paper, it may be interesting for the cross-sectional dependence in
the error component to be generally taken into account. We leave such an extension for our future research.
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Appendix A. Proof of Theorem 1
Supposing that the structural change occurred at a common location, Baltagi et al. (2016) showed the consistency of the
common break estimator,

(NlTi§n P(k = k%) =1, which implies |k —k°| = 0,(1). (A1)

In this Appendix, we derive the asymptotic distribution of the test statistic under the null hypothesis using this consistency
property. We first focus on the limiting properties of the numerator of the statistic. Model (2) with the true common break
kO is expressed as follows:

Y = Xi(k%)b? + u;
= X (k)b + u; + [X;(K°) — Xi (k) |b?
= X; (k)b + u; + [Z; (k%) — Z;(k)182, (A2)
where b? = [BY, 8”'". Replacing Y; with (A.2), the residuals in (4) can be rewritten as
1 = X; (k)P + u; + [Z:(K®) — Z,(k)18? — X;(k)b; (k)
= Xi()[by (k) — 2]+ [Z; (k) — Z; (k) ]8?
- X[ Bi(k) — BP1— Zi(R)[5; (k) — 891+ [Z:(K°) — Z; (k)18 (A3)

whose vector form is represented by

0 7 - 0 ] 0 7]
iy Uj X,/'] : : :
il Up o 0 0 o 0 0 0 0
= -] |Bo-B-| |G-+ ], |y 5.
: : i(k+1) i(k0+1) i(k+1)
Uir Ui Xir
/
L X;T . L XiT - L X;T |

For the sake of simplicity, kis suppressed in B,-(IAc) and S,-(IAc). Then, the cumulative sum of the residuals is

1 Nk
——= >
NT i=1 t=1
1 Nk Nk
=——> ) u- ZZ X (Bi— BY) - Zan(S—SH
VNT o5 io1 =1 vNT 3
Ly s Lyy
7= X80T oy + X80 iy
NT i=1 t=k0+1 t i=1 t=kO0+1 <
1 Nk N R
= > X8 - Z > x;8) g
/ {k<k<k0} / it k<k0<k}
NT =1 t—f41 =1 k41
=U; —U; —Us + Uy +Us — Ug — Us. (A4)
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We can show that the terms Uy, Us, Ug, and U, are negligible as N, T — oco. Since k is bounded by k° and k in Uy, using the
convergence property (A.1),

Us = F Z Z X671 {ko <k<k} ﬂop(l) =0p <\/§> (A5)

i=1 t=k0+1

Similarly, it is shown that the orders of terms Us, Ug, and Uy are op ﬁ , which will vanish since N/T — 0 in Assumption
2(iii). The asymptotic distributions of the dominating terms U;, U,, and U; are derived from Lemma A.1.

Lemma A.1. Suppose that Assumptions 1-5 hold. We have, uniformly in t € (0, 1),

it = oW (1),

W\
T Mz lMZ

X (Bi - B) = orwgo),

W\

é

k

~ _ 0 0
Z oG~ 801, > 0 )|:W(1) W% W(r )]hmo}’

111

— 10 70

||M2

t=k+1

where k=[Tt], k®=[Tz°], W() is a standard Brownian motion, and the long-run variance o2 s
2

timr) o E (o Tha S )

Proof of Lemma A1. (i) Denote the process

() = S 5

i=1 t=1
It is shown that, for a particular t,

1 N [Tt]

F ZZu,t —> oW(t),

i=1 t=1

as N, T — oco. It remains to be shown that weak convergence holds uniformly in 7 e (0,1). To this end, by
Billingsley’s (1968) Theorem 12.3, we next show that the moment condition (A.8) is satisfied such that the process Xy 1 (7)
is tight. Applying Rosenthal’s inequality, we have,

I K\ 12 NI 2y
) 0 b
i=1 t=k+1
2y 271V
C]ZE ,— Z Uit +C ZE Z Ujt
f k+1 N ft =k+1
2y
N y
I—1
<c " +C3<T<> : (A.6)
t k+1

with some constants cq, ¢, and c3. According to Phillips and Solo (1992) and p.637 of Horvath and Huskova (2012), the
partial sum of u; is composed of two parts,

k k
Zuit =0 Zeit + Niks
t=1 t=1

where 1y = €5 — €5, €5 = 212y cﬂel(t 1y, and ¢ = 332, Cy. For the term ny, Horvath and Huskova (2012, p. 640) indicated

that E|n; | < cE|e,0|V Then using Minkowski’s inequality and Rothenthal’s inequality, we show that for y > 1,
2y 2y

I
=E|a; Y €+ — i

t=k+1

l
E Zul‘t

t=k+1
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1 2y
! 2y\ 2
1
o\ 2
<||Ela ) e + (Elnu —nal™) ¥
t=k+1
2
o ] v w . !
2 2 2y\ 2y
< q|ca D Elel” +cs| D E(en) + (Elna —nal™) ™
L t=k+1 t=k+1

IA

1 R4
{[m(l —k)El€n|?” +cs (1 - IC)V(E(GiO)Z)y] "+ (Elma — mal )™ }

1 %
< {[ce(l _ k)yE|e,-0|2}’]2V + (Eleiolzy)zy }
< c7(1— k)Y Elel™

with some constants c¢4—c;. Then, we have, for y > 1,

N 1 ] 2y 1w I
LEITNE 2| =y L 2 v

2y

t=k+1 i=1 t=k+1

1 N
= W ZC7(1 *k)yEleiO|2V
i=1
-k 1 &
§C7(T) NZE|6iO|Zy
i=1

Y
< C8<I_Tk) . (A7)

with a constant cg. Combining (A.6) and (A.7), we can show that there exists constants y > 1 and cg such that

2y Y
XN,T(;) _XN.T(;<~> < C9(I_Tk) . (A.8)

(ii) By regressing Y; on Xi(k), the coefficient g; is estimated as, if k< kO,

E

-1 .

R o1 R ) o1
k k k k k k

Bi= (Z XirX§[> > Xieyie = (Z XirX§[> D X (B + uie) = B+ (Z XirX§[> > Xielly,
=1 =1 =1 =1 P

t=1

and if k > Kk,

. -1 .
k KO k

Bi = (Z’G‘t’ﬁ&) |:in[ (X;tﬂjo +ui) + Z Xit (X,{t,B,'O +X1/'r3? + uit)i|
t=1 t=1

t=k0+1

“ -1 ~ -1 “
k k k k
=B+ (intxft) > Xigltie + (intx,ft) D7 XX 8?. (A.9)
t=1 t=1 t=1

t=k0+1

Then, we can see that,

1

) 1 . " 1 .
k k k k
" 1 1 1
VT(Bi - B) = <T inrx,{t) i > Xieli + (T ZM&Q) Wi D XXy 80, (A10)
=1

1k - 1 R 1k - 1k - 1 K
=\ intxl{t 7= intuit + = intx;t i intx,{f —7= 2 Xiellie
TS VT35 T T T

s & LR |k PR
+ 7 intx;t 7= intuit - 0= intui[ +| 7 intx,{t = Z XieX; 801 ko
L VT 5 VT 5 T T e

15
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18 1 1
= f intxn le[ult + OP( >OP(1) + OP(1)0P<\/*) + OP(\/‘) {k=>k0}
t=1

18y 1 & 1 1
= (T ;Xitxi[ ﬁ;Xituit—’_Op(T)—i_Op ﬁ 5 (All)

where we replace k with k0 using the consistency property (A.1) and the following orders:

{2
|

k 1 Ko -1
/ /
Zx,rx,f anx,t fotx,-t T D XX
t:l t=1

:Op(l)op(% Op (T)

1 & 1L 1
—= > Xigllig — —= Y XUty = 0p( —= ).
NV I R "(ﬁ)

and

1& o 1 1
T Zxﬁ":t Z XieX 87 = Op(1)op(f> = Op<f)v
t=1 t kO+1

Substituting (A.11) into the term U, in (A.4), we have

N k N k
CODRACEVIER DI RALCE]
i=1 t=1 i=1 t=1

_W\

kO

N & PR 1 L1 & 1 1
=— X XieX] Xellip + —= > = Xl op =) +0p| —=
P N (S I DT St CTORCH)

-1
1 &1 K 1 & VN N
:mZTZx,ft< Zx,tx,t \—ﬁintuit-ko,, < )toly/7 ) (A12)
o1 = =1

where the second and third terms in the last equality vanish since N/T — 0 by Assumption 2(iii). From Assumption 4, we
can see that,

-1
k k
1 1
m > X —cjy| =0p(1). and (k wac&) —C1 =0p(1). (A13)
t=1 t=1
Using orders in (A.13) and equality cfllel =]1,0,...,0], we have,
1 M k K0 -1 K0 k N K0
N ; T ;Xt letxn f le[ult 10 \/— 121: ;u,t
1 & 18 Tk
/ / —
= N;TEX'T fg)(irxit \/»Z it Uit — 7l \/»Z G IZX,tu,t
1 N .l k K0 -1 K0
= Z Z XieXig X0 :/1 i intui[
N3 t=] =1 1
1 N
NT DD Xl [0p(1) = 0p(1). (A14)
i=1 t=1
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Applying the functional central limit theorem (FCLT), we can see that

] NE
> up = oW ().

