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Diagnostic procedures for finding outliers in high dimensional multivariate time series and
robust estimation methods for these data are reviewed. First, methods for searching for
outliers assuming that the data have been generated by a Dynamic Factor Model are pre-
sented. Then, other existing methods for detecting different types of multivariate time se-
ries outliers are analyzed. They include identifying outlying series and, also, looking for
segments, or periods of time, where the series have unusual dynamics. Second, robust es-
timation methods are considered. Dynamic Principal Components, as a very general pro-
cedure to estimate the dynamic in a high dimensional data set, is introduced and dif-
ferent types of robust estimation of these components are reviewed. Dynamic Principal
Components can be applied for robust estimation of Generalized Dynamic Factor models
and some results are given. Finally, other methods proposed for robust estimation of high

VARMA models dimensional VAR models and other multivariate time series problems are also briefly dis-

cussed.
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1. Introduction

High-dimensional sets of time series are often collected in many fields, as multimedia, health sciences, engineering and
economics and finance. These data are often recorded in an automatic way with wireless sensor networks, including com-
puter vision, electrodes for Electroencephalogram (EEG) or Functional Magnetic Resonance Imaging (fMRI). The devices used
may fail to record the observations correctly for different reasons, producing outliers in the data. As it is well known that
outliers may lead to inefficient estimation and poor forecasts, robust estimation and outlier detection are very important
tools in the analysis of these high-dimensional (HD) multivariate time series (MTS) data sets.

Outliers may appear in time series in different ways. The first, and most studied case, corresponds to some unusual
event at a given time point, so that the observed value is heterogeneous with the others. In particular, this value may have
been recorded with an error. For instance, we have a set of monitoring devices that are controlling the pollution in a city
and a power failure occurs at a given time. In this situation an isolated multivariate outlier will appear at the time of the
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unusual event. A more complex situation occurs when in a period of time the observations of the MTS are made under
different conditions from the others, or, in particular, they are badly recorded. For instance, the number of admissions in
the hospitals of Argentina or Spain when the COVID started was unusual, given the past hospital experience. In these cases,
we have a patch of outliers, or a time segment that is an outlier in the MTS data.

In a third situation, a few of the time series in the MTS set are not generated in the same way as the others and,
therefore, they show a different dynamic behavior. As a consequence, these series will be outliers in the set. For instance,
a hospital is recording the time evolution of a certain disease in each of a set of patients and a few of them have a very
unusual performance. Finally, we may have many sets of MTS data and some of them, the entire set, may be an outlier with
respect to the other sets. For instance, we measured over time the performance of groups of persons under some stressing
situations and some set is heterogeneous with the others, due to different environmental conditions.

Detection of individual outliers in MTS models was introduced by Tsay et al. (2000). They generalized the four types
of outliers proposed for univariate series (see Fox (1972); Tsay (1986) and Chen and Liu (1993)) for vectors of time series.
These authors also investigated the outlier effects on parameter estimation and forecasting in VARMA models and pro-
posed an iterative detection method to find outliers, based on individual and joint likelihood ratio statistics. Galeano et al.
(2006) introduced a different approach based on projections, that can be used with larger number of time series. In this
procedure, outliers are found by projecting the vector of time series is some useful directions and applying univariate de-
tection methods to the projected univariate time series. The projection directions chosen are those that lead to extreme
values of the kurtosis coefficient of the projected univariate series. It was proved that these directions have some optimal
properties. Cucina et al. (2014) assumed that the data can be approximated by a Vector Autoregressive (VAR) model and
proposed a genetic algorithm to find additive outliers.

As the number of parameters grows with the squared of the number of time series, procedures for finding outliers
in VARMA models are less useful when the dimension of the data set is large. A flexible structure for representing high
dimensional time series are dynamic factor models (DFM) and this representation have been used to identify multivariate
outliers. The first approach in this direction was made by Baragona and Battaglia (2007b), that proposed a procedure to
identify the times of occurrence of multivariate additive outliers in DFM. An alternative procedure was proposed by Galeano
and Pefia (2020), and Chou et al. (2020) developed a penalized least squares method to estimate the parameters of DFMs
subject to large outliers.

The identification of outlier time series has been studied more recently, often related to cluster analysis. For instance,
Alonso et al. (2020) presented an outlier detection procedure for DFM with cluster structure and, in a natural way, they
also searched for series in the set that are outliers. Methods for finding outlier series and segments of unusual behavior
in a MTS have been also been proposed in the computer science and machine learning literature. See Aggarwal (2017);
Blazquez-Garcia et al. (2021) and Meng et al. (2021). However, the connections between procedures developed in these
fields and those in statistics have been small. Statistical methods have been mostly concentrated on finding outlier detection
procedures with some optimal properties, whereas computer science and machine learning methods have relied more in
the practical performance in simulations and specific applications. Thus, very few comparative studies between approaches
proposed in different fields have been carried out, see Lopez-Oriona and Vilar (2021a) for one exception of this rule and a
comparison of several methods.

An alternative approach to deal with outliers in MTS is to use a robust estimation method. We should note that in the
statistical literature two different criteria are used to qualify a statistical procedure as robust. Some authors describe as
robust a method that is suitable for estimating models where the errors have heavy tails distributions. On the other hand,
a stronger criterion qualify as robust a method that is little sensitive to the presence of an arbitrary positive fraction of
large (even extreme) outliers in the sample. These two criteria may not coincide. For example, in regression models the
L, estimator is robust according to the first criterion, but not to the second (see for instance Sections 5.3.1.1 and 5.13.1 of
Maronna et al. (2017)). Instead, the least median of squares estimator proposed by Rousseeuw (2005), or the S estimators
proposed by Rousseeuw and Yohai (1984)), are robust according to both criteria.

To quantify the degree of robustness of an statistical procedure according to the second criterion, several measures have
been proposed. One of the most important ones is the finite sample breakdown point of an estimator, proposed by Donoho
and Huber (1983). Let x4, ..., X, be a random sample of a distribution that depends on a parameter § € RP and let 6 be an
estimator of it. The finite sample breakdown point of @ is the minimum fraction of outliers in the sample that may cause
the estimator to take arbitrarily large values. More information about the finite sample breakdown point and other measures
of robustness can be found in the books by Hampel et al. (1986) and Maronna et al. (2017).

Robust estimation of MTS that follow a Vector Autoregressive (VAR) model was studied by Muler and Yohai (2013).
However, for high dimensional time series, as indicated before, other alternative models are needed. An overview of robust
ideas in signal processing can be seen in Zoubir et al. (2012) and in neural networks in Su et al. (2019).

A dimension reduction technique for high dimensional time series was proposed by Pefia and Yohai (2016), following
Brillinger’s idea of dynamic principal components (DPC), see Brillinger (1964, 1981). They proposed a more general formu-
lation, where the DPC are computed without the assumption of being linear combinations of the data. These authors also
developed a robust estimation procedure for these principal components. However, although these DPC are useful for recon-
struction of the set of time series they are not oriented to forecasting. Pefia et al. (2019a) introduced the one-sided dynamic
principal components (ODPC), that are defined as linear combination of the observations based on a one-sided filter of past
and present observations, instead of the double filter of past and future values, as proposed by Brillinger (1964). A robust



JID: ECOSTA [m3Gsc;February 17, 2023;3:49]

D. Pefia and V. Yohai Econometrics and Statistics xxx (XXxX) xXx

estimation method for these ODPC have been recently proposed by Pefia and Yohai (2023), that is shown to provide a con-
sistent way to estimate a Dynamic Factor model. Other alternative robust estimation for Dynamic factor models proposed
by Fan et al. (2019b), Fan et al. (2021a) and Trucios et al. (2021), will be briefly reviewed.

The organization of this article is as follows. In Section 2.2 we discuss finding outliers in Dynamic factor models (DFM).
First, these models are described as a general representation for high dimensional multivariate time series and, second,
some of the procedures proposed to identify outliers in them are discussed. In Section 3 other methods to find outliers,
including outlying time series and outlier segments in MTS data sets, are presented. Section 4 reviews some static and
dynamic principal components methods as a general tool for dimension reduction in MTS. Robust estimation methods for
DPC are discussed in Section 5, where the scale one-sided dynamic principal component (SODPC) robust estimation method
is described. Section 6 presents a robust forecasting procedure using the scale one-sided DPC (SODPC), and Section 7 a
robust criterion to choose the number of components and the number of lags for each component. Section 8 deals with
robust estimation of DFM. It is shown that the SODPC can be used for this objective and, also, other alternative procedures
are presented. Section 9 discusses other robust approaches for MTS estimation. Section 10 reviews some real data examples
of the methods covers in this article and Section 11 contains the main conclusions of this survey.

