Insurance: Mathematics and Economics 108 (2023) 1-24

Contents lists available at ScienceDirect

Insurance: Mathematics and Economics

journal homepage: www.elsevier.com/locate/ime

Two-stage nested simulation of tail risk measurement: n
A likelihood ratio approach

updates

Ou Dang®*, Mingbin Feng®, Mary R. Hardy"

@ Insurance Risk and Finance Research Centre, Nanyang Business School, Nanyang Technological University, Singapore
b Department of Statistics and Actuarial Science, University of Waterloo, Canada

ARTICLE INFO ABSTRACT
Article history: Estimating tail risk measures is an important task in many financial and actuarial applications and
Received August 2021 often requires nested simulations, with the outer simulations representing real world scenarios, and the

Received in revised form August 2022
Accepted 27 October 2022
Available online 3 November 2022

inner simulations typically used for risk neutral pricing or conditional risk measurement. The standard
nested simulation method is highly flexible, able to incorporate complex asset models and exotic payoff
structures, but it is also computationally highly burdensome, particularly in a multi-period setting,

JEL classification: when inner simulation paths are required at each time step of each outer level scenario. In this study,
c15 we propose and analyze a two-stage simulation procedure that efficiently estimates the conditional
C53 tail expectation of cost of a dynamic hedging program for a Variable Annuity Guaranteed Minimum
C63 Withdrawal Benefit (GMWB), under a multi-period nested simulation. In each of the two stages, the
gg method re-uses the same set of inner level simulation paths for each outer scenario at each time point,

using a likelihood ratio method to re-weight the probabilities of each individual path for the different
outer scenarios. Our numerical study shows that our two-stage, likelihood ratio weighted procedure
can offer a very significant improvement in efficiency, of the order of 95% as measured by the RMSE,
compared with a standard nested simulation with the same computational cost.

© 2022 Elsevier B.V. All rights reserved.
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1. Introduction

Estimating tail risk measures for complex financial derivatives is an important risk management task, often requiring nested simulation.
In a standard two-tier simulation, the outer simulation is used to generate paths of the underlying risk factors. These are typically
simulated under the real-world probability measure and are known as the scenarios. The second tier is the inner simulations, which
may be used to estimate the value of the derivative payoff, conditional on the outer scenario path. Typically in financial and actuarial
valuation of hedging costs, the inner sample paths are generated under a risk-neutral measure.

Nested simulation is highly flexible and adaptable, and has therefore become an important risk management tool in both financial and
actuarial applications, where complex asset models or complex payoff structures make analytic approaches infeasible. However, it can be
extremely computationally burdensome, creating a barrier to its application when results are needed at short notice, or where there a
large number of model points, for example, within a seriatim valuation of an insurance portfolio.

In this paper, we are concerned with the evaluation of tail risk measures for Variable Annuity (VA) guarantees. VAs are long-term
insurance contracts that are widely used for wealth accumulation and for providing retirement income, with annual US sales of around
$100 billion (LIMRA, 2019). A VA contract is very similar to a mutual fund investment, but with additional guarantees and options. The
contract premium is invested into a sub-account. The insurer layers additional benefits in the form of guaranteed minimum payouts which
protect policyholders from downside market risks. The guarantees are funded through regular deductions from the sub-account. From the
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insurer’s perspective, the guarantees can be viewed as embedded financial options, creating significant market risk exposure that can
be mitigated using dynamic hedging programs. However, the hedging programs will not be self-financing. Discrete hedging, asset model
basis risk, complex guarantee structures and very long terms to maturity all contribute to potentially significant costs arising from hedge
rebalancing. Determining tail risk measures for the hedge costs presents a particular computational challenge, as the guarantees are often
far out-of-the-money. In this case, a large number of inner simulations are required to accurately evaluate the out-of-the-money options,
and a large number of outer scenarios are required to accurately describe the tail of the loss distribution.

Methods to mitigate the computational burden of nested simulation have attracted much research attention. Broadie et al. (2011)
propose an algorithm that sequentially allocates a simulation budget to different outer scenarios, one inner simulation at a time. The
high level idea of concentrating the inner simulation computation budget on tail scenarios is an inspiration for our work, although we
are working with a different problem and a different risk measure from that of Broadie et al. (2011), who use nested simulation to
estimate the probability that the loss exceeds a given threshold. Their approach is to allocate the computational budget disproportionately
to scenarios just below or above the given threshold, in order to add precision at the key point of the loss distribution. This method is
not directly applicable for estimation of tail risk measures such as Value-at-Risk (VaR) or Conditional Tail Expectation (CTE). In the case
of VaR estimation, the key threshold is unknown, and indeed is precisely the target of the estimation. In the case of CTE estimation, the
entire tail loss distribution above the unknown threshold is critical for accurate estimation of the risk measure.

Other examples from finance include Lee and Glynn (2003), and Gordy and Juneja (2010), who consider the optimal allocation of fixed
simulation budgets between the outer and inner simulations by analyzing the asymptotically optimal rates of convergence for different
estimators, Broadie et al. (2015), who replace inner simulations by regression estimators, and Hong et al. (2017) who replace inner
simulations with a kernel smoothing approach. In actuarial science, recent studies applying efficient nested simulation include Gan and
Lin (2015), Lin and Yang (2020), and Feng et al. (2020), which are all concerned with the dual problem of reducing the model points
within a large portfolio, as well as estimating the tail risk from that portfolio. Our work takes a different approach to each of these. We
treat the outer scenarios as fixed, and focus the computational budget allocation on the inner simulation step. This has some advantage
in a life insurance context, where the outer scenarios may be centrally generated and used for multiple portfolios. We do not eliminate or
replace the inner simulation step; instead, we propose a method for increasing the efficiency by reusing inner simulations across multiple
scenarios, and we focus on methods for accurate and efficient valuation of the tail risk measure of a single contract. Our approach may be
combined with cluster analysis for selecting representative contracts to address the dual problem.

Given a set of outer scenarios, tail risk measure estimation can be viewed as a two stage process. The first stage is to identify the
tail scenarios from the full set of outer scenarios, and the second stage is to accurately and efficiently estimate the losses in the tail
scenarios. Other work using this two-stage approach, with a given set of outer scenarios, includes Lan et al. (2010), who propose an
iterative screening procedure to eliminate scenarios that are unlikely to have large losses, Liu and Staum (2010), who use stochastic
kriging to select the tail scenarios from the full set, and Dang et al. (2020) and Dang et al. (2022), who identify likely tail scenarios based
on a proxy analytic evaluation, saving most of the computation budget for the second stage. Each of these approaches is limited in its
applicability; for example, the Lan et al. (2010) method requires the standard deviation of the losses to be relatively small, and Dang et
al. (2022) require the existence of an effective proxy valuation model, which will not be available for some of the more complex dynamic
guarantees embedded in VA policies. In this paper our approach is very general, which means that it can be applied more widely than
previous methods. For both stages, we use simulation. In the first stage, we use a small part of the simulation budget to achieve a rough
valuation, sufficient to identify the likely tail scenarios. In the second stage, the remaining simulation budget is applied to the scenarios
that are most likely to generate tail losses, to ensure that the tail risk measure is accurately evaluated for the given set of outer scenarios.
The inner simulation efficiency in both stages is improved by using the likelihood ratio estimator, which allows the simulated inner sample
paths to be re-used across different outer scenarios. Reusing simulation outputs to improve efficiency is the key idea of green simulation,
which was first proposed by Feng and Staum (2017) and further developed by Feng and Staum (2021). Our work builds on theirs, but
with a very different focus. Their work considered repeated experiments whose parameters are driven by an ergodic stochastic process,
with an analysis of the asymptotic convergence of the estimator. Our focus is more applied; in particular, our aim is to increase efficiency
in the context of inner simulations which are parametrized by the given outer scenarios.

The likelihood ratio (LR) method (also known as the score function method), was first studied by Beckman and McKay (1987), and has
subsequently been used in a wide range of applications, including metamodeling, sensitivity analysis, and optimization. See, for exam-
ple, Kleijnen and Rubinstein (1996) and Maggiar et al. (2018), who use LR for optimization of complex computational simulation results,
and Glasserman and Xu (2014), who use LR to examine and quantify model risk in the context of portfolio management. Concurrently
with our work, Feng and Li (2022) developed an application of the LR method to variable annuities. Their method differs from ours in re-
quiring the user to set blocks of scenarios, such that inner simulations are only shared within blocks, to ensure that variances are limited.
Our method manages the problem of unlimited variance using a mixture likelihood approach, described in Section 3, which eliminates the
need for the user to identify scenario blocks.

The VA problem that we consider requires a multi-period nested simulation, as the inner simulation step is repeated at each hedge
rebalancing date. This means that many of the single-period methods developed in the finance literature cannot be used. Fig. 1 illustrates
the difference between the single period problem and the multi-period problem. If a 30-year contract is dynamically hedged monthly,
then nested simulation requires T = 360 inner simulations for each scenario, compared to a single inner simulation required for the single
period problem.

This study has two contributions:

1. We develop a two-stage procedure for tail risk estimation that uses the likelihood ratio method to reuse inner simulation paths,
significantly improving efficiency compared with a standard nested simulation. The first stage uses small-scale inner simulations to
identify a set of highly likely tail scenarios. In the second stage, the remaining computational budget is concentrated on the scenarios
identified in the first stage, again using likelihood ratio estimators to pool inner samples from different scenarios to improve efficiency.

2. We adapt the likelihood ratio estimators to the special case of the Guaranteed Minimum Withdrawal Benefit (GMWB) (described in
Section 4), which creates an unusual challenge arising from (i) the very complex nature of the guarantee, and (ii) the possibility that
the policyholder’s fund becomes fully depleted.
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Fig. 1. Nested simulation structure. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

3. We briefly discuss how the likelihood ratio estimators can be applied to a portfolio of VA contracts, with a mixture of GMWB and
Guaranteed Minimum Maturity Benefit (GMMB).

The rest of this paper is organized as follows. In Section 2 we present the mathematical settings for the multi-period nested simulation
problems studied in this paper. In Section 3 we present details of the two-stage simulation procedure using likelihood ratio estimators.
In Section 4 we adapt the two-stage procedure to estimate the tail risks of the dynamically hedged GMWB. In Section 5 we examine
the performance of the two-stage procedure for the GMWB numerically. In Section 6 we illustrate with a numerical example how the
two-stage procedure is applied to the nested simulation of a portfolio of GMWB and GMMB contracts. Section 7 concludes this paper and
summarizes a few possible future lines of research.

