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A new statistical method is proposed to combine the randomized response technique, pro-
bit modeling, and Bayesian analysis to analyze large-scale online surveys of multiple binary
randomized responses. The proposed method is illustrated by analyzing sensitive dichoto-
mous randomized responses on different types of drug administration error from nurses in
a hospital cluster. A statistical challenge is that nurses’ true sensitive responses are unob-
servable because of a randomization scheme that protects their data privacy to answer the
sensitive questions. Four main contributions of the paper are highlighted. The first is the
construction of a generic statistical approach in modeling multivariate sensitive binary data
collected from the randomized response technique. The second is studying the dependence
of multivariate sensitive responses via statistical measures. The third is the calculation of
an overall attitude score using sensitive responses. The last one is an illustration of the
proposed statistical method for analyzing administration policies that potentially involve
sensitive topics which are important to study but are not easily investigated via empirical
studies. The particular healthcare example on drug administration policies demonstrated
in this paper also presents a scientific way to elicit managerial strategies while protecting
data privacy through analytics.

© 2022 EcoSta Econometrics and Statistics. Published by Elsevier B.V. All rights reserved.

1. Introduction

It is very common in survey and behavioral research to collect binary responses. The probability of observing a partic-
ular binary response can be related to other information or independent variables by using regression models (e.g., logit
regression or probit regression). In particular, the purpose of a probit regression is to link the occurrence of a response with
latent variables, which can be interpreted as random utilities (Manski, 1977; McFadden, 1980). When there are multiple
binary responses in a survey, multivariate probit regressions can be set up by using multiple latent variables. By studying
the correlation of latent variables, we can understand the relationship between binary responses (e.g., the co-occurrence of
two binary outcomes). In the literature, all binary response variables of interest are assumed to be observable. In this paper,
we develop a Bayesian approach to analyze binary responses that cannot be directly observed, or that are ‘masked’ by other
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data. The motivation of this study is to circumvent the need to ask respondents sensitive questions directly when we need
to collect sensitive responses. A common statistical method to elicit trustful responses is the randomized response tech-
nique (RRT) pioneered by Warner (1965), Greenberg et al. (1969) and Greenberg et al. (1971). See also Blair et al. (2015) for
a recent survey on RRT methods.

A core idea of the RRT is to let respondents answer questions according to a randomization scheme, meaning researchers
have no way of knowing respondents’ sensitive responses exactly. The unrelated question design (UQD) of Greenberg et al.
(1969) illustrates this, where a sensitive question, denoted by x, is paired with an innocuous question y, and then z, a
random mixture of x and y is obtained: z = dx + (1 — d)y, where d is a Bernoulli random variable with a preset probability
of success. For example,

x : I had the experience in giving medications to a wrong patient and did not report it to the hospital.
y : I had breakfast at home at least 3 times in the past week.

The question x above is sensitive, and its response is mixed with the response of y randomly in an RRT survey. Because x
is not directly observed, the use of the RRT can help to protect respondents’ data privacy and enhance data confidentiality.
In this paper, we focus on a multivariate probit regression model where x is unobservable but its related information is
obtained via z. We develop posterior inference methods for probit regression parameters using z and illustrate how to
estimate the relationship of binary sensitive responses for greater understanding of drug administration policies in a hospital
cluster in Hong Kong.

1.1. Probit regression

The use of probit regressions has a long history. Probit regression has been popular for analyzing choice models in busi-
ness research (Doyle, 1977), for analyzing behavioral responses in social sciences studies (Muthén, 1979), and in economic
research (Amemiya, 1981). A useful approach for the statistical inference of binary response is to conduct a Bayesian anal-
ysis using Markov chain Monte Carlo (MCMC) methods (e.g. Albert and Chib (1993), Holmes and Held (2006), Frithwirth-
Schnatter and Frithwirth (2007), Roy and Hobert (2007), Berrett and Calder (2012), Polson et al. (2013), Qin and Hobert
(2019), while Durante (2019) and Fasano et al. (2021) use i.i.d. Monte Carlo samples). By augmenting suitable latent vari-
ables in the analysis, Albert and Chib (1993) demonstrated that their methods can be generalized to handle multinomial
responses. Chib and Greenberg (1998) considered further Bayesian inferences of multivariate probit models, and analyzing
the dependence between multiple binary responses became possible. Gibbons and Wilcox-Gok (1998) applied a multivariate
probit model to healthcare data where estimations were done using an EM algorithm. O’brien and Dunson (2004) studied
a multivariate logistic regression model by using a ‘logistic distribution’. Song and Lee (2005) developed a multivariate pro-
bit model for binary responses. Lee et al. (2010) worked on nonlinear structural equation models of binary variables with
probit and logit links. Imai and Van Dyk (2005) studied the multinomial probit model with marginal data augmentation.
Talhouk et al. (2012) proposed Bayesian inference methods of multivariate probit models with a decomposable graphical
model for the inverse of the correlation matrix of the latent variables. Laffont et al. (2014) and Barcella et al. (2018) studied
multivariate binary responses over time using a probit regression. Our contribution is to develop a full Bayesian scheme for
analyzing multiple RRT binary responses. A statistical challenge is that true sensitive responses are unobservable because
of a randomization scheme that protects respondents’ data privacy. We extend the multivariate probit regression frame-
work of Chib and Greenberg (1998) to study dependence structures of RRT binary responses, and in particular, to examine
the relationships between demographic and organizational characteristics, and drug administration error. To the best of our
knowledge, this paper is the first to integrate multivariate RRT responses in a probit modeling framework. Although we do
not directly observe the sensitive responses, our Bayesian multivariate RRT modeling enables the dependence analysis of
sensitive responses. From this, we can gain insights into how to extract opinions from sensitive topics, or in our example,
how to improve drug administration policies.

The efficient MCMC estimation method is proposed to estimate model parameters for the multivariate randomized re-
sponse model for binary data. This is important as it is often the case that sampling the correlation matrix results in highly
autocorrelated MCMC samples (e.g., as in Liu and Daniels (2006) and Zhang et al. (2006)). Our estimation method is based
on the idea of data augmentation. In order to define the prior distribution of the correlation matrix, we first consider the
inverse Wishart distribution for the covariance matrix. We then decompose this into the priors for the variances and the
correlation matrix as in Zhang et al. (2006) where the marginally uniform prior density for the correlation matrix is ob-
tained as a special case in Barnard et al. (2000). Then we use the components of the standard deviations to multiply model
parameters and sample the transformed parameters using data augmentation as in Talhouk et al. (2012). Through the in-
verse transformations, we obtain MCMC samples of the model parameters. Furthermore, instead of sampling the correlation
matrix, we can construct a factor model for the multivariate probit regression with randomized responses. We also de-
scribe the MCMC algorithm, which is shown to capture the factor structure of the correlation matrix in the analysis of drug
administration survey data.
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1.2. A drug administration survey