2. Outliers in Dynamic Factor Models

In this section the dynamic factor model (DFM) is reviewed, outliers in this model are defined and different outlier
identification procedures are presented. The dynamic factor model can be considered as a general representation of a high
dimensional vector of time series in the following way. Let X; = (X, ..., Xm¢) be an m-dimensional vector time series with
strong cross correlated dynamic dependency. We can always decompose this vector in the projection on two orthogonal
subspaces. Thus, for any orthogonal matrices P, of dimension m x r, and V, of dimension m x m — r, and such that V'P = 0,

Xt =PP/Xt+W/X[ = Ct + Ug. (1)

The matrix P can be chosen so that the vector ¢; = PP'X; includes most of the variability of the original series. If we use
the condition that the sum of the variances of the components of this vector is as large as possible, we end up selecting the
first r principal components of the covariance matrix of the data. Let us call p; = P'x;, then the residual, or remaining, term,
u; = VV'x;, includes the m — r principal components with minimum sum of variances, and we have the decomposition,

X = Ppr + u;. (2)

Equation (2) is completely general and can be applied to any vector of time series. It implies that the vector X; is generated
by a small number of factors, r, but with the strong assumption that cju; = p;P'u; = 0 for all t. A more flexible decomposi-
tion, but also quite general, is to assume that the noises are uncorrelated with the factors in an asymptotic way, and allow
for noises of dimension m, instead of m — r. These generalizations leads to the dynamic factor model.

2.1. Dynamic Factor Models

We assume that the vector of observed time series, X¢, can be written as a linear combination of a small number of
dynamic factors plus an idiosyncratic noise. Assuming, first, contemporaneous factors, the model is

Xt = Pft—l—l‘l[, (3)
where P is a m x r factor loading matrix, f; = (fi;. ..., frr)’ is an r-dimensional vector of contemporaneous dynamic factors
and n; = (ny;,....nme) is a sequence of noises. Several conditions for the identification of this model have been proposed

(see, for instance, Pefia and Tsay (2021)), and here we assume that P'P = I;, where I, is the r-dimensional identity matrix
and r < m. The dynamic factors follow a diagonal VARMA(p, q) model,

@ (B)f; = O(B)u,, (4)

where ®(B) =1, — ®B—--- — ®,BP, and ©@(B) =1, — ©®1B — --- — ©¢4BY, are polynomial matrices in the back-shift operator
B with diagonal parameter matrices. The roots of |®(B)| = 0 are on or outside the unit circle, while those of |®(B)| = 0 are
outside the unit circle, and u; is a sequence of i.i.d. random vectors with mean 0, and full rank diagonal covariance matrix
Y. Consequently, the dynamic factors, i.e., fi;, ..., frr, can be either stationary or integrated. When the dynamic factors are
stationary, the model defined in (3) and (4) has been studied under different assumptions by many authors, including Pefia
and Box (1987); Stock and Watson (2002) and Bai and Ng (2002).

We assume that the vector of noises n; in (3) is stationary and may include both weakly correlated and cross cor-
related random variables, as defined in Stock and Watson (2002) and Bai and Ng (2002), with mean vector 0 and full
rank covariance matrix. Additionally, we assume that both noises appearing in the model are uncorrelated for all lags, i.e.,
E[ntuéih] = Opxr, for all h =0,+1,£2, ... This assumption can be relaxed allowing some weak cross-correlation between
factors and idiosyncratic noises.

When f; is stationary, Xx; will also be stationary, and we can compute autocovariance matrices, I'x(h) =

E[(xt - ux)(xr,h - [Lx)/], where ux = E[X¢], with terms y;j(h) for h=0,+1,+2,.., and 1 <1, j < m. These autocovariance

3
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matrices are given by
I'x(h) = PT¢(h)P' + I'n(h), (5)

where I'g(h), for h =0,+1, +£2,..., are the square r-dimensional diagonal autocovariance matrices of the factors, and I'n(h),
for h=0,+1,42, ..., are the square m-dimensional autocovariance matrices of the idiosyncratic components. Note that for
any column p, of the loading matrix P, where k e {1,...,r}, we have I'x(0)p; = (of?klm +I‘,.(O))p_k, where ofz_k is the
variance of the k-th factor, whereas for any m-dimensional vector v such that P'v =0, we have I'x(0)v = I'n(0)v. In the
particular case in which the idiosyncratic noises are white noise with the same variance, so that I'y(0) = al%lm, then the
matrix I'x(0) will have r eigenvalues of sizes o, + 03, ..., 0f, + 0g and m —r eigenvalues of size o33. Also, I'x(h) will have
r eigenvalues of size ygq(h), ..., y¢,(h) linked to the r columns of the loading matrix P and m — r zero eigenvalues linked to
m — r orthonormal eigenvectors, denoted by v.q, ..., V., that define the orthogonal complement matrix V= [v1]...|V.m_r],
where V'P = 0;,_p),,. The subspace defined by P is the factor space, as P'x; = f; + Pn;, and the subspace defined by V will
be called the idiosyncratic space, as V'x; = V'n;.
The estimation of the factors can be made by principal components using the intuition that, as

P/Xt = f[‘+P/nt, (6)

for large samples the second term will be close to its mean, zero, and the factors close to P’X;. Assuming in (5) that in
I'x(0) the signal PI'¢(0)P’ dominates the noise, I'n(0), P can be estimated by the eigenvectors corresponding to the largest
r eigenvalues of the covariance matrix. This principal components estimation of the factors has been proved to be consistent
under general conditions when T and m go to infinity (see Stock and Watson (2002)). For this estimation we have to deter-
mine the number of factors, r, that can be made using any of the several available procedures (see, for instance, Pefia and
Tsay (2021)). This PCA estimation of DFM will be considered in Section 4.1, but other possible estimation methods, including
maximum likelihood, have been proposed.

Geweke (1977) introduced a factor model with lags in the factors, that has been generalized by Forni et al. (2000). This
is the so-called generalized dynamic factor model (GDFM). Assuming a finite number of lags, L, its representation is:

L-1

Xy = ZP,fH + 1, (7)
=0

where f; is a g-dimensional stationary vector of uncorrelated common factors, the L matrices P; are m x q factor loading
matrices and n; is the noise or idiosyncratic part, that is stationary and follow the conditions of the approximate DFM.
The GDFM was proposed by allowing L to go to infinity but here we only discuss the case that L is finite, that is the
most important in practice. The conditions for identification of the loading matrices and the factors are similar to the DFM,
PP =1, for [=0,1,....,L -1, and E(f:f}) is diagonal. Model (7) can also be written as

X = P(B)f; +n,

where P(B) =Py +P{B + ...+ P;_{B"! is a matrix polynomial in the lag operator. Assuming that the factors follow a VAR
model with diagonal parameter matrices

AB)f; = a;,
and,
x; = W(B)a; +n,

where W(B) = P(B)A(B). Note that in finite samples there is an identification problem in the decomposition of ¥(B) into
A(B) and P(B), as none of them are observed. This problem can be solved by writing the model as

S5-1

X; = Z‘I’sat—s + 1, (8)

5=0

where a; is a vector white noise sequence.

The identification of the GDFM has been studied in Forni et al. (2000) and requires that all the lag covariance matrices
have q eigenvalues that diverge when m and T increase, whereas the largest eigenvalue of the covariance matrices of the
idiosyncratic component are bounded for all lags. From an intuitive point of view, this means that the factors have some
effect on almost all the series and only a few values of the loading parameters are zero. It is said that the factors have
a pervasive effect on the observed series. See Fan et al. (2021a) for a good discussion of this point. However, the noises
are concentrated on a finite number of series. These assumptions for the noises are similar to the ones presented for the
approximate DFM. In other words, the noise-to-signal ratio must converge to zero as m — oo and T — oo for the model to
be identifiable.
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2.2. Types of Outliers in Dynamic Factor Models

Outliers in model (3) were first proposed by Baragona and Battaglia (2007Db) as follows. Let x; be the observed vector of
time series that can be contaminated with outliers and let X; the unobserved vector without outliers. Then,

x: =P + 1, + Wi =x; +wiI®, 9)

where W = (Wy, ..., wp)' is the outlier size at location t = a and I[(a) a dummy variable that takes the value 1 when t = a and
zero otherwise. These authors argued that by imposing restrictions on w, three different types of outliers can be considered:
outliers only on the factors (when w = Pw; for some r-dimensional vector wg); outliers on the idiosyncratic component
(when P'w = 0,) and mixed outliers affecting both the factors and the idiosyncratic component (when w is not restricted).
In this formulation the default are mixture outliers. However, as recognized by Baragona and Battaglia (2007b), these outliers
cannot be identified directly by projections derived from the properties of the factor model.