2. Mathematical settings and problem statement

Consider a variable annuity contract whose embedded option value depends on some state variables, such as equity returns, interest
rates, demographics or loss indices. We are interested in estimating a tail risk measure of a loss random variable that depends on the
current and future values of this option.

Let t=0 be the current time and let T > 0 be the maturity date of the embedded option. We denote the state variable at time t, which
may be a vector or a scalar, by S;, and we assume that the state process {S;,0 <t < T} is modeled by a sufficiently regular stochastic
process, defined on a probability space (2, 7, P), with a natural filtration F; governing its evolution, where P denotes the real-world
physical measure. We assume the existence of a risk-neutral measure Q, equivalent to IP, such that financial assets can be valued as the
expected discounted payoff under Q. We assume the state process is simulated at discrete times t =0,1,...,T.

For any t =0, ..., T, we denote the real-world state variables up to time t by S; ={Sop, ..., St}. The entire real-world path from time 0
to T, i.e., ST, is the outer scenario.

At each time t =0,...,T — 1 of an outer scenario, an inner simulation is run for the period from t + 1 to T, under the risk neutral
measure, conditional on the outer scenario up time ¢, i.e. on S;. The inner sample path process from time t + 1 to time T is denoted by
S[+ = {St+17 ...,ST}.

Given a time-t scenario S; for t =0, ..., T — 1, the inner simulation is performed to estimate the conditional expected output:

Ae(St) =E¢ [He(Sex)1S¢], (1)

where H; is a time-t loss function that depends on the random path §t+, and on the particular contract being valued. At T, given the
outer scenario St there is no further uncertainty, and

Ar(ST)=H1(S71)

Examples of H; (EH) and A¢(S;) in discrete time hedging applications are provided in Section 2.1.

We assume that the loss random variable of interest can be expressed as a function of all the outputs from t =0, ..., T, and so can be
written as
L(ST) =L(A0(S0), A1(S1),.... AT(ST)). (2)

In our context, the loss comprises the total discounted hedge costs, net of fee income. The initial cost is the value of the initial hedge
portfolio. The hedge cost at each subsequent rebalancing date t =1, 2, ..., T is the difference between the value of time t hedge portfolio
and the time (t—1) hedge portfolio. For t =1, 2, ..., T, this difference depends only on A;(S;) and A;_1(S¢—1). Note that the loss L(ST)
may be negative when the fee income exceeds the hedge costs.

As noted above, in this paper we consider a fixed set of outer scenarios. Our concern is on the accuracy of tail risk assessment given
the scenario set. Thus, the ‘true’ loss random variable that we are concerned with is that associated with the given set of outer scenarios,
and the error measures that we use are relative to the most accurate possible assessment of loss for the given outer scenario set. The
overall error will depend on the inner simulation accuracy of the tail scenarios, which is the focus of this paper, and the sampling error
from the outer simulation step. Our approach is consistent with how nested simulations are carried out in practice in the life insurance
industry. The outer scenarios are typically simulated according to regulatory requirements or internal risk management practices, and may
be used for several different portfolios, involving different contract types and durations.
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We assume that we have M given outer scenarios St ;, i =1,..., M. We denote the true losses for the i-th scenario by L; = L(St i),
and we let L1y < L) <--- < Ly be the corresponding ordered losses (assume no ties for convenience). We are interested in estimating
the o-Conditional Tail Expectation (CTE) (Wirch and Hardy, 1999), which, if M is an integer, is given by

M

1

i=aM+1 i:St7i€Ta

where Ty = {St1,; : Li > Lem)} is the set of scenarios that are included in the calculation of CTE in (3); we call Ty the true tail scenario
set.!

In a standard nested simulation, for each time step t of each scenario, we simulate N independent and identically distributed inner
sample paths to estimate A(S; ;) via the following Monte Carlo estimator:

AP(Sei) = % S HSerip), Sewii = FGalSen). Vi=1,....N, (4)
j=1
where f(5t4+18¢.i) is the conditional probability density function (pdf) of the inner sample paths, given the outer scenario S; ;. We refer
to SH ij as the (ij)-th inner sample path and Ht(St+ ij) the (ij)-th inner simulation output. A standard multi-period nested simulation
is computationally burdensome as it requires M x N x T inner simulation outputs. In some applications, each inner simulation output
requires significant computations - in Section 4, we consider discrete time hedging of a complex variable annuity contract, for which the
inner simulation outputs are calculated via recursion.
Using KtNS(Sm) in (4) forall t=0,..., T, the estimated value of loss for scenario i is

NS = L(ANS(S0.0), ANS(S10), ..., ANS(Sr4)), i=1...,M.

Denote the ordered estimated losses by (1) f’("zs) <. <'L\§’A§,), then the CTEy can be estimated by

M
——=Ns 1 1
TR =— L Y M- Ly (5)
T (1—a)M . D71 -a)M :
i=aM+1 i:S7;eTNS
where TNS {ST, : l. A'(\'SM)} is the set of scenarios associated with the (1 — «)M largest simulated losses, and that are therefore

included in the calculation of CTEa in (5). 7;”5 is the nested simulation tail scenario set.
We observe some drawbacks of the standard nested simulation procedure.

e The delta estimate for scenario i, from equation (4), is an average of only the simulation outputs in scenario i. The simulation outputs
in the other scenarios are ignored, which may be an inefficient use of the computation involved. In Section 3.1, we show how the
likelihood ratio method is employed to reuse all available simulation outputs.

e As we are treating the M outer scenarios as fixed, the difference between the CTE estimates in equation (5) and equation (3) is due
solely to the inner simulation sampling error. Specifically, the inner simulation noise affects the accuracy of equation (5) in two ways:
(1) Classification of tail scenarios. Due to the inner simulation sampling variability, the estimated losses IINS will differ from true

losses L;. As a result, the corresponding tail scenario sets may be different, i.e., 7;”5 #* Ty
(2) Estimation of tail losses for scenarios in the true tail scenario set 74. We see from equation (3) that losses from non-tail scenarios
are irrelevant for estimating the CTE.

Our two-stage procedure is specifically designed to identify tail scenarios and accurately estimate tail losses. Very little computation is
spent on non-tail scenarios.

2.1. Hedging loss in discrete time delta hedging

In this section we describe the simulation model function Ht(§t+), the expected value of the inner simulation output A¢(S;), and the
loss random variable L(St), in the context of discrete time hedging for the embedded option of a variable annuity contract.

Let v¢(S¢+) be the value at ¢ of the future liability beyond time ¢, based on the sample path S;,. The risk-neutral value of the liability
at t, conditioning on S, is denoted by V(S;) = E[vt(§t+)|5t]. Let vo(So+) = vo(ST) denote the present value at the contract inception
of the embedded option payoff at maturity, for scenario S7. We assume that the insurer uses a delta hedge to mitigate the potential loss.
This requires the insurer to hold a hedge portfolio at t of A;S; in stocks, and B; = V;(8¢) — A;S; in zero coupon bonds, where

Ve(St)
0S¢

In perfect conditions we could set up and dynamically rebalance a perfect self-financing hedge, at a cost of Pg = A¢So + Bo, which
would perfectly replicate the payoff. In practice, there are many reasons why the hedge portfolio does not provide perfect replication, with
the main factors being that the hedge is rebalanced at discrete time intervals, and that there is a basis risk from the pricing model.

Ay =

1 Typically, in practice, @M will be an integer. If it is not, then we can use the floor function [aM].
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In a discrete rebalancing plan, cash infusions or withdrawals arise at each rebalancing date. The hedging error at t is the difference
between the cost of the hedge required at t, and the value of the hedge brought forward from the previous rebalancing date. The hedging
error can be positive or negative. The loss random variable is the initial cost of the hedge portfolio plus the discounted expected value of
the hedging errors.

At each time t =0,1,..., T — 1, the delta hedge portfolio value is given by

= AtSt—i-Bt. (6)

This hedge is held for one period and then rebalanced at t + 1. If we assume a constant interest rate r in each period, then for t =
1,2,..., T, the value at t of the hedge portfolio brought forward from t — 1 is

P = Ar_1S;+ Bi_qe’. (7)

The hedge error at t is the difference between the cost of the hedge portfolio, and the value of the hedge brought forward from the
previous period, i.e.,

HE =P — P t=12..T-1 (8)
So we have
T-1
L(ST)=Po+ Y e HE +[vo(St) — e TPY]
t=1
T—1
= Ac[ese— e TS | 4 vo(ST). (9)

For complex embedded options, inner simulations are required to estimate the deltas. A common estimation method is the path-
wise estimate, or the infinitesimal perturbation analysis (IPA), which is based on the following identity that holds under some condi-
tions (Glasserman, 2013):

st].

WelS) _ 0 gy Geoised LG
050~ a8, lveSeISe =B | Feve(Sey
Denote Ht(fH.) = %vt(gw). then A((S;) = E [Ht(§t+)|Sf] so the delta can be estimated via inner simulation. We show the derivation
of Hi(S¢4+) for a GMWB in Section 4.1.
Although we only consider delta hedging in this study, our procedure is applicable to discrete time hedging programs involving multiple
option Greeks, if they can be estimated via inner simulation using, for example, the pathwise estimate.

3. Two-stage nested simulation with likelihood ratio estimators
3.1. Reusing simulation outputs using mixture likelihood ratio estimators

The green simulation design paradigm of Feng and Staum (2017) reuses simulation outputs in temporally repeated experiments, so that
simulation outputs from previous studies can be used to improve the efficiency in future studies, using likelihood ratio based estimators.

The principle can be adapted to the context of nested simulations, which can be viewed as artificial temporally repeated experiments.
Assumption 3.1 ensures that the likelihood ratio estimators in this paper are well-defined and can be calculated.

Assumption 3.1. The conditional probability density functions, f(s;;|S¢ ), are well-defined and can be calculated for all i=1,..., M and
t=0,1,...,T — 1. Moreover, for each t=0,1,..., T — 1, the supports of f(§f+|St,i) forall i=1,..., M are identical.

If Assumption 3.1 holds, then we have the following importance sampling identity.