I

1 M1 Ty (rO)
= Z T ; anxlt f Zx,tun =0T

(iii) The coefficient §; is estimated as, if k<Ko,

— - -1 =
T Vo k k
g / /
o = Z XitXje Z XieYit — intx,'t int.Vit
t=1 t=1

t=k+1 t=k+1
T I e T
= X xux DX B+ wi) + Y X KB+ Xip 8 + uie)
t=k+1 t=k+1 t=K0+1

- -1
k k

/

Z XitXje Z Xie Uit

t=1 t=1

T k T
/ / /
Z XitXiy Z XiglUjr — intxit in[uit + Z Xit Xy Z XieX;p 87
t=k+1 t=1 t=1 t=k+1 t=k0+1

~ -1 . _
k k T 1 KO

T
Z Xielije — int?‘;{[ intuit +8 - Z XiXi; Z XieX; 87,

t=k+1 t=1 t=1 t=k+1 t=k+1

- -1 .
T k k
g / /
0 = Z XitXje th.Vit - intxit intyit
t=1 t=1

t=k+1 t=k+1
T
=1 > xux > X (X B + X80 + i)
t=k+1
k k
0 0
intx;‘t int (i By +uie) + Z Xie (X B + %380 + i)
t=1 t=1 t=kO0+1
1 R 1 R .
T T f f f k
=8+ D xix; D7 Xt — | Yo XXy | Y X — | Y Xk > xiex;8).
t=k+1 t=k+1 t=1 t=1 t=1 t=k0+1

Using the consistency property (A.1), the term Z x,tx 5 =0p(1) is negligible, and we can see that,

-1

1 J 1 J 1& T & 1
VTGi-8 =5 3 xxi )] —= D xewe— [ 5 D %Xy | —= D xutte + 0p<)~
T t=k+1 VT t=k+1 T t=1 VT t=1 VT

(A15)

(A16)

(A17)

Similar to the proof of (ii), k in (A.17) can be replaced by k° due to the consistency of k 2, k9. Then, (A17) is transformed

into
. 1 J -1 1 T 1 K0 -1 K0 1
ﬁ(&- - (S,Q) =\ 7 Z Xitxlft —= Z XieUjr — T intng \/— szrun + Op(T) + 0p<
t=k0+1 T t=k0+1 t=1

Thus, we have,

N k N

FZ > X, (8 —8°) = TZ Z X, VT (8 — 80)
i=1 t—f41 =1 =fey1

17

1

T

)

(A18)



JID: ECOSTA [m3Gsc;February 13, 2023;12:10]

P. Jiang and E. Kurozumi Econometrics and Statistics xxx (XXxX) xXx

k
( > Xl 055 ))f(a 59)
t=k0+1
k
( Z X 1k>k0 )f(S _50)+0P(\4~N>Op(1)
1 t=kO

5-
M=
==

Il
—_

5-
M=
~l =

i +1

k ! T
Z X 1k>k0 Z Xlt‘xl[ Z Xie Uit
1 t:k°+l t k0+1 t=

k° k°
1 VN /N
Zx,[x[ —= > Xy | + 0,;() +opl+/= ) (A19)
! ) JT p— T T

The terms in the brackets of (A.19) dominate the others. Similar to (A.14)-(A.16), we can see that, uniformly in 7 € (0, 1),

%\*
Mz

S

A

U o o(e )|:W(1) W (t9) W(TO)]l{mo}

70 70
Thus, we complete the proof of Lemma A.1l. O

Using (A.4), (A.5), and Lemma A.1, we can show that,

1 N (r) W) W%  W(z9)
F;;u,c:ow(r)—ar 0 (t—fo)[ T -0 }1{T>Tn},

uniformly in t. Applying the continuous mapping theorem, we obtain,

2
N [T7] 0 0 0 2
W(t?) W(l)—W(‘L’ ) W(‘L’ )
2
sup E E Uy| = sup o*|W(r)-1 —(t-19 1o (A.20)
reQ(e) | VN i1 =1 t 7eQ(e) 70 _ 10 70 {r>70}

Next, we derive the asymptotic distribution of the normalization process under the null hypothesis. By definition (10), the
normalization factor is based on the residuals i, which are calculated by regressing Y; on X (kq, k, ky) in (8). We assume
that [Te]l <kq < k- [Te], and k+ [Te] < ky <[T(1—€)], where kq, ky are bounded away from endpoints and the common
break estimate k. Since k converges in probability to k0, we have [kj — k| > |kO — k| for j = 1,2. Thus, we only consider the
case in which k; and k; take values in k; < k% < k. In this case, the true model with a common break k° is written as

B
Vi = 16 Xk, ). X (K o) Xkl | o |
o0
Xi(kq, k° kz)b],+u,
Ki(ky. k. ka)bS, + 11 + [Ki(Kr. K. ko)) — Kok, k. ko) B, (A21)

The residuals are calculated by

Ri(k, ke, kp)B9; + u; + [Ri(ky, KO, ky) — Xi(ky, k, k) 16, — Ki(key, k. k) byi (k)
+ Xi(ky, k, ey B0, — Ri(ky, k, key) by ()
B?
+10, X (ke K°) — Xyi(ki, k), Xoi (K°, kz) — Xai(k, k2), 0]

— XiCk, ke, k) (Bai (k) — b)) + [Xai (K, k) — Xai (k, k2)182,

18
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whose vector form is

- 0 - 0 -
0
, :
i Uiy X, Xitky+1) 0
i tia Xo | oo 0 D x;(lm) 5 7 0
= . |- . |Bk-5)- ¥ 01i(k) — (82i(k) — 6;)
: : ik :
ard Lurd L "
0
. 0 L 0 _
- 01 F 0 A
- o0
0 0
. - X x .
R [ A I s R LGt I P 1 (A.22)
0 . .
Xiky 1) Xik, Xik,
0 0
i Xi 1 : :
L 0 1 L o

For simplicity, kis suppressed in B,-(l?), S”(l}), Sz,-(lAc), and 53,-(12). The normalization factor is constructed by four terms
V1, V5, V3, and V4, which are defined by

1 kq 1 s ~ 2
Vi T szuit ,

1 k> 1 N s . 2
V3:TZ szuit s
and

Vy

Il
| —
-
/e
g~
bs]
.MZ
™M~
=
~——
[\S)

s=ky+1

Lemma A.2 derives the asymptotic distributions of the four terms under the null hypothesis.

Lemma A.2. Suppose that Assumptions 1-5 hold. We have, as N, T — oo,

(i)V; = o2 /Oﬁ (W(r) - %W(tl))zdr,

70 2
(ii) Vs :02/11 |:W(r°)—W(r)— TTOO__; (W(zo)—wm))} dr,

T _+0 2
(iii) V5 = "zfu |:W(r) —W(z0) - ;_’TO (W (15) W(to))} dr,

19
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1 _ 2
(iv) v4;»<72/ [W(l)—W(r)— 11_;(W(1)—W(r2))] dr.

