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ARTICLE INFO ABSTRACT

JEL classification: Demand uncertainty is a significant issue faced by both the government and private firms in build-operate-

R4l transfer (BOT) toll road projects. To encourage private firms’ participation, the government usually provides
Keywords: them with demand guarantee. This paper investigates and compares the optimal BOT contracts with the mini-
Bolﬁf . mum demand guarantee (MDG) and the flexible demand guarantee (FDG), respectively, in environments of
Toll roa

symmetric and asymmetric information. It is determined that under the MDG with asymmetric information, the
private firm’s optimal effort decreases with respect to the guarantee level, which indicates that the MDG provides
the private firm with a disincentive to exert effort to increase traffic demand. Under the FDG with asymmetric
information, the private firm’s optimal effort decreases with respect to the guarantee level and threshold coef-
ficient. Through a comparison of the environment with asymmetric information, the optimal toll price, optimal
guarantee level and resulting social welfare are higher under the FDG for a small threshold coefficient. Therefore,
it is concluded that the government may choose the FDG instead of the MDG for a small threshold coefficient,
which means that the FDG is suitable for toll roads with relatively low demand. Conversely, the government
prefers to choose the MDG instead of the FDG when the threshold coefficient is large enough, which means that
the MDG is suitable for toll roads with relatively high demand. We further demonstrate that our model results
still qualitatively hold when traffic congestion is considered.

Demand uncertainty
Demand guarantee

1. Introduction

The build-operate-transfer (BOT) scheme has been frequently
employed in toll road projects. In a typical BOT road project, the private
firm is responsible for project financing, construction, and operation for
many years, and then the road is transferred to the government. In re-
turn, the private firm is granted the right to charge users a reasonable
toll price within the concession period. It has been recognized that the
BOT model enables efficient project delivery, improved service quality
and reduced financial burden for the government (Brandao & Saraiva,
2008; Li et al., 2005).

BOT toll road projects typically have a long operating period and face
high demand uncertainty. Flyvbjerg et al. (2005) examined 210 trans-
port infrastructure projects in 14 countries and pointed out that demand
forecasts are overestimated in 90% of rail projects and that the actual
demand deviates from the forecasted demand by more than 20% in 50%
of road projects. Demand uncertainty may lead to the failure of BOT
transport projects and become the main obstacle of private firms’
participation. Albalate and Bel (2009) suggested that a private firm
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would suffer financial difficulties if the actual traffic is significantly
lower than the expected traffic. To mitigate demand risk and encourage
private firms’ participation in toll road projects, the government usually
offers the fixed minimum demand guarantee (MDG) in a BOT contract.
Under the MDG, the government guarantees a minimum demand level
and compensates the private firm for unrealized traffic demand when
the actual demand is below the guarantee level. In practice, the MDG
exists in many BOT transport projects, such as the Hong Kong
Cross-Harbour Tunnel (Tam, 1999), Metro Line 4 of the Sao Paulo
Subway System (Brandao et al., 2012) and Beijing Metro Line 4 (Chang,
2013), to reduce the demand risk faced by private firms.

Although the MDG is an effective way to attract private firms’
participation, it has also caused controversy for many years. Wibowo
(2004) indicated that the MDG can reduce risks but is not free of costs.
Feng et al. (2015) investigated the impacts of the MDG on toll charges as
well as road quality and capacity and suggested that imposing the MDG
could increase toll charges while decreasing road quality. Song et al.
(2018) proposed that a higher MDG level could significantly reduce
social welfare. Under the MDG, the government needs to guarantee all
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unrealized demand and assume full demand risk. In particular, a high
MDG level makes the private firm receive a high revenue without risks
and, as a result, reduces the private firm’s effort to improve traffic
demand.

To overcome the pitfalls of the MDG and fairly allocate demand risk
between the government and private firms, the flexible demand guar-
antee (FDG) has been proposed, under which the government assumes
limited liability and compensates only the private firm for a portion of
the unrealized traffic demand. Different from the MDG, which is a rigid
guarantee contract, the advantage of the FDG is that the government can
transfer partial demand risks to private firms by setting a critical guar-
antee level, which means that the government will subsidize the private
firm based on the realized demand states. Specifically, if the actual
traffic demand is lower than the critical guarantee level, then the private
firm assumes the loss of operating revenue that is incurred by the
insufficient demand. Therefore, to avoid this loss, the private firm has
incentives to exert more efforts to improve traffic demand beyond the
critical guarantee level. As a result, the government only needs to un-
dertake a smaller guarantee expenditure. The FDG has already been
analyzed in the supply chain literature (Lariviere, 2002; Tsay, 1999;
Tsay & Lovejoy, 1999). However, its application in a BOT toll road has
not been noted by scholars, and how to choose between the MDG and the
FDG remains unclear. Although the FDG helps to achieve a relatively
fairer risk allocation between the government and private firms, it is not
certain whether such a fairer risk allocation will enable a higher social
welfare by encouraging the private firm to exert additional effort.

Some studies on demand guarantee in BOT projects exist (Feng et al.,
2015; Song et al., 2018; Wibowo, 2004). However, these studies tend to
consider the guarantee level exogenous and are unable to evaluate the
rationality of the demand guarantee level and the effectiveness of its
incentive effect on the private firm’s effort. In addition, it is very com-
mon in the literature to implicitly assume that the government and the
private firm have symmetric information in forecasting future demand
(Feng et al., 2016; Niu & Zhang, 2013; Tan et al., 2010; Tan & Yang,
2012a). This finding may be true when the accumulated demand data
from previous projects cannot be applied to the current project or both
the government and the private firm lack demand forecast experience.
However, in practice, the government and the private firm may possess
different information about future demand.

Different from the aforementioned studies, this paper makes the
demand guarantee level endogenous and aims to compare the role of the
MDG and FDG under both symmetric information and asymmetric in-
formation to determine which guarantee type should be preferred by the
government. In particular, we investigate how to simultaneously
determine the guarantee level and other important contract variables
from the perspective of maximizing social welfare under the two guar-
antee types. Moreover, to further explore the incentive effect of demand
guarantee, we take into account the impact of the private firm’s effort on
traffic demand instead of assuming that the demand is only price-
dependent. With this assumption, we investigate how the optimal
guarantee level, toll price, and subsidy vary with the private firm’s
effort.

This paper is organized as follows: Section 2 presents the literature
review. Section 3 presents some basic assumptions and notations. Sec-
tion 4 investigates the optimal incentive contract with the MDG. Section
5 investigates the optimal incentive contract with the FDG. Section 6
compares and discusses the two demand guarantee types in environ-
ments with symmetric and asymmetric information. Section 7 further
discusses the optimal decision-making under the two types of demand
guarantees by taking into account travelers’ value of time (VOT). Sec-
tion 8 presents policy implications and conclusions. Appendix A presents
a table of the frequently applied notations. The proofs are provided in
Appendix B.
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2. Literature review

Some studies investigate the optimal BOT contract design without
considering the impact of traffic demand guarantee in both the envi-
ronment with symmetric information and that with asymmetric
information.

Regarding contract design under symmetric information Verhoef et al.
(1996) examined the congestion pricing problem of two alternative
routes in a road network and indicated that whether two-route tolling is
more efficient than one-route tolling depends on congestion costs. By
taking into account the users’ heterogeneous values of time, Yang et al.
(2002) examined the profitability and welfare gain of a private toll road
under different combinations of road capacity and toll charge in a given
road network. Subprasom and Chen (2007) focused on the choice of toll
price and road capacity for a BOT toll road to trade off between private
investors’ profits and social welfare. Verhoef (2007) investigated the
second-best road pricing strategy and showed that a competitive auction
with the level of road use as the decision criterion can produce the so-
cially optimal road capacity and toll price. Light (2009) developed an
analytical framework to investigate the optimal toll price and road ca-
pacity as well as their fiscal impacts. Li and Cai (2017) elaborated the
impacts of government incentives on the choices of investment timing,
capacity, and price under demand uncertainty and showed that revenue
guarantee, concession period extension, lump-sum subsidy and unit
subsidy can induce timely investment. Lu and Meng (2017) proposed a
two-stage stochastic programming model with uncertain traffic demand
and presented the optimal highway capacity and toll adjustment strat-
egy. By investigating the single-period concession structure and
two-period concession structure in BOT road projects, Zhang, Feng, and
Zhang (2018) investigated and compared the optimal BOT contract
design, including the toll price, road capacity, road quality and
concession period under the single-concession and two-concession
period structure. Rouhani (2018) compared the social welfare inside
and outside the congestion zone and indicated that the optimal toll rate
is significantly overestimated without considering the spillover effects.

In addition, Engel et al. (2001) characterized an optimal risk-sharing
contract and showed that it can be implemented with a fairly straight-
forward mechanism of “least-present-value-of-revenue auction”. Guo
and Yang (2009) considered a BOT contract as a combination of a
concession period, road capacity, and toll charge and examined optimal
BOT contracts that maximize social welfare and simultaneously allow
the private sector an acceptable profit. Tan and Yang (2012a) investi-
gated the full and partial flexibility of BOT road contracts under demand
uncertainty and indicated that different concession periods and toll
prices should be adopted under different levels of demand. By varying
road users’ VOT, Tan and Yang (2012b) analyzed Pareto-efficient BOT
toll road contracts and showed that whether service quality is better,
identical to, or lower than the socially optimal level depends on the
curvature of the mean residual VOT function. Niu and Zhang (2013)
considered the negotiation power of the private firm and investigated
the impact of demand uncertainty on Pareto-efficient BOT contracts.
Wang, Xiong, et al. (2018) constructed a stylized model to investigate
how to design an optimal BOT contract with a government subsidy when
there is a constraint on capacity use. Zhang, Feng, Zhang, et al. (2018)
investigated the effects of the service level on BOT transport project
contracts and revealed that the presence of service level requirements
increases traffic demand and consumer surplus while reducing private
firms’ profits.