It is not surprising that staff’s failure to follow working procedures or guidelines poses a serious threat to organizations.
To further understand the issue, organizations may conduct a survey study among their staff. However, response distortions
may occur, especially if respondents are unwilling to provide honest answers or if their responses may incur legal liability
(Locander et al., 1976). The use of the RRT (Warner, 1965) with the UQD (Greenberg et al., 1969) has been recommended as
a method to tackle response distortion in research involving sensitive topics (Kwan et al., 2010; Chu et al., 2018; Chung et al.,
2018; Chong et al., 2019). A key challenge is that existing RRT modeling methods cannot handle multivariate randomized
responses for binary data. In other words, we cannot understand the multivariate dependence in binary sensitive questions
collected through the RRT. We present a drug administration survey example motivating this paper and pose four research
questions. One of the hospital clusters in Hong Kong manages several public hospitals and serves approximately one-fifth of
the population in Hong Kong. Each hospital includes nurses in different ranks and with varying levels of nursing experience.
A number of practices and guidelines in the drug administration process are implemented in the hospital cluster to enhance
patient safety and reduce drug administration errors. The top management of the hospital cluster would like to learn more
about whether nurses have ever made drug administration errors resulting from a lack of adherence to the working prac-
tices or guidelines. They would also like to understand the relationships among the errors. Thus, four research questions
were raised: 1) How do we construct a generic approach in modeling multivariate sensitive binary data collected from the
randomized response technique? 2) Is there any dependence between the different types of drug administration error? 3)
How can we calculate an overall attitude score of nurses using sensitive responses? 4) For understanding drug administra-
tion policies, do demographic and organizational characteristics explain the drug administration errors? The investigation
of drug administration errors, preventive measures related to drug administration errors, and nurses’ attitudes toward the
drug administration system form an important research agenda in the healthcare sector (Llewellyn et al., 2009; Sheu et al.,
2009; Keers et al., 2013; Kim and Bates, 2013; Cross et al., 2017). However, little research has been conducted in these ar-
eas because sensitive questions are involved, and thus nurses are less likely to provide truthful responses if questions are
asked directly. Therefore, an online drug administration survey that applied the RRT with the UQD was conducted. Both
the online and RRT methodologies can encourage respondents to provide truthful responses to sensitive questions (Burkill
et al.,, 2016; Chu et al,, 2018). As eight dichotomous sensitive questions using the RRT with the UQD were asked, we had to
manage multivariate dependence problems on binary variables with incomplete information resulting from the randomized
procedure in the survey design. To the best of our knowledge, this is the largest online RRT survey (in terms of the number
of sensitive questions and respondents) in the area of healthcare to investigate issues related to patient safety. We are the
first to perform multivariate RRT modeling on such large-scale sensitive healthcare data.

The remainder of this article is structured as follows. In Section 2, we show how a multivariate probit model can be built
to manage multivariate randomized responses for binary data. In Section 3, we demonstrate the application of the proposed
model in a real dataset concerning drug administration. We also carry out a dependence analysis of the sensitive binary
responses in this section. Section 4 describes an alternative factor analytic approach for the prior on the latent correlation
matrix in multivariate Probit modeling and summarizes our main findings.

2. The multivariate probit model for multiple RRT data
2.1. The RRT setting
Suppose that there are responses of K pairs of binary questions x;, and y; from n individuals, i=1,...,n, k=1, ..., K. Sup-

pose also that the two binary random variables, x;, and y;;, denote the k-th responses to sensitive and innocuous questions
for the i-th individual. Then, we can observe the following randomized response,

zik:dikxik"'_(l_dik).)’ik’ i=1,....,n, k=1,...,K, (])
where dy, ~ i.i.d. Bernoulli(r;) for each i, and 7/s (0 < 7; < 1) are assumed to be some known constants, and
PT(Z,-kzj)=7TiPT(X,vk=j)+(1—JT,')PT(yl-kzj), j=0715 k:l,...,]{. (2)

In the construction above, r; is the probability of the i-th individual answering a sensitive question. Following the UQD of
Greenberg et al. (1969), Kwan et al. (2010), Chung et al. (2018), and Chu et al. (2020), we split the sample into two groups
according to the different probabilities, p; and p,, of answering sensitive questions. Under this UQD, we may assume for
simplicity that

, i=1,...,nq,
;= p] . 1
p2, i=ni+1,...,n

We define n x K matrices, Z = (z1,...,2p), X=(%1,....%), Y= (¥;,...,¥,) and D= (dy, ..., d,)" where

Zin Xi1 Yin dir
Ziz Xi2 Yiz dip
Zi = . , Xi= . Y= . . di=
iK iK iK iK
z X y d
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In a typical RRT design, we cannot observe ¥;, y;, or d; in order to protect the privacy of the individuals. In this paper, we
develop Bayesian methods for inferring x; from the observed responses z; under multivariate probit modeling. One primary
objective is to study the relationships of sensitive binary responses x; under the RRT setting.

2.2. A probit model with randomized responses

To estimate the marginal probabilities Pr(x;, = 1), Pr(y;, = 1) and the joint probability Pr(x;, = 1,x; = 1) of assessing the
degree of dependence of two binary responses, we incorporate latent continuous random variables, x;, and y}, so that

Pr(xy = 1|vy) = Pr(xj, > Olvy), Pr(yy = 1|v;) = Pr(y;, > Olv)), (3)

ik

where v; is a p x 1 covariate vector with the first element equal to one. Since x; and y; are responses to the sensitive
question and the innocuous question (which is supposed to be unrelated to the sensitive question) respectively, it is natural
to assume that x, and y, are independent. Thus, we consider the multivariate probit model (see Chib and Greenberg (1998))
given by

Xilvis B ~ NW; B, 1), yilvi, o ~ N (V.. 1), (4)
and

x/|v, B.R~ N(Bv,R), B=(B,....B). (5)

YilviA~NAY,Ik), A= (o,....05),

where x7,y# are conditionally independent, B, A are p x K matrices, B, & are p x 1 coefficient vectors, R is a correlation
matrix and, Iy denotes K x K identity matrix,

* *

Xi1 Yin

* *

N Xiy N Vi
X,‘ = . B y,' = .
* *

Xik Yik

Define n x K matrices, X* = (x%,...,%;)’, Y* = (y%,....y;)" and a n x p matrix, V= (v,...,vy)’. The probit regression for-

mulation in (5) enables us to compute q; = Pr(xy = 1) and qy; = Pr(xy = 1,x; = 1) via multivariate normal distributions.
One challenge is that both x;, and y;, are unobservable under the RRT setting. We develop a new Bayesian analysis scheme
to estimate the probit model in (5) from which we can conduct the posterior inference of g} and qp, for k,I=1, ..., K.

2.3. Bayesian analysis

Let vec(A) denote a vectorization of A. Noting that nK x 1 vectors, vec(X*’ ) and vec(Y*’). follow the multivariate normal
distributions independently,

vec(X*’) [V,B,R ~ N (vec(BV'), I, ®R), vec(Y*/)

V,A~ N (vec(A'V), 1, @ Iy), (6)

where I, denotes n x n identity matrix and ® denotes the Kronecker product, we define a matrix variate normal distribution
as follows.

Definition 2.1. The random matrix X (p x q) is said to have a matrix variate normal distribution with mean matrix M
(p x q) and covariance matrix ¥ ® X where ¥ (p x p) and X (g x q) are positive definite matrices if pg x 1 vector vec(X') ~
N(vec(M), ¥ ® X).

We denote such a matrix as X ~ Np (M, ¥ @ X).