T

Proof of Lemma A2. (i) Using (A.22), the first term V; can be rewritten as

2
_lk] 1 s- s/'", 0
w—T;{ﬁn;{EW‘EMw*mﬁ}

1 )
T > (Vi —Vip)?.
s=1

Using the FCLT, it is shown that

Vi1 = oW(r). (A.23)
By the definition of j;, we can see that,
Sk ok K 1k ki ok
Bi= D xxi ] D xwvie=D_xixy ) D xie@iB+u) =B+ D %X | D Xl
=1 =1 =1 =1 =1 =1

Thus, we have,
-1

1 i 1 XS: 1% 1 "Z
Vio = —= ) =) Xl = D XX | —= ) Xielie
\/N i=1 T t=1 l T t=1 l ﬁ t=1
N atiwm). (A24)
1

Combining the results (A.23) and (A.24) and using the continuous mapping theorem, we can derive the asymptotic distri-
bution of the first term V; as follows:

Vi = o2 /Orl (W(r) - %W(rﬂ)zdn

(ii) The second term V, can be rewritten as

~| =

il M"

Va

K
s=ky+1

| N TE P Rk 2
- up— Y X, (Bi =B =Y x,6i+ Y x/,8%1 R

N &k

1 1 L& D o P \/N 2
VNT Uie = —== X (Pi = Pi) — X, 011 +0 -
DR D 3 SIS 2 DI ETIRELS ) e A (L

2
k

1 N

T 1<V21_V22_V23+Op(‘/.1~)> .

s=k;

M=

1
T

3~
i-]

+

+

Since k coincides asymptotically with the true break date from (A.1), k in Vo1, Va2, Vo3 can be replaced by k9. Then, we can
show that

1 X k 1 Nt
Vo1 = DN ==Y uy = o (W (%) —W(n)). (A25)
NT i=1 t=1 NT i=1 t=1
1 L1 i
V22 - szzx;fﬁ(ﬁl_ﬁlo)
i=1 t=s
-1
1 N 1 K0 ) 1 1 ks , 1 kq
= =2 (72 %+ Op<7) 7KK | == D Xl
N i=1 (T t=s l T T t=1 l ﬁ t=1
w
=o(t"- ”7:1)- (A.26)

20
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The coefficient estimator &;; in Va3 can be calculated as

k - k kq - ki
/ /
= Z XitXit Z Xielit — intxit intyit
t=1

t=k;+1 t=k;+1 t=1

“ -1 ~
k k K
= ( > x,-tx,ft) = Y XX B+ Uil g0, +|: D XX B + i)

t=ky+1 t=ki+1 t=ki+1

-1
K K

+ Z le(xltﬁo +X" i +u1f):| k>k°}} - ﬁio + (ZX,}X&) infuit
t=1 t=1

t=kO+1

k - 1y
= ( Z XnX,‘t) Z XjeUjr — (letx,t) intuit
t=1

t=ky+1 t=k;+1

- 1 -
k k
+< Z XitX;[> Z xitxlfté?l{,»(>k0}

t=ki+1 t=k0+1

~ -1 ~ _
k k 13 1 13 1
/ /
= > xx; > ety — | D oxueXip | DXl +0p (T)
t=1 t=1

t=ki+1 t=k;+1

Then, the third term V,3 becomes, as N, T — oo,

1 & T3
Vs = —= > =) X VTdy
VNS T =
1N 1 Ko Ko o
= TZ X +0p ) VT Y X, D7 Xty
N i=1 t=s t=k;+1 t=ki+1
Iy Tk 1 1
Y\ L Z""“f“’lﬂ( )o(Ge) - )
1 N gk Ko T ky 1k
- 7 > T DX VT DD xiexg; D7 Xt — VT Y x| D Xty
i=1 t=s t=ki+1 t=k;+1 t=1 t=1
VN VN VN VN
+o0 f + 0p T +0p m +0p ﬁ
P B W(E) -W(m) W(m)
0 -7 T ’

since N/T — 0. Combining results (A.25), (A.26), and (A.27), we have

V, = /r |:O’(W(‘L'0)—W(T)) —O’(‘[O—T)@ —G(‘L’O—T')<

70— 14 T

_ 02/r <W(1:0)—W(r)—( r)

1

W (z?) _W(Tl)>

0 -1

(iii) The third term V5 can be rewritten as

k> s s
1 N N
Vs = Z {\/—Z[Z U — - X (Bi—BY) = Y Xip(82 =)
s k+1 =1 | r—k+1 t=k+1 t=k+1

t=k+1 t=k+

2
S
- Z X6} Ticro gy — > xx{t‘siol{sskU}]}
1

21

WE0)-W) ww)]zd

(A.27)
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2
1 ko N s 1 N
= T Z |: 21: Z Ujr — \/—21: Z n(IBl ﬂ ) — NT 21: Z XI[((SQI 8 )_OP([):|
s=k+1 t=k+1 =1 t=f+1 =1 t=f+1
1 & N ?
=7 Z <V31 — V35 — V33 _Op<\/;>> .
s=k+1

Similar to (A.25) and (A.27), we can find that
Va1 = o (W(r) —W(t?)),

V3 f Z ( Z X,r +Op(1>> (; i nx,t> le[ult

t=k0+1 t=1
W(t
= o(r— 70)7( D)
T1
The coefficient §y; is estimated as

k, 1k ky 1
/ /
Z XitXjs Z XitYit — intxit intyi[
t=1 t=1

t=k+1 t=k+1

521'

-1
ka ko k°
( Z Xitx;[) { Z Xit(xgcﬂo +X1[8? + uit)l{kosfd + |: Z Xit (X;tﬂlo + ui[)

t=k+1 t=k+1 t=k+1

ka ky T
+ 20 XY+ X+ uie) |Tpo gy — | BY+ | 2oxexie | D Xiekie
t=1 t=1

t=k0+1

t=k+1

ka -1 kq 1
=8+ > X,-[x;t Z Xieljy — Zx,tx,[ > Xty — O”(T)’
t=k+1 t=1

Then, similar to V53, the term V33 becomes, as N, T — oo,

\/— Z Z X,tf(521 - 5 )

i=1 t=k+1

;W ke L

WZ Z er+op( ) VT Z XitXj; Z Xit Uit
t k0+1 t=k0+1 t=kO+1

i B i 1 1 1

— T XieXj XigUie + op(—) + op<> + o,,()

= P T VT VT
X

N s k, oy ky Ty
Z Xip | VT < > xitx;) ieltie — VT (Z xitx;) > Xilti
i=1 =kO+ t=k0+1 t=k0+1 t=1 t=1
VN VN VN VN
f + 0p T +0p m + 0p ﬁ
oG- T0)<W(Tz) W) W<m>’

Ty — 70 T1

since N/T — 0. Combining results (A.28), (A.29), and (A.30), we have

o W@ -wa\
T, — 10 '

Vs = osz (W(r) W) - (r— 19

22

(A.28)

(A.29)

(A.30)
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(iv) The fourth term V4 can be rewritten as

2
N T
{ Z |:Z Uy — lef(ﬂl /30 le{[ (331' - 810)} }
1 i=1 t=s

~ =
-
-y

V4 =

s=ky+ t=s t=s
.lT N T .l N T .l N T 2
/
= — —_— 5 (

(Vi — Viap — Vi3 )2,

I
=
-

=

s=ky+1
It is easily seen that

Var = o(W(Q1) -W(r)), (A31)

(1) () 8
Voo = — =) X 7 XX | —= D Xielle
VWI\T= l TS l VT35

= o (1 —r)%lﬁ). (A.32)

The coefficient estimator 85; can be written as

T 1o ks -1 ks
g / /
3i = Z XitXit Z Xitlit — intxit int.yit
t=1

t=k,+1 t=k,+1 t=1

T - T ki -1 ky
= Z XieXj Z Xit(x,{[ﬁio‘i'x;{[a?'i'uit) - ,3,'0+ intxl{[ intuit
t=1 t=1

t=k,+1 t=ky+1

T -1 T Iy -1 K
0 / /
D0 xex ) DD xewe— D oxaXi ) D xai.
t=1 t=1

t=ky+1 t=k,+1

Then, it is shown that, as N, T — oo,

1T Sl =z <0
Vaz = N ; T gxitﬁ(‘s&‘ =)
-1y Ky -1 ks
= Z an Z thxn Z XieUir — intx,{f intuit
i=1 t=ky+1 t=ky+1 t=1 t=1
:U(l_r)(W(l)W(fz) _W(T1))’ (A33)
1- Ty 71
since N/T — 0. From (A.31), (A.32), and (A.33), we have
1 2
Vs> a2/ [W(l) W) - W(Tz))] dr
T2

The proof of Lemma A.2 is complete. O

Proof of Theorem 1. Combining the asymptotic distributions in (A.20) and Lemma A.2, we can complete the proof. O

Appendix B. Proof of Theorem 2

We first investigate the statistical properties of the common break estimator k under the alternative hypothesis in
Proposition 1. The proof follows the proof of Lemmas 1-2 and Theorem 1 in Baltagi et al. (2016). Suppose that there are
two groups and the individuals in the same group share a common break date. These groups are denoted by G; = {i:

23
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individuals in group 1 with a common break k‘l’} and G, = {i: individuals in group 2 with common break kg}. The model
under the alternative can be specified as

YVie =X B + X8 gy +uie  t=1,.... T, forieGy,
Vie =X B + %81 gy +uie  t=1,....T, forieG,.
The vector form can be rewritten as
Y; = [Xi, ZI(kDIbY +wy, forie G, j=1,2.