Regarding contract design under asymmetric information Feng et al.
(2016) investigated how the government encouraged private firms to
improve noncontractible service quality in toll road projects. They
indicated that a government subsidy is helpful in achieving this aim
when both parties sufficiently value future transactions and when the
marginal cost of public funds is sufficiently low. Shi et al. (2016)
examined the optimal road BOT contracts when the private firm’s cost
information is asymmetric. They showed that carefully designed
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government guarantees can induce the private firm to reveal its true cost
information. Li et al. (2019) characterized the optimal contracts under
both the regulation regime and the deregulation regime and concluded
that whether deregulation dominates regulation under information
asymmetry depends on the interplay of the shadow cost of public funds,
demand volatility, the government’s imperfect information on the firm’s
cost structure and the franchise fee.

Since government guarantees are prevalent in BOT infrastructure
projects (Engel et al., 2013; Irwin, 2007; Sun & Zhang, 2014; Vassallo &
Solino, 2006; Wang & Liu, 2015; Wibowo & Kochendoerfer, 2010),
other studies examine the value of government guarantees or their
impacts.

The value of government guarantees Chiara et al. (2007) determined
the fair value of minimum revenue guarantee based on Bermudan real
options, which provided a foundation for renegotiation between the
government and private firms. Alonso-Conde et al. (2007) assessed the
real option value of government guarantee in the case of Melbourne
City-Link. Jun (2010) demonstrated the combined impacts of minimum
revenue guarantee and revenue cap agreements on the project based on
option pricing theory. By applying the real option method to an oper-
ating BOT highway project, Galera and Solino (2010) obtained the
estimated value of a given MDG. Similarly, Ashuri et al. (2011) applied
the real option method to determine the effects of the minimum revenue
guarantee option on a concessionaire’s economic profile. Wibowo et al.
(2012) formulated real option models to assess the value of three types
of government guarantees in BOT toll road projects, including
land-capping instruments, full toll adjustment guarantee and fair
compensation guarantee in the event of nationalization. Liu et al. (2014)
applied real option theory to quantify the actual value of restrictive
competition guarantee in public-private partnership (PPP) projects.

The impact of government guarantees There are a handful of papers that
focus on the impact of government guarantees. Kokkaew and Chiara
(2013) presented a revenue guarantee model in privately built transport
projects, where minimum revenue guarantee can promote a fairer risk
allocation between the host government and the concessionaire. Based
on a revised net present value (NPV) financial evaluation model and
Monte Carlo simulation, Sun and Zhang (2014) showed that the com-
bination of a minimum revenue guarantee and royalty collection can
balance the risks and benefits between the government and private in-
vestors in BOT concessions. Based on reciprocal preference theory,
Wang, Cui, and Liu (2018) established an optimal incentive mechanism
to improve the project revenue. They showed that by designing different
guarantee strategies for different participants, the government can apply
reciprocal preferences to incentivize investors to exert more effort.

The above literature review indicates that our paper is generally
related to two branches of literature—literature on PPP contract design
in both environments of symmetric information and asymmetric infor-
mation and literature on government guarantees in PPP projects. The
first branch of literature typically investigates the optimal PPP contract
decision variables such as toll price, capacity, and subsidy. Noting the
prevalence of government guarantees in sharing demand risks with the
private firm, some scholars begin to focus on PPP contract design in the
presence of government guarantees. However, previous literature typi-
cally treats government guarantees exogenously given and investigates
their impact on the contract parameters. In practice, the PPP contract
and the guarantee level are interrelated and different contract designs
would in return affect the government’s decision on the guarantee level.
Therefore, different from previous literature, we take the guarantee
level as endogenous and investigate the joint design of contract pa-
rameters and government guarantee in both environments of symmetric
information and asymmetric information. This constitutes one contri-
bution of our paper. Most studies in the second branch of literature focus
on MDG and either consider their values or their impacts. By revealing
the backfiring result of MDG in providing disincentives for the private
firm to improve traffic demand, we have a different focus to compare
MDG and FDG. The discussions on FDG are rarely considered by
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previous literature even though it is also widely adopted in practice. This
constitutes another contribution of our paper.

3. Basic assumptions and notations

Consider a BOT toll road project in which a private firm builds the
road and charges road users a toll to recover upfront investment and
gain profit throughout the predefined concession period. Following
some of the existing literature (Wang, Xiong, et al., 2018; Xiao et al.,
2016), it is assumed that traffic demand q linearly decreases as the toll
price p increases, namely, ¢ = a — p, where a represents the market size
(Parker & Van Alstyne, 2005; Zhang, Feng, Zhang, et al., 2018).
Decreasing demand functions have been widely applied in BOT toll road
projects to investigate the optimal contract design problem (Guo &
Yang, 2009; Tan et al., 2010; Tan & Yang, 2012a). According to Feng
et al. (2016) and Qiu and Wang (2011), in addition to the toll price,
traffic demand is also affected by the private firm’s effort. Moreover,
traffic demand also faces great uncertainty, which has been stressed by
many previous studies (Erhun et al., 2008; Feng et al., 2016; Lu & Meng,
2017; Niu & Zhang, 2013; Tan & Yang, 2012a). Therefore, we also take
into account the impacts of the private firm’s effort e and demand un-
certainty ¢ in determining traffic demand.

It is assumed that the private firm’s effort e and demand uncertainty ¢
have an impact on traffic demand. Therefore, the price-sensitive demand
function can be rearranged as ¢ = a — p + e+ ¢. Let I denote the private
firm’s initial construction cost, which is dependent on the road capacity
and is assumed to be exogenously given. In this paper, we do not
consider fixed operating & maintenance (O&M) costs but consider only
the operating cost from the effort exerted by the private firm to increase
traffic demand; this is because considering a fixed operating cost only
complicates the analysis without affecting the main model results.
Actually, if the fixed operating cost is much lower than the construction
cost, then incorporating a fixed operating cost would only be a trivial
extension (Guo & Yang, 2009; Tan et al., 2010).

Assume that the cost incurred by the private firm’s effort is €2, that is,
the marginal cost of effort increases as the private firm’s effort increases.
The quadratic function of the firm’s effort cost is common in the liter-
ature (Wang, Cui, & Liu, 2018). For ease of analysis, we assume that the
random variable ¢ in this demand function follows a uniform distribu-
tion in the interval [ — &9, &o], which gives rise to E(¢) = 0 and var(e) =
(£0)? /3. In our following analysis, we refer to £y as the demand spread.
Following Tan and Yang (2012a) and Li et al. (2019), it is assumed that
both the government and the private firm are risk neutral. In this paper,
we assume that the concession period is equal to the lifetime of the
project life, which is consistent with the results in many previous reports
(Niu & Zhang, 2013; Tan et al., 2010; Tan & Yang, 2012b).

4. Incentive contract with the MDG

In this section, we investigate the optimal contract in the presence of
the MDG. The sequence of events is described as follows: First, the
government determines the toll price and MDG level under demand
uncertainty at the contracting stage to maximize social welfare. Second,
the private firm determines its effort level to increase traffic demand.
Third, demand uncertainty realizes, and the MDG takes effect. If the
actual demand is lower than the guarantee level, then the government
will subsidize the private firm for the demand shortfall. Otherwise, if the
actual demand is higher than the guarantee level, the MDG has no use,
and the government does not need to compensate the private firm.

Let v denote the unit subsidy that is transferred to the private firm,
and let y denote the MDG level when it takes effect. The total expected
subsidy would then be vE(y — q)*, where (y — q)" =y — qify > qand E
is an expectation operator. As a result, the private firm’s expected profit
is modeled as follows:

1,(p,y,€) =E(pq) +vE[(y —q)"] —€* =1 m
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Here, the subscript m denotes the MDG in the subsequent analysis. The
first term of equation (1) represents the operating revenue of private
firm. To guarantee the concavity of the profit function I, (p,y, e) with
respect to e, it is assumed that v < 4¢y.

Consumer surplus can be modeled as the area below the demand
curve and above the toll price. Therefore, the expected consumer surplus
can be calculated as follows:

q 1 2
CS(p,e) :E{/ (a—w+e+e)do—qgla—g+e+e) :E((aprre)er%)
0 3

@

where we define var(e) such that var(e) = E(e2) — p,2. As can be seen
from equation (2), we observe that the private firm’s high effort leads to
high consumer surplus because more travelers would be attracted to use
the road when the private firm exerts high effort.

Different from the private firm, the government’s objective is to
maximize social welfare, which can be modeled as the sum of the private
firm’s profit and consumer surplus minus the government expenditure.
Here, the government subsidy that is transferred to the private firm is
derived from public funds (Baron & Myerson, 1982; Gagnepain et al.,
2013), which will generate social costs. Studies have measured the
marginal social cost of the government subsidy and concluded that it is
approximately 0.9 in developing countries and approximately 0.3 in
developed countries (Snow & Warren, 1996; World Bank, 1998).