If X~ Npq(M, ¥ ® X), the probability density function for X is given by

FOX) = (277)~PI2|W |92 || -P/2 x exp {—%tr(\ll‘l (X—M)Z-' (X — M)’)},
as
tr(¥ (X -M)Z (X~ M)') = vec((X-M)) (¥ & T ")vec((X —M)')
= {vec(X') - vec(M’)}/(\IF1 ® T ") {vec(X') — vec(M) }.
Using Definition 2.1, we rewrite (6) as

X*|V,B,R~N; (VB I, ®R),  Y*|V,A~ N,k (VA, I, ® Ix).
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The conditional probability density of (Z, X*, Y*, D) given B, A, R is then given by
f(Z,X*,Y*,D|B,A R)

o [R|™2 exp [—%tr{ (X* — VB)R"! (X* — VB)' + (Y* — VA)(Y* — VA)/}]

n K

s [TTT (1 = 7 {dyd (x5 > 0) + (1 = di) IV > 0) ) {dud (g, < 0) + (1 — d)I (¥ < 0)}' 7,
i=1 k=1

where I(A) is an indicator function (I(A) =1 if A is true and O otherwise). For the prior distributions of A, and B given R,
we assume
A~Npk(Opx, Po®Ik), BIR~N,k(0px, ¥o®R),

where O, ¢ denotes a p x K matrix with all elements equal to zero, ®, and ¥, are p x p positive definite symmetric ma-
trices. The conditionally conjugate prior distribution is assumed for B given R. For a prior distribution of R, we assume the
prior probability density as
_m
(ng-1(K-1) K ’
TR o [RI™ 2 | [] IR , (7)

k=1

where ng is a hyper-parameter and Ry, denotes a principal submatrix of R (see Appendix A.1). If we take no =K + 1, (7) re-
duces to the marginally uniform prior distribution in Barnard et al. (2000). Then the posterior probability density given Z
is

7 (X*,Y*, D, B, A, R|Z)
o |R|""2 exp [—%tr{ (X* — VB)R~" (X* — VB)' + (Y* — VA)(Y* — VA)/}]

x|R|7P/2 exp [—%tr{ql(;]BR*lB/ + <I>61AA/}] x 1T (R)

n K
. il % * 1- ik
< [TT 7 = 7)™t {dad (6, > 0) + (1 = d) I > 0} {dad (xj, < 0) + (1 = di)I (v, < O)} . (8)
i=1 k=1

In summary, our proposed model is given by

Z=DoX+(J-D)oY,
dy ~1iid. Bernoulli(r;), k=1,...,K, i=1,...,n,
X =1(x3, > 0),  yu =1 > 0),
X|V,B,R~ Nk (VB,I, ®R), Y*|V,A~ N, k(VA I, ®I),
A~Npk(Opk, ®o®Ix), BR~N, (0, ¥o®R), R~m(R),
where ® denotes element-wise multiplication, and J denotes a n x K matrix with all elements equal to one. The matrices

Z (the response matrix) and V (the covariate matrix) are observed, while D, X, X*, Y, Y* are latent variables. The A, B and R
are parameters, and ;, ®¢, ¥, are the known constant and known matrices.

Remark 1. We further develop the alternative factor analytic characterization of R in Section 4.2.
2.4. Markov chain Monte Carlo implementation

For performing the Bayesian inference, the unknown variables X*, Y*, D, B, A and R are sampled using the MCMC method.
Based on the posterior distribution in (8), we implement the MCMC algorithm in five blocks as follows.

1. Initialize D, X*,Y*,B,A and R.
2. Generate D, X*,Y*|B,A,R, Z.

(a) Generate D|B,A.R, Z.

(b) Generate X*,Y*|D,B,A,R,Z.
3. Generate A|D, X*, Y*,R, Z.
4, Generate B,R|D, X*, Y*, A, Z.
5. Go to Step 2.

Step 2: Generation of D, X*, and Y*
We derive the conditional posterior probability density function of (dy, xj,,y;,), fori=1,..., nandk=1,..., K.LetB_j =
(Bi.--. Bi_1. Bxy1- - By). Further, let r _; and R_; denote the row vector of correlations between x; and xj; for j=

20



A.M.Y. Chu, Y. Omori, H.-y. So et al. Econometrics and Statistics 27 (2023) 16-35

1,...,k—1,k+1,...,K, and the matrix that is obtained by excluding the k-th row and k-th column of R. Then, we have the
full conditional distribution of (dy. xj,,y3,) given by

7 (dik: X Vi)

1 1
o exp { 202, (X?k - Mx,ik) 202, (y?k - /’Ly,ik)z}
x,ik y.ik
. ) " « e 1-z
7t (1 — ) dyd (x5, > 0) + (1 — di)I (v > 0) Y {did (%}, < 0) + (1 — di)I (v < 0)} . (9)

where
P = Vi B+ T kR (X =B 1), 02y, =1-1 (RT
Uyix = Vidty, Opy =1,
and x¢ |, denotes x{ excluding the k-th element x},. There are two main steps for sampling from (9).
Step (1) First we sample d;, from the conditional distribution of d;, given by

7 (dil|-) = //”(dik’x?k’Y?k|')dXdey?k

Zik 1-zj
« nfdik(‘l — 7)1 {dik®<l;x~fk> +(1- dik)Q(Myjk)} {di,{q>< a“x,lk) +(1- dik)q)(—ﬂy,ik)}

x,ik x,ik

by using the following discrete indicator variable samplings.

1. If zy, = 1, generate d;, ~ Bernoulli(7;,) where
K

JT,qi’(H“k) + (1 - T[l)dD(/"Lylk)

2. If zy, = 0, generate d;, ~ Bernoulli(77) where

mv( )

mfb( “X‘k) +(1-m)®(- /’Ly,ik).

Ox.ik

Wik =

T =

Step (ii). Next we generate x},, y;, given d;, as follows:

1 If zy = 1 and dy =1, X5 ~ TN (0.00) (Uniks 235) @and Y3 ~ N (g s 1)
2. If zy =1 and dy = 0, X}, ~ N (Uy ik 023) and ¥ ~ TN (g o) (Hyjier 1).
3. Ifzy =0 and dy, =1, Xlk TN (—co.0) (K ik xz,k) and yj, ~ Ny ik, 1)-
4. If z, =0 and dy =0, X3 ~ N (Uy ik Xlk) and Yie ™~ TN( ooO](l‘Ly ik 1)-

where TN g p)(m, s2) denotes a normal distribution A (m, s2) truncated on (a, b).

Step 3: Generation of A
By Gaussian-Gaussian conjugacy, the full conditional of A is

Al- ~ Npx(My, @1 ®Iy),

where

(10)

M, = Q]V/Y*, <I)17] = (I)al +V/V,

and so, A can be sampled from the normal distribution in (10).

Step 4: Generation of B and R
We sample B and R using an efficient algorithm below as in Talhouk et al. (2012).
Step (i). Let A ~ ZG(a, b) denote that A follows inverse gamma distribution whose density is given by

F) x A~@ D exp (—i)
Generate
. No Tkk
A =diagonal(Ay, ..., Ax), AZ~IG 5 5 k=1,....K
where A, > 0, ¥ is the (k, k)-th element of R~1, and set X = X*A.
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Table 1
The eight sensitive-unrelated question pairs in the drug administration survey.
Variable* Question Description* Question Type
Q1 I had the experience in giving medications to a wrong patient and did not report it Wrong patient
to the hospital. (I had breakfast at home at least 3 times in the past week.)
Q2 I had the experience in giving a wrong medication and did not report it to the Wrong medication
hospital. (I bought a new mobile phone in the past 12 months.)
Q3 I had the experience in giving a medication in a wrong dose and did not report it to Wrong dose
the hospital. (I ate chocolate at least 1 time in the past week.)
Q4 I had the experience in giving a medication at a wrong time and did not report it to Wrong time
the hospital. (I had dinner at home at least 3 times in the past week.)
Q5 I had the experience in giving a medication via a wrong route and did not report it Wrong route
to the hospital. (I watched a move in cinema at least 1 time in the past 3 months.)
Q6 I had an experience NOT to press the button on the scanner to acknowledge the Technology-related administration omitted

drug administration process has been completed AFTER a patient has taken the
medication. (I have NOT been to Australia.)