A¢(Se,i) =E[He(Se4)1Se,i]

St
=/Hr(§t+)f(§r+|st,i)d§t+=/Ht(§t+) S GerlSe )f(vt+|stk)dvt+
F(Se41Sek)
~ SISt }
=E| Hi(Sty) ———>= . 10
[ R TORT IR (10)

Equation (10) allows us to use the inner simulation outputs from the k-th scenario, S;, to estimate the delta output for the ith scenario,
A¢(S¢,i), using the likelihood ratio (LR) estimator:

f(StJr k]|st1) =

AR (S, 1) = H Seoii X FGrlSc) Vi=1,... N 11
rk(Sei) = Z (S t+, q)f(SquIStk) t+.kj fGes1Se1). Vi (11)

The intuition behind the LR estimator in equation (11) is that reweighting the k-scenario’s inner simulation outputs H¢(S¢i ki), j =
1,..., N using the likelihood ratios effectively adjusts the probability such that the scenario k output can be applied to the scenario i

5
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Fig. 2. Schematic illustration of reusing simulation outputs via likelihood ratio estimators. Scenario St ; represents the target scenario whereas scenario St and St M
represent two different sampling scenarios.

estimate. We refer to the k-th scenario here as the sampling scenario and the i-th scenario as the target scenario. Since we can do this
for any k and i # k, all of the inner simulation paths can be used with each of the outer scenarios, at each time step. This pooling
of simulation outputs is expected to greatly improve the estimation accuracy for each target scenario compared to averaging only the
simulation outputs in that scenario.

Equation (11) shows that the likelihood ratio method is mathematically identical to importance sampling, but it differs in means and
goals. Importance sampling seeks the best sampling distribution for the goal of reducing variance. The likelihood ratio method, however,
has no control over the sampling distribution. The goal is to reduce computation; variance reduction is expected but not guaranteed.

Fig. 2 depicts the reuse of simulation outputs: The left to right solid lines represent outer scenarios, while the upward solid lines
represent the specific inner sample paths generated for each scenario. The broken lines illustrate how the inner simulations from scenario
k and M are reused for scenario i, along with the paths generated specifically for scenario i.> The phrase “reuse simulation outputs”
includes two aspects:

1. Reuse the sampling scenario’s simulation outputs, Ht(§t+,kj), j=1,...,N, to estimate the target scenario’s expected output A¢(S¢ ;).
These outputs are only calculated once but are reused M times for the M scenarios. As shown in Fig. 2, reusing simulation outputs
effectively increases the number of outputs in the target scenario and is expected to improve accuracy. Note that reusing the simula-
tion outputs does not require any additional inner simulation; likelihood ratio calculations are needed but these generally require less
computation than new simulations. Section 3.1.1 elaborates on the computational aspects of the likelihood ratio method.

2. Concatenate the sampling scenario’s inner sample paths Sy ; to the target scenario S;;, as shown by the upward dashed lines in

f(§:+,kj|sr.i)

f (St kjlSek)

such as the GMWSAB, direct concatenation may be invalid and adaptations are needed before applying the likelihood ratio method. This

is discussed further in Section 4.2.

Fig. 2. Usually, this concatenation is a useful visual aid for the likelihood ratio calculation . For complex embedded options,

Note that, similarly to importance sampling, the LR estimator can have large or even infinite variance due to the skewness of the
f(St+1S¢.1)
>0
f(Se+1Sek)

St,k] =E [1|St,,-] =1, the likelihood ratio itself can be unbounded. For example, consider the exponential distribution

likelihood ratio. Specifically, even though the likelihood ratio is positive and has unit expectation, that is, even though

F(SexISe)
F(Se41Se)
F(x|A) = re™*. For Ay > A1 > 0, the likelihood ratio jfrg:i;; = %e—“l—“)x — 00 as X — o0o. Such a highly-skewed likelihood ratio can
lead to LR estimators with infinite variance. In the context of nested simulation, this problem can arise when the sampling scenario is
significantly different from the target scenario.

The LR estimator Z%‘}((sm) in equation (11) uses inner simulation outputs from a single sampling scenario, the k-th scenario, to

estimate the i-th scenario delta, A¢(S; ;). Given M sampling scenarios, Zt”}{(st,,-), k=1,...,M are all unbiased estimators of A(S; ;). One
way to combine these is to average them, i.e.,

andE[

M
—~ 1 —~
AFR(Sei) = 2 D A(Sei).
k=1

This is the individual likelihood ratio (ILR) estimator in Feng and Staum (2017). The ILR estimator’s variance is a weighted sum of the
variances of the individual LR estimators KE}{(S[,,-) for k=1,..., M, therefore the ILR estimator will have infinite variance when one or
more of the LR estimators has infinite variance.

A remedy proposed by Feng and Staum (2017) is the mixture likelihood ratio (MLR) estimator, which is given by

M N

A 1 ~ f(SeiklSei)
AMR(S: ) = —— Hi(8pqpj) 200 (12)
t MN ;; fm(Ste+ k)

2 The individual likelihood ratios are shown in Fig. 2 for illustration only. We use the mixture likelihood ratios in our numerical experiments.



0. Dang, M. Feng and M.R. Hardy Insurance: Mathematics and Economics 108 (2023) 1-24

where the mixture pdf for the inner paths is defined as

i} 1 M
fuGen) =4 Ef@ust,,-). (13)

The intuition behind the MLR estimator (12) is similar to that for the LR estimator (11), as both reweight the simulation outputs by the
appropriate likelihood ratios, but they differ in the interpretation of the sampling distributions for inner paths. The LR estimator in equa-
tion (11) treats the inner sample paths {§t+,kj, j=1,..., N}, for k=1,2,...,M as M different samples, each following the conditional
distribution f(§t+|S[,k), k=1,2,..., M. The MLR estimator, in contrast, views {§t+,,<j, k=1,....M, j=1,..., N} as one sample from the
mixture distribution fy §4).

The MLR estimator has been studied by Veach and Guibas (1995), Feng and Staum (2017), and Elvira et al. (2019). We show here that
it is unbiased (like the LR estimator) and that the likelihood ratio for the MLR is bounded (unlike the LR estimator). To show that it is
unbiased, recall that the sampling distribution for ’S'H_,kj is f(St+|Sek) forall j=1,...,N, so we have

~ St kilSei ~
E[AMR (S| = ZZE [Hf(sw I oulSe) ; tjsk" ‘))], Sti ki~ f Ges|Sei0)
k 1 j=1 t+,kj

ZZ/ t(v+)f(yt+| tl)f(+|5tk)ft+

k=1 j=1

Sei) 1
=—Z/ tm)ff(f*(' f))MZmHstk)dh
M(St+

% 1 1 ~
@ N Z/Ht@t+)f(§t+|5t,i)d§t+ =N Z]E [He(St1)1S¢.i]
j=1 j=1

=FE [Ht(§[+)|5t,i] = A¢(S¢,i),

where (x) holds by the definition of fy (5¢4) in (13).
Also, the likelihood ratio for the MLR estimator is always bounded above by M, because

f€§t+|st,i) _ fer18e1) _ f€§t+|st,i) _ f(SeyISte) _
Gy HXM FGISe) T G G XM fGrlSe)

The MLR produces more stable estimates than the LR and ILR estimators because the mixture likelihood ratio is less extreme, as seen in
the following example. Suppose fo(x) and f3(x) are the pdfs for two normal distributions, each with standard deviation equal to 1, and
with means of 0 and 3 respectively. The different means can be viewed as the given outer scenarios so fp and f3 are used to generate
inner samples. Suppose a sample 3.5 is drawn from the sampling distribution fg, and is reused in the target distribution f3. The individual

likelihood ratio is ﬁgg; = 403.43, which is extremely high; this likelihood ratio is in fact unbounded as the sample value approaches

infinity. The mixture likelihood ratio, in contrast, is % =1.995 which is a much more reasonable value.
3 [f03.5)+f33.5)]

3.1.1. LR estimators with Markov state processes _

When reusing simulation outputs using the ILR estimator, or the MLR estimator, the simulation outputs H¢(S:; kj) only need to be
computed once, and then can be reused multiple times for different target scenarios. When the likelihood ratio calculation is faster than
computing a new inner simulation output, which is often the case in practical applications, the computational saving is significant.

In general, both the individual likelihood ratio and the mixture likelihood ratio require the conditional pdf to be calculated for the
whole inner sample path beyond time ¢, SH kj» given the whole outer scenario up to time ¢, S¢ ;. This calculation is simplified to a one-
step transition probability f (St+1 kjlSt,i) when the state process is Markov, which greatly reduces the computations needed in reusing
simulation outputs. The simplification as summarized in Proposition 3.1.

Proposition 3.1. If Assumption 3.1 holds, and the concatenated stochastic process (S¢, §t+) is Markov, then the LR estimator in equation (11) can be
written as

f(§t+1,kj|st,i)

~ iid.
~ , where S¢y ki~ f(St4|Sex) Vi=1,...,N. (14)
FSts1kilSer) o ‘

N
AR (Sei) = ZHf<st+,lq>
N=

Moreover, the MLR estimator in equation (12) can be written as

1 f(5t+1k [S¢.i)
AMIR(S: ) = —— He(Seq pj) =it
- ,Zuzl T Geig)

- ~ iid. .
where fu(Sty1) = % Zf‘; fBt411S¢,i) and Se i S fSt4|Sek) forall j=1,...,N,and forallk=1, ..., M.

7
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Proof. By the Markov property of (S;, §t+), for any scenario S; the conditional pdf f (§t+|St) can be written as

F(Sex1S0) = f(Sex1S0) = F(Se411Se, Se1) - F Sexa1S0) = FSex11Sex1) - F(Sea11So),
where the second equality holds by the Bayes’s theorem.
Then, the likelihood ratio in (14) can be simplified as
FSerailSe)  FSer1uilSesing)  FSrirnglSed)  FSeiinglSe)
F(SevkjlSer)  f(Set1.kjl1Se1.k) - [ (Se1.ki1Sek)  F(Set1,kj1Se.k)

For the MLR estimator, its mixture likelihood ratio can be simplified as

FSuilSei)  FSepijlSe)
Geir) %Z,Mﬁ FSeekilSe)
. FSei14i1Se+1k) - FSe1ki1Se.0)
B o S FSerkilSertn) - FSer1nilSer)
f(§t+1,kj|st,i) f(5t+1 kjlSte,i)
o > f(§t+l,kj|5t,i’) FuSes1xp)

(15)

as desired. O

Proposition 3.1 shows that even though the entire inner simulation path St+ kj is simulated and used to calculate the simulation output
Ht(St+ kj)» we only need to calculate the likelihood ratio for the one-step transition density from time t to t + 1. This means that the
likelihood ratio calculation can be very efficient even for embedded options with complex path-dependent payoffs.

3.2. Two-stage nested simulation procedure

In Section 2 we identified two main tasks in tail risk estimation: (1) classification of tail scenarios and (2) estimation of tail losses.
Following Broadie et al. (2011) and Dang et al. (2020), we use a two-stage procedure under which the first step focuses on Task (1) and
the second on Task (2).