Let A (4 > 1) denote the government expenditure that is incurred by
each unit of subsidy, which includes both the subsidy and the associated
social cost. The total government expenditure is 2VE[(y — q)*]. There-
fore, the expected social welfare can be written as

WM(va:e):Hm@ﬂy7e)+CS(Pﬂ€)7AVE[(y7q)+] 3

4.1. Contract design for the MDG with symmetric information

In this section, assume that the government can observe the private
firm’s effort level; so the first-best results can be obtained by assuming
that the private firm’s effort is contractible. Following Qiu and Wang
(2011), assume that the government simultaneously determines (p,y,e)
to maximize the expected social welfare, which is an optimization
problem without any constraints. In particular, Proposition 1 presents
the first-best result.

Proposition 1. The first-best contract offered by the government can be
expressed as (Pms,Yms,ems) = (0,2a — &, a).

Proposition 1 shows that the socially optimal toll price is equal to
zero because, mathematically, social welfare decreases with the toll
price. Even though a low toll price leads to a low private firm’s profit, it
generates a high consumer surplus. Moreover, since a low toll price leads
to high traffic demand, it makes the MDG less likely to take effect and
reduces the government subsidy that is transferred to the private firm.
Therefore, the impacts of the toll price on consumer surplus and gov-
ernment expenditure are stronger than those on the private firm’s profit.
Proposition 1 further shows that the socially optimal guarantee level is
equal to the lowest guarantee level that makes the total government
subsidy equal zero.

The absence of the government guarantee helps to avoid the social
cost that is incurred by government subsidy. Proposition 1 also shows
that the socially optimal effort is equal to the market size a; although
exerting high effort incurs a considerable effort cost for the private firm,
it also results in high consumer surplus. In particular, when the private
firm’s effort is equal to q, i.e., e = a, the increase in consumer surplus
would be equal to the increase in the effort cost.

According to Proposition 1, the following corollary regarding the
socially optimal guarantee level y,,; and private firm’s effort e, can be
obtained.

Corollary 1. The socially optimal guarantee level y,,s and private firm’s
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effort ems are independent of both v and A.

Corollary 1 shows that the socially optimal guarantee level and
private firm’s effort are independent of both the unit subsidy and mar-
ginal social cost. The logic behind the corollary is detailed here. To
maximize social welfare, the government should reduce the social cost
incurred by the government subsidy that is transferred to the private
firm, which means that the smallest guarantee level should be exactly
equal to the actual traffic demand. Based on the expression
ME[(y — q)"] =0, it can be easily determined that the social cost is equal
to zero, and the socially optimal guarantee level is independent of both v
and 1. Moreover, since the socially optimal toll price is equal to zero, the
government needs only to maximize consumer surplus by requiring the
private firm to exert more effort. As a result, e,; = a, which means that
the socially optimal effort is also independent of both v and 4.

4.2. Contract design for the MDG with asymmetric information

In this section, we consider the case in which the private firm’s effort
is noncontractible, which means that the private firm’s effort is its pri-
vate information. Therefore, the government determines the optimal
contract (p,y) to incentivize the private firm to select the optimal effort
level e, which will lead to the second-best results. To solve for the
optimal decisions of both the government and the private firm, a
principal-agent model is adopted, that is, the government faces the
following mathematical program model:
max Wa(p,y,e)
st I,(p,y,e) >T , , 4)
I,(p,y,€) > Tu(p,y,e ), e # e
p>0,y>0,e>0

where the first constraint and the second constraint represent the private
firm’s participation constraint and incentive compatibility constraint,
respectively; and I represents the private firm’s reservation utility.

The following lemma examines the properties of the private firm’s
optimal effort given the contract (p,y).

Lemma 1. Given (p,y), the private firm’s optimal effort en(p,y) satisfies

em(p,y) = ZR=Y0=aPe0) ywhich is (i) decreasing in v if and only if y > a —

4e0—v
€9 — 5 (if) decreasing in y; (iii) increasing in p if and only if v < 2¢o; and (iv)
increasing in o if and only if y > a— §— 4.

The impact of the unit subsidy on the private firm’s effort is
straightforward. Lemma 1 (i) indicates that a high unit subsidy induces
the private firm to exert less effort to increase traffic demand so that
more subsidies can be collected from the government. This is because, in
the presence of a sufficiently low demand guarantee, it becomes difficult
for the government to share demand risks with the private firm. As a
result, the private firm has to exert more effort to improve demand and
thus obtain more subsidies as the unit subsidy increases. Lemma 1 (ii)
shows that the government’s high guarantee level also discourages the
private firm from exerting effort to increase traffic demand. In fact, a
higher guarantee level would lead the private firm to more subsidies and
thus reduces the private firm’s incentive to exert effort to improve the
demand.

Furthermore, one might conjecture that a high toll price can incen-
tivize the private firm to exert more effort to increase traffic demand.
Interestingly, Lemma 1 (iii) shows that it is true only if the unit subsidy is
sufficiently low. Mathematically, the private firm’s optimal effort can be

2¢0p—v(y—a+p+eo) __ (260—v)p—v(y—a+eo
4e9—v - 4eo—v

rewritten as en(p,y) = ). As a result,

en(p,y) is increasing in p if and only if v < 2¢y. To understand this, we
should note that the private firm’s revenue comes from two sources-
project revenue and government subsidies. Therefore, if the unit sub-
sidy is sufficiently low, then the private firm would care more about
project revenue and thus exert more effort to increase demand as the toll
price increases. On the contrary, if the unit subsidy is sufficiently high,
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then the private firm would place emphasis on the government subsidies
and thus exert less effort so that more subsidies can be collected. Finally,
Lemma 1 (iv) shows that the private firm effort is increasing in demand
spread if and only if the guarantee level is sufficiently high. In fact, in the
presence of a sufficiently low guarantee level, a larger demand spread
would make the demand more likely to exceed the guarantee level,
which consequently reduces the private firm’s incentive to exert effort to
improve demand so that more government subsidies can be collected.
However, when the guarantee level is sufficiently high, then the private
firm would like to exert more effort in the presence of a larger demand
spread to reduce the impact of the uncertainty on the traffic demand.

By solving model (4), Proposition 2 characterizes the government’s
optimal decision regarding contract (p,y).

Proposition 2. The optimal toll price p;, is determined by the following
equation, and the optimal guarantee level y;, satisfies y;, = a— ey — "7 +

(1280 — 280 — v)p + 4e0a(1 — 22)) Ap)

3, 2T
P2 —P-T-1=
v(dey —v) 2 3ap —a 0

where A(p) =3p> —ap+ T+ 1
Plugging p;;, and y}, into ey (p,y), the optimal effort of the private firm

ise;, = % — /7a=A(py,)- Since the closed-form solutions with respect

to p and y cannot be obtained, we present the following numerical study
to characterize the impact of the key parameters on the government’s
optimal decisions.

4.2.1. Sensitivity analysis

In this subsection, the sensitivity analysis will be carried out
numerically. Following Wang, Xiong, et al. (2018) and Sun and Zhang
(2014), the main objective of the numerical analysis is to be illustrative
of our previous model results. The parameter values are not based on a
real case due to data availability. However, the parameter values will be
consistent with some previous empirical results as well as our model
assumptions. For example, we take the shadow cost of government
subsidy A — 1 as A — 1 = 0.5 to be consistent with the previous empirical
results that the shadow cost should reside in [0.3,0.9] (Snow & Warren,
1996; World Bank, 1998). The rationale for setting other parameter
values are as follows. The market size a captures the potential maximum
traffic demand when the toll price equals to zero, which issetasa = 30.
Since the private firm typically needs to undertake a relatively large
upfront investment, which is set as I = 245. The private firm’s reser-
vation utility is positive, which can be set as I = 66. Table 1 presents a
summary on the specific parameter values mentioned above.

By fixing &g =9, Fig. 1 presents the impacts of the unit subsidy on the
optimal guarantee level, optimal toll price and resulting social welfare.
Fig. 1 (a) shows that a high unit subsidy leads to a low guarantee level,
which is intuitive since the government would prefer to reduce the total
government subsidy that is transferred to the private firm. There exists a
balance between the guarantee level and the unit subsidy. Fig. 1 (a) also
shows that a high unit subsidy leads to a high toll price. Given a
reduction in the total government subsidy, the main aim of a high toll
price is to guarantee the private firm’s participation. Therefore, the
reduction in government expenditure will also sacrifice some consumer
surplus. Fig. 1 (b) further shows that an increase in the unit subsidy
reduces social welfare, which is mainly derived from the reduction in

Table 1
Values of selected parameters.

a A 1

=l

30 1.50 245 66
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consumer surplus due to the increase in the toll price.

By fixing v = 8, Fig. 2 presents the impacts of the demand spread.
Fig. 2 (a) shows that a larger demand spread also leads to a lower
guarantee level. Note that a higher demand spread implies higher total
demand risk. Thus, the government tends to reduce the guarantee level
to reduce the demand risk she undertakes. On the part of the private
firm, in order to reduce the influence of demand uncertainty, the private
firm will exert more effort to improve traffic demand and consequently
to obtain more operating revenue. When there exists a high operating
revenue, the government only needs to set a low toll price to satisfy the
private firm’s participation. In summary, an increase in the private
firm’s effort level and a decrease in the toll price can improve consumer
surplus, and a decrease in the guarantee level can reduce government
expenditure. Thus, social welfare is increasing as the demand spread
increases, as depicted in Fig. 2 (b).

5. Incentive contract with the FDG

Although the MDG is widely applied in practice, it has attracted some
criticism. Some researchers suggest that the demand risk is not fairly
shared between the government and the private firm under the MDG. As
suggested by Lemma 1, a MDG provides private firms with a disincentive
to exert effort to increase traffic demand. This type of guarantee makes
all unrealized demand the responsibility of the government. Moreover,
the MDG requires the government to set a high toll price to increase the
private firm’s revenue when traffic demand is sufficiently low, which
reduces consumer surplus and social welfare and may lead to contract
renegotiation (Xiong & Zhang, 2016).