Q7 I had an experience NOT to review the pump setting at 15 minutes after the Physical administration omitted
commencement of the heparin infusion. (I do NOT know how to swim the
backstroke.)

Q8 I had an experience to administer leftover drugs from Patient B to Patient A when Physical administration omitted
the drug prescribed to Patient A is not available. (I prefer coffee to tea.)

*Binary response: disagree/agree # Statements in parentheses are the innocuous questions paired with their respective sensitive questions.

Step (ii). Let X ~ ZW(v,S) denote that X follows the inverse Wishart distribution whose probability density function is
given by

F(E) o |Z- 25 exp {—%tr()ﬁs)}.
Generate X, B, and X using
TIX ~IW(n+ng,S), S=XX-M¥;'M, +I,
BIZ. X ~ Ny (My, ¥; @ 3),
and generate X|B, X,y*,d, A, z from N, x(My, ¥; ® I) as in (10) where
M, = W, VX, ¥T =¥, +VV.

Step (iii). Transform X, B, and X back to R, B and X* as follows:
R=ATZA"", B=BA' X'=XA"' A=diag(o)* 0% ....007)
where o;; denotes the (i, i)-th element of X. See Appendix A.2 for the derivation of the conditional posterior distribution.
Note that we also updated X* as by-product in addition to Step 2. In this step, we use the Gibbs sampling approach, but
other approaches using the Metropolis-Hastings algorithm are also discussed in Liu (2008), Liu and Daniels (2006) and
Zhang et al. (2006).
Finally, the numerical example of the MCMC simulation using simulated data is given in Appendix Appendix C.

3. Analysis of the drug administration survey data
3.1. Survey design and sample

In this section, we apply the proposed methods to the drug administration survey, which consisted of eight dichotomous
questions on different types of drug administration error (see Table 1). Our target population was the 2,514 full-time nurs-
ing staff who are using an electronic system for drug administration in three hospitals, namely hospital A, hospital B, and
hospital C under the cluster. We randomly ordered the emails of the target nurses in a list. The first half of the target respon-
dents in the list received version 1 of the online survey (sample 1, p; = 1/3), and the second half of them received version 2
(sample 2, p, = 2/3). In other words, respondents in sample 1 and sample 2 have respectively one-third and two-thirds of a
chance to answer the sensitive question in each sensitive-unrelated pair under the UQD. There are two main considerations
in choosing p; and p,. First, the choice of p has to balance the data privacy and the statistical accuracy (Kwan et al., 2010).
We cannot make p, the probability of answering sensitive questions, very large. Otherwise, respondents may think that their
data privacy cannot be adequately protected. Very small values of p; or p, will affect the statistical accuracy. Experience
from our previous studies (Kwan et al., 2010; Chung et al., 2018; Chu et al., 2020) shows that p; and p, lying from 1/3 to
2/3 are promising choices. The second consideration is to facilitate the implementation of the RRT mechanism in an online
platform (Chu et al., 2018). Operationally, p has to be either 1/m or 1 —1/m, where m is a positive integer. To follow the
online implementation scheme in Kwan et al. (2010) and Chu et al. (2018), we asked respondents to pick a number from
1 to m, and then a random number was generated to see if there is a match, or not a match, between the respondents’
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Table 2
A list of the independent variables in the 10 x 1 vector v;.
Variable Description
Const Constant (Registered nurse at hospital A with more than

15 years of nursing experience)

HospitalB 1 if hospital B, 0 otherwise.

HospitalC 1 if hospital C, 0 otherwise.

Rank2 1 if the nurse is in rank 2.

Rank3 1 if the nurse is in rank 3.

Year1 1 if 0-1 year of nursing experience, 0 otherwise.
Year2 1 if >1-3 years of nursing experience, 0 otherwise.
Year3 1 if >3-5 years of nursing experience, 0 otherwise.
Year4 1 if >5-10 years of nursing experience, 0 otherwise.
Year5 1 if >10-15 years of nursing experience, 0 otherwise.

number and the random number. Therefore, it is helpful for us to fix p; and p, as 1/m (a match) or 1 — 1/m (not a match)
in online surveys. Again, experience indicates that taking m = 3 can help respondents to follow the online randomization
procedure effectively while balancing the statistical accuracy and data privacy. We used an anonymous approach to conduct
the survey. Ultimately, 401 and 585 usable responses were obtained in sample 1 and sample 2, respectively. In addition to
knowing which hospital the nurses are working for, we know which rank (out of ranks 1 to 3) they are at and their years of
nursing experience. More than 40% of the respondents have 15 years of nursing experience or more, and around 25% have
five or fewer years of nursing experience.

To understand some regular practices of nurses in administrating medications to patients, we included eight pairs of
questions (K = 8) in the survey, as per Table 1. The RRT survey in this paper was approved by the Ethics Committee of
the hospital cluster. In Table 1, we can see that the eight questions of interest are related to medication procedures. Five
questions are related to possible actions that may not align with the hospitals’ guidelines. For example, they describe giving
medications to the ‘wrong patient’, with the ‘wrong dose’, and at the ‘wrong time’. Three of the sensitive questions are
related to the omission of required steps by the hospitals’ standard practices. All eight questions are regarded as sensitive
as nurses are likely to be hesitant to answer or reluctant to say ‘Yes’ if the questions are asked directly. Each sensitive
question is paired with an innocuous question that is nonsensitive and easy to answer. All respondents were given clear
instructions on how the RRT is executed and informed that the main purpose of the RRT is to protect their data privacy. All
eight questions were pilot-tested and pretested to remove all ambiguities and any confusing wording. Through the RRT data
collected for the questions in Table 1, we perform the proposed multivariate probit analysis in Section 2 to understand how
frequently nurses may use a wrong procedure or bypass required steps as stipulated by the hospitals’ guidelines for drug
administration.

3.2. Probit analysis

We adopt the multivariate probit model in (3) to (5) with K x 1 vectors, &f|v;, B,R~ N (B'v;, R), yi|v;, A~ N (A'v;, Iy),
and the RRT data to study the nurses’ general practice in drug administration. To estimate the effect of hospital, rank, and
years of nursing experience on drug administration error, we list all the p = 10 covariates v; in Table 2. We define the
covariates as indicator variables such as HospitalB= I(respondent is from hospital B) and HospitalC= I(respondent is from
hospital C). With regard to years of nursing experience, the notation ‘>1-3’ indicates more than one year and at most three
years of experience. The two other indicators for the rank and other indicator variables for the years of experience are
defined similarly.

To perform the Bayesian analysis of the p x K (10 x 8) unknown parameter matrices A and B and the K x K (8 x 8) corre-
lation matrix R, we assume A ~ Njg 5(019 8, 4110 ® Is), B|[R ~ N9 (010 8. 4110 ® R) and the marginal uniform distribution for
R given in (7) with ng = K + 1. The prior covariance matrices are large enough to account that all independent variables are
indicator variables and that the variance of the latent variables is one. We iterate our MCMC algorithm 200,000 times after
discarding 20,000 samples as burn-in periods. The effective sample sizes, which are defined as the sample sizes divided by
the corresponding inefficiency factor (IF) in Table 3, vary about from 336 to 670. The MCMC sample paths are found to be
stable and the chains mix well. However, the figures of the MCMC sample paths are omitted to save the space.