To avoid this problem, Galeano and Pefia (2020) considered first factor outliers, that affect to most of the series, and
idiosyncratic outliers, that affect only to one of the series, but allowing that at the same time both types of basic outliers
can happen. Therefore, in this approach mixture outliers are also possible but they will appear when both types of basic
outliers, factor and idiosyncratic, occur at the same time. The factor outliers are defined as follows. Let f; = (fi., ..., fr) be
the vector of dynamic factors following the model in (4). Then, a factor outlier appears in the k-th dynamic factor at time
t = o, if f; is replaced by

£ =f +w1, (10)
/
where w,(f) = (0, ...,0, W,Eo), 0,..., 0) is the size of the factor outlier in the k-th dynamic factor and It(o) is a dummy variable
such that It(o) =1,ift =0, and It(o) =0, if t # o. The factor outlier in (10) potentially affects to all the time series components,
depending on the loading matrix. The observed time series will be,
X; =Pf; +n, =P(f; + wlﬁ")lt(")) +0; =% +PwL,

where Pw,(:’) = wl({o)pAk is the effect of the factor outlier on xy. Therefore, a factor outlier in the k-th factor at time t =0

produces an outlier of size W,E,D)]JAk in the observed time series. Thus, the effect of the factor outlier will be larger in time
series associated with bigger k-th factor loading weights.
Idiosyncratic outlier are defined by Galeano and Pefia (2020) as additive outliers in a single idiosyncratic noise compo-

nent. Consequently, if n; = (ny;, ..., nm) is a vector of idiosyncratic noise, as defined in (3), an idiosyncratic outlier appears
in the [-th idiosyncratic noise component at time t = i if, instead of n¢, we have n} = (n’{t, e n’;m)/, given by
n; =n+w'?, (11)
. . / .
where wl(') =(0,...,0, wl('), 0,...,0) is the size of the idiosyncratic outlier and It(') is @ dummy variable. The idiosyncratic

outlier in (11) only affects to one of the time series components, because the observed time series will be
X' =Pf, +n; =Pf; + <nt + w}”l}”) =x +wI?, (12)

and the idiosyncratic outlier in the I-th noise component at time t = i produces an outlier of size wl(i) in the I-th component
of the observed time series.

In practice, the time series that we observe, X;, ..., X}, may be affected by several factor and/or idiosyncratic outliers, as
follows,
—w(©) ) ~ ()0 o (@)0) L (0@
* __ f i i il _ i J J J
xp=Pf+ > w VI ek Y w UL = x4k Y O Pw I S w L (13)
j=1 j=1 j=1 j=1
for t =1,..., T, where wf{‘l’]), .. .,w,‘{‘;F) are the outlier sizes of the F factor outliers in the kq-th,...,kg-th dynamic factors at
times o4, ..., of, and wl(lil), e Wl(,i') are the outlier sizes of the I idiosyncratic outliers in the [;-th,..,I;-th idiosyncratic noise
components at times iy, ..., i, respectively. Note that expression (13) is flexible enough to cover situations such as, at the

same time: (1) a set of factor outliers affecting different dynamic factors; (2) a factor outlier and a idiosyncratic outlier; (3)
different dynamic factors/noise components.

The effects of the outliers in sample estimates of the mean vector and autocovariance matrices of the time series can be
severe (see Baragona and Battaglia (2007b) and Galeano and Pefia (2020)). Let X3, ..., X} be a time series as in (13) and let

F 1 . .
o = Z ng)j)lt(oj) + Z wlglj)l[(lj) ,

j=1 j=1
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fort =1,...,T, be the effect of the outliers in the time series. The sample mean vector of X¥,..., X} is given by X* =X +0,
where X is the sample mean vector of the time series free of the effects of the outliers, and © is the sample mean vector of
the effects of the outliers, and X* can be very different from X if the number of outliers is large compared with the sample
size and/or the outlier sizes are large enough. Moreover, the sample autocovariance matrices of x3,....x3, for h=0,1,2,...
are given by

- - 1 ! - _
[y (h) = Tx(h) + T-h-1 Z (Xt —X)(0;,_, — 0)

t=h+1
+¥ XT: (0 — 0) (X, —i)’+¥ XT: (0 —0)(0,_ — 0)’
T—h—-1 ‘ th T—h—-1 ‘ th T
t=h+1 t=h+1
where fx(h), for h=0,1,2,..., are the sample autocovariance matrices of Xy, ..., X7. Consequently, taking expected values,

1 T _ y
Ly (h) = Tx(h) + 75— >~ (01 —0)(0,_; —0),

t=h+1

from which two main conclusions arise. First, it is easy to see that the sample covariance matrix is always biased, as I'x- (0)
can be very different from I'x(0) when the number of outliers is large compared with the sample size and/or the outlier
sizes are large enough. Second, the sample autocovariance matrices I'x«(h), for h=1,2, ... are also biased, except if none
of the distances between the times of the outliers is h, in which case Iy« (h) = I'x(h). In other words, if two outliers are
located at a distance h they will bias the matrices I'x«(0) and I'x(h). Therefore, in order to use eigenvectors of sample
estimates of the autocovariance matrices to identify the loading matrix P and to estimate the factors, as is standard in the
literature on DFMs, we need to clean the observed time series from the presence of the outliers.

2.3. Procedures for Outlier Detection in Dynamic Factor models

Several procedures have been proposed for outlier detection in DFM. Here we will review the ones based on projections
proposed by Baragona and Battaglia (2007b) and Galeano and Pefla (2020) and the lasso estimation of the outlier sizes by
Chou et al. (2020). We also discuss how these ideas can be extended to the detection of outlier in non stationary series.

2.3.1. Outlier Detection by Projections

As mixed outliers can not be detected by projections, Baragona and Battaglia (2007b) proposed a two step procedure in
which first outliers are identified by using the univariate time series obtained by projecting the data in the direction of the
eigenvector vy, linked to the smallest eigenvalue of the covariance matrix of the data. As then v/,P ~ 0, the projected series

! vk 7 (a)
V, Xi~ Ve 4+ v, W

contains a combination of the noises plus outlier effects. The time periods in which outliers occur can be identified by
searching for them in this single univariate time series, and these outlier effects can be removed from the vector of time
series by considering these points as missing values and interpolating the vector of series. The proposal for detection of
factor outliers is more complex and several procedures were considered.

Galeano and Pefia (2020) proposed first an initial cleaning of the data in order to use a data covariance matrix I'x(0) with
small influence of the possible outliers. This matrix is used to determine the number of factors r and to find m projection
directions to be used for identification of the factors and idiosyncratic outliers. The detection is made searching on the
projections on the columns of the estimated loading matrix P and its orthogonal complement V, (where, V'P = 0). Therefore,
the procedure requires having good estimates of the matrices V and P. With this objective the authors use some small
modification of the method proposed by Galeano et al. (2006), who showed that an outlier in a vector time series produces
an outlier in almost every projected time series and that multivariate additive outliers can be found by maximizing the
kurtosis coefficient of the projections.

Suppose that we have applied an initial cleaning procedure to the data and using this cleaned covariance matrix we
obtain the m x r matrix ﬁR and its m x (m —r) orthogonal complement VR, (where, \Al@Rz 0). The projections of X} on the
columns of Vg, assuming that \AI;QP ~ 0, is, by (13),

e O Lo (), o L () ()
z; = Vpxi ~ Vin; + E V;?Wt,] I} = Vn; + E wl]_J v;j_lt' , (14)
j=1 j=1

where W{Qj) denotes the size of the idiosyncratic noise in the [;-th idiosyncratic noise component at time t =i; and Vlj‘
7

denotes the [;-th row of the matrix \AI,Q. Therefore, z; is an (m — r)-dimensional vector time series that results from adding

the transformed idiosyncratic noise V;ent, and the outlying vectors Wl(lil)v;y’ ""Wl(lil)v;l'. Thus, ‘A,;ex? does not depend neither

6
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on the dynamic factors, nor on the factor outliers. Consequently, we can detect the idiosyncratic outliers and estimate their
sizes using the set of transformed series z; = Vix}, as the effect of an idiosyncratic outlier in any specific I-th idiosyncratic
noise component at any specific time ¢t =i in the series X} is transmitted to the vector of new projected series z; by (14)

z=w' W +a, (15)
where a; = V;Ent. Note that the whole vector of transformed series z; has information about the outlier and the effect on
each component depend on the coefficients v, that define the relation among the components of z; and the original id-
iosyncratic components n;. The outlier size wl(l) can be estimated by the regression equation (15), that relates the outlier
size in a single component of n; to the transformed series z;. However, as the noises, a;, are heteroskedastic this estimation
will be carried out by generalized least squares. Consequently, if we knew the time and the idiosyncratic component af-
fected by the outlier we can estimate its size by the regression parameter. In this way, we will clean the original series from
idiosyncratic outliers and in what follows we focus on detecting the factor outliers in a time series free from idiosyncratic
outliers. R

To identify factor outliers we multiply x} in (13) by P, and assuming PyP ~ 1, we get a r-dimensional vector time series,
Vi, given by,

F
Vi =Ppx; =f + Zw,g”)lt(oj) + Py (16)
=1

that results from adding the vector of dynamic factors f;, the factor outliers w(ol) . (OF) and the transformed idiosyn-

cratic noise P;znt. Consequently, if we are able to detect the factor outliers, to estlmate thelr sizes using the transformed
series y; in (16), and to clean their effects on the observed time series X; in (13), we will obtain a time series free of any
kind of effects of the outliers. To do this, note that (16) can be rewritten as