In our numerical experiments, we assume that the simulation budget is a multiple of the number of scenarios M and the number
of time steps T, that is, ' = TMN for some N. This setting allows us to compare our procedure with a standard multi-period nested
simulation with N inner simulation outputs in each outer scenario at each time.

The two-stage procedure is as follows:

Stage 1: Classification of tail scenarios

In this stage, we use a fraction of the simulation budget, say TMN1 < I" for some N1, to identify a set of tail scenarios that are highly

likely to belong to the true tail scenario set, 7. The number N1 < N is a design parameter selected by the user.

(1.A) For each time-t scenario S¢;, i=1,...,M and t=0,...,T — 1, simulate N1 inner sample paths and compute the inner simula-
tion outputs. There are MN1 inner simulation outputs at each time t =0, ..., T — 1.

(1.B) Use the MLR estimator (12) to estimate A:(S;;), foralli=1,...,M and t=0,..., T — 1. Denote these first stage estimators by

Z?ALR] (St.i)- The same MN; inner samples are reused in all M target scenarios, but weighted by different likelihood ratios.
(1.C) Use the estimates ’A\?ALR‘ (8¢.i) in Step (1.B) to estimate the loss L; by

AMLR] ZAMLR](S DleTSei—e S |+ V(ST i=1,..., M.
t=0

(1.D) Sort the estimated losses in Step (1.C), A'(\%Rl /L\'(VIZI)'Rl < e </L\'(WN%$1 (assume no ties for simplicity). Identify the set of scenarios

with the M" highest estimated losses.

= sy T S TR
The number M" > (1 — @)M is a design parameter selected by the user. The set ﬁ“L is called the highly likely tail scenario set.

Stage 2: Estimation of tail losses R

In this stage, we concentrate the remaining simulation budget on the scenarios in 7;"“. Stage 1 uses TMN; simulation outputs, so the

remaining simulation budget in Stage 2 is ' — TMN; = TM(N — N7). Therefore, each of the M" highly likely tail scenarios generates

approximately N = [M(N — N1)/M™"] simulation outputs at each time t =0,...,T — 1.

(2.A) For each scenario St € 7\;“'-, simulate N inner sample paths at t =0,1,...,T — 1, and compute the inner simulation outputs.
There are M"N, newly simulated outputs at each time t =0,..., T — 1.

(2.B) Use the MLR estimator AMIR(S, ;) to estimate A(S;, ,) for all STI e 7H- and for all t =0, ..., T — 1. The outputs simulated for
Sii€ THL in Stage 1 are also included, so there are M"(N; + N») inner simulation outputs in total that are reused by the MLR
estimators. R

(2.C) Use the estimates AMIR(S, ), t=0,1,...,T — 1 in Step (2.B) to estimate the losses fMLR =TIMWR(s7 ;) for all S7; € TH.

8



0. Dang, M. Feng and M.R. Hardy Insurance: Mathematics and Economics 108 (2023) 1-24

(2.D) Sort the estimated losses in Step (2.C), IMR < TMIR _ ... - TMLR "thepn estimate the o-CTE by

1 2) (Mhy’
1 M 1

_—_MLR
TMLR TMLR

CTE, = — E [ — 2 MR 16

© T (d-aM O T A—agM L (16)
i=Mh—(1—a)M SricTa"R
where the set of MLR tail scenarios is
ZMLR ZHL . TMLR __ TMLR
Te =1{STi€Ty L > L(Mh_(]_a)M)}.

The MLR tail scenarios, ﬁMLR, are the (1 — )M scenarios generating the largest estimated losses, according to the Stage 2 MLR
estimators, from the M" scenarios in St ; € 7.

We see that Steps (2.A)-(2.C) are similar to Steps (1.A)-(1.C), but the simulation and estimation involve only on the highly likely tail
scenarios, 7L,

Both design parameters N, and M" affect the classification of tail scenarios and estimation of tail losses. The optimal selection of these
parameters will be considered in future studies. We find in our experiments that judicious choices of the design parameters N; and M"
will improve performance. Here we provide some guidelines based on our experience:

e We recommend that N, which is the number of inner simulations per outer simulation in Stage 1, should be small, e.g., 1 or 2. In
Stage 1, the goal is to identify the highly likely tail scenarios. We can afford coarse estimates for the values of the scenario losses, as
long as their relative rankings are similar to the rankings of the true losses. The MLR estimator reuses the inner sample paths from
all M scenarios, thus every AtMLR(St) is estimated using MN; inner sample paths; so a small Ny suffices for our purpose in Stage 1.
Moreover, the smaller Np is, the larger the remaining simulation budget is for more accurate estimation in Stage 2.

e We recommend that M", which is the number of highly likely tail scenarios in Stage 1, should be the number of true tail scenarios
plus a safety margin. Due to simulation noise, the rankings of the MLR loss estimates will be different from the rankings of the true
losses. Ideally, we would like 74 € 7;“'-. Increasing M" increases the probability of this, but if M" is too large, the Stage 2 simulation
budget will be smaller. The appropriate safety margin varies for different applications. We find in our experiments that a margin
between 5%M and 15%M strikes a good balance between ensuring a good coverage of the true tail scenarios in Stage 1, and leaving
sufficient simulation budget for Stage 2.

Note that M" and N1 are connected - a smaller value for Ny will give a rougher first estimate of the losses for each scenario, which
may necessitate a larger value of M", for example.

4. Applying the two-stage MLR approach to a GMWB
4.1. Financial modeling and dynamic hedging for GMWB

The policyholder of a GMWB option may periodically withdraw a guaranteed amount from their sub-account, until a prescribed time
or until their death. The withdrawals often begin at a specified date (typically 5-7 years) after the initial premium investment.

The guaranteed withdrawal amount is based on a specified percentage of the guarantee base. The policyholder is entitled to withdraw
this amount even if their sub-account is entirely depleted. The guarantee base is usually set at the higher watermark of the sub-account
value.

Consider a GMWB with ratchet that expires in T months. We denote the sub-account value at time t by F;. We assume that the
account is invested in a stock index whose time t value is denoted by S;. For simplicity, we assume that the withdrawal benefit starts
immediately after the contract commences.

Let G; be the ratcheted guarantee base at time t. The contract offers a guaranteed periodic withdrawal benefit in the amount of
It = yG; for some fixed y. We assume the GMWB is issued to a policyholder age x at t = 0. Let spx denote the probability of this
policyholder surviving all decrements, including mortality and lapse, up to time s, in months, and we let py. denote the probability of
survival from time ¢ to time t 4 1, in months. For monthly withdrawals in a 20-year contract, we need to consider the evolution of F;, S,
and G¢, for t=0,1,2,...,T. At t =0, we assume that the whole fund is invested in the stock index and the guarantee base is set to the
fund value, so

Fo = So = Go.

Also, set Ip =0 as the first withdrawal starts at time 1.
At each withdrawal date, the follow events take place in order:

(1) The fund value from t — 1, after the withdrawal at that time, changes according to the growth of the underlying stock, deduction of
management fee, and reduction proportional to mortality and lapse decrements.

(2) The guarantee base ratchets up if the fund value exceeds the previous guarantee base, reduced proportionally for decrements.

(3) The fund value is reduced by the amount of the withdrawal benefit, subject to a minimum value of 0.

Mathematically, at t =1, ..., T, we have

S
F; = max ((Ft—l - lm)s—te‘”g “Dxi—1, 0) = (Fro1 — I—)Tefe s . pyy g, (17)

9
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S
where R; =In ot
t—1
Gt =max(G¢—1 - Px+t—1, Fe), (18)

Here R; is the log-return of the stock index at ¢, and 7y is the gross management fee that is deducted from the sub-account each month.
Part of the gross management fee covers the expenses incurred by the insurer and the other part is the income for the insurer. Denote
the net-of-expenses rate of management fee by 7,; thus the insurer’s income at time ¢ is F;(e™ — 1).

We see from (17)-(19) that the status of a GMWB at any time t can be summarized by the triplet (S¢, F¢, G¢), so this triplet is the
state variable. We note that the evolution of the triplet is driven only by the stochasticity of the stock price process S¢. We denote the
state variables up to time t by (S, F¢, G;) and the inner simulated state variables from time t to T by (SH., FH_, Gt+)

The insurer’s liability in a GMWB contract is the present value of all the withdrawal benefits paid after the depletion of the sub-account,
offset by the present value of all the net management fees, F;(e" — 1), collected as income. At any time t, the insurer is interested in
hedging the future liability (beyond time t), which has value at t of

T

Vg = Z e "0 [(Is — F)t — Fs(e"™ — 1)]. (20)
s=t+1

Consider a discrete time delta hedging program for this GMWB contract. The insurer sets up an initial hedge portfolio at time O then
rebalances it at times t =1, ..., T to offset the future liabilities, based on a delta hedge. The time t hedge portfolio consists of A; units
of the underlying stock S;, where A; is the derivative of the GMWSB liability value at t, with respect to the time t stock price S;. This
derivative can be estimated as follows.

1. If F; < yGy, then A; =0 because the sub-account would be depleted after the withdrawal at time ¢ so the liability value does not
depend on S;. In this case, we set A; = 0 without any inner simulation. In implementation, these scenarios are flagged as they do not
reuse any output and do not create any simulation output to be reused by other scenarios.