3.3. Results and implications

Table 3 presents the posterior mean and standard deviations of B from the MCMC sampling. There are altogether K = 8
columns summarizing the results of the eight sensitive questions. Each column gives the posterior estimates of 10 x 1 vector
By the elements of which represent the effect of the covariates v; in Table 2, for k =1, ..., K. From (4), X}, |[v;, B, ~ N (v B, 1),
and so Pr(x;, = 1|v;) = Pr(x;, > Oly;) = d)(vlf Bi), where ®(.) is the distribution function of the standard normal distribution.
As the elements of v; are either O or 1, representing respondents’ demographic attributes, more positive elements in f of
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Table 3
The posterior means and standard deviations (Std) of the 10 x 8 matrix B in the probit regression.
Q1 Q2 Q3 Q4 Q5 Q6 Q7 Q8

Const -0.6831 -0.7156 -0.7502 -0.8011 -0.9401 -1.0236 -0.8550 -0.7744
(Std) (0.1979) (0.1703) (0.1623) (0.2001) (0.2110) (0.2346) (0.2535) (0.2836)
IF 392 381 363 466 394 405 427 475
HospitalB 0.1207 0.0003 -0.2039 -0.1159 -0.0852 -0.4421 -0.1334 -0.2702
(Std) (0.1879) (0.1760) (0.1915) (0.1961) (0.2073) (0.2374) (0.2906) (0.2561)
IF 420 456 480 495 427 442 525 476
HospitalC 0.6920 1.0267 0.8931 0.8843 0.5731 0.6826 0.5478 0.9184
(Std) (0.2997) (0.3053) (0.2818) (0.3047) (0.3232) (0.3737) (0.4347) (0.4033)
IF 396 459 444 468 432 463 485 449
Rank2 0.2941 0.2228 0.3127 0.3406 03214 0.8013 0.7166 0.4514
(Std) (0.2930) (0.2679) (0.3297) (0.2867) (0.3097) (0.3053) (0.3200) (0.3688)
IF 300 315 441 374 345 298 304 370
Rank3 0.1668 0.1176 0.0182 0.0543 -0.2614 0.0046 0.1885 0.1339
(Std) (0.2079) (0.2084) (0.1872) (0.1942) (0.2560) (0.3084) (0.3340) (0.3366)
IF 394 447 418 429 438 487 512 504
Year1 -0.1012 -0.3340 -0.2678 -0.3417 -0.2220 -0.4381 -0.4101 -0.3852
(Std) (0.4768) (0.3714) (0.4038) (0.3727) (0.4314) (0.4703) (0.5114) (0.4653)
IF 466 418 463 425 395 414 433 405
Year2 0.0106 0.3693 0.2093 0.1946 0.3817 -0.8504 -1.1615 -1.032
(Std) (0.3248) (0.2612) (0.2546) (0.2721) (0.3328) (0.7049) (0.7004) (0.8535)
IF 420 379 368 411 437 584 570 595
Year3 0.0253 -0.2314 -0.0116 -0.0030 -0.1301 0.4915 0.2927 0.3050
(Std) (0.3988) (0.3093) (0.3500) (0.3229) (0.4226) (0.3234) (0.3325) (0.3636)
IF 464 426 480 465 487 348 357 390
Year4 -0.2623 0.1367 0.2089 0.1161 0.2738 0.4398 0.5617 0.3792
(Std) (0.2365) (0.2772) (0.2705) (0.2461) (0.3058) (0.2772) (0.3063) (0.3244)
IF 341 494 493 461 469 391 422 448
Year5 0.4003 0.3958 0.3178 0.1945 0.1036 -0.2818 -0.4399 -0.1988
(Std) (0.2743) (0.2201) (0.2560) (0.3159) (0.3938) (0.4602) (0.4948) (0.5055)
IF 428 373 456 520 523 525 544 539

(The posterior mean with its absolute value greater than two standard deviation is in bold letters.) To measure how well the chain mixes, we calculate the
inefficiency factors (IF). The inefficiency factor (equivalently the autocorrelation time) is defined as 1+2 )32, ps where p; is the sample autocorrelation at
lag s calculated from the sampled values. It is also the ratio of the numerical variance of the posterior sample mean to the variance of the posterior sample
mean from the hypothetical uncorrelated draws. It suggests the relative number of correlated draws necessary to attain the same variance of the posterior
sample mean from the uncorrelated draws. The effective sample sizes, which are defined as the sample sizes divided by the corresponding inefficiency
factor, vary about from 336 to 670.

Question k imply that the i-th respondent with attributes given by v; is more likely to say ‘Yes’ in the k-th sensitive question,
or to have a higher tendency to bypass hospital guidelines related to Question k.

To analyze the effect of the demographic variables (i.e., which hospital they are working in, which rank they are in, and
how much nursing experience they have), we study the results in Table 3 in detail. Regarding the two rows of coefficients
for HospitalB and HospitalC in Table 3, all coefficients for HospitalC are positive and higher than the corresponding coeffi-
cients for HospitalB. This indicates that nurses working in hospital C have a higher tendency to say ‘Yes’ in answer to the
eight sensitive questions. Many of the coefficients of HospitalB are negative, except two small coefficients in Q1 and Q2. In
general, nurses working in hospital B seem to follow the hospital drug administration guidelines better than those working
in hospital A. Regarding the rank of the nurses, all coefficients of Rank2 are positive and higher than the corresponding
coefficients of Rank3. This finding suggests that nurses in rank 2 have a higher tendency to say ‘Yes’ in answer to the eight
sensitive questions or are more likely to bypass the hospital guidelines than nurses in rank 1 and nurses in rank 3. In the
row of Rank3, we observe that most coefficients are positive except those in Q5. Therefore, nurses in rank 1 are likely to
follow the hospital guidelines on drug administration better than nurses in rank 3. Concerning the attribute of the years of
experience, we set ‘more than 15 years’, or YearO, as the reference group. In the row of Year4, the coefficients for Q7 and Q8
are the highest (among Year1 to Year5) and positive. Nurses with >5-10 years of experience have a higher tendency to omit
some steps as seen in Q7 and Q8 than the other five experience groups. In the row of Year5, the coefficients for Q1 to Q4
are the highest (among Year1 to Year5) and positive. Nurses with >10-15 years of experience have a higher tendency than
the other five experience groups to have made drug administration errors in the past and to have not reported it to the
hospital. For Yearl, all coefficients are negative, indicating that nurses with 0-1 year of experience have a lower tendency
than nurses in YearO to not follow the hospital guidelines. In the rows of Yearl, Year2, and Year5, all coefficients for Q6, Q7,
and Q8 are negative. Therefore, nurses in these three experience groups have a lower tendency than YearQ to omit steps.

Figure 1 gives the estimates of the conditional probability of saying ‘Yes’ given v;, that is, P(x; = 1|v;). We divide the
whole sample into nine groups based on the hospitals they serve and their ranks. Different colors indicate the different
likelihoods to say ‘Yes’ in answer to the sensitive questions. The four groups formed by the combinations of (hospital A,
hospital B) and (rank 1, rank 3) display very coherent probability patterns. Fig. 1 tells us these four groups are quite ho-
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Fig. 1. The Bayesian estimate of Pr(x; = 1|v;). The notation Hospital_Rank is used for the label (e.g. A_2 implies Hospital A and Rank 2).

mogeneous in terms of their approach to reporting issues and omitting steps in the hospital guidelines. In general, the
probability pattern differences of rank 1 (row 1) and rank 3 (row 3) are not practically significant. Among the nine groups,
nurses in rank 2 working in hospital C are most likely to say ‘Yes’ in answer to the eight sensitive questions. Senior man-
agement can consider devoting more resources to promoting the importance of the hospital guidelines to this group of
nurses.

