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multiple subsidiaries and is subject to exogenous default risk. The default intensity is subject to
the contagious effect. The contagious effect refers to the increase in default intensities of surviving
subsidiaries within the group when a default event occurs. The recursive system of Hamilton-Jacobi-

JEL classification: Bellman variational inequalities (HJBVIs) is derived together with the verification theorem. We propose

c44 a semi-analytical approach that first finds the analytical solution in the continuation region and then

C61 the numerical solution in the risk exposure region. We further present a numerical example of a

G22 three-subsidiary insurance group to demonstrate the semi-analytical method and illustrate the recursive
computation procedures that are extendible to cases with more subsidiaries.
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1. Introduction

The incorporation of systemic risk into the financial market modeling has demonstrated great importance since the 2007-2008 global
financial crisis. Traditional measures of systemic risk included the conditional Value-at-Risk and conditional Expected Shortfall. Dhaene
et al. (2022) introduced the classes of conditional distortion risk measures to quantify systemic risk. Brechmann et al. (2013) employed
conditional copula simulations to illustrate the systemic risk among financial institutions and analyzed the contagion effects embedded.
Mean-field model serves as another tool to study the interconnectedness among a large number of entities. The interactions among the
entities are approximated by the average interactions; see Garnier et al. (2013), Carmona et al. (2015), and Hambly and Segjmark (2019) for
details. Network-based model is another frequently used tool to describe a system with multiple dependent entities. For instance, the risk
sharing structure among multiple insurance companies and reinsurance companies is investigated by establishing a reinsurance network
in Lin et al. (2015) and Ettlin et al. (2020). Tang et al. (2022) proposed a static structural network model of three components, and the
impact of a shock on the entities within the network was studied. Another way to describe the systemic risk is the intensity-based model,
where the default intensities are dependent on the system'’s default state. In detail, the system is subject to the reduced-form default risk
where the entities in the system are vulnerable to exogenous default events; see Jarrow and Turnbull (1995), Liang and Wang (2012), and
Ballestra and Pacelli (2014). The contagion effect explains the increase of default intensities of the surviving entities when default events
occur. In this paper, we aim to study the optimal decision-making problem of an insurance group subject to systemic risk by using the
last approach.

The optimal decision-making problem on insurance companies has been extensively studied in the literature, mostly in a single in-
surance company. Since De Finetti (1957) formulated the optimal dividend problem on a random walk surplus process, the introduction
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of the diffusion approximation model enabled the application of stochastic control theory in the dividend optimization problem and the
inclusion of other controls (Jeanblanc-Picqué and Shiryaev, 1995). Examples include controlling the risk exposure, the equity issuance, and
the investment. Typically, optimization problems that control the risk exposure and dividend payout scheme simultaneously were investi-
gated in the literature; see Irgens and Paulsen (2004), Taksar and Hunderup (2007), Jin et al. (2012), Jin et al. (2015), Feng et al. (2021),
and references therein. Such problems are classified as mixed regular-singular stochastic control problems. By the dynamic programming
principle, the variational inequalities are derived, and their solutions coincide with the solutions of the control problems (Fleming and
Rishel, 1975).

As more sophisticated models are used to better describe the dynamics of surplus, closed-form solutions are sometimes not available
for optimization problems. One viable alternative is referring to numerical solutions. For instance, Jin et al. (2021b) studied an optimal
risk control, dividend, and investment problem associated with the jump-diffusion regime-switching model and developed a hybrid deep
learning approach to the problem. However, obtaining an accurate numerical solution for a complex stochastic system is not easy, partic-
ularly high dimensional problems lead to “curse of dimensionality”. Hence, when the solutions are partially available in closed-form, the
semi-analytically approach can be utilized and shows its advantage in computation efficiency and accuracy. Lin et al. (2016) designed a
semi-analytic algorithm to calculate the mean and variance of the move-based hedging cost. Besides, the semi-closed form of the option
price could be written in the form of an integral that was dependent on a particular function, and it could only be solved numerically
(Carr and Itkin, 2021). He et al. (2022) obtained a semi-analytical value function for an optimal asset allocation, consumption, and retire-
ment time problem where the optimal retirement time was solved numerically. Due to the complexity of the problem we study in this
paper, the explicit form solution is hardly available, and a semi-analytical approach is utilized alternatively.