2. If Ft > yGt, then Ar = A¢(St, Fr, Gy) is estimated using inner simulation. Following Glasserman (2013) and Cathcart et al. (2015),
based on equation (20) the pathwise estimator of A.(S¢, F, G;), based on a single inner simulation path, is given by

T ~ ~
~ o~ o~ ~ o~ dI dF dF.
Hi(St+, Fey, Gey) = e 70N> F) (= - =2 S —1 21
(St Fry, Gep) = Y {Is > Fs} s, ds, dS[( ) |- (21)
s=t+1
Using equations (17)-(19), the sensitivities
dfs  dGs nd dI
ds;’ dSt dS;
are calculated recursively for s =t+1,t+2,..., T as
dFS ~ ~ dF5_1 de—l Rs — 5 3:5
— =1{l_1 <Fs_1} - | —— — etse” e . _1, where Ry =In ~ 22
ds; { s—1 <Tls 1} ( ds; ds; Dx,s—1 s - (22)
dag ~ dF déS—]
— =11G <F 1iG _1>F , 23
ds, {slpxsl S}d5[+ {slpx,sl_s} ds; (23)
dly  dGs
—y— 24
as; Vs (24)
The boundary conditions of these recursions are given by
dF, F. dG dr,
2t 2t _p, and — =0, (25)
dS[ St dS[ dst
because
e At time t, the fund F; has g—; unit of stocks so a unit change in stock price results in % units of change in fund value, i.e.,
dF; _F
dSe St
e Also, the inner simulation sample path at time ¢ is initialized by setting (Et, ft, Et) = (8¢, F¢, Gt). Therefore
dFe  dFe F
dS¢  dS¢ St
e Given the guarantee base G, the guarantee base Et = G; and the withdrawal amount Tt =y G, is fixed, which means that
dG dI
L —pand — =0
ds; dsS;

10
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Note that inner simulation is only required when F; > y G;, in which case the indicator function in equation (22) is equal to 1. Also,
based on the boundary conditions (25), provided that F; > y G, we have

dFpi1 dFe  dI, Roor — Fr 5 . _
===t — 22t ) pRet1p Mg . — _LteRet1p=ng . , 26
ds, ds,  ds, Dx.t S Dx.t (26)
~ S
where Riy1=In—— H] —In 2t .
St St
In summary, in a standard nested simulation, for any scenario (St ;, F¢i, Gri), i=1,..., M, the time ¢ pathwise delta estimator for
GMWSB is given by
0, if Fej <y Ge,
AN FinGi)=1 1 e, ~ = = . (27)
£oThE TRE T N ZHt(SH—,U» Fetij, Gerij),  if Fri > yGe,
j=1
where gtﬂj Hd- f(St4|St) for all j=1,...,N. Then, in a standard multi-period nested simulation procedure, for the ith scenario St ;,
the discrete time hedging loss is estimated as
T-1
LS = " AM(Sei, Fri, Geile St —e " VS 14 vo(St.i, Fr.i, G1.0), (28)
t=0

where vo(St,i, Fr,i, GT,i) = ZtT:l et [(It — Fo)* — Fe(e — 1)] is the value at the policy inception of the GMWB liability.
Note the similarity between equation (28) and equation (9), where the former specifically considers GMWRB’s liability and estimates
the deltas by the Monte Carlo estimator (27).

4.2. Adapting the likelihood ratio method to the GMWB loss

To conform with the evolution of the GMWB state variables, we need to adapt the likelihood ratio method before applying it to the
delta hedging of GMWB'’s liability.

Recall from Section 3.1 that when reusing inner simulation outputs from sampling scenario k to a target scenario i, the inner sample
paths from scenario k are concatenated with the outer path (up to time t) from scenario i, to form a notional path:

concatenated time-(t + 1) inner simulation step

(So.i» Fo,i» Go,i) -+ (St.is Fe.iv Ge.i) (§t+1,l<ja Fer14, 5t+1,kj) cees (gT,kj: Fr i, ET,kj)

(S¢,i.Fri.Ge.i) (§t+.kjaft+,kjvat+.kj)

If this notional path is valid, by which we mean that it represents a feasible evolution of the state variables, the (kj)-th simulation output
is reused as the output of this notional path, after reweighting by the appropriate likelihood. However, some of these notional paths are
invalid, as they do not satisfy the relationships among S;, F;, and G; implied by equations (17)-(19). We make adaptations to these paths
and to the corresponding simulation outputs so they can still be reused.

From Equation (18), we see that G;41 = max{Fs - (—s+1Pxs:S=0,...,t + 1} so the ratcheted guarantee base without decrement can
never decrease. Also, if the guarantee base, without decrements, is increased at time t + 1, then it must be the case that the fund value
Fr41 has reached a high water mark. Mathematically, Gry1 > G¢ - px only if Gry1 = Fry1. A concatenated notional path can violate these
relationships in two ways:

(1) 5r+1 kj < Gt,i - Dx¢: The generation of the (kj)-th inner sample path is conditioned on the sampling scenario k, so its guarantee base,
without decrement, is non-decreasing within that scenario, ie., GH] kj = Gr.k - Px,c. However, when concatenated with the target
scenarlo i, one may have Gc+1 ki < Gt,i* Dxt, Wthh forms an invalid notional path.

(2) Gt+1 &k > Gei - pxt but Gt+1 kj 7 Ft+1 kj: Though Gt+1 kj is the running maximum of fund values up to time t 4- 1 for the sampling
scenario k, it may not be the running maximum of the target scenario St ; fund value up to time t 4 1.

We do not want to remove all the invalid notional paths, as this is a wasteful use of simulation budget. Instead, we adjust the inner
sample paths so that, after the adjustment, the concatenated notional paths are valid. We also adjust the corresponding inner simulation
outputs accordingly so they can be reused in different target scenarios.

Consider a fixed time t =1, ..., T —1, a target scenario St ;, such that F;; > I; ;, and a sampling scenario St x, that satisfies F;y > I k.
As discussed in Section 4.1, at time t, scenario St ; requires inner simulation and scenario St ; has inner simulation outputs to be reused.
In what follows, we adjust the (j)-th inner sample path from St x, and its simulation output, for reuse in the target scenario St ;

11
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Consider the following adjusted j-th inner sample path from the sampling scenario, St .

'§adj S st,i Gt i Ft,k - It,k
. ki AL 1.3
tHkj s, k Gt Kk Fri—Ii
~adj Gt,i
F'.|= Feop- - (29)
t-+,kj Gt,k
~ Gt
~adj Grikj- ——
Gy kj Y Gk

We claim that the adjusted notional path ((St,,-, Fii, Gri), (E?j_j,kj, i?ﬂj’kj, E?j_j,kj» is a valid evolution of GMWB state variables. First, we

re-examine the two aforementioned violations:

(I) Since Et+.kj is the jth inner sample path from the kth scenario, the guarantee base without decrement is non-decreasing so AGJH”{]» >
Gtk - Px.t- By construction, in equation (29),

~adj ~ Gei - Dxit
G =G ———=>Gyj
kj = Gt - Pxt
t+1.kj Gtk - DPxt

so the first violation no longer occurs.

(II) Consider any adjusted notional path where G Cri Put

H—l kj Gek Px,t
S0 Gt+1,kj > Gtk - Pxt. Since GH,kj is from an inner sample path of the kth scenario, if Gi1xj > Grk - px¢ then it must be that
Gt+1,kj = Frt1,kj- Then, by (29), in this case

> G¢i - Px,t- By equation (29), this means that EHW - > G¢j - px,t and

~adj Gri Gri _ adj
Gt+1,k] - Gt+] Jkj - Gt v - Ft-‘rl Jkj - Gt v t+1,kj

s s

so the second violation no longer occurs either.

Secondly, we show that the adjusted stock price path s is aligned with the adjustments made to F? and G} By equations (17)

d( ) b t+k] t+k] t+k]
an , we have
S G 5 G
t+1,kj _png (17)=adj (29) = t,i (17) 4+ Ot+lkj _pg t.i
(Fri—1Ie)™ ——=e™ -pxe = FJ) i = Frpini- =— = (Fre— I - ——=e" 7 - —= - py.
St Ty Gtk Stk Gtk

s

As we consider target and sampling scenarios with F¢; > I;; and F; x > I k, the adjusted stock price is

~ Sti G¢i F I Radi
S?.?] = St+1,kj Coti Mt t.k — Itk _ S e R i,
I Stk Gex Fri—Iei
where
50 Gei Fix—1I
Sadj t+1,kj = t,i t.k — 1tk t-H kj
R . —In—Y =R i +1In LB BX and R =In——.
CHLk St.i ik Gek  Fei—Iei ek Stk
This shows that, to align w1th the adjusted fund value Ft+1 and guarantee base Gr+1 at time t + 1, the time (t + 1) log-return is
<adj
adjusted from Rt+1 kj to Rt 1k For subsequent time steps no adjustment is made to the log-returns, so gsjdj = s . Then, according to
1

equations (17)-(19), the stock price §?dj, the fund value FS and the guarantee based Gadj all are the same multiple of their unadjusted
value as they are at time t + 1. This justifies the proportionate change for the entire inner path in equation (29).

The adjustment (29) enables us to reuse the adjusted inner sample paths. The simulation output for an adjusted inner sample path is

Ht(SderJ ki ?ij ki ’Cvtaﬂkj), where H; is as defined in equation (21), and requires the recursions from equations (22)-(25). We show that the
recursion can be circumvented by reusing the unadjusted simulation outputs Ht(AS/tJr,,{]-, i':t+,kj7 (N;H’kj). Specifically,
ﬁadj )
~adj ad] adj et Fri Spk
H:(S , , =H:S ,F .G —_— 30
t( t+,kj t+ kj t+ k]) t(St4kj» Feokj» Ge kj) - oRriii St Fex (30)
where
t+l kj Gt i Ft,k - It,k
R 1k =In———= and IR 1k +1n .
L tk o kj o T Ge Fri—Iei

Firstly, the adjustment in equation (29) implies that, for any s=t+1,..., T,

skj t+1,kj
dFskj dFeik Gk

adj ~adj
dF dF i G

12
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Using the chain rule, we have

~adj ~ dF:ijl.kj ~ Radi Fei
dFgy;  dFsyy dsu o) dFsiy et 55 Vs—t4+1. .T (31)
dSei  dSrx  dFeng dSe  eReviy  Fek’ o

Stk Stk

Equation (31) can be interpreted as two adjustments to the (kj)-th simulation output: one for the log-return and one for the boundary
condition. Both adjustments are results of the inner path adjustment from equation (29).
Secondly, the adjustment implies that, for any s=t+1,..., T,

~adj adj ~adj ~
dGgy;  dFgy  Gri 4G5y dGgy;
dGs,kj dFs,kj Gtk dF;(:IIch dFs,kj

~adj ~adi o~ -
dGg 4 /dSei _ dGy 4 _dGsyj  dGsp;/dSek
dF*Y /ds, ; dFj‘,?j dFsy;j  dFskj/dSe

s,kj
o dNadj. — .
adj ~ sk ~ Ra o Fui
Gyt dGskj @5 (31)dGsgy €14 5 Vs—=t41... .T (32)
dSy,i dSe i dFsk dSek Rt LT T
dst.k Sr,k

Thirdly, the withdrawal I; is a fixed proportion (y) of the guarantee base, regardless of the adjustment. This means that

yadj ~
dIs,kj _ C”s,kj

dﬁjfj,fj B das,kj

fyadj . ~
d137kj/d5t,l _ dIs,kj/dSt,i

df;f‘}jj/dst,,- dGs kj/dSei
i Kol Sadj :
adj ~ s,kj ~ R Fri
sy _dlsig @S o dlsig €9 500 0 (33)
dst,i dSt’i das,kj dst,i e'ﬁtJrl,kj ﬂ ’ e
dSt i Stk

Finally, we see that equation (30) holds by plugging equations (31)-(33) into equation (21).
Let Ar :={(St,i, Fr.i,Gri):i=1,...,M, Fr; > I;;} be the outer scenarios that require inner simulations at time t and let M; = |A¢]|.
In light of (12), (27), and (30), for any target scenario (St ;, Fr i, Gr.i) € A¢, the MLR estimator for the time ¢ delta is

Z?ALR(St,i» Fii, Gt i) =

0 if Fri <y G,
~adi Fo
1 eR?JrJl,kj ﬁ
k:(ST k. Fr k. GT R)EAL entLk Sk . -~
adi lfF[yl' > yGt,iv
3 FGSE 1860
S ¥ = t+,kj 19t
x Z He (St kjs Feq kjs Gt+,kj)#
j=1 fM(st+,kj)
where
D §f+1 kj Sadj =4 Gl’ i Ft k— It k
Revigy=In == and R¥ , =Reqp+In| . 1],
J tk t+1,kj kj Gf,k Ft,i — It,,'
FEM IS
The likelihood ratio % can be calculated using equation (15) if the state process is Markov. We provide an example of its
fm(Sy ki)

calculation in Section 5. ~ _ ~

We see from equation (34) that the unadjusted simulations outputs H¢(S¢4 kj, Fe+ kj» Gr+kj) are computed once and reused M; times
in different target scenarios. The adjustment adds negligible computation.