The common break point is estimated in (3) by minimizing the total sum of the squared OLS residuals. Let SSR; denote the
sum of the squared residuals of regression Y; on X; (no break case). Using the equality on page 185 of Baltagi et al. (2016),

SSR; — SSRi(k*) = §; (k*)'1Zi (k*) MiZi (k*)18; (k*),
estimation (3) can be transformed into

~

N
= i R' ]*
k arglsngHTl_];SS (k%)

N

arg, max ; (SSR; — SSR; (k*))

N
= arg max 1Z}S\/,-(k*)

1<k*<T— iz
= arg max chfsvf(k*) ) + S k) —sw</<?>>], (B1)

where
M =1 - Xi(X/X;)~'X],
SVi(k") = §;(k")'1Zi (k") MiZi (k)16 (k).
and
SVi(K)) = 8i (k) [Z: (K} MiZi(kD)16;(KD). for, j=1.2.
For individuals in group 1, we can see that the coefficient estimators are given by
8i(k?) = [Zi(k") MiZi(k)]™' Z(k)MyY,,
and
8i(k) = [Zi() MZi (k)] ' Zi (k) MY,
Replacing Y; with
Yi = XiBP + Zi (k)87 + uj.
we have
8i(k?) = [Zi(k")YMZi(k)) ™' Z (kY MilXiBY + Zi (k) 8P + i)
= [Zi(k*) MiZi (k)] Zi (k") MiZi (k) 8D + [Z: (k) MiZi (k*)] 7' Zi (k*) M,
and
8i(K) = [Z:(K)YMiZi (k)] 7' Zi(K) Mi[XiBP + Z;(K9)8? + ;]
= 82 + [Zi(K)) MiZi (k)11 Z; (k) Mju;.
Similarly, for individuals in group 2, by replacing Y; with
Y = XY + Zi(k)8) + uy.
the coefficients estimators are rewritten as
Si(k*) = [Z:(k) MiZi (k)] 7' Z; (k") MiXi BY + Z;(K9) 82 + 1]
= [Zi(k*) MiZi (k)] 7' Zi (k") MiZi (k9) 87 + [Zi (k) MiZy (k*)] 7' Z; (k*) M,
and
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8i(k9) = 1Z (k) MZi (k)17 Zi (k) MiLXiBY + Z: (k9) 87 + us]

= [Zi (K MiZi (k)17 Zi(k9) MiZ; (kD)8 + [Z: (k) MiZ; (k9)] 71 Z; (k) M.

To simplify the notations, we use Z;, Z9,, Z); to replace Z;(k*). Z;(k9). Z;(k9). For the individuals in group 1, we have

SVi(k*) = 8920 MiZi (ZIMiZ) ' ZIM;Z0.80 + 28920 MiZi (ZIMiZy) ' ZIMju; + uMLZ) (ZIMiZ)~ Z\ M, (B.2)
and

SVi(k9) = 89'79MiZ0.8° + 28970 Myu; + uMZ0,(20 MiZ0) 1 29 Mju;. (B.3)
Using (B.2) and (B.2), SV;(k*) — SVi(k?) becomes

SV (k") — SV (k9) = —8°" [Z?i’MiZ?i _22'Miz (Z{M,-Zi)”Z{MiZ?i]cS?

’ I / I
+289' 28’ MiZ;(ZIM;Z) ' ZIMju; — 280 20 My,
’ /
+UMZI(ZIMIZ)  Z{Mu; — ulMiZ9,(Z9, MiZ8) 120, Mg,
and can be decomposed into the term defined by
/ / I

Ju(k*) =87 [z‘;i Mz, — 79, Mz, (Z{MZJ”Z{M,-Z%]S?, (B.4)

and the term related to disturbance u; defined by
! ! / /
Hyi(k*) = 289 7% MiZ;(ZIMiZi) ' Z]Mju; — 280 2% My,
+UMZN(ZIMZ) " 2 Myu; — uMiZ0 (20 M;Z0) =1 29 Myu;. (B.5)

Then, we have SV;(k*) — SV,-(k(l)) = —J;;(k*) + Hq;(k*) for i € Gq. A similar transformation for individuals in group 2 shows that

SVi(k*) = 8928 MiZi (ZIMiZ)) ' ZIM;Z8.80 + 28929 MiZi (ZIMiZ) ~ ZIMyu; + uMLZ) (ZIMiZ) = Z\ M, (B.6)
and

/ / / / / / / /
SVi(kY) = 87 25 MiZ3, (2% MiZ3)) ™ Z3MiZ5;87 + 287 25 MiZ3, (29 MiZ3)) ™' Z3yMiu; + uiMiZ3y (29 MiZ3y) ™' Z3; Miu.

(B.7)
Using (B.6) and (B.7), we can see that, for i € G,,
SVi(k*) — SVi(k9) = —Jai (k*) + Hai (k*),
where the term J5;(k*) is denoted by
Jai(k) = 3?’[23/1\4;% (2% M%) 2028, — 29/ Mz, (Z{Ml-Z,-)”Z{M,-Z%]SiO (B.8)
and the term H,;(k*) related to disturbance is denoted by
Hyi(k*) = 28928 MiZi(ZIMiZ) = Z]Mju; — 28928 M;Z0.(Z0 MiZ0) =1 20 My
FUMZ(ZIMZ) 7 Z)Miu; — uMZ0.(Z9 MiZ0) =1 20 M. (B.9)

Thus, (B.1) can be rewritten as

k=arg max | 37 (<hi(k) +Hui(k) + 3 (k) + Hai(k)) |
== iec, icGy

Define the sets K(C;)={k:1<k<k{-C}, K(G)={k:k3+C<k=<T}, and K(C)=K(C)UK(G)={k:1<k<kj-

Cor kg +C < k < T} with a positive constant C. Next, we show that the common break estimator cannot appear in the set

K(C;y) by Lemmas B.1-B.2. A similar result can be obtained for the set K(C,) by symmetry; thus, the details are omitted.
Define

75 _ Zi(k*) — Zi(k?) if k* < k(l)
T —@ke) - (k) if k> kO

Zi(k*) —Z(K9) if k* < kS

dzé = .
an 2i {_(Zl(k*) _Zl(kg)) if k* > kg

Lemma B.1. Under Assumptions 1-6, for all large N and T, with probability tending to 1,

. 1 . \
oinf ok (Z]n(k )+ Y ik )) > An.

ieGy ieGy
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Proof of Lemma B1. We first show that the summation of part J;;(k*) has a lower bound in the case of k* € K(C;). From
Lemma A.2 in Bai (1997), if k* < k9,

Jhi(k) = 8,.0’[2?,.’%2% -2/ Miz, (Z,-’M,-Zi)”Z{MiZ?,-](S?