3.4. Dependence analysis
To examine the dependence of responses to different questions of the i-th respondent, we calculate the conditional
correlation of the indicator variables I(x; = 1) and I(x;, = 1) given v; for k,k' =1, ...,K as
Pr(xp = 1, Xy = 1|vi) — Pr(xy = 1{v)Pr(xy = 1|vy)
V/Pr(xy = 1) Pr(xy = O[vy)y/Pr(xyge = 1[v)Pr(xy = Olv))
The probability Pr(x;, = 1|v;) is obtained in Section 3.3 and

Pk ly; = (11)

Pr(xy =1, xy = 1|v) = Pr(x}, > 0,x}, > O|v;),
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Table 4
Estimation results of the correlation matrix R in the probit model in (5). Top: posterior mean, middle: (posterior standard deviation), bottom: inefficiency
factor.

Q1 Q2 Q3 Q4 Q5 Q6 Q7 Q8
1 0.9621 0.9639 0.9692 0.9447 0.7728 0.7131 0.7063 Q1
(0.0266) (0.0329) (0.0229) (0.0360) (0.1191) (0.1290) (0.1258)
486 538 475 463 566 568 546
1 0.9761 0.9775 0.9556 0.7523 0.6878 0.6817 Q2
(0.0202) (0.0194) (0.0321) (0.1053) (0.1091) (0.1126)
507 500 483 542 538 531
1 0.9834 0.9638 0.8257 0.7679 0.7628 Q3
(0.0155) (0.0269) (0.0782) (0.0812) (0.0878)
485 465 516 502 505
1 0.9652 0.8075 0.7463 0.7402 Q4
(0.0257) (0.0890) (0.1002) (0.0986)
449 539 545 523
1 0.8036 0.7425 0.7280 Q5
(0.0919) (0.1042) (0.1230)
515 517 535
1 0.9597 0.9489 Q6
(0.0286) (0.0376)
431 443
1 0.9600 Q7
(0.0258)
390
1 Q8

(The posterior mean greater than 0.9 in bold letters)

Table 5
Varimax rotated factor loadings for the posterior mean of R.
Factor 1 Factor 2

Q1 0.9006 0.3949
Q2 0.9210 0.3597
Q3 0.8726 0.4713
Q4 0.8884 0.4398
Q5 0.8647 0.4429
Q6 0.4865 0.8515
Q7 0.3956 0.8995
Q8 0.3890 0.8971

which is based on the bivariate normal distribution of (xj,x;,) with mean (v{B,viB;)’ and covariance matrix

( pl P ’l<’</ , where py is the (k, k’)-th element of R as given in Table 4: where we can see high correlations among
ki

Q1 - Q5 and among Q6 — Q8. The measure PRy, in (11) can be interpreted as a kind of ‘risk correlation’ as it measures
how strongly the incident in question k is related to the incident in question k’. Fig. 2 shows the correlation matrix plot
of four specific groups of nurses having 0-1 year of experience. We can observe two blocks of highly correlated questions.
They are Q1-Q5 and Q6-Q8. For Q1-Q5, Q1 is relatively less correlated with others in hospital A, and Q5 is relatively less
correlated with others in hospital C. Generally, Q1-Q5 are highly correlated, indicating that the five ‘wrongs’, namely ‘wrong
patient’, ‘wrong medication’, ‘wrong dose’, ‘wrong time’ and ‘wrong route’ as per Table 1, tend to occur together. The corre-
lation plot of nurses in rank 1 and nurses in rank 2 are not that different. (Q6, Q7, Q8) is a relatively less correlated block
than the one in Q1-Q5 but omissions of the three steps also tend to occur together. We also observe weak correlations
between the two blocks Q1-Q5 and Q6-Q8, indicating that the occurrence of the five ‘wrongs’ is not much related to the
omission of steps in Q6-Q8.

To understand the structure of R in Table 4, we perform a factor analysis on the correlation matrix. Table 5 displays the
varimax rotated factor loadings. Two factors are extracted together, accounting for 95.23% of the total variance. Variables Q1,
Q2, Q3, Q4, and Q5 have high respective loadings of 0.9006, 0.9210, 0.8726, 0.8884, and 0.8647 on factor 1. This suggests
that the response variables for the first five questions define the first factor. Variables Q6, Q7, and Q8 have high respective
loadings of 0.8515, 0.8995, and 0.8971 on factor 2, and thus the response variables for the last three questions define the
second factor.

To further analyze the correlation structure, we produce posterior mean estimates for R-! using the MCMC draws of R.
Under the multivariate normal distributional assumption, the (k, k’)-th element of R~1 is the conditional correlation of X5
and x}, given other X, j#k or k. Fig. 3 displays a heatmap of the conditional correlation pattern. We can observe that
there are two clusters highlighted by blue regions. One cluster is defined by Q1-Q5 and the second cluster is defined by
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Table 6
The probability distribution of the attitude score, S; in the three hospital groups, Pr(S; = j|i is a hospital group) and their stan-
dard errors (S.E.)

j Hospital A Hospital B Hospital C

0 0.532 (0.025) 0.540 (0.025) 0.215 (0.021)
1 0.090 (0.014) 0.105 (0.015) 0.088 (0.014)
2 0.064 (0.012) 0.075 (0.013) 0.067 (0.012)
3 0.058 (0.012) 0.052 (0.011) 0.062 (0.012)
4 0.049 (0.011) 0.048 (0.011) 0.075 (0.013)
5 0.058 (0.012) 0.061 (0.011) 0.088 (0.014)
6 0.036 (0.009) 0.033 (0.009) 0.084 (0.014)
7 0.040 (0.010) 0.033 (0.009) 0.107 (0.015)
8 0.074 (0.013) 0.054 (0.011) 0.214 (0.021)
E[S;|Z] 1.966 1.769 4.113

Q6, Q7, and Q8. From the graphical network perspective, if we treat the eight sensitive questions as nodes and link the
nodes whenever their correlations are greater than 0.15, we see the network graph on the right-hand side of Fig. 3. Again,
it is not difficult to identify two clusters of nodes. Both the factor analysis and the conditional correlation analysis based
on R~1 suggest that a two-factor model structure can explain the correlation pattern in R. In other words, on top of the
demographic attributes of nurses, there are potentially two hidden factors (possibly related to their attitudes), which may
help to further explain the dependence of the responses to the eight sensitive questions. We discuss the posterior analysis
of a two-factor multivariate probit model for the RRT data in Section 4.2.