As mentioned in Section 4.1, the stochasticity of GMWB state variable (S¢, Ft, Gr) is driven entirely by the underlying stock S, so
the likelihood ratio calculation in (34) is based on the conditional densities of inner sample paths of S;y, given the outer scenario. The
adjustment in equation (29) does not affect the Markov property of the state process. To calculate the MLR estimator for other types of
VA contracts, particularly where the stochastic state variables are driven by the underlying stock price and are path-dependent, similar
adaptation can be made. We show an example using a GMMB contract in Section 6.

In the following section we illustrate the two-stage procedure numerically for a fixed term GMWAB. In Appendix B, we also present
results of a numerical experiment using a simplified GMMB contract with a log-normal asset model.
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Table 1
Parameters for the regime-switching lognormal asset model in
the numerical experiments.

(Monthly rate) Real World
Risk-free Rate: r 0.002
Mean - Regime 1 (p =1): w1 0.0085
Mean - Regime 2 (p =2): uy -0.0200
Standard Deviation - Regime 1: o1 0.035
Standard Deviation - Regime 2: o, 0.080
Transition Probability - from Regime 1: pqy 0.04
Transition Probability - from Regime 2: py; 0.20

5. Numerical experiments

In this section we compare a standard, multi-period nested simulation to the two-stage procedure described above, in the context of
estimating the 95%-CTE of the hedging losses for a delta-hedged GMWB contract. Our experiments show that the proposed two-stage
procedure produces more accurate estimates than the standard procedure with much less runtime.

We consider a fixed term GMWB contract with the following characteristics:

e The initial fund value is Fg = 1000, which is also the initial guarantee base Gg. The guarantee base is ratcheted monthly to the higher

of the previous month’s guarantee base and the current month’s fund value prior to the withdrawal.

It has a 20-year time-to-maturity and is hedged monthly, so T = 240.

The policyholder is allowed to make monthly withdrawals of y = 0.375% of the guarantee base G;.

A management fee of 7y = 0.2% is deducted monthly from the fund value and half of it is treated as income for the contract

guarantees, that is, n, =0.1%.

e For the purpose of comparison between the methods, we simplify the calculations by ignoring mortality, and assuming a constant
risk-free interest rate, r. We also assume that withdrawals exactly meet the guaranteed minimum each month.

We assume that the underlying stock follows a regime-switching lognormal (RSLN) asset model with two regimes, with parameters
2
as specified in Table 1 for the real world measure. The risk neutral measure is identical, except that the mean log returns are r — i

for regimes i = 1, 2; the other parameters are unchanged. This is a common approach in the literature (See Bollen, 1998; Hardy, 200%;
Dang et al., 2020, for example). The RSLN model is popular in practice for its ability to model volatility clustering and other asset price
characteristics. It also satisfies the Markov property, allowing the use of Proposition 3.1 to simplify the likelihood ratio calculations.

The likelihood ratio in the MLR estimator in equation (34) is calculated as

~adj ~
f(st+7kj|st,i) _ f(st+1,kj|st,i)

WS 3V FCekISei)

2

§ i GP il
é <1H(t5%2'”); r—— ,th_,) <P [ pr+1,41 01, ]

3 o3 .
D SR (111(%); r— —%t ,0,?“,> - P [ pes1,451 0t ]
where ¢ (x; i; 02) is the probability density function of a normal distribution with mean 4 and variance o2

We first simulate M = 10,000 stock paths St ;, i =1,...,M, and use them to compute the fund value paths Fr; and guarantee
base paths Gr ;. All experiments in this section will use the same set of scenarios. The objective is to estimate the tail risk measure as
accurately and efficiently as possible for this fixed set of scenarios. This requires identifying the 500 scenarios generating the largest losses,
and accurately evaluating the losses for these scenarios.

As the hedging loss for the GMWB contract under the RSLN model cannot be calculated analytically, we run a large scale standard
nested simulation with N = 10,000 inner simulations at each time step of each scenario, to obtain accurate estimates for the hedging
loss for each scenario. These accurate estimates are used as benchmarks to access the accuracy of different simulation procedures. We are
interested in estimating the 95%-CTE of these benchmark losses, which is the average of the largest 500 benchmark losses corresponding
to the true tail scenarios.

We first provide a holistic view of the performance of the two-stage procedure. Though not all scenarios require inner simulation, we
assign the same number of inner sample paths (some unused) to all scenarios. Consider a two-stage procedure with N; = 2 inner sample
paths per sampling scenario (for a total of 20,000 inner simulation outputs reused in each target scenarios) in Stage 1, and M" =1, 500
highly likely tail scenarios (that is, a 10%M safety margin).

In Stage 1, the MLR estimator reuses 20,000 simulation outputs to estimate the loss in each scenario. Fig. 3a depicts the estimated
losses in Stage 1 versus the benchmark losses. We see that the MLR estimates of the losses are close to the benchmark losses, as the
points in Fig. 3a are near the 45-degree line. Moreover, 497 of the 500 true tail scenarios are included in the M" = 1,500 highly likely
tail scenarios.

In Stage 2, each of the 1,500 highly likely tail scenarios are assigned an additional N, = 80 inner simulations, so the MLR estimator
reuses (N1 4+ N») - M" = 123,000 simulation outputs to estimate the loss in each scenario. Fig. 3b shows the estimated losses in Stage
2 versus the benchmark losses. We see that, with the concentrated simulation budget, the Stage 2 simulation significantly improves the
accuracy of the loss estimates in the highly likely tail scenarios, which will in turn improve the accuracy of the CTE estimate. The subfigure
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Fig. 3. lllustration of the proposed two-stage simulation procedure.

Table 2
Average runtime of one repetition of each experiment, to the
nearest hour.

Experiment Design Runtime of One Repetition

Two-stage procedures

(al) M" =1,500, N, = 80 8 hours
(a2) M" =1,000, N, =170 10 hours
(a3) M" =500, N, =620 8 hours
(b) Standard nested, N =350 32 hours

in Fig. 3b zooms into the border between tail and non-tail scenarios: In this illustration, the CTE estimate by the two-stage procedure
includes 481 of the 500 true tail scenarios. Among the 19 tail scenarios that were not included in the CTE estimate, 3 were missed in
Stage 1, and 16 were missed in Stage 2.

Next we examine the performance of the two-stage procedure in more detail. We repeat the following four experiments 100 times:

Experiment (a): The proposed two-stage procedure with

(al) M" =1500, and N, = 80 (the same configuration as in Figs. 3a and 3b),

(a2) M" =1000, and N, = 170, and

(a3) M" =500, and N, = 620.

Experiment (b): Standard multi-period full nested simulation with N =350 inner simulations for each outer scenario.

In Experiment (a), Ny is set equal to 2 in each case. We chose M" = 500, 1000, 1500 to test the impact of different sizes for the highly
likely tail scenario set; the N, values are then determined such that Experiments (al), (a2), and (a3) all require similar computation time.
Note that M" =500 is the minimum size for the highly likely tail scenario set.

Runtime for a single repetition of the experiments shown in Table 3 is summarized in Table 2. These were conducted with 40 cores on
a Dell PowerEdge R840 server with 4 Intel Xeon Gold 6230 20-core 2.1 GHz (Cascade Lake) CPU and 768 GB memory. Experiments (al),
(a2), and (a3) take around a quarter of the runtime of a standard nested simulation shown in Table 3.

The likelihood ratio computations reduce the number of inner simulations available for a given runtime. In the standard nested simu-
lation experiment, where no likelihood computation is needed, the total number of inner sample paths in all scenarios is 10,000 x 350 =
3,500, 000. In Experiment (al), the total number of inner sample paths reduces to 10,000 x 2 4+ 1, 500 x 80 = 140, 000, which is only 4%
of that in Experiment (b), but the run time of Experiment (a1) is 25% of the run time of Experiment (b) due to the likelihood computations
required.

Each of the 100 repetitions of the above experiments produces a 95%-CTE estimate. By comparing these estimates with the benchmark
95%-CTE estimate we can estimate the Root Mean Squared Errors (RMSEs), bias and standard deviation, relative to the true CTE value, for
each of the four experiments.
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Accuracy measures from 100 repetitions of different configurations of the two-stage procedure

and the standard nested simulation.

Experiment Design Relative RMSE Relative Bias Relative SD
(a) Two-stage procedures
al. M" = 1,500, N, =80 0.146% -0.002% 0.146%
a2. MM =1,000, N, =170 0.147% -0.069% 0.130%
a3. M" =500, N, =620 1.417% -1.405% 0.182%
(b) Standard nested sim. with N = 350 1.263% 1.201% 0.392%
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Fig. 4. Box-and-whisker plot of 95%-CTE estimates from 100 repetitions of three configurations of two-stage procedure using MLR estimators, and standard nested simulation.

The relative RMSE is

Relative RMSE =

n (C/T\Ea,,» - CTE,X)Z

CTEy

s

: n
i=1

where n =100 is the number of repetitions of the experiment, C/ﬁa,i is the estimated «-CTE of the ith repeated experiment, and CTE,
is the a-CTE value estimated by the large scale benchmark full nested simulation, which stands in for the true «-CTE for the 10,000

scenarios. The relative bias is

1 (CTEai - CTEq)

CTEq & n

’

and the relative standard deviation is
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1 n Frr 2
1YL CTEay)

CTEy

n

Table 3 and Fig. 4 summarize these performance measures. We make the following observations.