/ -1
=80z 28 (ziz)) " 20/ 20,80 (B.10)
Since the matrix
/ -1 /
Z3 73 (Z[Z:> ATRAT (B.11)
KO —J=\ T T

is symmetric and positive definite from Assumption 4, we have
1 ’ 0 . =
s D hilk) =) 8YSIASSY =) 80 A6 = Y 188, (B.12)
1 ieGy icGy ieGy ieGy
where A; is a diagonal matrix comprising of the eigenvalues of matrix (B.11), S? = Si(S?, and A; is the minimum eigenvalue
of (B.11). Since §%'80 = 89'5/5;80 = 69’89, with probability tending to one for large N and T, we show that

L. Z]li(k*) > A Z 8782 = A1, , (B.13)

0 _ Jox
k] k ieGy ieGy

where A1 = min;, {A;}. Next, we investigate the lower bound of J;(k*) for individuals in group 2. Denote

X O(bfa)xp
i(a+1) X/
X i(b+1) | 0
i(a+2) ,
Vi(a, b) = ‘ , V%a,b,c)=| ¥iv+» |, and S:[—I I}’
X,
b

where V;(a, b) is a (b —a) x p matrix whose jth row is the same as the (a + j)th row of X;, V,.O(a, b,c) is a (c —a) x p matrix
whose first b —a rows are zeros and the jth row is the same as the (a+ j)th row of X; for j>b—a, and S is a 2p x 2p
matrix constructed by p x p identity matrix I. The second term J,; (k) can be transformed into

Ji(k*) = 8,.0’[Z%’M,»Z%(Z?i/MiZ?i)*lz?iMiZgi —Zg,-/MiZi(Z{MiZi)’lz{MiZ%]S?
= SPIZSiI[MiZ?i @ MZ) ' Z9M; — MiZ; (Z:‘/Mfz")712'{1\/1"]22"(31Q
/ / /
=8z [M;' - MiZi(ZMiZy) "' ZM; — (Mi - MiZ3(Z3; Miz?i)_IZ?iMi>]Zgi8P
!

/
87'Z3; (Mw — My»)Z3,8?

/ /
8025/ (M — My ) 25,7, (B.14)
where

Vi(0.k) 0 0 _1x. 7.(k9)] —
V,'(k*,T) Vi(k*vT)i|’ Wl —[X,,Z,(k1)]_|:

o [Vi(0. k) 0 <o [Vi(0.k9) 0
W‘[ 0 V,-(I<*,T)i|’ =10 Vi(k). T) |

and My =1 — X (X'X)~1X’/, for matrixX.

W = [X;. Zi(k")] = |: Vi(0, kD) 0 T)]

Vi(k9. 1) Vi(k?

The final equality (B.14) holds because
My =1—-WWW) "W =1-WSESWWS) ISW =1— W(W’W)‘IW = M,
and
My = 1= WOWP WD) WY = 1 - WPS(SWYWPS)ISWY' = 1 — WP (W] W)WY = Migo.

Since W and WY are block matrices, it follows that
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/
25 My, Zy;
_ 2 [1 - W(W/W)”w]zg,.
. 0

0. VO(k*, K9 T ’[1_ an lW]

= 0.V DI =W W) W] oo 1
= VO (k" k9. TY'VL (k*, k9, T) = VO (I, k9, T)'Vi (k*, T) (Vi (k*, T) Vi (k*, T))_l\/i(k*, T)VO2(k*, k3, T)
= Vi, TYVi(K8, T) = Va8, TY Vi3, T) (Vi k", TYVi(le, T)) ™ (k8. T)'Vi kS, T)

-1

— V(K2 T)'Vi (K2, T) [(W(lcg, DVIR.T)) = (Ve T Ve T))l}\/f(k(’, TYV(k3, T), (B15)

and
25 My 25,
=25/ [1- W (W)W |28
=10,V kS, T)],[I WP (WPWR) WO,] [va(ka?kg, T)}
= VOKY, KY. TYVO (kY. K9, T) — VO (K2, k9. TY'Vi(KS. T) (v,-(k?, TV (K2, T))_lv,»(k?, T)VO(KY, k2. T)
— V(. T) V(K. T) [(wa«& T)Vi(K, r>)*l - (M0 TV, T))l}v,«k@ T)Vi(3. 7). (B16)
Substituting (B.15) and (B.16) into (B.14), we have

-1
i) = 80 Vi(K, T) Vi (K9, T) [(vf(k?, DV = (Vi Dk T))l}vf(kf’, T)'Vi(k9, T)8?
-1
-was| (@B) - @) |z

_ -1
= BB (22) (22 - B2) (B2) BB

50 ! -1 1 ’ -1
= 8B 2(22) 22 (B 2) B2y, (B17)
which is symmetric from the first equality. Hence, under Assumptions 4 and 5,
’ -1 ’ ’ -1 _q7
Zgi Zgi Z{Z,- Z1Ai Z1Ai Z?i Z?i Zgi Zgi (B.18)
T T KO — ke T T )
is positive definite. Then, we have
e k) = ko Y0 8780 = daghw,, (B.19)
1 ieG, icGy

where A = min;,{;}, and ; is the minimum eigenvalue of matrix (B.18). From inequalities (B.13) and (B.19), the proof of
Lemma B.1 is complete. O

Lemma B.2. Under Assumptions 1-6, uniformly on k* € K(Cy),

(i) Z/o ]*‘S:OIZA Ui = 0p(v/¢n,),

ieGy
‘78! -1 én
(ii) 1262 ko 50 Z8' X (X/X) " X{u; = O,,( /T1>
€l

(iii) Z I*S?IZA/MZ(Z/MZ) 1zi/z\/Iiui:op( ¢}“>,

ieGy

-1 ,
Z — 8929 Miz8y (ZiMiZ;) ™ ZMyu; = o,,( ¢T”2>,

€G,
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, -1 / A
> - 1*3,0 28/ MZ%(ZiMiz))” 25 My = Op<\/¢>w2) +0p (,/ ‘@V )

ieGy

-1 -1
Z k0 k* ’O/ZO MZO |:(Zi/MiZf) - (Z?i/MiZ?i> ]Z?i/Miui = Op( ¢7[1]2>,
i€Gy
o 1 1 A7 N
03 gz ame) 2 -o,(%)
1

i=1

1,9/ N N
~UMZ3} (ZIMiZi) 29 Miu; = op(f) + op<ﬁ),

EbEs
s

, -1
UM, Z%, [(z M; z) (Z?,. Mizg’i) } 79 Myu; = 0, (%

Proof of Lemma B2. (i) It is shown that

1 ] 1
sz‘i/ui =0,(1), since Var(lt)lzﬁ/ui> -
1K k) — k*
Then, we have
/ /
2o o802 = 0p(/ ).
ieGy
(ii) We can show that

A% XX\ 1 [
0'7A y (X/X: 50/ “1i i N N
Zko Y ZEX(XX) u'_lek?—k*<T) Wi OP( r)

icGy ieGy

since for large T

1
ﬁX/ui = Op(])
(iii) By expanding M;, we can show that
3 o l*af’zA’Mz (ZiMz) " Z;Myu;
ieGy

-1
Z <z./1v1~z> 1
o/ itV
§ : Z'Mu;
i 0 * i 1
f i< -k T JT

Z 5 ZA'X; (x;xi>
i 0 s«
leG kY —k T

(f)

. /
To prove the second order, since Zg,. Z]Al. =0, we have

-1 -1
i/Zi Z{MiZ,- 1 Z M,
T JT !

’ 1
> Ko ,*5:0 z3; Mizﬁ(ZfMiZi) ZiMju;
ieG,
1 , 1
=2 % e 2% 28 (ZIMiZ) ~ Z{Mju;
ieGy

-1 1
) Z 7 0’y <X{Xf) x/za (Z{MiZl) 1 2 M,
* i
T KO-k \ T JT

ler

:op< ‘@’2).
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Considering the third order, we can show that

/ 1 /
> kO 80 28/ MZ%(Zimiz)) 28 My,
ieG;

:Zko

icGy, 1

/0! -1 /
— 80 79 Mz, (ZiMiZ;) Z3;

1 -1 /
-y e 8928 MiZ0(ZiMiZy) 28 X (X{X) T Xy
icG, 1

- k;_’@op<\/qTNz) +op<\/@)
= 0,(V/éw) +op<@).

The last term can be transformed into

1 -1
3 kO af’zgi’Miz?i(z,-/Mizi) (z?,.’Mizg’i —Z/M,.zi) (zg’l./M,.z?i) 70 Miu;

ieGy

-1
-y k0 o VB MZ (2 miz)” ( 7N ZA 28 M2, J?/Mizﬁ)(zg’i’m,-z?i) 22’ M,

ieG,

1 -1 o -1
+) T 8929 Mz, (2 MiZ;) (Zﬁ’xi(xixi) 1x{zﬁ) (z?,.’Mizg’i) 70 M
icG, 1
_ [ on, bn,
_op< T ol VT ).