Vi=Y: +ZW(°J) (01) (17)

j=1

where y; = f; + P'n;. In particular, the k-th component of y; in (17), can be written as

Fy
o) (ok
Vie = e + 3 w1, (18)
j=1
where y,, is the k-th component of y; that follows an ARMA model because it is the sum of processes that follow ARMA
models. Therefore, the factor outliers can be identified by detecting additive outliers in the time series y5,, ..., ¥}

2.3.2. Lasso Estimation of Outlier Sizes
Chou et al. (2020) consider estimating an approximate factor model with outliers that will be used to forecast a given
time series and assume the DFM,

x; =Pf; +n; +],

where J; = (ji¢, ..., jme) in the vector of outlier sizes at time t. It is assumed that the sequence of vectors J; is sparse, so that
most of the components are equal to zero. Calling X,F and J to the T x m,T x r and T x m matrices of time series, factors
and outlier sizes, they proposed to solve the following lasso problem

min | X — FP' |2 + 8111

where ||A||; is the Frobenius norm of the matrix A. The optimization is made with the restriction FF/T = I;. They derive
an algorithm to solve this problem as follows: (1) Start with J(® = 0; (2) given an estimated value for J compute the
corrected data values by Ch-1 — J(“ D and estimate with this data F® and P® by PCA; (3) given L= X — Fp'®
update the i-th element of the vector Jt

J = ST, 8/2),

where ST is the soft-thresholding function, ST (x,y) = sign(x)(|x| —y). The authors shows that this algorithm can be seen
as choosing at each step a low-rank matrix and a sparse matrix that minimize the objective function. The value of the
penalization § is chosen as § = 6+/8InT, where & is the average sample standard deviation of the residuals from using the
PCA method. This selection seems to work well in the simulations.

2.3.3. Outliers in Non-stationary Factor Models
We consider first the case of integrated processes, studied by Galeano and Pefia (2020). Suppose that some of the factors
are I(d) and the others are stationary. Then, following Pefia and Poncela (2006), the projection procedure on the extreme
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s . . . . =R . .
kurtosis directions can be applied after replacing the robust autocovariance matrix, I'y.(0), with the robust generalized
autocovariance matrix given by

-G 1 o o o
0 = o0 2 (x" - X%) (x5, - %"’
t=1

where X*} is the sample mean vector of the time series x¥, ..., x;R. after cleaning the data. In this case, the number of non-
stationary and stationary factors is obtained using the IC; model selection criterion proposed by Bai and Ng (2002) after

. =R ... =GR . . . o .
replacing Iy.(0) with I'y. (0). The method identifies first the non-stationary factors and, after eliminating their effect on
the time series x;¥, ..., x:R, the stationary factors.
On the other hand, when some of the factors are seasonally integrated, others are integrated, and the rest are stationary,

as in Nieto et al. (2016), the projection procedure based on extreme kurtosis can be applied after replacing the robust lagged

. . =R . . . . .
autocovariance matrices, Iy« (h), for h =0, 1, 2, ... with the robust seasonal generalized lagged autocovariance matrices given
by

=S s < . -
Bl =2 Y (® - (%, -x).

t=h+1

where S is the period of the seasonal factors. The number of seasonally integrated, integrated and stationary factors is

. . . . =R .. =SR .
obtained using, for instance, the method proposed by Lam and Yao (2012) after replacing Iy« (h) with Iy. (h). In this case,
the procedure is expected to identify first the seasonal factors, then, after eliminating the effect of the seasonal factors, the
integrated ones and, after eliminating the effect of the the non-stationary factors on the time series, the stationary ones.

2.3.4. Outliers and Misspecification of Factor Models

An important topic that has not been much explored in the literature is the effect of using a factor model when the data
have been generated in other ways. For this objective is useful to compare the results obtained by a model free procedure
to those given under the assumption of a factor model. A model free procedure to search for outliers is to analyze the
univariate time series obtained by projecting the data in directions of maximum and minimum kurtosis, as proposed by
Galeano et al. (2006). In fact, we will see that this method can be applied for some initial cleaning of the series before
estimating any model in order to obtain an initial robust covariance matrix. This topic will be discussed in the next section.

The interpretation of the DFM as a general representation for high dimensional time series of the common and idiosyn-
cratic information in the set of time series introduced in Section 2.2 suggests that the procedures for finding outliers under
the DFM framework can be quite general. Common outliers, with large effect on the series variability, are expected to ap-
pear in the principal components of the data with large variance, whereas specific outliers in the original series, with small
effect on the aggregate variability, are expected to appear in the series formed by the smallest eigenvectors of the covari-
ance matrix. Thus, the searching for outliers in the univariate time series formed by the principal components of the data
is expected to detect these two types of outliers. These ideas can be used without any reference to any specific DFM.

3. Other Methods for Finding Outliers in MTS

In this section some other proposals for searching for outliers in MTS are first reviewed. Second, the problem of identify-
ing atypical segments or periods, mainly studied outside the statistical literature, is considered. Third, methods for detecting
outlying series and outlier sets are analyzed.

3.1. Multivariate Outliers

Several procedures have been proposed for finding multivariate outliers in high dimensional data set without using a
model to find them. A related problem is to understand when an outlier is expected to be identified given its size and
context. See Battaglia and Cucina (2020). Model free outlier detection can be made by building a set of linear projections
of the time series and searching for outliers in the projected univariate time series. As indicated before, this approach
was explored by Galeano et al. (2006), using projection pursuit, and Baragona and Battaglia (2007a), with independent
component analysis.

Other model free procedures are based on graphical methods. Gonzalez and Dang (2021) proposed a dual view frame-
work for finding outliers in MTS. The first view is a parallel coordinate chart of some relevant features that includes an
outlier score rank for each time series. The second view uses a multi-line chart to represent how each time series changes
over time. Parallel coordinates charts were introduced by Inselberg and Dimsdale (1990) (see also Inselberg (1998)), although
their origin can be found in the statistical literature in the 60’s to visualize multivariate data. The idea is to represent the
values of each variable in a vertical line and connect the values of the variables at each time point. In this way, each vector
of series is represented by a sequence of straight lines and sequences very different from the others indicate outlier points.
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For large T the outliers must be very large to stand out from the rest of the points. This information is used with the multi-
line chart that shows changes over time and indicates outlying series. Gonzalez and Dang (2021) argue that their proposal
is able to identify outlying series in some examples, but this method has limitation for large values of both T and m.

A complementary approach to identify outlying series by graphical plotting are the extreme empirical dynamic quantiles
proposed by Pefia et al. (2019b). These quantiles are defined as those observed series that, over the available time span, have
properties as close as possible as the series formed by the timewise marginal quantiles. For instance, the dynamic empirical
median is the series that minimizes the L; distance to the marginal median of all the series over the whole period. Extreme
dynamic quantiles will identify series that are very different from the others in the MTS data set.

Model based approaches often assume a Vector Autoregressive Structure (VAR) for the time series to search for out-
liers. For instance, Bellini (2016) use this structure and a forward-search approach to find outliers, whereas Cucina et al.
(2014) apply a genetic algorithm for multiple additive outliers under a VAR model for the data. This last procedure seems to
be able to detect patches of outliers, reducing masking and swamping effects, but requires to fix some unknown parameter
values.

Outliers is MTS have been also analyzed from the machine learning perspective of deep neural networks (NN).
Vishwakarma et al. (2021) proposed to consider each series in term and use a simple forward NN to identify pairs of
outliers in a univariate time series, that is transformed into bivariate by using the observation and one of its lags, to find
outliers. This approach does not seem to be very useful for multivariate outliers, as the joint information is not used. Other
approaches in this line are presented in the review article by Blazquez-Garcia et al. (2021). In our opinion the available
methods for MTS outlier detection develop in the computer science and machine learning literature seem to be less effi-
cient for multivariate outliers than the alternative statistical procedures.

3.2. Outliers Segments
Cheng et al. (2009) proposed to find outlier segments by defining a measure of the similarity of two segments of length

s, and choosing the extreme segments with that measure. For s > 0 and two segments defined by the vectors (X, ..., X¢; ;)
and (Xt,, ..., Xr,,, ;) they proposed the measure

s—1
exp(_zjzo(xtﬁj — X4 ) Key1j — Xy )

o2

K(t1.t2,5) = ,
where o2 is an estimate of the average variability of the series. Note that K(t;, t;, 0) is a measure of the similarity between
Xt Xt,. With this function we can construct a non-negative, symmetric kernel matrix that shows the pairwise similarity
between the pair of selected segments (or sub sequences) or single data points. The kernel matrix is associated to a Markov
chain with a transition matrix S, whose (i, j) element, that denotes the transition probability from node i to node j, is
obtained by normalizing each column of the kernel matrix. Then, outliers are defined as those nodes with small connectivity
with others, or small transition probabilities.