4. Discussion
4.1. Overall attitude scoring

From the administration perspective, we are also interested in learning about overall attitude of nurses as measured by
the sensitive questions. A score for respondent i can be compiled as

K
Si=) wd(xg=1), (12)
k=1

where wy, is the weight associated with question k to account for the relative importance of the response to question k. The
conditional expectation of S; given v; is a byproduct of the results in Section 3 as E[S;|v;] = Zle Wy Pr(x;, = 1|v;). We can
also determine the conditional distribution of S; given v; by calculating Pr(xy, == Xikg = 1) for distinct kq, ..., kg and g =
1, ..., K using the multivariate normal distribution of »! in (5) with the posterior mean estimates of B and R in Table 3 and

4. Alternatively, we can conduct a full Bayesian analysis on S;. Suppose xflgm], m=1,....M are the MCMC draws using the
sampling scheme in Section 2.4, where M is the number of MCMC iterations. For each m from 1 to M, we calculate ng]
using (12). Then, we can estimate the conditional distribution of S; given i in A, the subpopulation of interest, by obtaining
the posterior distribution based on SI["’] for all i € A. For example, if w;’s are equal to one such that §; = Z{fﬂ I(xy =1), or
the number of questions with a ‘Yes’ answer, S; has a discrete distribution with possible values, 0,..., K. Then, we can form
posterior estimates of the distribution of S; by estimating

Yl e Ay m 1S = j)
MY I(i € A)

As an illustration, we compute Pr(S; = j|i € A) using (13), where A defines a subpopulation of a hospital group. Table 6
presents the probability distribution of the attitude score, S;, in Hospital A, B, and C. Hospitals A and B have similar distri-
butions in S;, and both hospitals have more than a 50% chance of having S; = 0 or more than half of the nurses with no
experience of the five ‘wrongs’ in Q1-Q5 and no experience of omitting steps in Q6-Q8. Their average attitude scores are
1.966 and 1.769. For hospital C, the average attitude score is higher. The attitude score result is consistent with the findings
in Fig. 1.

Pr(Si = jli € A) ~

(13)

4.2. Factor structure for the correlation matrix

Instead of sampling the correlation matrix R, we can consider ways of simplifying R or building structures similar to
those in Lee et al. (2010) and Talhouk et al. (2012). In Section 3, we have employed a factor model to understand the struc-
ture of the posterior mean of R from the MCMC posterior draws under the prior (7). In the discussion below, we give a brief
account on an alternative approach that uses a factor analytic approach directly as a prior on R instead, where we sample
latent factors and estimate factor loadings. Let f; = (fi1,..., fii)’ denote the L x 1 vector with L factors for the i-th individ-
ual and C= (cq, ..., ck) denote the corresponding L x K factor loading matrix where ¢, = (1, ..., ¢ )’. For identification,
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Table 7

Factor loadings in a factor model (Factor 1).
Variable Mean Std 95% Interval IF
1 0.9714 0.0241 (0.9093, 0.9981) 377
€1 0.9702 0.0255 (0.9011, 0.9976) 499
c31 0.9568 0.0382 (0.8531, 0.9977) 622
cn 0.9686 0.0290 (0.8940, 0.9982) 601
C51 0.9190 0.0571 (0.7827, 0.9892) 524
Ce1 0.6233 0.1300 (0.3409, 0.8280) 629
cn 0.5831 0.1185 (0.3119, 0.7720) 631
Cs1 0.5679 0.1305 (0.2865, 0.8030) 610

Table 8

Factor loadings in a factor model (Factor 2).
Variable Mean Std 95% Interval IF
2 0.1181 0.0970 (0.0041, 0.3461) 562
C32 0.2025 0.1397 (-0.0577, 0.5135) 620
C42 0.1314 0.1472 (-0.1184, 0.4342) 611
Cs2 0.1957 0.1796 (-0.1301, 0.5387) 562
Ce2 0.7303 0.1129 (0.5091, 0.9258) 626
c7n 0.7754 0.0899 (0.5885, 0.9373) 617
Cs2 0.7701 0.0984 (0.5471, 0.9315) 594

The MCMC algorithm is iterated 200,000 times after discarding 20,000 samples as burn-in periods.

we assume

C”>0, I=],.‘.,L,
C”Jr]:---:ClL:O, l=l,.4.,L—14

Then the factor model for the K x 1 latent vector ¥ is given by

X =Bv+Cfi+Qu, fi~N@O]I), w~N(O]I),
Q = diag(1 - cjey, ..., 1 - chek),

e <1, k=1,...K
where u; = (U, ..., uyg)" and
1 0 v 0
/
(o . .
C - . _| a1 - a0
. Cr1 e CLi—1 (97
Cx
Ck1 e Ck.L1-1 CkL

Note that the marginal model over f; is given by
x=Bv,+e¢, €~NOR), R=CC+Q,
and

K

K
1

p— — / -
|R|_||(l ckck)xl+§ ¢

/
c Ckck .
k
k=1 k=1 k

The MCMC algorithm for the factor model is described in detail in Appendix B. For the drug administration survey data, we
fit the L = 2 factor model and the estimates of the factor loadings are given in Tables 7 and 8. The factor loadings for the
first five questions are large for the first factor, while those for the last three questions are large for the second factor. These
results are consistent with those obtained for the varimax rotated factor loadings in Section 3.4 and support the evidence
of dependence among the eight sensitive questions through the factor structure.

The results in Sections 3.3 and 3.4 are mostly the same using the factor model above and the estimates in Tables 7 and
8. While the factor structure is yet to be explained from the behavioral point of view, the proposed multivariate randomized
response model and its Bayesian inference offer a generic approach to analyze responses collected using the RRT.
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4.3. Summary of findings with policy implications

In this paper, we propose a multivariate probit regression model to analyze multiple randomized responses for binary
data. We employed a drug administration survey with eight sensitive questions and close to 1000 respondents in a hospital
cluster in Hong Kong.

There are numerous potential applications of the proposed multivariate probit model for risk management based on sur-
veys. These include research in cybersecurity, educational research in handling plagiarism and school bullying, and studies
for understanding behaviors in sensitive social and environmental issues. In the application we presented here, we have
illustrated that drug administration error is affected by demographic and organizational factors. Drug administration er-
rors are highly correlated, with the five ‘wrongs’ (wrong patient, wrong medication, wrong dose, wrong time, and wrong
route) defining one dimension and the three omission of administration process steps (Q6, Q7, and Q8) defining a second
dimension.

In terms of policy implications, the identification of gaps in hospitalization services is a useful starting point for improve-
ments and such signals should not be ignored. However, it is equally important to realize that unsatisfactory performance is
a manifestation, rather than a cause of the problem. An organization must investigate and look into the underlying reasons
for unsatisfactory performance before effective resolutions of the issues and real improvements can be implemented. Staff
performance is often affected by many contextual factors such as training, staffing, workflow, structures, regulation, and
leadership. It could be useful for an organization to include the RRT as a method for the identification of gaps and then it
can investigate into the underlying issues to enable improvements. This paper presents a comprehensive drug administration
survey example that researchers and organizations can follow in modeling multiple sensitive responses.
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Appendix A. Posterior inference for R and B
Al. Prior distribution of R

Suppose a K x K matrix X ~ZW(v, Ix) as in Barnard et al. (2000).

FE) o |Z]- 25 exp {—%tr()ﬁ)}. (14)
Consider the transformation from X to (R, A) where ¥ = ARA. The Jacobian is 2K [¥_, AK and
f(R,A) o |R|72" ]5[,\-(“+‘>ex o (15)
) L X p 2)\% ,

where % is the (k, k)-th element of R-!. Given R, Aﬁ's are conditionally independent and the probability density function
of AZ is given by

(241 rkk
FO2IR) o« (02) D exp (2”),
k

and
kk
2IR ~ vy - _
AklR Ig<2,2>, k=1,...,K.