Different from the MDG, in addition to the guarantee level y, the
government also needs to set the threshold level (1 — k)y, which de-
termines whether the government takes full responsibility for the un-
realized demand under the FDG, where parameter k is referred to as the
threshold coefficient to measure the flexibility with a higher value that
represents greater flexibility. In particular, the parameter k is exoge-

nously given and satisfies 0 < k < min{l,b,oj—aI)} in the subsequent

analysis. After the actual traffic demand is observed during the oper-
ating period, if the demand g is higher than the threshold level (1 — k)y,
then the government takes full responsibility for the demand shortfall
y— q, and the subsidy received by the private firm will be v(y — q).
Otherwise, if q is lower than the threshold level (1 — k)y, then the
government only takes partial responsibility for the demand shortfall,
that is, the government compensates the private firm for the demand
shortfall ky, and the subsidy received by the private firm will be vky. In
this case, the government needs to assume the demand risk between the
guarantee level and the threshold level, and the private firm needs to
assume the demand risk below the threshold level. Fig. 3 depicts the FDG
in detail: if traffic demand is q;, then the guaranteed demand that the
private firm receives is ky; otherwise, if traffic demand is g, then the
guaranteed demand that the private firm receives is y — qa.

Based on the previous description of the FDG, the total government
subsidy transferred to the private firm can be calculated. If traffic de-
mand g resides in the interval (0,(1 — k)y), thatis,e < (1 —k)y—a+p—

e, the government subsidy can be expressed as v [ ¥V~ *P~¢ K g,
0 €0

However, if traffic demand q resides in the interval ((1 — k)y,y), that is,

(1 —k)y—a+p—e<e<y—a+p— e, the government subsidy can be

expressed as v f(};‘;&‘,’:‘f - e%de. Therefore, the expected total govern-
(1-k)y—a+p—e ky
as v[, 25, de+

de. Therefore, under the FDG, the private firm’s ex-

ment subsidy can be expressed

y—a+p—e y—=q
(1-k)y—a+p—e 2¢o

pected profit can be expressed as follows:

(1—k)y—atp—e y—a+p—e _
H/(p,yye):E(quv/ Qdeﬂ/ r-4
(

—&o 2¢9 —K)y—atp—e 2€0

v

de—e* —1

)
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Fig. 1 (b)
250
245
240
235
230
225

w

220
215
210

205
5 6 7 8 9 10 11

=&—welfare 245449 24115 237.031 233 229.041 225107 221.164
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Fig. 3. Description of government subsidies under the FDG.

where the first term is the private firm’s operating revenue, and the
second term and third term are the subsidies that the private firm re-
ceives when the demand q is lower and higher, respectively, than the
threshold level (1 — k)y. Especially, the subscript f denotes the FDG in
the subsequent analysis.

Note that the FDG does not change the consumer surplus, which is

still CS (p,e) =l(a-p+ e)? + %) Combining the private firm’s profit

and consumer surplus, the expected social welfare will be

(1—k)y—a+p—e ky
Wr(p,y,e) =I;(p,y,e) + CS(p,e) — A v/ gde-‘rv
—&0 0
y—a+p—e _
X / Y qda 6)
(1—k)y—a+p—e 2¢

where the third term represents the total government expenditure
incurred under the FDG. Similar to the case of the MDG, we investigate
the first-best results under symmetric information and then further
investigate the government’s optimal contract design under asymmetric
information.

5.1. Contract design for the FDG with symmetric information

We consider the case in which the private firm’s effort is contractible,
that is, we investigate the first-best contract (p,y,e) to maximize social
welfare. Based on equation (6), Proposition 3 presents the results.

Proposition 3. Under the FDG, the first-best contract can be expressed as

_ 2¢0(2a—¢o) Vk(A—1)(2a—¢o)
(s Y5 855) = (0725'0—é13e'g—v1<681—1)7a + Ze'g—keo—vk(;—ol))'

With similar intuitions to Proposition 1, where a low toll price gen-
erates high consumer surplus, Proposition 3 shows that the socially
optimal toll price under the FDG is also equal to zero. Compared to a
road that has a high toll price, a road that has a low toll price can attract
more travelers and increase the consumer surplus. Moreover, Proposi-
tion 3 gives the socially optimal guarantee level and private firm’s effort.
We can determine that both the guarantee level and the private firm’s
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effort are dependent on the unit subsidy, marginal social cost, and
threshold coefficient and parameter &g.

Furthermore, according to Proposition 3, the following corollary can
be obtained.

Corollary 2. Both the socially optimal guarantee level ys; and the socially
optimal effort eg; are increasing in v, A and k.

Corollary 2 presents the impacts of some important parameters on
the socially optimal guarantee level and socially optimal effort. Note
that the social cost incurred by the total government subsidy is
increasing in the unit subsidy v, marginal social cost 4 and threshold
coefficient k. To offset the increase in social cost and consequently in-
crease the social welfare, the socially optimal effort level should be
increased to improve traffic demand. As traffic demand increases, the
government can increase the guarantee level to reduce the probability
that the FDG will take effect.

5.2. Contract design with the FDG with asymmetric information

In this section, we consider the case in which the private firm’s effort
is its private information, which cannot be observed by the government.
Therefore, the government determines the optimal contract (p,y) and
the private firm determines the optimal effort level e, which will lead to
the second-best results. To investigate the optimal decisions of the
government and the private firm, an optimization model needs to be
formulated, that is, the government faces the following mathematical
program:

max W(p,y,e)
() ’

st Ip(p,y,e) > 10 @

Hf(pv)/*,e) > Hf(P?Y*,e,)ae?éK,
p>0,y>0,e>0

where the first constraint and second constraint are the private firm’s
participation constraint and incentive compatibility constraint, respec-
tively. The following lemma examines the properties of the private
firm’s optimal effort given the contract (p,y).

Lemma 2. Given (p,y), the private firm’s optimal effort e;(p,y) satisfies

e(py) = % - X%, which (i) decreases in v, (ii) decreases in y, (iii) decreases in
k, (iv) increases in p, and (v) increase in .

The intuition regarding the impact of the guarantee level on the
private firm’s effort under the FDG is similar to that under the MDG in
Lemma 1 (ii). In fact, as the guarantee level increases, the government
will assume more demand risk. As a result, the private firm can obtain
more guaranteed revenue, which leads the private firm to exert less
effort to reduce effort cost. Lemma 2 further shows that a high threshold
level (small k) leads to high effort by the private firm. This is because a
high threshold level makes the private firm assume more demand risk.
As a result, the private firm can only obtain less guaranteed revenue
when the actual traffic demand is lower than the threshold level. To
achieve the reservation utility, the private firm is more willing to exert
effort to increase the operating revenue. These intuitions can also be
applied to the impact of the toll price on the private firm’s effort. Spe-
cifically, if the threshold level is sufficiently high (ky < 2¢o), the private
firm is more willing to exert effort to increase the demand under a high
toll price. In this case, the private firm can obtain more operating rev-
enue to offset the loss of revenue from government guarantee. Other-
wise, if the threshold level is sufficiently low (ky > 2¢), the government
will assume all demand risk. As a result, the private firm’s effort to in-
crease traffic demand is correspondingly reduced. In addition, the pri-
vate firm has an incentive to exert more effort to increase traffic demand
when there exists a larger demand spread. This is because the private
firm needs to assume more demand risk under a larger demand spread.
Therefore, the private firm is willing to exert more effort to reduce the
impact of demand uncertainty.
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By solving model (7), Proposition 4 characterizes the government’s
optimal decision regarding (p,y).

Proposition 4. The optimal toll price p; can be determined by the
Jfollowing equation, and the optimal guarantee level y; satisfiesy = Z‘Jﬁl“(p}).

<a 7%7—%1"(;7) +ﬂ(3p72a)> \/(a ,{2’ - 80>2 +%A(P)

3p vk P 1\ vk _
- (a—7+ﬂr(p)) (a—i—i— (ﬂ—i) ;F(p)) =0
p=8¢ +vk—4¢ek and T(p)= 2a— p-

V/(2a—p — 260 + % A@).
Plugging p; and y; into es(p,y), the private firm’s optimal effort is
. ﬂpf*—vkl"(p})
& ="
obtained, we present a numerical study to characterize the impacts of
the unit subsidy, demand spread and threshold coefficient on the gov-

ernment’s optimal decisions.

where 2¢0 +

. Since the closed-form solutions of p; and y; cannot be

5.2.1. Sensitivity analysis

Similar with Section 4.2.1, we numerically investigate the impact of
some key parameters on the optimal guarantee level, optimal toll price,
and resulting social welfare. The values of some important parameters
remain equivalent to those in Table 1. In addition, we let k = 0.13 and
g0 = 9, respectively. Fig. 4 presents the impacts of the unit subsidy on
the optimal guarantee level, optimal toll price, and resulting social
welfare.

Following similar intuition to Figs. 1 and 4 (a) shows that the optimal
guarantee level decreases, and the optimal toll price increases as the unit
subsidy increases. Fig. 4 (b) shows that the resulting social welfare de-
creases as the unit subsidy increases, because as the unit subsidy in-
creases, the government would prefer to set a low guarantee level to
reduce the social cost incurred by the total subsidy. In addition, to
guarantee the private firm’s participation, the government must set a
high toll price to increase the firm’s operating revenue as the guarantee
level decreases. As the unit subsidy increases, both an increase in the toll
price and a decrease in the private firm’s effort can cause a reduction in
consumer surplus, which further reduces social welfare. These results
also imply that under the FDG, the government can set a low unit sub-
sidy to incentivize the private firm to increase effort.