Wang et al. (2019b) studied the problem of finding time series segments with heterogeneous behavior. They assume that
the MTS data follow in different segments of time different models. That is, it is assumed that changes in the model are not
smooth and that at a set of time periods, Ti, ..., T, the model parameter change. The problem is to identify the number and
location of the points of change in the MTS sequence. The authors solved the problem by finding a partition of the sample
P=(Q1,.T1 -1),(T,... L, - 1), .., (T, ..., T), that maximizes

P = argmax(L(P) + 8k),

where L(P) is a loss function that is chosen as the sum of squares of the fit when the VAR model is estimated in the period
with a Lasso fit. This problem can be solved by a dynamic programming algorithm that is described in the paper. Meng
et al. (2021), also extend methods for isolated outlier detection to find anomalous sequences using a complex procedure
based on a similarity metric to measure the coupling between segments. These works do not include any comparison of the
performance of their proposals with respect to alternative procedures.

3.3. Outlier Series

Yang and Shahabi (2007) and Weng and Shen (2008) address the problem of finding outlying series and outlying sets
of MTS. Suppose we have several sets of multivariate time series (MTS) and, instead of finding individual observations
that are outliers, we are interested in detecting the series that are outliers with respect to the others in the set, or sets
that are outliers from the others sets. In this last case we have matrices of data, X,Y,Z, ..., W with T; observations and m
variables. The similarity they propose between these matrices is the Eros (Extended Frobenius norm) similarity, due to Yang
and Shahabi (2007), that is defined as follows. Given two sets of time series data represented by matrices X, Y, with the
same number of variables in columns, m, and possible different sample sizes, T;, T,, summarize the sets by their covariance
matrices. Then, the eigenvectors of the m x m covariance matrices of the two sets, vi("),vi(")’ are computed for i=1, ..., p,
where p is a parameter to be selected, so that a large part of the variability in the matrices is covered. The similarity
between these sets is based on the sum of absolute values of the scalar product of the eigenvectors. These scalar products
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are weighted by their importance, as measured by their relative eigenvalues. Thus, given a set of weights, Zf’: 1wi=1, the
Eros similarity is given by

P
Eros(X.Y,w) = > wi| V) ’
i=1
Note that the Eros similarity is similar to a sum of the weighted absolute values of the correlation coefficient between the

principal components of the two sets. As the euclidean distance between two norm one vectors is D, = /2 — 2(v®)/'v®)),
the Eros distance between two matrices is defined with the Eros similarity as follows

p
DEros = (2 _zzwi|(v§X),Vi(y))|-
i=1

This measure is bounded and takes the maximum value when the eigenvectors are orthogonal and the minimum when they
have correlations equal to one.

Algorithms to apply these ideas to find outlying series have been proposed in Weng and Shen (2008). They defined the
outlier score of a series in a given data set as the sum of the Eros distances from its k nearest neighbors. Then, outlier
series are those having the largest outlier scores. However, a test to decide if the series with the largest outlier score is
really an outlier is not given. Similar ideas can be applied to the comparison of MTS sets with the Eros distance and a
k nearest neighbor approach (kNN). The limitation of all these methods is to use just zero lag correlation between the
principal components of the series and ignore all the other lag correlations between them.

Finding outlying series can be done by summarizing each series in a vector of features, or variables, of dimension p
and applying a cluster method to find groups of outlier series. If the individual features are related, they can be replaced
by a few principal components and then apply the clustering method to these selected principal components. For instance,
Hyndman et al. (2015) define a large set of univariate time series characteristics. as Mean, Variance, First order autocorrela-
tion, Trend Strength, Linearity Strength, Curvature Strength, Season Strength, and many others. Then, all these characteristics
are summarized by the first two principal components and a cluster method is applied to the series represented by these
two new features. The result, that depends on the cluster method applied, the selection of the variables and the number of
component used, provides the most extreme data of the set. However, no statistical test is applied to check if these series
are really heterogeneous from the others.

Some of these problems are solved in Talagala et al. (2020). The selection of features and their summary in two principal
components is kept, but now a density estimation using a Gaussian kernel is applied to the feature space to identify outliers
that are tested with extreme value theory. Once the problem is solved with a training set of time series, detecting outlying
time series in streaming can be made by applying the same ideas to the on line data.

Another method for finding outlying time series has been suggested by Lopez-Oriona and Vilar (2021a) using a functional
approach. Each MTS is described by an estimator of its quantile cross-spectral density, that was introduced as a clustering
tool for the same authors in Lopez-Oriona and Vilar (2021b). Then, this transformation is treated as multivariate functional
data and an outlier score is assigned to each series by using the half space depth proposed by Tukey. The performance of
the procedure seems to be better in a simulation study that the feature extraction method by Hyndman et al. (2015) and the
eros distance method due to Weng and Shen (2008). This better performance is to be expected as the functional approach
uses much more information about the dynamics of the series than the other proposals.

Outlying series can also be found by clustering the series with a measure of similarity that takes into account all the
relevant cross correlations for all lags: the generalized cross correlation, introduced by Alonso and Pefia (2019). The idea was
proposed by Alonso et al. (2020) in the framework of outliers in dynamic factor models with cluster structure. The detection
is made by using the information provided by the clustering procedure when using the generalized cross correlation as
measure of similarity. Suppose we apply a hierarchical clustering to the MTS set and find a set of series that are quite
dissimilar to the others, according to the dendrogram distances. These series are candidates to be outlying time series.

Let X} = (Xslt’ . .,x;t)/ be the set of s suspicious time series. For testing the null hypothesis Hp : ¥}, is independent of f; =

(fit. .-, frr) these authors apply the statistic proposed in Robbins and Fisher (2015) to test for independence between two
sets of time series. This statistic is the log of the determinant of the matrix formed by residual autocorrelation matrices after
fitting VARMA models to the two sets of series, and follows a 2 distribution with degrees of freedom equal to the product
of the dimensions of the two sets of series to test for independence. Therefore, one option would be to test directly Hy versus
H; with the whole set of factors. However, as noted in the simulations in Robbins and Fisher (2015), the log-determinant
statistic is more powerful when the dimensions of the two sets of time series to test for independence are small. For
this reason, first the log-determinant statistics for each y5, for i=1,...,s, is computed and each factor fj, for j=1,...,r,
as well as their associated p-values, denoted by p;;. Then, we label as non-outlying time series to those suspicious time

series such that minq_;., p;j < Ca, Where ¢y = is the (1 — a)/C" quantile of the X12 distribution. This quantile

corresponds to the 1 —« quantile of the distribution of the minimum of r x s independent X12 distributions. The authors

show by simulations that this is a simple, efficient and powerful method to detect outlying time series.

2
1,(1—0) /60



JID: ECOSTA [m3Gsc;February 17, 2023;3:49]

D. Pefia and V. Yohai Econometrics and Statistics xxx (XXxX) xXx
4. Dimension Reduction by Principal Components

Dimension reduction without assuming any model can be made by principal components (PC). PC deals with the follow-
ing problem: given a large set of time series, to find a small number of another time series, called the principal components,
that explain a large part of the variability of the whole set of original time series. We consider two types of PC, the static
PC, where, as in DFM, the values of the series at one period are explained using only values of the principal components
at the same period, and dynamic principal components, (DPC), where, as in GDFM, the reconstruction of each variable at a
given period depends on the values of the DPC’s at that period and also on their values at several lags. In this section we
describe classic and robust versions of static PC, while in Section 5 some robust versions of DPC will be presented.

4.1. Static Principal Components

Let X be a m x T data matrix where each column correspond to a different time series. In the static approach, the
classical case proposed by Hotelling (1933), the principal components are defined as follows. Let X be the vector of row
means and

C= 1xx’ - XX,
n

the sample covariance matrix of X. Let vy, ..., vi; be the eigenvectors of C corresponding to the eigenvalues A; > A, > ... >
Am. The i-th static principal component is defined by

£ =X'v;. (19)

These principal components have the following property: Take I < m and consider the problem of finding vectors f; =
(fit)r<t<r, 1 <i<l,amxImatrix B=(b;;),1<j<m,1<i<Iand avectord=(dy,..., dm)’ minimizing

2

T m 1
20 |\ Xie—dj =D bjific ) - (20)
i=1

t=1 j=1

Okamoto and Kanazawa (1968) showed that the solution to this problem is f; =ff, d; = x; and B the m x I matrix whose i-th
row is v;, and the optimal reconstruction of X using linear combinations of the first I principal components is the m x T
matrix X = (Ejt),

I
Xje =X+ ) bjifi-
i=1
Observe that, according to (19), each ff is a linear combination of the rows of X even though this condition was not required
in the formulation of the problem.

As in most of the problems which have least squares solutions, these principal components are not robust. Unrestricted
robust static principal components can be obtained taking the number of lags k = 0 in the robust procedure for DPC de-
scribed in Section 5.1 and taking k; =k, = 0 in the robust DPC procedure of Section 5.2, where robust static principal
components which are linear combination of the observations are obtained. Unlike what happens for classical static PC,
these two procedures do not agree, even for k = 0. Several other robust statistical principal components procedures have
been proposed. We can cite, among others, Li and Chen (1985); Croux and Haesbroeck (2000); Maronna (2000); Maronna
and Yohai (2008) and Salibian-Barrera et al. (2006).