In this paper, we establish a semi-analytical approach to the risk exposure-dividend optimization problem of an insurance group with
multiple subsidiaries subject to contagious external default risk. We characterize the interconnectedness by modeling the group as a
system subject to the reduced-form default with contagious intensities. Following a similar methodology in Bo and Capponi (2016) and Bo
et al. (2019), we formulate a system of recursive HJBVIs and then show that the optimal strategies of the insurance group can be obtained
by solving the system. For a particular HJBVI, we formulate a group of candidate functions and find the candidate function that coincides
with the solution to the HJBVI. The solution obtained in the risk control region is expressed in terms of a differential equation. The solution
obtained in the continuation region and dividend payments region are available analytically. We then propose a numerical algorithm that
calculates the solution in the risk control region by transforming it into an initial value problem based on the closed-form solution in
the continuation region. The system of HJBVIs is solved recursively from the base case, and each HJBVI is solved semi-analytically by the
numerical algorithm.

The main contribution of our work is that we study a mixed regular-singular control problem in a very general setting and develop
an innovative semi-analytical approach that solves the resulting system of H]JBVIs of great complexity. To the best of our knowledge, the
proposed work is the most generalized model to study the dividend and risk sharing for multiple subsidiaries within an insurance group.
The general setting means that the assumption placed on the reinsurance strategy is alleviated compared to Qiu et al. (2022). The removal
of the constraint on the regular control introduces significant non-linearity into each HJBVI within the system and considerably increases
the complexity of the optimization problem. In addition, the non-trivial inhomogeneous terms introduced to the system of H]JBVIs due
to the reduced-form exogenous default risk result in a more intricate problem where a full explicit solution is generally unavailable.
With the semi-analytical approach, we establish the numerical solution in the risk exposure region based on the explicit solution in
the continuation and dividend payments regions, enhancing the computational efficiency and accuracy compared with a full numerical
solution of the recursive HJBVI system. From the numerical demonstration of a three-subsidiary group, we observe that the optimal value
function, the threshold for maximum risk level, and the optimal barrier all decrease when a default event occurs. In an economic view,
the occurrence of a default event means the whole system becomes observably contagious. It is then optimal for the surviving subsidiaries
to take the maximum level of risk sooner and make dividend payments sooner. In this way, the subsidiaries can bet on the increase of
their reserves and make more dividend payouts before defaults.

The paper is organized in the following structure. In Section 2, we introduce the notation and formulate the problem. We later define
a recursive system of variational inequalities and prove that the solutions of the variational inequalities coincide with the optimal value
functions in Section 3. In Section 4, we first formulate the group of candidate functions for the solution of the variational inequality and
derive the condition where the candidate function solves the variational inequality. Next, we propose a numerical algorithm that finds
the semi-closed solution of the variational inequality and demonstrate how to apply the algorithm to a three-layer recursive system of
variational inequalities. In Section 5, we provide the numerical results of the semi-closed solution of the three-layer recursive system
discussed in the previous section. In Section 6, we summarize the results and offer more concluding remarks.

2. Model formulation

We consider an insurance group consisting of N > 2 subsidiaries. Let (22, G, G,P) be a given complete filtered probability space.
The filtration G := (G¢)¢>0 satisfies the usual conditions. The filtration F := (F;);>0 is generated by an RN -valued process W =
(W1(),..., Wn())>0, where W;(t) is a standard Brownian motion for 1 <i < N and N > 2. The process W also satisfies that
(Wi, Wj)e = pjjt for all 1 <1i, j <N and for any t > 0 with the correlation coefficient 0 < |p;;j| < 1. Let us define Z:= (Z1(t), ..., Zn(t))t=0
on the state space S := {0, 1}N where Z is independent of W and generates the filtration H := (He)e=0 with H; = \/?’:10(21 (5),0<s<t).
The global filtration G further satisfies G =TF v H.

2.1. Default indicator process

We model the occurrence of unexpected default events within the insurance group using the default indicator process Z that is defined
before. In particular, these unexpected default events include sudden termination of the business and unanticipated financial distress due
to changes in external factors, which are not limited to public policies, business cycles, and macroeconomic factors (Ballestra and Pacelli,
2014). For instance, we see empirical analysis of default within business groups (Beaver et al., 2019) capturing the dependency between
macroeconomic fluctuations and the default events.
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The default indicator process Z = (Z1(t), ..., Zn(t))t>0 defined on S is assumed to be a continuous-time Markov chain, where Z;(t)
denotes the default state of the ith subsidiary. Furthermore, Z;(t) = 1 indicates that the ith subsidiary has defaulted by time t, and
Zi(t) =0 otherwise. For 1 <i < N, the default time of the ith subsidiary is then defined by

vi:=inf{t>0:2Z;(t) =1}.