. TR AN
(iv) The term YN WU{M,-Z%( - 1) ZA'Myu; has the same order as that of

PR T(kO ) uiM; Z1A,Z1A, Mju; since the matrix ”;'Z 0p(1) for large T. Expanding matrix M;, we have
al 1
Z T(kO I ) ;MZAZH Mul
1 N’AA’ 2 Ny Iy Ny /A 7A
= W Zuizlizli uj — W ZuiX,-(XiXi) XiZ”Z” U;
i i=1

1 Ty/7A7A! -1
T(ko )Zu’x (XX X ZRZn X (XX T X (B.20)
Consider the first term in (B.20),

1 XN:u/zAzA’u ~0 (N)
T(k(l)_k*) = i“1i<1i 1 — ~p T)

Similarly, it can be shown that the second term,

1
T(KO —k*) ¢

, -1
I THVT\T K=k k& !

and the third term,

Zu’X X/Xi)~ 1x’zAzA
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N
/
@) D Ui (XIX) TIXIZRZE X (XX T X g
1 i—1

-1 -1
_ k° k* Z uX; xx X/Z8 ZA'X (XIX:\ Xui o (g)
T~ JT KO — k< KO —k*\ T JT~ OA\T)

Thus, we have

AR A N
> o UMZE (ZIMiZ) Z5 Miu; = op<f).
i=1 1

(v) By expanding M;, we show that
Z /<0 —uMZ8 (ZiMiZ;) " 2% My

N
0/ 1 -1 /
Zko /ZlA,(Z/MZ) Z9 Mju; — ﬂu;x,-()(l!x,.)—wgzﬁ.(z;M,z,-) 70 My

i-1 "1
_ op<%> + op<¥).

(vi) We show that

N -1

-1 / 14 4
§ : 0 k* u'MiZ%,(Z/ MiZ;) (z?i MZ% —z,-’M,-z,-) (z?,. M,-Z‘l)i) 7% Mu;
i=1 1

N
1 ’ ’ / / -1
= Z u/ MiZ%,(Z/MiZ;) ( ~Z8'Mz8 - Z8 MzZ% — 7%, M,Zﬁ-) (z?,. MiZ?i) Z9 Miu;

The proof of Lemma B.2 is complete. O

Proof of Proposition 1. We first show that for any given € > 0,

> Hii(k*) + 3 Hai(k*)

ieG ieG
P| sup = 2 > iy | <e. (B.21)
K(Cp) k? — k*

Using (B.5) and (B.9), we see that the sum of Hy;(k*) + H,;(k*) can be decomposed into three parts:

(Z H]l(k*) + ZHZI (k ))

ieGy ieGy

] / / / /
a7 {Z 280 Z% MiZ{(ZiMiZy) "' Z{Mju; — Y 280 Z9; Miuj]
1

ieGy ieGy

10 _ Jox — Jex
k k ieGy ieGy

! {Z 28928 Mz ZiMiZy) T ZiMu; - 280 28 Mz (2D, M,-Z?i)1Z%M,-ui:|
1 al / /
t o Zu MZ{(ZIMiZ) 7' Z{Myu; — Y " uiMiZ (29, MiZ) ™" Z9; My
1 i=1
=H; +H, + H3.

Consider the first term by replacing Z9 with Z; — Z8}

1
|[Hi| =

I — Z[SO/Z%/MZ(Z/MZ) 1ZIMju; — 8920 Mu ]‘

1 4 A , l I A
=2 o Z [8? ZIMju; — 82 Z8 MiZi(ZIMiZy) "' ZIMiu; — 80°Z Miu; + 80 25 M,~u,~]
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1 ,
=2l 3 [af’zﬁ’miu,» — 8978 Mz, (Z{Ml-Zi)”Z{M,-u,]
ieGy

e 002 | + 2| o SV Z X (X)X
k k*
ieGy ieGy
1 :
T 0 4 ML @Mz M
ieGy

= 0p(y/bn,) + 0, (\/ ¢N1) +0p (\/ ¢;’1 ) (B.22)

where the inequality is obtained by expanding Ml. and the final equality uses the orders in (i)-(iii) of Lemma B.2.

For the second term H,, replacing Z; with Z Z?l, and using (iii) of Lemma B.2,

|Ha| =2

1 1o’ Y / ’
o > [23? 20 MiZ{(ZIMiZy) ' ZMyu; — 28229, MiZ0.(Z9 MiZ8,) 128, M,-u,-]
1 ieG,

/
=2 1<0 =S[00 B Mz @Mz ZiMu + 89 28 M2 @Mz ZiM

ieGy

— 8929/ MiZ%.(2% M;Z%,) - 1Z?iM,»ui]

l / / ! ! ’
=2 7]& m Z [3? 20 MiZ5 (ZIMiZy) 7' ZI M + 82 29, MiZ8((ZIMiZy) ' Z4 M,
ieG,

’ -1 ’ -1 ’
+8? Zgi'M,-Z?i[(Z,-’MiZi) - (z?i M,Z?l) }z?,. Miu,}‘

k* 38020 Mzl (ZiMizy) T Z My

ieG,

+2 0_1 38028 Miz0,(ZMiz) " 2y My

ieG,

; (B.23)

1 10’ -1 ’ -1 ’
2|5 > 807 M,»Z?i|:(Z,»’M,~Z,~) - (Z?,. MiZ?i) ]Z?i M;u;
1 ieGy

_ %(,/@2) +0, (/) +op<,/¢;z> +op<‘/¢;z>. (B.24)

By (iv)-(vi) of Lemma B.2, the order of the third term is

N

1 / /
5] = | g l*Z[u;M,-z;(z;M,-z,-ﬂz;M,-u,-—u;M,»z%.(z?i M;Z%) 120, Miuj]

R / /
> uMZE (ZIMZ) 7' Z5 Miyg | +

2 N / Y
k9 — ke _k > UMZE (ZiMiZi) 7' 2% Mg
i=1 i=1

0
k3

+

o

i=1 1

—o,(M)0,(N)+ O(JNT) o,(M). (B.25)
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Combining (B.22), (B.24), and (B.25) under Assumption 2, the term,
> Hii(k*) + 3 Hpi(k*)

ieGy ieGy

dn kY — ke

oo oo () o) o) o)

_ 1
K

— 0,

will vanish for any k* € K(C;). On the other hand, the part ¢! (k9 — k*)~!
|Z,-€Gl J1i(k*) + Z,-EGZJZ,-(k*)‘ has a lower bound from Lemma B.1. Hence, for any € > 0,

> Hig(k*) + - Hyi(k*) (k) + 3 Jai(k*)
P sup ieGy ieGy > sup ieGy ieGy <e
K(C) kY — ke T K@) kY — ks ’

which implies that

P<sup D —hi(k?) + Hyi(k*) + Y —hi(k*) + Hyi (k") > 0) <€,

K(©) ieGy ieG,
N
P sup > [SVi(k*) —SVi(k))] =0 | <e.
K1) 1o
Finally, we obtain that for any given € > 0, and both large N and T,
Pk e K(G)) <e.

In other words, the total sum of squared residuals cannot be maximized in the case of k* € K(C;). By symmetry, the esti-
mation of the common break point (3) can be transformed into

k= arg max |:Z(5Vi(k*) — SVi(k9)) + D (SVi(k*) — SVf(kg)):|-

ieGy ieGy
Similarly, we can show that, for any given € > 0,
P(k € K(G,)) < €.

The common break point estimator is obtained in set K(C,) with probability tending to zero. Thus, we complete the proof
of Proposition 1. O

Proposition 1 indicates that the estimated common break is stochastically bounded by either true break points or located
between k9 and k3. Then, we can say that

0 _ i ~
¥ =op(%), if k<K, (B.26)
k- kO 1 PN

— :op(f), if k> k. (B.27)

Using this property of the common break estimator under the alternative, we next show that the numerator of the statistic
will diverge under Hqg.