4.2. Brillinger’s Dynamic Principal Components

Since in a time series the values corresponding to two close periods of time are generally correlated, to reconstruct
the values of the m series at a period t not only may be useful the values at this period but also at others. This leads
Brillinger (see Brillinger (1964), Brillinger (1981)), to define the dynamic principal components as follows. Suppose that X;,
—oo <t < oo is a stationary multiple time series of dimension m such that E(x;) = 0, and E(x;X;) = X. Given two sequences
of m dimensional vectors a, and by, —co < h < oo, let

o0
k= Z aX, p, —o0o<t<oo,

h=—00

and X; be the reconstructed vector,

X = Y byFip

h=—00

1
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Let a; and bj, —co < h < oo, be the sequences of vectors that minimize the L, norm of the reconstruction error vector,
X¢ — X¢, that is, that minimize

E((x; —X)' (X¢ — X¢),

Brillinger defines the first dynamic principal component as F* = (F*)_co<t<oo » Where F* =352 a;;/xt_h. He found that the
optimal vectors aj are the inverse Fourier transform of the principal component of the cross spectral matrices for each
frequency and by, the inverse Fourier transform of the conjugates of the same principal components. Higher order DPC can
be defined using the successive reconstruction residuals.

Some of the drawbacks of these definition are : (1) The large amount of coefficients a; and by, that should be estimated;
(2) It is defined only for stationary time series; (3) The value of F depends also on the future values X, , with h > 0, and
this makes them not suitable for forecasting; (4) It is difficult to robustify.

To overcome these difficulties, Pefia and Yohai (2016) and Pefla et al. (2019a) proposed two different ways to define
dynamic principal components. In the first reference is presented an unrestricted DPC and, in the second, a DPC which is a
linear combination of the current and past observations.

4.3. Unrestricted Dynamic Principal Components

In this section we describe a non robust unrestricted DPC: the generalized DPC (GDPC). Consider a m x T matrix X where
its t-th column X; is an observation of a multiple time series of dimension m. Let k > 0 be the number of lags of the DPC
used for reconstructing the data. Let f = (f;);;<r be a possible value of the first DPC, and a m x (k+ 1) matrix B with
coefficients (b;;) and a m dimensional vector d = (dy, ..., dm)’. Then, the reconstruction of the data matrix X is defined as

k
Yj,t(f,B,d) :dj-i-ij,,'ft,i, 1<j<m, k+1<t<T.
i=0
Let
m T
* *y : LY. 2
(fk,B,d)_arg%{g;t;l(x“ X, (f.B.d))2. (1)

Then, f* is the first GDPC proposed in Pefia and Yohai (2016). The higher order DPC are obtained similarly taking successive
residuals, e.g., the second unrestricted DPC is the first DPC of the residual m x (T — k) matrix R =(rj_t) where 1j; = X;; —
Xj (f*,B*.d"),1<j<m, k+1<t<T. Observe than when k = 0, the GDPC coincides with the classical PC.

Since the GDPC is defined by the minimization of the sum of the squares of the reconstruction errors, it is not robust. In
Section 5.1 we show a robust version of this procedure.

4.4. Linearly Constrained DPC Estimators

One shortcoming of the GDPC is that the last principal components are computed using a few number of observations
and, therefore, they are not much stable. As a consequence, these DPC are not apt for forecasting. For this reason, Pefia et al.
(2019a) proposed a lineally constrained class of DPC which do not have this inconvenience: the one-sided DPC (ODPC).

Let k; > 0 be the number of lags of the variables used to define the principal components and k, > 0 the number of
lags of the principal components used to reconstruct the variables. More precisely given a = (a, ..., a;,) where a; € R™, the

first principal component is an element in RT=*1 of the form f(a) = (fle ),..., fr@@))’ where f;(a) = Z:'Zo alfxt,,».Besides,

given a m x (k, +1) matrix B = (b;;) and a vector d =(dy.....dp)’, the elements of the m x (T — k; — k,) reconstructed
data matrix are defined as
ky
X.@Bd)=dj+> bjifi@), k+1<t=<T. 1<j<m.
i=0

Then, the optimal reconstruction is given by

m T
(a*,B*,d*) = arg 133113 Z > (X —X;,(a,B.d))?, (22)
j=1t=k+1
and f* = f(a") is the first ODPC.

Observe that this definition of the first ODPC is similar to Brillinger DPC, with the difference that only a finite number
of lags, and not leads, are used in both its definition as well as in the reconstruction of the observations. Thus, this ODPC is
apt for forecasting.

The second order ODPC can be defined as in (22) replacing the xj,t's by the residuals rj; = x;; —ij_t(a*, B*,d"). Higher
order ODPC’s can be defined using successive residual matrices.

As in the case of the GDPC, since the objective function is to minimize the sum of squares of the reconstruction errors
of the data matrix, this estimator is not robust. In Section 5.2 a robust version of the ODPC will be presented.

12
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5. Robust Dynamic Principal Components

In this section we define two different robust DPC. In Section 5.1 a robust version of the GDPC and in Section 5.2 a robust
version of the ODPC

5.1. Robust GDPC

In this section we describe a robust version of the GDPC based on an M scale. Huber (1964) defined the class of robust
M-scales. Given a sample X = (x1, ..., Xn), @ M scale sy;(x) is a value s satisfying,

1 n X
ae(s)-

where p : R — R, is even and non decreasing for non-negative values. Observe that if p(x) = x> and & = 1, the M-scale

is s,,(x) =((1/n) Z?’zlxiz)l/z. The fact that x2 is unbounded make this scale extremely sensitive to outliers. To define a
robust scale is required that p be bounded. Without loss of generality we can assume that supp =1 and 0 <6 < 1. Let
x be a random variable, then Sy (x) is defined by Er(o(x/Sy(x)) = 8. Thus, if X, = (x1,...,%;) is a random sample of the
distribution of a random variable x, we have Sy (x) = lims);(X,) a.s.. Then, to obtain consistency of the M scale estimator to
the standard error for normal samples is required that Eq (0 (x)) = 8, where @ is the standard normal distribution. In this
case, if x, is a random sample of size n of a N(0, o2) distribution, then limp_, o Sy (Xn) = o’

A popular family of functions satisfying these properties is the Tukey bisquare family given by

2 3
P (x) = [l - (1 -(3) ) }um <o),

The finite sample breakdown point of an M-scale is ¢* = min(8, 1 — §) and is maximized when § = 0.5, and in this case
&* = 0.5. The consistency condition for this value of § is E¢ (0% (x)) = .5 which is satisfied when ¢ = 1.547.

An unrestricted robust DPC, called scale GDPC (SGDPC), was proposed by Pefia and Yohai (2016). The SGDPC can be
obtained in a similar way that the GDPC but instead of minimizing the sum of squares of the errors, as in (21), the SGDPC
minimizes the sum of squares of the M scales of the reconstruction errors of each of the m variables. More precisely, let the
scale sj(f, B, d) of the j-th variable, 1 < j <m, be defined by

T
ﬁ > o((j — X;,(£.B,d))/s;(f,B,d)) = .

t=k+1

Let

m
* ky . 2
f,B",d") = argrg}al,fil;:l S (f,B,d),

then, the (T — k) dimensional vector f* = (f;)y, << is the first SGDPC. The values of B*,d* can be used to give an approx-
imated reconstruction of the last T — k rows of X as

k
Xpp =di+ ) bifrs, k+1<t<T1<j<m
i=0

Since (f*, B*, d*) have been defined by the minimization of a robust scale, they are robust too. The second SGDPC can be
obtained by computing the first SGDPC of the residual m x (T — k) matrix R= (r;;) with rj; =X, —f}f‘t. The higher order
SGDPC are computed similarly. '

Note that for k = 0 the SGDPC procedure can be used to obtain static principal components. This case was studied in
detail in Maronna and Yohai (2008).

5.2. Robust ODPC

A robust version of the ODPC using a M scale, called scale ODPC (SODPC) was proposed in Pefia and Yohai (2023).
Similarly to the SGDPC definition, this estimate is defined by replacing in the goal function of the ODPC the sum of the
squares of the reconstruction errors by the sum of the squares of the scales of the reconstruction errors of each variable.