(1) Experiments (a1) and (a1) provide substantially more accurate estimates of the 95% CTE for the GMWB, with lower bias and lower
variance, compared with the standard nested simulation used in Experiment (b). Recall that the run times for Experiments (al) and
(a2) are only 25% of the full nested approach used in Experiment (b).

(2) Experiment (a3), which allows no safety margin in the highly likely tail scenario set, gives a worse estimator than (al), (a2), or (b),
in terms of the RMSE, with relatively high standard deviation and a significant negative bias. The negative bias is caused by the fact
that the first step does not exactly predict the 500 true tail scenarios; a number will be misclassified and will therefore be replaced
in the CTE calculation with scenarios that generate smaller losses. The second step of the inner simulation process provides more
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=

(5)

Table 4
True tail scenarios captured in 100 repetitions of two-stage nested simulation using MLR estimator of
different configurations of the two-stage procedure and the standard nested simulation.

# of repetitions

# true tail T.HL includes all # true tail
Experiment Design scen. in THL true tail scenarios scen. in 7’(1 oM
(a) Two-stage procedures
al. Ny =2, M" = 1,500, N, = 80 499.6 66/100 476.9
a2. Ny =2, M" =1,000, Ny = 170 498.0 17/100 478.9
a3. Ny =2, M" =500, N, =620 438.6 0/100 438.6
(b) Standard nested sim. with N =350 n/a n/a 434.4

accurate loss evaluation for the scenarios selected, but the number of misclassified scenarios will inevitably decrease the estimated
CTE compared with the accurate value. Experiments (al) and (a2) use 1,500 and 1,000 Stage 1 tail scenarios, respectively, to capture
the largest 500 loss values. Compared with (a1), (a2) uses more inner simulations, giving a smaller variance in the CTE estimate, but
also displays a small negative bias, indicating that some of the true tail scenarios are misclassified in Stage 1, similarly to Experiment
(a3), but with much less severe impact.

We examine this misclassification in more detail in Table 4, which summarizes the number of the true tail scenarios identified in
Stage 1 of the two stage process, averaged over the 100 repetitions. In the second column, we show the average number of true
tail scenarios that are correctly classified in Stage 1 into the highly likely tail scenario set, T”L In the third column, we show how
many times the Stage 1 process correctly classified all of the true tail scenarios into 7, THL In the fourth column, we show the average
number of true tail scenarios included in the final CTE calculation.

From the table we see that in Experiment (a3), none of the 100 repeated experiments correctly classifies all 500 true tail scenarios
in the highly-likely tail scenario set; on average, 438.6 of the 500 true tail scenarios are correctly classified, resulting in the bias
identified in Fig. 4. As each of the scenarios allocated to 7,/'* is used in the CTE calculation, the second and fourth columns are the
same.

Increasing the safety margin to 5%M, as in Experiment (a2), drastically reduces the misclassification of tail scenarios. On average, 498.0
of the 500 true tail scenarios are correctly classified into the highly likely tail scenario set, T HL In 17 of 100 repeated experiments,
THL includes all the true tail scenarios, and on average, Experiment (a2) includes 478.9 true tail scenarios in the CTE estimate.

In Experiment (al) the number of highly-likely tail scenarios is increased to M" =1,500. The average number of true tail scenarios
allocated to 7;” L is 499.6, and all of the true tail scenarios were correctly allocated in 66 of the 100 repeated experiments. However,
the inner simulation step is a little less accurate than Experiment (a2), as the budget is computation budget applied more widely,
resulting in a smaller number of true tail scenarios included in the final CTE calculation, on average, than Experiment (a2). As we see
from Table 3, though, the slightly different misclassification between Experiments (al) and (a2) has little effect on their RMSEs.
Experiment (b), the standard nested simulation, has high bias and high variance. This is a well documented result of using an insuffi-
cient number of inner simulations - see, for example, Gordy and Juneja (2010), Dang (2021), and Broadie et al. (2011). The explanation
is that using a small number of inner simulations causes significant noise in the estimated losses for the outer scenarios, creating
the high variance. In addition, because the estimated CTE is the average of the (1 — )M largest simulated losses, the losses that are
underestimated because of sampling variability fall out of the CTE calculation and the losses that are over-estimated are therefore
disproportionately represented in the calculation, leading to a general positive bias. In simple terms, suppose the true loss value for
each of the worst 1000 scenarios is equal to 80. The 95% CTE is estimated from the average of the largest 5000 simulated losses.
Now suppose that inner sampling noise will give a loss estimate for each scenario of either 70 or 90, with equal probability. Overall
there is no bias, but when we average the largest 500 simulated losses to find the CTE, we get a value of 90, on average, as we
disproportionately capture the high-side estimates.

Clearly, using more inner simulations produces a more accurate estimate of the loss for a given scenario. In Experiment (b) we use
only 350. The estimate in Experiment (al), uses only 82 (that is, Ny + N3) original inner simulation paths for each scenario, but it also
uses an additional 1499 x 82 inner simulation results that are re-purposed from the other scenarios, for a total of 123,000. Similarly,
including re-used simulations, Experiment (a2) uses 1,000 x 172 = 172,000 inner simulation outputs for each scenario. However, the
re-used simulation paths are not all equally likely, unlike the 350 paths used in Experiment (b). If the likelihood ratios are very small,
meaning that the re-used simulated outputs are not very helpful across different scenarios, then the estimate might not be much
better than simply using the 82 inner simulations specific to the individual scenario. A more appropriate comparison is to consider
the effective sample size, which is the number of i.i.d. simulations that would have achieved the same mean squared error as the
likelihood ratio estimator. This is a common diagnostic in importance sampling. In Kong (1992) and Liu (1996), under some technical
assumptions, it can be shown that the effective sample size, N, of a likelihood ratio estimator can be estimated by

(2’1:/1:] Z] 1 ng j))
Zk lZ] 1( (k]))

where w, " is the likelihood ratio used in the MLR estimator. Fig. 5 depicts the log of the average effective sample sizes for each of
the experlments at different times t (in months) along the outer scenario. We see from this figure that the effective sample size for
the two-stage procedure is higher than that of the standard nested simulation at all times, even in the first stage, where only two
original inner simulations are generated for each of the 10,000 scenarios. In the second stage, the effective sample size is very much
higher than the standard nested approach for the scenarios selected in the first stage.

RO

(k,j) -
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Fig. 5. Estimated effective sample size (in log scale) in one repetition of Stage 1 MLR, Stage 2 MLR, and SMC experiment.

(6) We note that Lan et al. (2010) also propose a two-stage (single-period) nested simulation procedure. We implemented their method
for our sample contract and scenarios, but the results were not satisfactory. Using their screening (Stage 1) procedure to identify the
5% true tail scenarios with 95% confidence resulted in around 35% of the 10,000 scenarios being selected for Stage 2. Moreover, the
pairwise student-t test used in their screening algorithm requires estimating the standard errors for w pairs of scenarios. In
our example, with M = 10, 000, the screening procedure itself takes longer to run than our entire two-stage procedure, leaving no
computational budget for Stage 2.

6. Portfolio of VA contracts

In practice, insurers’ VA portfolios usually include of contracts of various types, issued to a large number of policyholders with different
demographic characteristics. Interested readers may refer to Hardy (2003) for a comprehensive discussion of various types of VA contracts.

In this work, we have focused on improving the computational efficiency of a single VA contract. Nevertheless, our proposed two-stage
procedure using MLR estimators can be applied in nested simulations of a portfolio of VA contracts. When considering nested simulation
of a VA portfolio, each stage of our proposed procedure can be applied independently to every contract in the model, be it a contract from
the original portfolio or a representative contract as proposed in, for example, Gan and Lin (2015) and Lin and Yang (2020). At the end of
each stage, the highly likely tail scenario set is identified as the set of scenarios with the worst aggregate losses for the whole portfolio.

We illustrate using a numerical example how our proposed two-stage procedure using MLR estimators is applied to improve the
computation efficiency of a hypothetical portfolio consisting of three VA contracts:

1. One GMWB contract as described in Section 5.

2. One GMWB contract with the same characteristic as 1, except that it has 10-years to maturity, and a monthly withdrawal rate of
y =0.5%.

3. One GMMB contract.

6.1. Characteristics of a GMMB contract

The simplest form of GMMB contract pays a maturity benefit equal to the greater of the sub-account value and a fixed guarantee value.
The payoff of the GMMB resembles that of a European put option.
The GMMB contract in this numerical example is modeled with the following characteristics.

o The initial fund value is Fg = 1000, which is also the guarantee base Go = 1000. The guarantee base only reduces due to lapse
throughout the projection.

It has a 20-year time-to-maturity and is hedged monthly, so T = 240.

A management fee of g = 0.146% is deducted monthly from the fund value and of which 0.025% is treated as income per month for
the contract guarantees, that is, 7, = 0.025%.

We ignore decrements from mortality.

We assume the lapse behavior of the policyholder is dynamic in the sense that it is dependent on the moneyness of the contract.
More precisely, we assume that the monthly lapse rate from t — 1 to ¢ is

G
g,y =min (1, max (0.5, 1-1.25x <Ft L. 1.1))) X i e (35)

t—1

and

I-base _ { 0.00417 if t < 84, "

e 0.00833 ift > 84.
The mathematical modeling of the GMMB contract is detailed in Appendix A.
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Table 5
Accuracy measures from 20 repetitions of the two-stage procedure for the portfolio
of VA contracts.

Experiment Design Relative RMSE Relative Bias Relative SD
(a) Two-stage procedure
M" =1,500, N, = 80 0.37% 0.305% 0.21%
(b) Standard nested, N =350 1.38% 1.325% 0.39%
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Fig. 6. Box-and-whisker plot of 95%-CTE estimates of the VA portfolio from 20 repetitions of the two-stage procedure using MLR estimators, and standard nested simulation.
6.2. Numerical experiment
We considered two experiments for the 3-contract VA portfolio:

(a) Two-stage MLR procedure with Ny =2, M" =1, 500, and N, = 80 (Same as experiment (a1) in Section 5)
(b) Standard full nested simulation with N =350, M = 10, 000 (Same as experiment (b) in Section 5)

The experiment was repeated 20 times. The relative RMSE, bias and standard deviation of the CTE estimates from each set of repeated
experiments were compared to the CTE of the benchmark experiment. As in Section 5, the benchmark experiment is a standard nested
simulation with N = 10, 000 inner simulations.