Proof of Proposition 2. We will show that the numerator of the statistic diverges to infinity under the alternative. For the
sake of simplicity, we relax Assumption 2 and assume that 8? are constant terms. Under the alternative, from (A.4), the
CUSUM of the residuals for individuals in group j(j =1, 2) are calculated as

k
1 3 a
VNT ¢ '
€Gj t=1
k k k
. DI DRI 30 S A BN DR g SRACET DI
INT S INT JNT & £ (k£
ieG; t=1 ieG; t=1 i€Gj t—ia1
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FZ Z X 87 1k°<k<k}+ FZ Z X;6) ]{k°<k<k

ieGj t= k°+l ieGj t= I<°+1

FZ Z X 87 {k<l<<k°} FZ Z X871 {k<k?<k}®

i€Gj t=f+1 i€Gj t=k+1

Then, the total sum of the squared residuals \/% Zf’zl Z’r;] i, is expressed as

1 Nk N &k N .
ﬁ;; F;;xlf(ﬂl(k) /3 )7 IX]: Z lt(a (k) 8 )1 k>k
t=k+1
/ 0
/ Z Z lfl k0<k<k / Z Z 1f81 k0<k<k
l€G1 t=k9+1 1561 t=k%+1
k9
\/*Z Z X671 fksk?) ~ FZ D X ko i
i€Gy t=f+1 i€Gy t=k+1
/*ZZX@‘S? (k0 <k<k} ﬁzzx’@?ﬂ*
<k< {k9<k<k}
leCzt K9+1 . g 1ert kS+1 -
k2
\/—Z Z X 87 k<k<k0} - FZ Z X 87 1{k<k”<k}
i€Gy t=f+1 €6y t=ft+1
=Uf —uh —u U Ul U U Ut U - U - U (B.28)

Since k < k? in U{;RU;“, and k > k‘z’ in Ug“,Ung, using the orders (B.26) and (B.27), we have

U =0, (ﬁ),ufl =0p (ﬁ),ugl =0p (ﬁ),ugl =0p (ﬁ) (B.29)

From (A.10), we know that for i e G;, j =1, 2,

N -1 . N
k k k

\/T(,Bt - .3,0) = ﬁ(z Xitx:{t) intuit + «/T(Z Xitx:%) Z lexlt 1 k>k?}
t=1 t=1 t=1

t= k°+1

R -1 . R 1
k k k k

ﬁ(zlx,»tx;t) Z;xi[uit + ﬁ(z;xﬁx;t) > x,txlt(Sl Liieko) if j=1,
t= t= t=

t=k9+1
k / - k 1 P
\/T t; Xitxit [;1 XieUje + Op(ﬁ) lf 1= 2,

using order (B.27). Then, the second term UH] becomes

ieG t=1 t=k9+1
-1

k
1
Z lexl[ intuit +0p (ﬁ)

t=1

I

ler

\/‘Z Z :tf|: thtxz[ thtunt+ (letxtt> Z XiX;e {k>k?}

-1 ~
k k k
= Op(1> + 7N Z gxlfxlt) T Z xlfxltal 1 k>k°

t=k9+1
+0,(1) + Op< )
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N
= 0p(1) + Ui 140, + 0p(1) + 0y (ﬁ) (B.30)

Considering the third term U?‘. for individuals i € G}, the coefficient estimator is

— ~ -1 =
T oy k k
/ /
0 = Z XitXje Z XitYit — intxit intJ’n
t=1 t=1

t=k+1 t=k+1

-1
T T
= (Z Xit"f’t) { Z Xft(x;[ﬂzp+x§t5?+uif)l{f<zk?}

t=k+1 t=k+1
K T
/ R0 / Q0 / £0
D0 XX i)+ D X (X BY + X80 + uyp) 1“2<k?]
t=k+1 t=k9+1
. 1. . -1
k k k k
0 / / / 0
= B2+ D x| D xauwie + | ) XX > xiex;p 801 (i)
t=1 t=1 t=1 t=k?+l
_ N -1 .
T T k k
0 / /
=68 + Z XitXjs Z Xit Ui — int?‘it intuit
t=k+1 t=k+1 t=1 t=1

_ . 1
T ok k k
/ / S0 / '\
— > % > XX 1{1‘<<kg1 — > xixg, > XX S 1%,{?},
t=1

t=k+1 t=k+1 t=k9+1

where the fourth term in the final equality is Op(1/T) for individuals in group 1 using order (B.26), while the fifth term is
0p(1/T) for individuals in group 2 using order (B.27). Then, the third term U;“ can be rewritten as

1 Noq X T oy k T
Iy | (Do) 3 e (Dt ) Yo
=1 o1 t=k+1 t=k+1 t=1 t=1

-1

N 1T 1 k k .
Op< T) Loy — Wi > T > X <;an§t > XX s

€6y t=ft1 t=k9+1
-1
k T kg
1 1 1 1 o /N
_ ﬁ Z T Z X;t (T Z Xit"&) ﬁ Z thX;t(Si 1{l?<k§} — Op( T) 1{IA<>kg} l{k>l}}
i€Gy  t=f+1 t=k+1 t=k+1

= |:O,,(1) - O,,( T) Liaioy = Usi' Tiisoy = Usa 1ziey — Op (\/ T) ]{l}>kg}i|1{k>l§}‘ (B.31)

Thus, from (B.29), (B.30), and (B.31), (B.28) can be rewritten as

N
H
—0,(1) - {op(l) FUR e+ 0p(1) 10 (JT)]
- |:0p(1) - Op( T) Tiaiey = Usi Tgorey = Usz Ljigay — Op (\/ T) 1{/2>/<g}:|1{k>i<}

N
+U Ul +op< T) ~ufy —uth

H H. H H H. H H
= Uy oy + [U311 Tesoy +Usz 1{f<<kg}]l{k>f<} +U +Us Uy - Uy
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+0,(1)+0, (ﬁ) (B.32)

Next, we show that (B.32) diverges at the rate of +/NT under the alternative in the following three cases.
Case (i). Suppose that k < k9 < k9, we have

H H H H
Uz111{1‘<>k?} =0 Uy 1{1‘<>k$} =0.U" =0.Us" =0.

Choosing k e (k9 +C, k9], we can see that Uﬁl =0, and

H H
—Ujy +U3; 1{1”<<kg}1{k>i<}
1 k 1 k T o
== D D Nt =3 D K| X x| D xuxid)
VNT - ~NT — — —
i€Gy t—f+1 i€Gy p=f+1 t=k+1 t=k+1

Tt & (18 N1 &
=- NZT D X% T D XX T Y XXy
t=k+1

i€Gy t=k+1 t:kg+l
= 0,(VNT).
Thus, we have

sup USnr(k, IA<) sup USnr(k, IA<)
ke[1.T-1] ke (K9+C,k0]

2
IN
sup (U;Q — Ul +0,(1) +op< T)) = 0,(NT).
ke (K9+C,K9]

Case (ii). Suppose that k9 < k< k9. 1If ke [k9 +Cy, k9] and C; = O(T), choosing k e [k9, k9 + C], we have

v

H H H H H
U3111{k>i<} =0, U, 1{k>f<} =0, Us' = 0. Uy = 0. Uy = 0.
1 k N
U= 3 > Xt =o0,(/N).
NT i€Gy t=k9+1 T

since k < k, and
e T1 & (18 & -
Uy = N Z T le{t T infxgt T Z XiX;e] = Op(VNT).
ieGy t=1 t=1 f=k?+‘1
Thus, we have

sup USNT(I<,IA<)2 sup USNT(k,IAc)
ke[1,T-1] ke[k9,kO+C]

2
N
sup (Uf; +op(1)+op( T)) = 0,(NT).
ke[k9.k9+C]

Ifke (K9, k9 + Cy] and C; = O(T%) with « € [0, 1), choosing k = k3, the dominating terms

Hiq . L
U32 1{k<kg} UlO
1 K9 T -1 ; 18
_ / v v S0 / S0
= UNT 22 K| 2w ) D XX - JNT > D Xl
i€Gy t=f+1 t=k+1 t=k+1 €6y t=ft+1

T 1 kS 1 T -1 1 T
SENEONEDY x:[(T > ) ML
ieG, t=k+1 t=k+1 t:kg+l

= 0,(VNT).
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Thus, we have

sup USwr (k. k) = USyr (K9, k) = (Ufh — UL)* = 0,(NT).
ke[1.T—1]

Case (iii). Suppose that k < k9 < k, then we have

U1 0, =0, Ul =0, U =0.