Let sj(a, B, d) be the reconstruction errors of the j-th variable, 1 < j < m, that is

T
e D0 (0 — %, (6@). B.d))/5;(a. B.d)) = b (23)

t=k+1
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Then, the optimal values of a, B and d are given by

m
a*, B*.d*) =argmin} 's:(a,B, d)?,
( ) gmin ; i ( )
and the SODPC is f* = (f,jm, ... f§). where fF = fe(@*).
In the case that X; is stationary, we can also define the population first ODPC as follows. Define S;(a, B, d) by

Ep((xjc — X;,(f(a), B,d))/S;(a,B,d)) =, (24)
m
(a5, By, dp) = argrfg%ggsj(a, B,d)%. (25)
Observe that S;(a3. Bp, dp) is the population M scale of the residuals of the j-th variable and satisfies
e = Xje — %, (@5, B, d}), (26)
that is, it is defined by
E(p(Fs;./S;(ap. By, dp)) = 6. (27)

In Pefia and Yohai (2023) is described an iterative algorithm to compute the SODPC. Each step requires to compute
m + 1 regressions using weighted least squares. In one of the regressions a new value of a is computed and in each of
the m remaining regressions new estimators of each row of B and the element of d of the same row. The weights penalize
observations that at the current step have a large reconstruction residual and, therefore, are possible outliers. The computing
algorithm for the ODPC is similar, but with all the weights equal one.

Note that when k; =0 and k, =0, the SODPC procedure provides robust static principal components. This case was
extensively studied by Maronna (2000).

The SODPC procedure has some of the properties that characterize robust estimators. Observe that the robustness of a
forecasting will depend, in a long measure, on the robustness of the estimators of (a*, B*,d").

The finite sample breakdown point of an estimator defined in the Introduction quantifies its resistance to the presence
of outliers. In general, the finite sample breakdown point of non robust estimators based on the minimization of the sum
of the squared residuals (e.g. the ODPC) is 1/n, where n is the sample size. That is, one atypical observation may have an
unlimited effect on the estimator. It can be shown that if § in (23) is 0.5, then the finite sample breakdown point of the
SODPC estimator of (a, B, d) is 0.5/(k; + k + 1). The reason why in the denominator appears (k; + k, + 1) is because when
ki and k, lags are used, one outlier affects to (k; + k, + 1) residuals.

Another property, introduced by Hampel (1971), to characterize robust estimators is qualitative robustness. Informally,
an estimator is qualitatively robust if a small fraction of outliers or small changes in the data have a small effect on the
estimators. Again for a more formal definition see Maronna et al. (2017). The SODPC estimator of (a*, B*, d*) is qualitatively
robust too.

As we will see in the next section (a*, B*,d*) can be used to forecast future values of the m variables. These forecasted
values will inherit its robustness properties.

6. Forecasting With SODPC

Suppose that we have computed estimators of the first Q SODPC’s and the g-th principal component uses (kg‘”, kéq)) lags,
1 < g < Q. Here we describe how to use this information to predict the values of all the variables for the next h periods.

Let f@ — (f;(q))’<§q)+1ft§T be the estimated SODPC’s and B@ and d@, 1 < g < Q, the estimated matrices and intercept

Nt(f? of ft(jl), 1<q=<Q,1=<l<h, can be obtained by fitting a time
series model for each component, @, using a robust procedure. This can be done applying to each of the Qcomponents
the filtered t -estimation procedure (see Section 8.8.3 of Maronna et al. (2017)). This procedure chooses automatically the
order of an AR model, gives robust estimators of its coefficients, and predicts future values of each component. Moreover

it provides a filtered series, @ = ( ft(”) 1 <q <Q, cleaned of the detected outliers. Using this information, the

vectors to use for the reconstruction. Robust predictions, f,

KD 1 1<e<T+h’
robust predictions of the futures values of the Qseries are obtained as follows. Define F;‘Ql =(1, fT(‘f,, froaa @, ..., fT(i),_,{zq)/,
then a robust prediction xr; given the first T observations is

Q
SZT-%—”T = Z (ﬁ(q)igi)l +a(q)), 1< l < h.
q=1
The filtered t-estimation procedure is implemented in the function arima.rob of the R package robarima.
The robust forecasts presented above will have optimal properties only if the reconstruction residuals of the series with
the DPC are white noise. Otherwise, there is idiosyncratic information in the series that can be used to improve the forecast
by making robust univariate models for the residuals of each series, in the same way that has been explained for the factors.
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7. Selection of the Number of Lags and the Number of Components for the SODPC

In Bai and Ng (2007) is given an information criterion to choose the number of lags for each factor and the number of
factors of a DFM. In Pefia and Yohai (2023) this criterion was adapted to choose the number of lags kg") and kgq) for the g
component and the total number of components Q for the SODPC. We should start given maximum values K; and Kfor kg‘;’)
and k(‘I) respectively. We compute the first SODPC with k(‘n =k; and k(q) =k, for all values of k; and k, such that 0 < k; <
K;,0 < ky < K. For each of these values of k; and k, the residuals (r(1 kl
(1,kq,

))l<1+k2+1<t<T 1 < j < m using the first SODPC with

(1.k1.ka) (rU-kLkz) Lk, kz)) 1<

kz)) of the vector r; ke T

ki and k; lags are obtained and the corresponding M scales SM(r

j < m, are computed. Let 31,k1.k2 = ((1/m) Z’};] sl%/,(rj.?’kl‘kz))) and TF

Tk ok =T —k; — ky, then

(P KV) =arg  min  BNGy .
where BNGy y, i, is the following robust version of the Bai and Ng type criterion
log(min (T} Tk m))
min(T* Tk ,m)

BNG k&, = 108(G7y, 1) + (ki + ko + 1)

Once we have computed the q —1 dynamic principal components, where the component i, 1<i < q— 1,is obtained
with k<') and kl lags, the g component is computed using as lags each of the values 0 < k; <K; and 0 <k, <K.

Let (r(q k. kz)) Mgk, iy +1<t=T.1<j=m the corresponding residuals matrix, where hq i, 1, = (k1 + k2 + Z (k(l) + k(')) T;kl k=

T — Ry, i, Tj. @Rk = (r(z:] kkzll i ...,r;f’j’“ k2)) and let gy ey = ((1/m) ijlsM(rFf k1:k2)y)172 Then, the values kg") and
1:k2

kg” are given by

I<<q> k(q> =ar min BNG, ,
( ) gofkliKlvOSszKz akike

where

R log(min(T*, , ,m))
BNGq i, = 1080y, 1) + Z(k(’) K+ 1) ) ko + 1 i

mm(T* ,m)

k1 ko

The selected number of components is Q =qg— 1, where qg is the minimum value g such that BNG

BNG,_, a1 a1

>
@ @ =
q.k3" ks,

8. Robust Estimation Procedures for Dynamic Factor Models
Generalized dynamic factor models can be estimated in a robust way by using the SODPC. Let z;m) 1<j<mm>1be
observations generated by a stationary generalized dynamic one-factor model with k lags, that is, they satisfy
20 =d™ O fot o+ f+uly, 1<j=m1<es<T, (28)

where the u;,, 1 < j <m, are independent stationary processes. Moreover the processes u;, 1 < j <m, are independent of
the stationary process f;. We assume that the m + 1 processes have finite variance and without loss of generality mean 0.
Consider the following assumptions:

Al. There exist £ > 0 and A; such that 0 < ¢ < ajz <Ay < oo for all j.
A2. Let s}"” SM(u(m)) then

O<Sj§A2. (29)

A3. The function p has a derivative i which is continuous and bounded. Then A3 = sup ¢ < oo.
A4. Ay = inf E(u, ;3 ™)) > 0.

AS5. There ex1sts C such that sup,, SUpq<j<m o<i<k |c )| <C and SUPy, SUP1 < j<m Id( )| <C

AG. Let cl. = (c%":), r(nmi)),O <i<k, and E™M the subspace of R™ generated by cf"”,l <i<m. Then, we can write
(m =gm 4 e(M where d™ is orthogonal to E(™ and e™ ¢ E(™_ Then, there exists § such that ||g(™||2 > m§ for
all m. This condition implies that the common part of z('”) (z(m) (m)) does not get close to the k — 1 dimensional

subspace E(™ when m increases.
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Theorem 1 of Pefia and Yohai (2023) proves that the SODPC satisfies the following property.

Theorem 1. Assume A1-A6. Let zf"‘) = (zt('?,...,z%)) generated as the dynamic one factor model given in (28) and let

(a;(m),Bj;(m),d;(m)) be the asymptotical optimal values using the first S-ODPC with ki equal to any nonnegative integer and
ky equal to k, the number of lags of the factor model. Then

1 = * * * 1 =
m2( lesj?(a,jm), B, ™. d,™)? — ;wa(u;_’?)) =0(1). (30)
= =

That is, when m — oo, the mean of the squares of the population M scales of the reconstruction errors using the first
population ODPC tends to the mean of the squares of the population M-scales of the idiosyncratic terms with rate m'/2,
In particular, for a dynamic factor model with k =1, that is, when z;, = dj + cjft +Uj,1<j<m1<t<T, this property
holds with ki = k, = 0. Observed that this property holds regardless of the value of k;. Then the first principal components
of a GDFM with one factor and k lags can be carry out with k; =0 and k; = k.

An intuitive reason for the validity of this theorem is similar to the one given to justify the ordinary principal components
to estimate factorial models without lags (see Eq. (6)).