Given that the ith subsidiary is alive by time ¢, the default indicator process Z is at state Z(t) = (Z1(t), ..., Zi—1(t), 0, Zi11(t), ..., ZN(t))
and could jump to the neighboring state Z'(t) := (Z1(t), ..., Zi_1(t), 1, Zi41(t), ..., Zn(t)) at the stochastic rate of Liz:=02i (Z(t))
where 4;: S — R, for 1 <i <N. In this paper, we assume that default events do not occur simultaneously, that is, AZ;(t)AZ;(t) =0 for
1<1i,j <N where AZ;(t) := Zj(t) — Z;j(t—). Therefore, the default intensity of the ith subsidiary is dependent on the current default state
and may change if any other subsidiary defaults (contagion effect). It can be shown that

tAY;
M; (t) :=Z; (t) — / Ai(Z(s))ds
0

is an H-martingale for 1 <i < N and thus a G-martingale (Bielecki and Rutkowski, 2004, section 5.1.4). Since Z is assumed to be
independent of W, it follows easily that F and G satisfy the condition (M.2a) specified in Bielecki and Rutkowski (2004, section 6.1.1),
and thus F has the martingale invariance property with respect to G. Therefore, we deduce that W is also a G-Brownian motion. The
construction of the global filtration G is similar to Bo et al. (2019). Due to the contagion effect, we assume that the default intensities
of the surviving subsidiaries within the group increase if a default event occurs. The default indicator process subject to contagion effect,
where the default intensities are dependent on the group’s default state, is defined in a similar way and studied in the literature, see Frey
and Backhaus (2008), Frey and Runggaldier (2010), Bo and Capponi (2017) and Birge et al. (2018).

2.2. Controlled surplus process

The reserve of each subsidiary is denoted by a diffusion process, which is given by dR;(t) = a;dt — b;dW;(t) for 1 <i < N where a;
and b; are positive constants. The diffusion approximation originates from the classical Cramér-Lundberg model, in which ruin-related
problems have been studied extensively in the literature; see, for instance, Willmot and Lin (1998) and Lin and Willmot (2000). This
approximation model has been widely used in actuarial mathematics; see Grandell (1991), Asmussen and Taksar (1997), Gerber and Shiu
(2004), and references therein. To control the risk exposure and dividend distribution, we define the pair of G-adapted processes (P, D)
that describes the risk exposure and cumulative dividend payment of the insurance group. In particular, P = (p1(t),..., pn(t))r>0 and
D= (D(t),..., DN(t))t>0. For subsidiary i, the risk exposure at time t is 0 < p;(t) <1 and the resulting surplus process satisfies df(i(t) =
pi(t)a;dt — p;(t)bidW;(t). The cumulative dividend payment D;(t) can be decomposed into the jump component AD;(t) := D;(t) — D;j(t—)
and the continuous component Df(t) = Dj(t) — ZOSSS[ AD;(s). It is natural to assume that no dividend is paid out if a default occurs.
We first define X;(¢) := (1 — Zj(©))Xi(t) for 1 <i <N as the surplus of subsidiary i is subject to external default risk. Then the surplus
dynamic of subsidiary i with risk exposure and dividend controlled is described by

Xi©:=1-2®) (%O -Di®), XO=xz0 1=<i=N, 21)
where x; is the initial surplus. We denote the ruin time of subsidiary i by
Ti:=inf{t>0:X;(t) <0}, 1<i<N. (2.2)

The class of admissible controls is defined as below.

Definition 2.1. The control pair (P, D) is admissible if it is a pair of G-adapted processes taking values in [0, 1]V x [0, co)¥ with D being
non-decreasing, cadlag and satisfying D(0—) = 0. Furthermore, the pair (P, D) is required to satisfy AD;(t)AZ;(t) =0, AD;(t) < X;(t—)
and Dj(t) = Di(t A t;) with t >0 for 1 <i < N. The set of all admissible controls is denoted by .

For the insurance group, we denote its surplus process by X = (Xj(t), ..., Xn(t))r=0. Then the initial surplus is X(0) =X= (x1,...,XN) €
X :=[0, 00)N. Also, the initial default state is given by Z(0) =z = (z1, ..., zn) € S. Given the surplus state x and default state z, let x®
and Z' denote the surplus and default state of the system when subsidiary I defaults suddenly, i.e., X¥ := (x1, -+, x_1, 0, Xi+1, -+ ,Xn) and
2=z, 21,1 = 2,241, , ZN).