The asset model is the same as the one used in Section 5. All these experiments use the same outer scenarios. Table 5 summarizes the
performance measures of this experiment. The same results are also summarized in Fig. 6.

The results in Table 5 show much higher accuracy using the two-stage procedure with MLR estimators than in standard Monte Carlo
simulation, while the two-stage procedure takes roughly a quarter of the runtime of the standard nested simulation. This demonstrates
the potential for applying the two-stage procedure using MLR estimators to a heterogeneous VA portfolio.

7. Concluding remarks

In this paper, we have presented a two-stage nested simulation procedure for estimating the tail risks associated with dynamic hedging
of complex, path-dependent embedded options. The mixture likelihood ratio estimator is used in both stages to reuse simulation outputs
and to improve the estimation accuracy. In the numerical illustrations, we apply the proposed two-stage procedure to the GMWB, and
also to a heterogeneous portfolio containing GMWBs and a GMMB. Compared with a standard nested simulation, the method offers very
significant improvement in the accuracy of the CTE, with much shorter run times.

There are a few potential refinements and extensions to our proposed procedure in future studies.

1. In this paper we have focused entirely on the inner simulation stage. It may be possible to develop a dynamic that trades the
computation budget between inner and outer simulations.

2. The parameters M" and N; have been selected somewhat arbitrarily. Further research could identify more objective methods of setting
these parameters.

3. The propositions in this study are mainly computational. Convergence analysis of the proposed procedure could be an area of future
study.
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Appendix A. Mathematical modeling of the GMMB contract detailed in Section 6.1

Att=1,..., T, the fund value F; and guarantee value G; of the GMMB contract evolves as follows.

3 3
Fr = max (FH e pyry, 0> = Fr_1eft™e . p, o, where Ry =In ——
St—1 ’ St—1
Gt =Ge1 - Dxt—1,

where py; is the probability of surviving all decrements from time ¢ to t + 1.
At any time t, the future liability beyond time t has value of

T
vip =e TG — Fp)t = ) e TS0 e — 1), (37)
s=t+1

The pathwise estimator of A¢(S¢, F¢, G;), the number of units of the underlying stock S; in a delta hedging program, based on a single
inner simulation path, is given by
S F. ¢ —-TT-01[C+ > F dFy e TG~ t) dF;
Hi(Sty. Fip, Gy) = —e IL{GT>FI}-K— Z 35, @ . (38)
t
s=t+1

dFs F %
Where s — _teZZ:Hl(Ru—’?g) . s—tpx,t-

Similart to tttle GMWSB case in Section 4.2, to conform with the evolution of the GMMB state variables, we also need to adapt the
likelihood ratio method before applying it to the delta hedging of GMMB’s liability. Let A; :={(Sti, Fr,i,Gri):i=1,..., M, Fr; > It}
be the outer scenarios that require inner simulations at time ¢ and let M; = |A¢|, for any target scenario (St i, Fr i, G1,i) € At, the MLR
estimator for the time t delta of the GMMB contract is

1 p eN?flrjl kj h N f(sadj |S )
“~MLR x,t,i St ~ ~ ~ t+,kj19t,1
A (St Fri, Gri) = —— > TR X Y He(Sty kg Fryngs Gt+,k])W (39)
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The above MLR estimator is derived as follows. Given equation (38), we have
Fadj T adj
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~adj ~adj
Grxj > Frij (41)
adj R )+ Rusi— adj
G- Tftpx’t{kj > Fi 'e( k8T 2=t Rk =) T—tPy th]
~adi ~
=G> Frj .eRraJrJij_”g - eXu=t+2(Rujj—1lg)
Gt F G F
) R n t,i t,k Z (Rk TI) Sadj tz t.k
<Gt i>Fri-e thiki=le . —— . oL ela=t+2(RukiTe) by R —Rt+1kj+1r1 Ll
Gex Fri HLk Gey Fri

<G> Fry- eZE:Hl(ﬁluk}'_ng)

P~
R s
G- T—tPxtkj > Fek- eXu=t+1 (Ruig=ng) . T—tDx,t.kj

=Gt kj > Fryj

20



0. Dang, M. Feng and M.R. Hardy Insurance: Mathematics and Economics 108 (2023) 1-24

Table 6
Parameters for the lognormal asset model in
the numerical experiments.

(Monthly rate) Real World
Risk-free Rate: r 0.002
Mean: p 0.00375
Standard Deviation: o 0.0457627

In addition, for s=t+1,..., T, we have
~adj
dFa : F;; ~Sadj ~ .
s.kj ti  RE mg 3 Rski—ng) adj
= e t+Lki 8 pliu=t+2 s kj Ng) . DPxti-s—t—1P . (42)
Lt 1,k
dSei  Sti XLk
Fadi . Fei ‘
Pxei €W 50 Frk Rl s Roie
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Dxtk  eRe+1ki Sf_k Stk
t.k

RO R
_ DPxti €t dFs kj

_px,t,k eErH,kj Fuk dSek
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By substituting (41) and (42) into (40), we have

adj = ~ ~
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s o dF3. F.
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Finally, by equation (12), we have

AMWR(S, i, Fei, Grp)
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Appendix B. Numerical example using a GMMB contract

To further demonstrate the validity and effectiveness of the proposed method, we apply the proposed two-stage procedure to estimate
the CTE of a simplified Guaranteed Minimum Maturity Benefit (GMMB) contract with a log-normal asset model. It is well-known that the
liability of a GMMB contract can be modeled by a put option (Hardy, 2003). With a log-normal asset model, put option value and delta
can be calculated in closed-form. So, unlike the GMWB example in Section 5, inner simulation is unnecessary for GMMB experiments
as it can be replaced by a closed-form calculation. In the experiments in this section, we use the closed-form calculation of delta to
replace inner simulations for GMMB. The resulting benchmark CTE value is then used to estimate relative RMSE and bias, rather than
resorting to the large-scale benchmark run described in the GMWB example in Section 5. As shown below, we observe similar results
in the GMMB experiments as those of the GMWB experiments. In particular, compared to the standard nested simulation procedure, the
proposed two-stage procedure produces more accurate CTE estimates in shorter runtime.

The GMMB contract we consider has the same characteristics as documented in Section 6.1 except that we ignore decrements from
lapse in this experiment. We assume that the underlying stock follows a log-normal asset model, with parameters as specified in Table 6
for the real world measure.

The same four experiment designs as in Section 5, e.g., al, a2, a3, and standard, were repeated 100 times for the GMMB contract.
A fixed set of 10,000 outer scenarios were used in all experiments. The CT Egsy estimate from these experiments is compared with the
benchmark CTEgsy estimate. To estimate the benchmark CTEgsy, at each time step in the 10,000 outer scenarios, the GMMB's delta is
calculated using closed-form formula. Table 7 and Fig. 7 summarize the performance measures of each set of experiment.

The results from these experiments demonstrate superior accuracy from using the two-stage compared to standard nested simulation
with similar computation budget. In this GMMB experiment, experiment (a3) achieves the highest accuracy (e.g., smallest relative RMSE).
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Table 7
Accuracy measures from 100 repetitions of different configurations of the two-stage procedure
and the standard nested simulation.

Experiment Design Relative RMSE Relative Bias Relative SD
(a) Two-stage procedures
al. Mh = 1,500, N, =80 3.200% 3.197% 0.130%
a2. MM =1,000, N; =170 2.236% 2.233% 0.118%
a3. M" =500, N, = 620 0.327% -0.260% 0.199%
(b) Standard nested sim. with N = 350 5.296% 5.287% 0.306%
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Fig. 7. Box-and-whisker plot of 95%-CTE estimates from 100 repetitions of three configurations of two-stage procedure using MLR estimators, and standard nested simulation.

Table 8

True tail scenarios captured in 100 repetitions of two-stage nested
simulation using MLR estimator of different configurations of the
two-stage procedure and the standard nested simulation.

# true tail
Experiment Design scen. in 7?%5)1\/1
(a) Two-stage procedures
al. Ny =2, M" = 1,500, N, = 80 385.6
a2. Ny =2, M" =1,000, N; =170 3914
a3. Ny =2, M" =500, N, =620 350.7
(b) Standard nested sim. with N =350 278.8

Fig. 8 shows that the MLR estimates of the losses are close to the closed-form calculation. In addition, the Stage 2 MLR estimates further
improve the accuracy of the loss estimation.

As GMMB'’s payoff is less complicated than GMWB's, losses of the former in different scenarios are more clustered than the latter’s.
The clustering of losses is evident in Fig. 8, which has the same x- and y-axis range as Fig. 3 but more clustered losses. This means that
it is more difficult for a GMMB contract to separate the tail scenarios from non-tail scenarios than it is for a GMWB contract. Comparing
Table 8 with Table 4, we see that less true tail scenarios are correctly captured in the GMMB example than in the GMWB example. The
higher misclassification of tail scenarios then leads to higher relative bias, as it is evident by comparing the relative biases in Table 7 and
those in Table 3.

Run times for a single repetition of the experiments shown in Table 7 are summarized in Table 9. These were conducted with 40 cores
on a Dell PowerEdge R840 server with 4 Intel Xeon Gold 6230 20-core 2.1 GHz (Cascade Lake) CPU and 768 GB memory. Experiments
(al), (a2), and (a3) take around a quarter of the runtime of a standard nested simulation shown in Table 7. Compared to the GMWB
experiments, the standard nested simulation takes similar run time as the complexity of its computation is driven by the number of inner
simulations M, the number of outer simulations N, and the number of projection periods T. The two-stage experiments take less time
than the GMWB experiments because fewer adjustments, as documented in Section 4.2 are required for this simplified GMMB contracts.
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Fig. 8. Illustration of the proposed two-stage simulation procedure in the GMMB example.

Table 9
Average runtime of one repetition of each experiment, to the
nearest hour.

Experiment Design Runtime of One Repetition
Two-stage procedures

(a1) M" =1, 500, N; =80 3.5 hours

(a2) M" =1, 000, N, =170 3.6 hours

(a3) M" =500, N, = 620 3.6 hours

(b) Standard nested, N =350 32.5 hours

In summary, Table 7 and Table 9 present the same conclusion as that for the GMWB experiment in Section 5: Compared to the standard
nested simulation procedure, with well-chosen experiment design (e.g., a3) the proposed two-stage experiment can produce more accurate
(e.g., 5.295% vs. 0.327% in relative RMSE) CTE estimator in shorter runtime (e.g., 32.5 hours vs. 3.6 hours).
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