Theorem 1 can be generalized for a model with q factors, if the first ¢ S-ODPC are obtained simultaneously, so that they
minimize the sum of the squares of the M-scales of the reconstruction errors.

Other procedures have been proposed for robust estimation of DFM. Kristensen (2014) considered least absolute devia-
tions (LAD) to estimate DFM. However, this method does not have a high finite sample breakdown point in this case and
may fail with a moderate proportion of outliers. Fan et al. (2019b) studied the robust estimation of the covariance matrix in
factor models, although they assume that the factors are known and, therefore, the model analyzed is, in fact, a multivariate
regression model. They suppose that the distribution of the observations, as well as the one of the factors, have long tails
but with finite fourth moments and apply a Huber M-estimate to obtain the terms of the estimation matrix. Note that their
procedure do not use any time series structure and is develop for independent data. Thus, we expect that more powerful
and efficient estimation methods for time series can be obtained when the time series dynamics are considered.

Fan et al. (2021a) includes an overview of factor models and its robustness. When observations are heavy tailed they
review the proposal of Fan et al. (2021b) of a shrinkage estimate of the covariance matrix. Suppose zero mean variables,
then the shrinkage robust covariance matrix estimate is defined as follow:

SR 1S
T (1) = 2D XX,

i=1

where,
Xi=x, iflxily <7,

and
K= %, iflxilly > T
| = i illg > T.
Xl e

Thus, observations with 4th order norm larger than some threshold 7 are shrinked. These authors derive the statistical error

rate of f,}f(t) as estimate of X in terms of the spectral norm. The results can be generalized to non zero means by using
the proposal in Fan et al. (2019a).

Trucios et al. (2021) consider the robust estimation of dynamic factors with possibly infinite dimensional factor spaces
and propose robust versions of identification, estimation, and forecasting procedures. The main idea is to robustify the whole
method by using robust estimates of the lag covariance matrices based on the proposal of Raymaekers and Rousseeuw
(2019). In this way, instead of using the standard Hallin and LiSka (2007) criterion, the number of factor is decided by
inserting in the criterion a robust estimate of the covariance matrices. The same idea applies to all the steps of the standard
procedure.

9. Robust Estimation of Other Multivariate Time Series Models

The literature on this field is not large. For VAR models we have only found a few references apart from the already
indicated work by Muler and Yohai (2013). Qiu et al. (2015) develop a framework for estimating heavy-tailed VAR processes.
They use an elliptical VAR model to accommodate heavy-tailed time series and propose a quantile-based robust estimator
for the transition matrix of the VAR process. Wu and Wu (2016) studied the properties of Lasso and penalized estimators for
a VAR model with weakly correlated and heavy-tailed noises. Wang and Tsay (2021) proposed a robust estimation for high-
dimensional VAR models including sparse, reduced-rank, banded, and network VAR models. It is assumed that the noise in
the VAR model may have heavy-tailed contamination, and conditional heteroskedasticity, as well as some weak correlation
structure. The suggested methods is based on two ingredients. First a constrained multivariate Yule-Walker estimator assum-
ing either a latent low-dimensional structure or coefficients subject to some linear restrictions. Second, a robust covariance
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matrix estimator, based on truncation of the time series data. Assuming bounded moment condition the consistency of the
proposed estimators is established.

A few other approaches have been proposed for MTS in other problems. The robust estimation of the covariance matrices
have been studied by Kim and Lee (2013), using minimum density power divergence estimator (MDPDE), as proposed by
Basu et al. (1998), and employing a multivariate normal mixture family. Zhang (2021) considers the robust estimation of
stationary vector processes with distributions with a small number of finite moments and dimension p of order log(p) =
o(nc), where n is the sample size and ¢ > 0. This work derives the convergence rates for Huber estimators of the mean
vector, covariance matrix, and precision matrix for a large class of time series.

Croux et al. (2010) developed a robust version of multivariate exponential smoothing that chooses the smoothing pa-
rameter matrix by minimizing a robust loss function, and Lanius and Gather (2010) considered a robust regression-based
online filter for signal extraction in multivariate time series. Observations are trimmed and the estimates of the local level
and slope of the signal are obtained by means of multivariate LS regression from the trimmed observation.

10. Empirical Studies of Outlier Detection and Robust Estimation in HDMTS

Gupta et al. (2014) discussed different areas in which searching for time series outliers have been useful, as in environ-
mental, industrial, computer network, biological, astronomy, web, information network and economics applications. In this
section we will summarize some real data examples of outlier detection or robust estimation in multivariate time series
data that have been published. Most of these works deal with time series of small dimension and, given the orientation of
this review to high dimensional data sets, we will only comment on time series data sets in which the dimension of the
vector of series is larger than 20.

From the point of view of outlier detection, Baragona and Battaglia (2007b) considered 27 quarterly economic series
from 3 countries with T = 156, fit a DFM with 6 factors and found, by using projections on the idiosyncratic space, 5
outliers. Three of these 5 multivariate outliers were classified as international, whereas the other two where national, as
they affect only to one of the countries. Alonso et al. (2020) analyzed a dataset of hourly day-ahead demand for the ISO
New England electricity market from January 2004 to December 2016. The number of series is 192 and T = 4749 days. They
use projection methods to clean from outliers and 113 MAOs and 59 univariate additive outliers are detected, including all
the values corresponding to the daylight saving time days, where the demand is set to zero at the second hour.

He et al. (2020) analyzed three public technical datasets to test a proposed machine learning method for multivariate
outlier detection. Two of them are public datasets of NASA-U2122s spacecraft with 55 and 25 variables such as teleme-
trydata, radiation, temperature, power and so on, and the third one includes five weeks of server data in a large Internet
company, with 38 series of CPUload, network-usage, memory-usage and so on. No comparison with other alternative meth-
ods is made.

Regarding robust methods, Kristensen (2014) considered the database of the Federal Reserve Economic Data (FRED), avail-
able by the Federal Reserve of St. Louis that was also used by Stock and Watson (2002). A total of 111 monthly US macroeco-
nomic variables were included, with data spanning the period 1971:2 to 2012:10. When applying estimation using the LAD
(least absolute deviation) estimator and robust scale using MAD a gain in forecasting performance is obtained compared
to the traditional principal components estimation. Fan et al. (2019b) used daily returns of 393 stocks of S&P 500 index
from 2005 to 2013 and showed that the robust approach proposed in this paper has smaller risk errors and better empirical
performance in estimating portfolio risks. Trucios et al. (2021) analyzed again the 115 US macroeconomic and financial time
series at monthly frequency from January 1959 through August 2014 and compared the forecasting results to previous no
robust methods. Again, no comparison is made with alternative robust estimation procedures. Wang and Tsay (2021) com-
pared a proposed robust estimation procedure for HD VAR models to some alternative methods in a real data set of 40 US
quarterly macroeconomic variables from the third quarter of 1959 to fourth quarter of 2007, with 194 observations for each
variable.

Finally, Pefia and Yohai (2023) compared the predicions of a non-robust ODPC procedure and a robust SODPC one in
24 electricity series (one for every hour) of New England, and showed that the prediction errors achieved with the robust
SODPC method are much smaller than those obtained with the non robust ODPC, specially between 10 am and 8 pm.

11. Conclusions

Outlier detection and robust estimation of high dimensional set of MTS have been often studied in the statistics, com-
puter science and machine learning literature. However, as we have seen in the previous section, very few works have tried
to compare different robust estimation methods. Our first conclusion is that large scale studies comparing approaches are
really needed, especially for the high-dimensional case with sample size not much larger than the number of time series. It
is to be expected that methods based on more relevant information will be more useful. Thus, procedures that use the time
series structure of the data should be more powerful than those that assume independent observations, and those that are
based on the whole dynamic of the series, including lag autocorrelations and cross-correlations, should work better than
those based on simple instantaneous correlations.

An important problem that has not been explored in the literature is the consequence of model misspecification on the
procedures of outlier detection. For instance, to assume an DFM in data that have been generated by a different, possible
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non linear, dynamic model. These analyses may lead to better model free outlier detection methods for very HD MTS and
this is an important topic of future research.

A common framework in MTS is to assume that the data have a vector structure. These vectors are often assumed to be
approximately generated by a Dynamic Factor Model. However, more complex types of MTS sets contaminated by outliers
should be considered in the future, as matrix and tensor time series. Note that high dimensional data is often the result
of disaggregating the information. For instance, instead of considering the total sales in a set of d; cities the data are split
into sales in d; types of shops and sales in ds different products. In this way, we end up with N = d; x d, x d3 time series
classified by city, type of shop and product, the three dimensions of the array, or tensor time series. The statistical analysis
for this type of data started with the matrix form, see Wang et al. (2019a), but is has been generalized as tensor data with
many dimensions, see Chen et al. (2022) and Pefia (2022).

These disaggregated time series data may appear in all fields and, therefore, the need of new procedures to find outliers
in these tensor sets of high dimensional time series classified in several dimensions will be a very important problem in
the future.
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