We continue to fix k =0.13 and v = 8, then Fig. 5 presents the
impact of demand spread ¢ on the optimal guarantee level, optimal toll
price, and resulting social welfare.

Fig. 5 (a) shows that the optimal guarantee level increases, and the
optimal toll price decreases as the demand spread ¢, increases. Fig. 5 (b)
shows that the resulting social welfare increases as the demand spread
increases. Different from the MDG, the government will offer a higher
guarantee level in the face of a higher demand risk level under the FDG.
This is because the government does not need to undertake all demand
risks when the demand is below the guarantee level. Rather, the
improvement of the guarantee level will leave the private firm with
more demand risks. The improved guarantee level also leads to a low toll
price. Again, the private firm will be inclined to exert more effort to
reduce the impact of demand uncertainty. The joint impact of the low
toll price and the private firm’s high effort level improves social welfare.

By fixing v=15 and ¢ = 9, Fig. 6 presents the impacts of the
threshold coefficient k on the optimal guarantee level, optimal toll price,
and resulting social welfare.

Fig. 6 shows that the optimal guarantee level decreases, the optimal
toll price increases and resulting social welfare decreases as the
threshold coefficient k increases. The logic behind these results is
expressed as follows: As the threshold coefficient k increases, the total
government subsidy also increases, which produces a high social cost.
To reduce the social cost incurred by the total subsidy, the government
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Fig. 6. Impact of the threshold coefficient k if v =5 and ¢y = 9.

would reduce the guarantee level and raise the toll price to guarantee
that the private firm can obtain a reasonable profit. Therefore, it is
concluded that the optimal guarantee level decreases and the optimal
toll price increases as the threshold coefficient k increases. As the
guarantee level decreases, the private firm tends to reduce its effort to
obtain more government subsidies. In this case, both a high toll price
and low effort by the private firm cause a decrease in consumer surplus,

which will further reduce social welfare, as shown in Fig. 6 (b). Thus,
when the threshold coefficient k increases, the government should set a
high toll price and low guarantee level to incentivize the private firm to
exert more effort. Similarly, the results also indicate that given the
smaller threshold coefficient k, the government should set a low toll
price and high guarantee level to incentivize the private firm to exert
more effort. In this case, both a low toll price and the high effort of
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private firm generate high social welfare.

To further test for the robustness of the results described above, we
will continue to change the parameter values. By fixingv = 7,v = 9,
v =11, &g = 9 and relaxing the threshold coefficient k,Fig. 7, Figs. 8 and
9, respectively, present the impacts of adjusting the threshold coefficient
k on the optimal guarantee level, optimal toll price, and resulting social
welfare.

Figs. 7, Figs. 8 and 9 show that the optimal guarantee level decreases,
optimal toll price increases and resulting social welfare decreases as the
threshold coefficient k increases. These results follow intuitions that are
similar to those in Fig. 6.

6. Comparison between the MDG and FDG
6.1. Comparison under symmetric information

By comparing the socially optimal toll price, private firm’s effort,
guarantee level, private firm’s profit and social welfare, the following
proposition can be obtained.

Proposition 5. In the presence of symmetric information,

(i) the socially optimal toll prices are equal, that is, pms = pgr = 0;

(i) the socially optimal effort is greater under the FDG than that
under the MDG, i.e., ens < ef;

(iii) the socially optimal guarantee level is higher under the FDG than
under the MDG, i.e., Yms < Yf;

(iv) the socially optimal private firm’s profit is higher under the MDG
than under the FDG, i.e., Iins(Dms, Yms, €ms) > I (Pgs, ¥, €5 ); and

(v) the socially optimal social welfare is higher under the MDG than
under the FDG, i.e., Wins(Pms, Yms,ems) > Wg(Dgs, Y, €fs)-

Proposition 5 (i) shows that the socially optimal toll prices are both
equal to zero under the two guarantee types in the environment with
symmetric information because a low toll price leads to high traffic
demand, which increases consumer surplus and social welfare. Propo-
sition 5 (ii) shows that the government would require the private firm to
exert more effort to increase traffic demand under the FDG. Proposition
5 (iii) shows that the government needs to set a high guarantee level
under the FDG because the socially optimal guarantee level is increasing
with respect to the socially optimal effort. Since the FDG results in high
effort by the private firm, it also leads to a high guarantee level to reduce
the social cost incurred by the total subsidy.

Since both the socially optimal toll price and the socially optimal
guarantee level generate zero operating revenue or government subsidy
for the private firm, the private firm would receive a low profit under the
FDG due to the cost of high effort, as shown in Proposition 5 (iv). Even

Fig. 7 (a)
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though the private firm’s high effort increases consumer surplus, it also
incurs a high cost of effort. Proposition 5 (v) implies that compared to
the MDG, the increased consumer surplus under the FDG is insufficient
for compensating for the private firm’s effort cost. As a result, social
welfare is lower under the FDG.

6.2. Comparison under asymmetric information

In this section, we will numerically compare MDG and FDG under
asymmetric information. In doing so, we use parameter values given in
section 4.2.1 and section 5.2.1. This is because the comparisons should
be conducted under the government’s and the private firm’s optimal
decisions which have been numerically given in previous sections. This
implies that if we use a different data set in this section from previous
sections, then the comparisons would be independent of the previous
analysis. However, it is worth mentioning that if we replace the data set
with another one simultaneously in these sections, then our following
numerical comparisons continue to hold.

Figs. 10 and 11 respectively present the comparisons of the optimal
guarantee levels under the two types of demand guarantees as the unit
subsidy and the demand spread varies. The comparisons show that for
the small threshold coefficient k, the government would prefer to offer a
higher guarantee level under the FDG than that under the MDG. The
reason is that the small threshold coefficient k makes it more difficult for
the FDG to take effect and leads to a small total government subsidy even
if the demand exceeds the threshold level (1 — k)y. As a result, the
private firm’s reservation utility would be difficult to achieve. To
guarantee the private firm’s participation, the government needs to set a
high guarantee level under the FDG.

Figs. 12 and 13 respectively show the comparisons of the optimal toll
prices under the two types of demand guarantees as the unit subsidy and
the demand spread varies. The comparisons show that for the small
threshold coefficient k, the government would prefer to set a higher toll
price under the MDG than that under the FDG. Since the guarantee level
is higher under the FDG, the government would set a low toll price to
balance the private firm’s operating revenue and the total subsidy to
increase consumer surplus.

Figs. 14 and 15 respectively show the comparisons of the private
firm’s effort under the two types of demand guarantees as the unit
subsidy and the demand spread varies. The comparisons show that when
the threshold coefficient k is sufficiently small, the private firm exerts
more effort under the FDG than that under the MDG. Furthermore, it can
be determined that as the unit subsidy v increases, the optimal private
firm’s effort under the MDG is more likely to be equal to that under the
FDG with a high threshold coefficient k. This is mainly because as the
unit subsidy v increases, the private firm’s effort decreases more under
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the MDG. To see this numerically, let us take k = 0.13 as an example. firm’s effort levels under MDG are 7.244, 7.125, 6.984, 6.823, respec-

Fig. 14 shows that the private firm’s effort levels under FDG are 7.344, tively. Therefore, the variation intervals are larger under the MDG than
7.297, 7.249, 7.203, respectively, as v takes 5, 7, 9, 11. The private that under the FDG, implying more reduction of private firm’s effort

10
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under the MDG as v increases. It can be also found that as demand spread
go increases, the private firm’s optimal effort under the FDG is more
likely larger than that under the MDG. This is because as ¢, increases, the
private firm’s effort is reduced less as the threshold coefficient k in-
creases under the FDG.

Figs. 16 and 17 respectively show the comparisons of social welfare
under the two types of demand guarantees as the unit subsidy and the
demand spread varies. This comparisons show that for a small threshold
coefficient k, social welfare is higher under the FDG than that under the
MDG. Even though a high guarantee level entails a considerable social
cost, a low toll price and the private firm’s high effort can also increase
consumer surplus. Therefore, this finding implies that the social cost
incurred by a high guarantee level under the FDG is lower than the in-
crease in consumer surplus incurred by a low toll price and the private
firm’s high effort.

By comparing the two types of demand guarantees under asymmetric
information, the following managerial implications can be obtained.
First, since the MDG provides the private firm with a disincentive to
exert effort to increase traffic demand, the government should set a low

11

guarantee level to prevent the private firm’s ex post opportunistic
behavior while achieving the private firm’s reservation utility by of-
fering a high toll price. Second, recall that the private firm’s effort in
improving traffic demand is decreasing in the guarantee level under
MDG. Thus, if a high guarantee level is required under the MDG, then
the government should carefully design performance evaluation stan-
dards such as road maintenance and rehabilitation requirements to deter
the private firm’s disincentive to exert more effort. This is because the
private firm tends to exert less effort to improve traffic demand in the
presence of a high guarantee level. Note further that, in practice, one
important way for the private firm to exert effort to improve traffic
demand is by improving road quality. Therefore, if the performance
evaluation standards such as road maintenance and rehabilitation re-
quirements can be carefully designed, then the private firm’s effort can
be monitored and thus the unintended disincentive resulting from a high
guarantee level can be avoided to some extent. Third, since the gov-
ernment could transfer some demand risk to the private firm under the
FDG, the private firm exerts more effort to increase traffic demand under
the FDG than under the MDG. Therefore, it can be concluded that the
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FDG is suitable for toll roads with high demand risk, while the MDG is
suitable for toll roads with low demand risk.