{k< K9}

Choosing k e (k9, k9 +C], we can see that U 1{k =0 U?l =0, Ufl =0p (,/N/T), and

UHll{k)ko} = FZZ’% (Z’ﬂt’%) Z XX, 89

i=1 t=1 t=1 t=k9+1

“ -1 i
k 1 k
Z Z 1r<T infxz{t> Z xlfxlt 1
t=1

i=1 t=1 t k9+1
= Op(VNT).
Thus, we have

sup USyr(k, k) sup  USyr(k, k)
ke[1,T-1] ke (k9. KO+C]

2
H, N
sup (Ut +0p(1)+0,( (/5 | | = 0p(ND).
ke (k9,k9+C]

The proof of Proposition 2 is complete. O

v

Proof of Proposition 3. From Proposition 1, under the alternative Hy,4, the estimated common break k takes a value in [k? -
C, k(z) + C] with probability approaching one, for an arbitrary positive constant C. Thus, we investigate the limiting properties

of the normalization factor in three cases that k? — C < k< k9, k9 < k< k9, and k§ < k< k9 +C.
Case (i). Suppose that k% — C < k < k9, we have,

inf VNT(kl k kz) < VNT(kl k kZ) for k1 € Q(E)
(k1.kz)eQ2(€)

To show that the minimum value of Vyr (kq, k, ky) is stochastically bounded, it is sufficient to show that for any k; € Q(¢),
Vr (k1. k. k9) = 0,(1).
In this case, the model is estimated by regressing Y; on [X;, X;;(k1, lAc),XZ,-(IAc, kg),X3,-(kg)], which is expressed as
Bi
Yi = [X. Xai (k. ). Xai (k. K9). Xsi (KS)] ‘;; +u;
83
= Xi(ky. k. k9)by; + ;. (B.33)
while the true model with distinct common breaks is defined by
Y; = [X;, X (k, K9), Xoi (K9, K9), X3 (K9) |bS; + u;
= Xi(k, K9, k)BY; + u;, (B.34)

where

" 1sY o, 0' 50’1 ifi € G,.
Replacing Y; in (B.33) by (B.34), the residuals can be written by, for individuals in group 1,
iy = Xi(k, K9, KBS, + u; — Ki(ky, k, kS)by; (k)
— Xiky, k, k) [By; () — b2,] + [Ki(k, K9, K9) — Ki(ky, k, k3)1bS;

0 {[ﬂO’ 0,89, 8% ifieG,
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Bi— B P
L. 54 . . .
= u; — X;(ky, k. kK9) 5 “80 +[0. X35 (k. k9) — Xq5(ky. k). Xa; (kY. k9) — Xpi(k. k9). 0] 50
2i — 9 i
85— 80 57
= Ui = Xi(Bi = BY) = Xui(ke, k)81 — Xai (k, k9) (521 — 87) — X5i (K9) (831 — 87)
HXoi (K9, KS) — Xy (k, k3)16°. (B.35)
For individuals in group 2, we have
Bi— B? B?
A 51 . . .
ﬁ,- = U; 7Xi(k1, k, kg) S“ + [O,Xl,'(k, k(l)) 7X11‘(k1, k),Xz,‘(k?, kg) 7X2,'(k, kg), 0]
2i
831 — 89 87
= Ui = Xi(Bi — BY) — Xui(ky, k)S1i — Xai (k, K9)S51 — X3 (K9) (831 — 8). (B36)
By the definition of the denominator, Vi (kq, k, kg) can be decomposed into four parts V1H1, VzHl, V3H1, and V4H], defined by
5 (Ese) el S ()
Vit = = i; V== 1;
1 it s Vo it ’
T s=1 NT i=1 t=1 T s=kq+1 NT i=1 t=s
1 k9 ( 1 N 2 1 T 1 NT 2
Wi-g Y (gl Y] wiog X (i)
3 it > V4 it
T s=k+1 NT 5 t=k+1 T s=k9+1 NT5S
From (B.35) and (B.36), for t <k, the residuals il are calculated on the basis of subsamples {x;,..., Xir, }, and
{xj(,<1+1),...,xil»<}, which are the same as those in (A.22) under the null hypothesis. Using the asymptotic distribution of

(A.23)-(A.27) and k‘l’ —k= Op(1), we can derive the limiting distributions of the terms V]H1 and VZH1 as follows:

0
T

T 2 0_ 2
v v :02[0 (W(r)—r—er(rl)) dr+c;2/r [W(r{))—W(r)— Tgﬁ; (W(rlo)—W(rl)):| .

1 tl

We next consider the third term, which can be rewritten as

k9 N s N s s
1 1 1 ;5 1 s
o1y [NTZ DL DD DEAT: B IR 3 SEAC)

s=k+1 =1 t—f+1 =1 t—f+1 i€Gy t=k+1
0 2
1 s k3 1 S -
~RT D X8 oy + D X8 ey | — INT D> Xibai (B.37)
i€Gr \t=k+1 t=k+1 i€Gy t=f+1
I Y D SRS p N B L S
- = ty X (B~ BY) - X (B — 00)
T it it 1 i it 1 1
s=k+1 NTi5 t=k+1 NT 5 t=k+1 NT i€Gy t=f+1
2
IN 1 5 <
_Op< ) ) 72 Z X{ 82i]
T it
NT i€Gy t=f+1
1 k9 N 2
H H H H
=T Z (‘/311 -V -V _OP< T) —V34’> :
s=k+1

Since I<‘1’ k= Op(1), the terms in parentheses in (B.37) are op(1) and will vanish as N, T — co. Similar to V3; and V33, we
have

Vit = o (W) —W @), (B.38)
vih = o (r— rf’)Wim. (B.39)
1
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The coefficient estimator &; is calculated by, for i € Gy,

k9 -1 -1 ky
N ’
O = Z XieXit Z XitVit — sztxn intyit
t=k+1 t=k+1 t=1
K o K
/ / 20 / Q0 / 0
= Z Xit X;¢ Z Xie (X By + uir) + Z Xie (X B7 + X6 + Uir)
t=k+1 t=k+1 t=k94+1

ky T
/
Z XitXje Z XieUit
t=1 t=1
-1

-1
kS ki 1
0 /
(3 n) > z >t — 01 )-
t=k+1 t=1

t=k+1
forie Go,
K 1k ky ks
O = Z XieXj Z Xit (Xft,Bio + Ui) — ,3,0 anxn letult
t=k+1 t=k+1
k3 - kq
= Z XitXiy Z XieUit — letxn Xi¢Uit -
t=k+1 t=k+1 t=1
Then, we have
1 N 1S 1 K9 -1 K9
H H
Vi +V34 = ﬁz T Z X:{t"'OP(T) VT Z XieXig Z it Ui
i=1 t=k9+1 t=k9+1 t=k9+1
ky T 1
x| S i + op( ) +op< ) +o,,(T)]
t=1 t=1
wEd) -wixzd w
:>O'(T—‘L’10< (23 0(1)_ ()
2~ T
Thus, we can find that the limiting distribution of V3H‘ is
0 2
2 [ 0 r—tm 0 0
o / W) —W () — 22 w(ed) —w(d)) | dr
70 -7

Since the coefficient estimator 33,- remains the same in groups 1 and 2, we have

Vi = T Z FZ Zuu Zx,[(ﬁ“ B! )_let% 5)

s=k9+1

2

1

2
N 02/: |:W(1) W _‘Tro (W(1) —W(rzo))} dr
2

51

Thus, we can say that

inf Var(k, k, ky) < Var(ke, k K9) = VI pvif v vl — 0,(1).
(ky,k2)e2(€)

The proof of Proposition 2(i) is complete. O

Case (ii) Suppose that k9 < k < k. In this case, we have

(ky. kz?em wr (k1. k, ko) < Var (K9, &, KS).

We can easily find that the term Vyr (k0 k, ko) estimated using true break points will have a finite limiting distribution.
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Case (iii) Suppose that kg <k< kg +C. In this case, from (B.27), we have k—kO = Op(1). Similar to the proof of case (i),
we can show that

inf  Vir(ky. k. ky) < Vr (K9, k. ky) = 0,(1), for any k; € Q(€).
(kq,k2)eS2(€)

Combining with Proposition 1, we complete the proof of Proposition 3. O

Proof of Theorem 2. From Proposition 1, we show that P(k e [k? — C. k9 +C]) — 1. Furthermore, for any ke [K? —C. kS +Cl,

sup USwr(k, k) — oo,
keQ(e)

sup  Vil(ki k. ky) = 0,(1) (or o0),
(k1.k2)ef2(€)

from Propositions 2 and 3. Thus, the proof of Theorem 2 is complete. O
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