The marginal probability density function of R is

K

K
_ vkl -5 V=DK1 _ _v
SR o RI75Z [T (™) * =R '[]IRul 2.
k=1

k=1
where r* = |Ry,|/|R| and Ry, denotes a principal submatrix of R as shown also in Zhang et al. (2006). If we take v = K +1,
we obtain the marginally uniform prior density
K+1
-7

K
Kk=1) _
T(R) o [RI 77 ] IRl

k=1
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A2. Efficient generation of R and B in the multivariate probit model

To sample R, we introduce the latent variables

Kkk
2R~7g( M ™ _
A2|R Ig(z, 2), k=1,....K,

and the joint prior probability density of R and A = diag(Aq, ..., Ag) is

no+K+ K kk
7R, A) = T (AIR)TR) o [RI~“7 [ A"V exp (2&2),
k=1 k

as in (15). We note that

_ ng+K+1 1 1
7(Z) « |Z| " exp{ﬁtr(z )},

where ¥ = ARA as in (14).
As the conditional joint posterior probability density of B, R, A and X* is

7 (B,R, A, X*|y*.d,A 2)

n
o |R|*"T+p exp {—; Z(x}* —Bv;)R! (x; —B'v;) — ;tr(\llolBRlB/)} x (R, A)
i=1

o [R|~"#* exp [—%tr{(‘l’a1 +VV)BR-'B’ — 2BR"! (X*V) + R~ (x*/x*)}] < T(R.A).

we obtain

pn+ng+K+1
2

(B, %, Xy d.A.2) « |Z|- exp [—%tr{\lrﬂ(fs _My)Z ' (B-M,) + z—ls}],

where
B=BA, X =ARA, X=X'A,

M, = ¥ VX, U l=¥'+VV, S=XX-M¥ M, +I.
Thus, the conditional posterior distribution of B given X, X is

BIZ, X ~ Npk(Mp, ¥, @ X),
and the marginal posterior probability density of ¥ given X is

~ § 711+n0+K+1 1 -1

7(TX,y*.dAz)x |27 2 exp [—Etr{): S}]

Thus, we generate B and R as follows.

. Generate AZ|R ~ Ig(';i, #) fork=1,..., K, and set A = diagonal(Aq, ..., Ak).
. Compute X, S, and M,.
. Generate B|Z. X.y*. d. A,z ~ N x(My, ¥; ® X).

. Generate X|B, X, y*,d, A, z as in Section 2.4.
. Compute B=BA~!, R=A"1XA! and X* = XA 1.

DU A WN -

Appendix B. The Bayesian sampling scheme for the factor structure
Assuming the same normal prior distributions for A and B as in (7) and the uniform prior distribution for C over
region defined in Section 4.2, the joint posterior density is given by
T (X*,Y*,D,A, B,C|Z)
1
o [R|"2 exp [—jtr{ (X* — VB)R™' (X* — VB)' + (Y* — VA) (Y* — VA)’}]

x|R|~P/? exp [—%tr{\ll(ﬂBR’lB’ + <I>61AA’}]

n K
i p * * i * * 1-z
< [T T =)' {did (x5, > 0) + (1 — d) (¥, > 0) ™ {dyel (x5 < 0) + (1 — dy) [ (¥ < O)} 7,

i=1 k=1
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. Generate X|X,y*,d,A,z~IW(n+ng,S) and set A = diagonal((ff]/2 ..... a,gl/(z) where oj; is the (i, i)-th element of X.
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where R = C'C + . The conditional posterior density of (X*,Y*,D) in (16) is the same as in Section 2.4 and we sample
(X*,Y*,D) using R = C'C+ Q. Similarly, we sample A as in Section 2.4. As the conditional posterior probability density of B
is
1
7 (B|X*, Y*, D, A, C, Z) & exp [—itr{ (X* — VB)R"' (X" — VB)' + \IlngR‘1B’}],
we generate
Bl ~ Mpk(My, W1 ®R), My =W¥VX, V¥ '=¥"+VV, R=CC+Q.

Using the posterior density marginalized over F and G, (16), we generate cj; one at a time given the other element of C,
denoted by C_j;, and other parameters and latent variables. As

O<cy< [1=)c. I=1..L
m#l

lol < 1= c2.. I=1,... mink-11L), k=2,...K
m#l

we consider the transformation

Cu exp(wy)
wy = lo , = 1= 2 x———=22 1, I=1,...,L,
n=E A = G — Gy (” V mZ# m exp(w,,)+1)
1-> ,C2 + Cy exp(wy) — 1
w = log VA Ema £ (s b )
1_Zm¢lckm_ckl mAl P(Wyi) +

I=1,....min(k—1,L), k=2,....K

with Jacobian

dcy exp(wy)
Cin X o3 I=1,...,L,
dwy mz#, {1+ exp(wy)}?
dcy exp(wy) .
c I=1,...,min(k-1,L), k=2,...,K
‘dwkz 2T L (T epw (k=10

and use the independent acceptance-rejection MH algorithm with the normal density proposal based on the second order
Taylor expansion of the logarithm of the conditional posterior density around the mode. At the end of this step, we also
compute and save R.

Appendix C. Illustrative example using simulated data

This section illustrates our proposed algorithm using the simulated data. To simulate the data, we set n = 2000, K = 5,
p=3,and m;=1/3 for i=1,...,800 and 2/3 for 801, ...,2000. The latent variables x; and y; are generated using ﬂ/l =
Br=-=Ps=(1.1-1), =)= =a, = (1,-1,1), and v; = (1, vj. V)" where v;; ~ i.i.d. N(0,1) for i=1,...,2000
and j =1, 2. For the correlation matrix of ¥}, we use the equi-correlation matrix R = {p;;} = (1 - p)Is + p151%5 where 15 =
(1,1,1,1,1)". All correlations are assumed to be equal to o and, in our illustrative example, we set p = 0.4. The prior
distributions for parameters are

-3
5

A~ MN35(035,4l15), B[R~ AN35(035,413@R), 7 (R) « |R|g<l_[ |Rkk|> ;
k=1

where we assume the marginally uniform prior distribution for R. We iterated the MCMC sampling of the posterior dis-
tribution 55,000 times and discarded the initial 5000 variates as the burn-in period. The subsequent 50,000 values are
retained for the posterior inference. Below we report estimation results for oy, 8, and p;; (i = 2, 3, 4) since those for o;, §;
(i= .,5) and p;i’s (j =2,3,4,5) are quite similar.

Flgme 4 shows the sample paths for o1, §; and p;; (i = 2, 3, 4). They look stable indicating that the chains mix very well.
In Table 9, the summary statistics are given for ¢y, 8, and p;; (i = 2, 3, 4). The posterior means are overall close to the true
values taking account of the posterior standard deviations, and all true values are contained in the 95% credible intervals.

Finally, the estimated posterior densities are shown in Fig. 5, indicating that they are successful to capture the true values
of the parameters.

Remark 2. When we have many high correlation coefficients in R, we would need more MCMC iterations to obtain the
convergence for the posterior inference.
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Fig. 4. Sample paths for &y, B, and py’s. True values: ey = (1,-1,1), B; = (1,1,-1)" and p;; = 0.4 (i=2,3,4).
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Table 9

Summary statistics for the simulated data.
Variable  True  Mean Std 95% Interval IF
o 1 0.8400 0.1489  (0.5655, 1.1458) 151
o -1 -0.9109  0.1555  (-1.2395,-0.6303) 143
o3 1 0.8509 0.1440  (0.5934, 1.1538) 134
Bn 1 1.2082 0.1669  (0.9149, 1.5655) 125
Bn 1 1.2580 0.1538  (0.9820, 1.5861) 88
B3 -1 -1.0356  0.1468  (-1.3567,-0.7786) 95
P21 0.4 0.4691 0.1337  (0.1994, 0.7182) 137
P31 0.4 0.2530 0.1395  (-0.0198, 0.5181) 123
P4 0.4 0.2279 0.1418  (-0.0571, 0.4998) 122
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