7. Extension: The impact of traffic congestion

In our previous analysis, we assumed a negligible impact of traffic
congestion on traffic demand. In this section, we will show that our main
model results still qualitatively hold even if the congestion effect is
considered.

Before carrying out the theoretical analysis, we need to introduce
two additional key parameters, that is, 7 denotes the generalized travel
toll price of a trip for travelers through the road and ¢ denotes road
capacity. Therefore, the toll-dependent demand function can be
rewritten as ¢° = a — 7+ e+ ¢ (Feng et al., 2018; Tan & Yang, 2012b;
Zhang, Feng, Zhang, et al., 2018). The total toll price 7 includes the toll
price p charged by the private firm and the time cost 4 of travelers (Guo
& Yang, 2009; Tan et al., 2010). Therefore, 7 can be further expressed as
7 =p+ p% Note that the parameter (> 0) denotes the travelers’ unit
VOT, which converts travel time into an equivalent monetary cost. By
plugging the total toll price 7 into the linear demand function, traffic

12

demand can be determined by the following demand-supply equilibrium
(Tan et al., 2010), thatis, ¢° =25 (a —p + e + ¢). With a slight abuse of

— ptc
notation, let 1 denote

~& for the remainder of this paper.

pte

7.1. Contract design with the MDG in the presence of traffic congestion

According to the previously discussed parameters and demand
function ¢°, the private firm’s profit function can be rewritten as

I, (p,y, ) = E(pg”) +VE[(y — ¢") '] — & — I ®)

For any given toll price, the actual traffic demand ¢ will be lower
than gq. Therefore, different from equation (2) presented in section 4,
consumer surplus in this case can be calculated as follows:

Cs* (p7 e)

Social welfare consists of the private firm’s profit, consumer surplus

-

:E{/ (a—w+e+e)do—q(a—q +e+e)
0

9

1 L e ©)
:—202((a*17+9) T3
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and government expenditure caused by the MDG, which can be refor-
mulated as follows:

W (p.y.e) =TI, (p.y,€) + CS*(p,e) = WE[(y — ¢°)"] 1o

(1) Contract design under symmetric information

Since the information is symmetric, the government can observe the
private firm’s effort and make it choose the optimal effort that maxi-
mizes social welfare. According to the social welfare function given in
equation (10), Proposition 1 presents the first-best results.

Lemma 3. In the presence of traffic congestion, the first-best contract
2a(a—1
offered by the government can be expressed as (D, Yis, €hs) = (%7

2a __ & _a )

4a-3 a’d4a-3)°
Similar to Proposition 1, Lemma 3 presents the socially optimal toll
price, guarantee level and private firm’s effort. Different from Proposi-
tion 1, we find that the socially optimal toll price is greater than O,
because in addition to the toll price and private firm’s effort, consumer
surplus is also affected by traffic congestion: traffic congestion reduces

13

the consumer surplus. To offset the decrease in social welfare caused by
the decrease in consumer surplus, the government should raise the toll
price to reduce traffic demand and impact of traffic congestion. Lemma 3
also illustrates that the private firm’s effort level required by the gov-
ernment is lower in the presence of traffic congestion.

(2) Contract design under asymmetric information

In the presence of traffic congestion, the second-best problem that
the government faces is expressed as follows. Similarly, the first
constraint and second constraint are still the private firm’s participation
constraint and incentive compatibility constraint, respectively. By
solving for model (11), Lemma 4 presents the optimal contract (p,y) and
the private firm’s optimal effort e.
max W, (p.y.e)
st. I (p,y,e) > 11

I, (p,y,€) > I, (p,y,€),e # ¢
p>0,y>0,e>0

an
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Lemma 4. In the presence of traffic congestion, the optimal toll price pf;
can be determined by the following equation, and the optimal guarantee level

_1

i(a— e —apyy + 1/YADE))-

~ 1 [avA(p) (4eox —V)A(P) a  _
(aapa\/4soav><\/ av a,+ap>

Yo can be expressed as y&;

2e0A(2aa — a'p) [ avA(p)
av deg —v
wheread =2a—1,0" =4a—1,a :%,E = 2‘;:1, andA(p) = Zp® — ap +

a(I + TI). The private firm’s optimal effort can be expressed as €% =
(2e0—V)pli —v(ay% —a+eo)
4ega—v

Since the analytical solutions are more difficult to calculate in
Lemma 4, we still numerically investigate the impact of the unit subsidy
on the government’s optimal decisions. The parameter values remain
the same as those in Table 1. In addition, we introduce # =1 and ¢ = 50.
By fixing g = 9, Fig. 18 depicts the impacts of the unit subsidy on the
optimal guarantee level, optimal toll price, and resulting social welfare.

Fig. 18 illustrates that the optimal guarantee level decreases, the

Fig. 18 (a)
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optimal toll price increases, and the optimal social welfare decreases as
the unit subsidy increases. Based on the data listed in Fig. 18, it is
concluded that for any given unit subsidy, the government should set a
higher guarantee level and a lower toll price in the presence of traffic
congestion. For any given toll price and private firm’s effort, the pres-
ence of traffic congestion leads to a low traffic demand and further
generates a low operating revenue. Hence, to satisfy the private firm’s
reservation utility, the government should provide a higher guarantee
level. A higher guarantee level can raise the private firm’s guaranteed
revenue; therefore, the government can set a lower toll price. Since a
lower traffic demand decreases consumer surplus and a higher guar-
antee level increases guaranteed negative externalities, there is lower
social welfare in the presence of traffic congestion.

It should be emphasized that even the presence of traffic congestion
leads to different sizes of the optimal guarantee level, toll price and
social welfare. The direction of the impacts of unit subsidy on these
contract variables would not change.

7.2. Contract design with the FDG in the presence of traffic congestion

The private firm’s guaranteed revenue under the FDG can be
pd catpe v dge 4 fg‘;k)ay et 76%(18). Thus, the

expressed as v( (1-K)ay—a+p—e g
private firm’s profit function and social welfare function can be

Fig. 18 (b)
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Fig. 18. Impacts of the unit subsidy v when accounting for travelers’ VOT.
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rewritten as follows:

y—a+p—e T (1—k)ay—a+p—e
. : y—4q ky 2
(p,y, e :qu)-i-v/ﬂ d&'-l—v/ —de—e
f(p ) ( (1—k)ay—a+p—e 280 —&p 280
-1
12)
ay—a+p—e y— qT
Wi(p,y,e) =TI (p,y,e) +CS*(p,e) — 4 v/ de +v
(1-k)ay—a+p—e 280
(1—-k)ay—a+p—e k
x / —yde> 13)
e 2¢

(1) Contract design under symmetric information

We consider the case in which the private firm’s effort is contractible
to derive the first-best contract (p,y,e).

Lemma 5. In the presence of traffic congestion, the first-best contract can

eod (a(2—k)—vk(1-1)) . 260 (2aa—eo(a’—2))
£0(2—k)(a”—2)—2avk(A—1)’ -yfs T a(eo(2—k)(a"—2)—2avk(1-1))
(a(2=k)=vk(A—1))eo
e0(2—k)(a"—2)—2avk(1-1)"

Lemma 5 presents the socially optimal toll price, guarantee level and
private firm’s effort under the FDG. It is obvious that the socially optimal
toll price is not equal to 0; the reason is similar to Lemma 3. The socially
optimal guarantee level y;,; makes the guaranteed revenue equal to zero,

and thus, fails to incur the social cost of public funds.

be described as P =a-—

and e =

(2) Contract design under asymmetric information

In the presence of traffic congestion, the second-best problem faced
by the government is expressed as follows. The government chooses the
optimal contract (p,y) to maximize social welfare and the private firm
chooses the optimal effort e to maximize profit. By solving for model
(14), Lemma 6 presents the optimal toll price and guarantee level.
max Wi(p,y,e

(Py) I (p..e)
st TE(p,y,e) > T

IE(p,y,e) > T (p,y,e ), e £ ¢
p>0,y>0,e>0

(14)

Lemma 6. In the presence of traffic congestion, the optimal toll price b
can be determined by the following equation, and the optimal guarantee level

Vi iy = 2T

Fig. 19 (a)
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_ vk[(p) 1, 2¢,KT(p)
<a —ap — ) + % (@'p —2aa) S

a _  Vvk[(p) ~ 289T(p)\ _
(o5 ) (-2 o

+6pfa+£0>

where the parameters K and 9 are given by K = (2 — k)a + %, 9 = % -
”‘;TO"". In addition, T(p) = 2a(a — €0) — ap+
\/(Za(a— £0) — ap)? +4:,’—,’<’,K(p). Plugging p;* and y;* into the e, the
optimal private firm’s effort can be expressed as e}‘ = % - %

Let us numerically perform a sensitivity analysis to investigate the
impacts of the parameter k on the government’s optimal decisions and
the resulting social welfare. In particular, the unit subsidy and the de-
mand spread are first fixed at v = 8 and ¢y = 9 in the numerical analysis.

In the presence of traffic congestion, the social welfare is lower, and
the guarantee level is higher. However, similar to the case in which
traffic congestion is not considered, Fig. 19 illustrates that the optimal
guarantee level decreases, the optimal toll price increases, and the
optimal social welfare decreases as the threshold coefficient k increases.
Moreover, regardless of whether we account for traffic congestion, the
FDG always results in higher social welfare.

8. Conclusions

Traffic demand guarantees offered by the government are common
in BOT toll roads with the aim to share demand risks with the private
firm and encourage its participation. In this paper, we investigate and
compare the optimal contract design with two guarantee types—the
MDG and FDG—in the environment of both symmetric information and
asymmetric information. We take into account the private firm’s effort
in improving traffic demand. To investigate the impact of traffic
congestion on the comparison results, we have further made an exten-
sion to reexamine the results by incorporating travelers’ VOT into the
model.

We discover that under the MDG with symmetric information, the
socially optimal toll price is equal to zero, and the socially optimal
guarantee level and private firm’s effort are independent of both the unit
subsidy and the marginal social cost. For the case with asymmetric in-
formation, the private firm’s optimal effort is decreasing with respect to
the guarantee level, which indicates that the MDG provides the private
firm with a disincentive to exert effort to increase traffic demand.

Under the FDG with symmetric information, the socially optimal toll
price is also equal to zero. Different from the MDG case with symmetric
information, the socially optimal guarantee level and private firm’s

Fig. 19 (b)
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Fig. 19. Impacts of the threshold coefficient k when accounting for travelers’ VOT.
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effort are increasing in the unit subsidy, marginal social cost and
threshold coefficient. For the case with asymmetric information, the
private firm’s optimal effort is decreasing with respect to the guarantee
level and threshold coefficient.

For the comparison, we determine that in the environment with
symmetric information, the socially optimal toll prices are equal under
the two guarantee types. The socially optimal guarantee level and pri-
vate firm’s effort are higher under the FDG than those under the MDG.
However, in the environment with asymmetric information, we discover
that for a small threshold coefficient, the optimal toll price, optimal
guarantee level and resulting social welfare are higher under the FDG.
Moreover, we have also demonstrated that the model results still qual-
itatively hold when the traffic congestion is considered.

It is worth pointing out that we consider the government’s simulta-
neous use of toll price and government subsidy to improve social wel-
fare. The toll price alone cannot fulfill the role. The underlying logic is as
follows. Note that social welfare is dependent on the private firm’s effort
level. Thus, if the government only takes advantage of the toll price to
increase the private firm’s effort or to satisfy the private firm’s partici-
pation constraint, then the toll price has to be increased. However, the
improvement of the toll price would damage the consumer surplus,
which subsequently leads to a lower social welfare level. However, when
government subsidies are present, a lower toll price will be required to
attract private firm’s participation. The improvement in consumer sur-
plus due to low toll price is able to cover the loss in consumer surplus
incurred by subsidy provision. Therefore, the government’s simulta-
neous use of toll price and government subsidy instruments can generate
higher social welfare. Our consideration of both toll price and subsidies
is also consistent with previous literature that has investigated how
subsidies can aid the toll price to achieve the government’s aim (Feng
et al., 2016; Shi et al., 2016; Tan & Yang, 2012b).

The following managerial implications can be obtained when the
information between the two parties is asymmetric. First, the govern-
ment can set a feasible guarantee level and toll price to incentivize the
private firm to select a self-enforced effort to maximize social welfare,
regardless of whether travelers’ VOT is taken into account. Moreover,
the government may choose the FDG instead of the MDG when there is a
small threshold coefficient, which means that the FDG is suitable for toll
roads with relatively low demand. Conversely, the government prefers
to choose the MDG instead of the FDG when the threshold coefficient is
large enough, which means that the MDG is suitable for toll roads with

Appendix A
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relatively high demand. In addition, since the social welfare under the
FDG is decreasing with respect to the threshold coefficient, it is possible
to make social welfare under the two types of demand guarantees equal
if an appropriate threshold coefficient is set, which means that there is
no difference for the government to choose which demand guarantee in
different demand states.

There are avenues for future research. First, this paper does not
consider renegotiation between the government and the private firm.
When demand uncertainty is realized during the operating period, either
the government or the private firm may request renegotiation to adjust
the guarantee level according to the realized demand. This renegotiation
may affect the impacts of the two types of demand guarantees on the
private firm’s effort and their comparison. Second, both the government
and the private firm may possess different demand forecasting tech-
niques; as a result, they may have different future demand information.
Asymmetric information about future traffic demand may also affect the
comparison between the MDG and the FDG.
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This appendix provides a table of some frequently employed variables and parameters.

q traffic demand

p toll price

a market size

e private firm’s effort

3 random variable that captures demand uncertainty

I private firm’s initial construction cost

v unit subsidy

y guarantee level

A marginal social cost

I private firm’s reservation utility

I (p.y.e) private firm’s profit under the MDG without considering congestion externalities
CS(p,e) consumer surplus without considering congestion externalities

Wn(p,y.e) social welfare under the MDG without considering congestion externalities

k threshold coefficient

It (p,y,e) private firm’s profit under the FDG without considering congestion externalities
Ws(p.y,e) social welfare under the FDG without considering congestion externalities

p travelers’ TOV

c road capacity

T generalized travel toll price of a trip

(continued on next page)
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(continued)
I, (p,y,e) private firm’s profit under the MDG when considering congestion externalities
CS'(p,e) consumer surplus when considering congestion externalities
Wi,(p.,y.e) social welfare under the MDG when considering congestion externalities
If(p.y,e) private firm’s profit under the FDG when considering congestion externalities
W}(p, y.e) social welfare under the FDG when considering congestion externalities
Appendix B. . Proofs
Proof of Proposition 1.
. . . . . aw, e v(y—a+tp—e+e :
Taking the derivative of W, (p,y, e) with respect to p, we can obtain that % =-p—-(1-1) 0’+0°). Note thatify <a— p+ e— &, then

the guarantee level set by the government is lower than the smallest value of the actual traffic demand. Therefore, the MDG would fail. Consequently,
we only need to consider the scenarioy > a — p + e — &, which immediately yields "W"'T({’ye) < 0. This finding means that social welfare is decreasing in
p- Thus, the socially optimal toll price is equal to zero, namely, p,s = 0.

Taking the derivative of Wi,(p,y, e) with respect to y gives dw"‘(i%'jye) =—-(1-1) %go’e“"). Since we only need to consider the scenarioy > a —
Wn(py.e)

ay
e— &o. In addition, taking the derivative of Wy,(p,y, e) with respect to e, we have W’“a—(’e"m =a— e+ (4 — 1)X=ap=et) — o which means e =

2¢0
%W. Plugging pms and y into e, the socially optimal private firm’s effort is e,; = a. Similarly, plugging p.s and e, intoy = a— p+ e—

€0, the socially optimal guarantee level is y,; = 2a— &o.

Proof of Corollary 1.

It immediately follows that the socially optimal guarantee level y,,; and private firm’s effort ey are independent of both v and 4 based on the
€Xpressions Yms and eps.

Proof of Lemma 1

Taking the derivative of IT,,(p, y, e) with respect to e, the first-order condition can be expressed as

()Hm(Py%e) p_V(y*a+p7€+80)_

de 2¢eg

p+e— &, < 0. This result means that social welfare decreases with respect to y. Further, the socially optimal guarantee levelisy = a— p+

2e=0

By rearranging this first-order condition, the optimal private firm’s effort e, (p,y) satisfies e, (p,y) = w.

(i) Taking the derivative of en(p,y) with respect to v gives de”‘d(fy ) — 280(’2’;{‘;5 ~2%0) Therefore, if ¥y > a—5— &, we have % < 0, that is, the

optimal private firm’s effort is decreasing in v.

ii) Taking the derivative of e, (p,y) with respect to y gives =22 — — Y Due to v < 4¢y, we can obtain that =2P¥) < 0, that is, the optima

(i) Taking the derivative of en(p,y) with t to y gives %Py 7 Due tov < 4 btain that “2¥) < 0, that is, the optimal
private firm’s effort is decreasing in y.

iii) Taking the derivative of e, (p,y) with respect to p gives =P = 2%=¥ Since v < 4¢(, the denominator is greater than 0. Thus, the optima

(iii) Taking the derivative of y) with t to p gives YY) — oy g 4¢g, the d inator is greater than 0. Thus, the optimal
private firm’s effort is increasing in p if v < 2¢o while decreasing in p if 25 < v < 4¢o.

iv) Taking the derivative of e (p,y) with respect to &y gives S = 2P Thus, if y > a— £ — %, we have 22X > 0, which means that the

(iv) Taki g he deri . £ y) wi h D gi de,zlg;y) v(4y44:5+5p+v) Th fy g v h dedg;y) 0. which hat th
optimal private firm’s effort is increasing in .

Proof of Proposition 2.

Proposition 1 has shown that social welfare is decreasing in y. Thus, the optimal guarantee level should bind the private firm’s participation
constraint; then, we have I, (p,y,e) = I In addition, the private firm aims to maximize its profit by selecting the optimal effort e, which means that the
i ; hili : v(y—atp—eteo) _
incentive compatibility constraint can be replaced by p — ===~ 2e = 0.

To solve the optimization model, we need to formulate a Lagrange function as follows:

— viy—a+p—e+e)
Lm(P;)’vevl‘nﬂz):Wm(Payse)Jrﬂl(nm(]’v)’ae) 7H) +.u2 (p7T0726>

where y; and pu, represent the Lagrange multipliers. Taking the derivatives of L, (p, Y, e, ji1, 4,) With respect to p, y, e, y; and yu,, respectively, gives

aLm(p7y7e‘lul7”2) v(y—a-l—p—e-i—go) v
—m oD D PLR ) Cp— (1) ETPTET R 1-2) =0
» mla—2p+e)—p—(2 H) 260 (15,
aLm(P~Y7e-ﬂ1aﬂ2) V(y—a+P—€+€()) v
Zm RS0 _pyry—arpmere) Vo
P (T +p —2) 20 Moy
OLy(p,y, ey o) vy—a+p—e+ég) v
D DFPDPY g — — —1- _ — =2 =
90 a—e+pu(p—2e)+(A-1-p) 260 + 260 0
2
0Lm(p7y7enul7lu2):p(a_p_"_e)_"_v(yia“’»pie“’»go) _eZ_I_ﬁ:()
ou 4o
1
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Based on the last equation in these first-order conditions, it readily follows that M+“° = p — 2e. Based on the second equation, we have (1 +
2p—a+e __(a—pte)(a—p—e)

) and y, = Plugging y,
and U, into the second equation, the optlmal toll price p and the optimal guarantee level y can be determined by the following equation set:

280<p+2(y—a+£0)> <a+v(a—£0 - —2s0p72(2a73p)> it ((2so —vp+v(a—g —y)>2 o

—2)(p — 2€) = pyy,-. Plugging w and pi,5.- into the first equation and the third equation gives y; =

4ey — v 4ey — v ey —v
plapta— =y =2\ (p+20—ate) P (Ca—vp+va—a—y\' | 5_,
deg — v 4ey — v deg — v

Solving the second equation in this equation set gives y = a— & — 2+ /42 A(p), where A(p) =3p?> — ap+ I+ 11 Sincey > a—p+ e— &, we

have a — ¢, — § < y. Consequently, the solutiony =a—¢&y —5— 4 /@A(p) should be removed. Plugging y = a — &y — 5 + /@A(p) into the first
equation in this equation set gives the following equation that determines the optimal toll price p;,

_Ap)

3,
(4807‘} 2[1 +3ap—a* —TI—1=0

((12€94 —2&y — v)p +4epa(l — 22))

The optimal guarantee level can be expressed as y;, = a— ¢ — + 1/@A(p,*n).

Proof of Proposition 3.

Taking the derivative of Wy (p,y, e) with respect to p gives W =-p-1A-1)5> "ky < 0. Consequently, the socially optimal toll price py is equal

to 0. Taking the derivative of Wy(p,y, e) with respect to y gives %&‘ye) = — 3 k(4 —1)((2 — k)y — a +p — e + &). Therefore, social welfare is
decreasing in y if and only if y > 5%, To make v [*, (1-k)y-a+p-e k—yde +v [ “,f}‘,’ “aip_o 'z de = 0, the optimal guarantee level of maximizing social

M Taking the derivative of W;(p,y, e) with respect to e gives == Wbye) (P'y'e) =a-e+(A-1)5 Vk—y =0; thenwehavee = a+

4-1) ;bf)' Plugging ps and y into e yields e; = a+ % Plugging ps and eg into y, the socially optimal guarantee level becomes yy =
2¢0(2a—¢p)
2¢e0—keo—vk(2—1)"

Proof of Corollary 2.

welfare should satisfy y =

Taking the derivative of yy with respect to v gives b % Since 2a — gy > 0 and (4 — 1), we can obtain that d’vf‘ > 0.
0 0
dyfs — _ 20vk(2a-e)

Taking the derivative of y; with respect to 1 gives. oo koo KT

Taking the derivative of yy with respect to k gives. dy,f W Since 4 —1 > 0 and 2a — &, > 0, we have dyﬂ > 0.
0 0

defs _ eok(2=k)(A—1)(2a— )
(2¢0—keo—Vvk(A—1))*

“"ffs — _eovk(2k)(2a—eo)

Taking the derivative of e with respect to 4 gives.5; = T — >0
2g9v(A—1)(2a—¢&o)

(2e0—keg—vk(A—1))? >0

Taking the derivative of es with respect to v gives Since 2 —k > 0 and 2a — ¢ > 0, we have ”5 > 0.

Taking the derivative of e; with respect to k gives % =

Proof of Lemma 2.

The first-order condition of II¢(p, y, e) with respect to e is === My py.e) @y %) =p-— %’ — 2e = 0. Thus, the optimal private firm’s effort ef(p, y) should satisfy p —
12”2" 2es(p,y) = 0, which gives e;(p,y) =5— Z"T}O'
(i) Taking the derivative of ef(p,y) with respect to v gives de’ (py L 2 Slnce 2= > 0, it readily follows that def (py <0.
(ii) Taking the derivative of e(p,y) with respect to y gives f (py ) = — 7% Since 7£ > 0, we can obtain that def (” ) <0.
(iii) Taking the derivative of e;(p,y) with respect to k gives def (”y ) — _ = <0.
(iv) Taking the derivative of e (p,y) with respect to p gives %% d(f:y ) = i>0.
(v) Taking the derivative of e(p,y) with respect to & gives ef (” % > 0.

Proof of Proposition 4.

Similarly, the private firm’s participation constraint should be binding, that is, II;(p,y,e) =TII. Moreover, the incentive compatibility constraint can

be replaced by p — "k—y — 2e = 0. The Lagrange function associated with the optimization model (7) is

— vky
Lf(P,y7€7ﬂ17ﬂ2):Wf(P:y7e)+l"1(nf(P,y7e)*H) +”2<p7572 )

where y; and y, are the Lagrange multipliers. Taking the derivative of L¢(p, y, e, i, 4,) with respect to p, y, e, u; and u,, respectively, gives
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aLf(P7Y7evﬂ11ﬂ2) vky vky
——==—p—(A-1)— -2 — =0

E Pl tmla=2pteto ) +h
OL; (., e, jiy o) vk(2—k)y—a+p—e+&) vk
—_—= —1+1 —U—=0

dy (m +1) 26 ”2280
alff(p7y7e7”1)”2) ka ka
—_— =t =a— A—1)— ———2e| —2u, =

Oe a—e+( )2€0+l4117 2 € , =0
aL/(p7y’ezl’llﬂﬂ2) ka Vk2y2 2 7
— = - —((1- - — —e—1-I1=

o pla p+e)+2€0((1 kly—a+p e+eo)+4€0 e 0
aL?'(va,e:/‘uﬂz) :p_@_zezo

Oy 2¢o

Based on the last equation in these first-order conditions, it readily follows that ;"Tf]' =p — 2e. Plugging ;"Tz = p — 2e into the third equation, we can

obtain that y, = “2*HP=29 1n addition, plugging , and ;% into the first equation, we have y, = %. Plugging y, and u, into the second
equation, we can obtain that (a —p+ e+ A(3p — 2a))((2 —k)y—a+p—e+¢&)— (a—p —e)(a—p+ e+ A(p — 2e)) = 0. Consequently, the
optimal toll price p and the optimal guarantee level y can be determined by the following equation set

p vky vk p 3p  vky p 1\ vky\
(a 2 4€0+/1(3p 2a))((2 k+4€0)y a+2+80) (a z-i-4_€0 a 2+ A 3) 2e0 =0

vk(8eo + vk — 4eok) 5,  vk(2a — p — 2¢) 3, —
- — (2P —ap+i1+T) =0
166, Y 4e, MV

Based on the second equation in this equation set, we can obtain that y = Zpﬂl“(p), where p = 8¢y + vk — 4¢0k and I'(p) = 2a— p— 2& +

\/ (2a—p —2¢)* + ‘:—f A(p). Plugging y into the first equation this equation set gives the following equation, which determines the optimal toll price p;.

(afgfgf(p) +/1(3p72a)) \/(a J%, 60)2 +%A(p) - (a*%er%F(p)) (a,ng (/1*;) v’jkf(p)) =0

In particular, the optimal guarantee level can be expressed as y; = zﬂﬂl"(p}).
Proof of Proposition 5.

(i) Since ps = 0 and p;; = 0, we can conclude that pms = ps = 0.

(ii) Based on the expressions yn,s and yz, we can obtain that y,s — yg = — %W Since 2a — gy > 0 and 2¢¢ — keg — Vk(4 — 1) > 0, we
have yms — yi < 0, which means that yns < yg.

(iii) Based on the expressions ens and ef;, we have eps — e = — % < 0, which means that en; < eg.
(iv) Based on the expressions s (Dms, Yms, €ms) and I (s, Y, €5), We can obtain that

 2avk(A —1)(2a — &) vk(A—1)(2a — &) \°

T 260 —keg —vk(A—1) ' \2ey — ke — vk(A — 1)

s (Poas s Ymss €ms) — Wss (Pgs, s €5)

Since 2a — &y > 0 and 2¢y — keg — vk(4 — 1) > 0, we can infer that Iy (Dms,Yms,€ms) — s (Pgs, Y5, €5) > 0, which means that I (Dms, Yims:ms) > s (Pgs,
Vs €55)-

(v) Based on the expressions Wins(Pms,Yms; ems) and W (ps, ¥, €f), we can obtain that

1/ vk(2—1)(2a—g) \*
Wans (Puns Yims» €ms) — Ws (Prs Vs €55) :i(m >0

which means that Wis(Pms, Yms; €ms) > Wr(Dfs, Yfs, €5s)-
Proof of Lemma 3. This proposition can be proved with a similar approach to Proposition 1.
Proof of Lemma 4. This proposition can be proved with a similar approach to Proposition 2.
Proof of Lemma 5. This proposition can be proved with a similar approach to Proposition 3.
Proof of Lemma 6. This proposition can be proved with a similar approach to Proposition 4.
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