Remark 2.2. It is worth noting that we could also consider a stochastic factor describing the dynamics of macroeconomic environment in
the current default contagion model. We see in literature of optimization problems that the stochastic factor corresponds to some continu-
ous indicator of macroeconomics (Capponi and Frei, 2017; Bo and Capponi, 2018; Birge et al., 2018) or different states of macroeconomics
(Bo and Capponi, 2016; Cheng et al., 2020). For both cases, the formulated HJBVIs and the optimal value functions are dependent on
the dynamic of the stochastic factor, where the dimension of the HJBVIs is increased compared to the problems without the stochastic
factor. In a similar vein to Bo and Capponi (2016); Cheng et al. (2020), we could use a continuous Markov chain to describe the dynamic
of macroeconomics and construct a regime-switching model for the surplus of the insurance group. Therefore, the optimal risk sharing
and dividend problem is also dependent on the state of the macroeconomics. The dimension of the existing recursive system of HJBVIs
is increased due to the additional stochastic factor, and we see the H]JBVIs are dependent on the optimal value functions associated with
other initial states of the Markov chain and the transition probabilities between these states. However, the increased dimension of the
recursive system results in greater complexity of solving the optimization problems, where the method of Markov chain approximation is
demonstrated in Cheng et al. (2020) and could be implemented to our default contagion model accordingly.

3
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2.3. Dividend optimization problem

We consider the optimization problem that the insurance group aims to maximize the sum of expected discounted dividend payments
of all the subsidiaries before ruin. The aggregate expectation of discounted dividend payments prior to ruin is denoted by
N T
J®z.P().DO)=E|)" / e "dD; (t) | . (23)
i=1p
where r is the discount rate. By controlling the risk exposure and dividend payment strategy, we can maximize J(X,z, P(-),D(:)) and find
the optimal P* and D*. In other words, we aim to find the optimal value function that satisfies

fx,z)= sup J(x,zP,D)=](x,zP* D). (2.4)
(P,D)eld

3. Verification theorem

In this section, we first present the verification theorem following the similar idea as Bensoussana et al. (2014) but in a recursive
form. Let us denote the number of alive subsidiaries by m. For any 1 <m < N, we assume that {j1,..., jm} € {1,..., N} with z; =0 for
1<l<mand {jmy1,...,jn} S {1,..., N} with zj, =1 for m+1 <1 < N. Without loss of generality, let us assume {j1,..., jm}={1,...,m}

and {jm+1,...,jn}={m+1,...,N}.

Theorem 3.1. Forany 1 <m <N, let Wy}, : [0, c0) — [0, co) be of C2 and concave for 1 < h < N. Further it satisfies

m
max og;)a)i1 Aph‘z'th,h(x)—i- Z M @) Wy (%) ,1—W;’h(x) =0, (3.1)
=Ph= I=1,Ih

and Wy, ,(0) = 0 where APvZMW, 1 (x) 1= —(r+ Y kg @) Wan (%) +anpnWV, 2 ®+3 b 2)/V”h(x)forl <h<mand Wyp(x) =0form+1 <

W,
h < N. For 1 <h <m, define py(x,z) := —Z’;Wf,“i"i Aland vy(z) :=inf{x>0:1-W,, (x) =0}. Let W(X,z) := Zh:] Wy n(xp) for (x,z) €
z,h ’
X x S. Then W satisfies
i aw
max max LW (x,z) + Z)“l Z)W (x(l), zl> , , =0, (3.2)
1<i<m | 0=<p1,.pm<1 P 0Xi

with W (0, z) = 0 where

m W m
LPIW (x,2) = Z (a,p, x,z) + p o (x, z)) — (r—i—ZAl (z)) W (x,2)
1

I=1 I=1
m 2
W
+ D bibkpipkoi - o X2 (3.3)
Lk=1,lk k
and we have W(X,z) > J(x,z,P,D) for any (P,D) € U. Moreover, it follows that W (X,2) = supp p)eys J(X.2,P,D) = J(X,z,P*,D*) =
f(X,2). The optimal reinsurance strategy P* = (pj(t), ..., py(t))=0 satisfies p} () := pi(X(t),Z(t)) and the optimal dividend strategy D* =
((DY(®), ..., D} ()e=0 is given by

[o¢]

/H{X;*(rkv,-(za))}dDT ©=0
0

XF@®)<vi@Z@), t=0,

(3.4)

where X* = (X} (t), ..., X} (t))¢=o0 is the surplus process defined by (2.1) under (P*, D*).

Proof. First of all, we show that W (x,z) = Zﬂﬂ Wy.n(xp) satisfies (3.2) for any (x,z) € X x S. When m =1, the initial state is given
by (x,2) = ((x1,0,...,0),(0,1,...,1)) and W (x,z) = W 1(x1) where W, satisfies max{maxo<p,<1{AP"*"Wy1(®)},1 — Wé,l(x)} =0
with W 1(0) = 0. Note that we have the above variational inequality since the term Z,m:l#] M(Z)Wy 1(x) vanishes when m = 1.
Also, the definition of W yields W(x®,z!) = W(0,1) = 0. Next, if we substitute W (x,z) = W,1(x7) back into (3.2), we have
max{maxogmfl{APLZJWZJ(X])}, 1-— Wéyl(xl)} =0, which yields (3.2) when m =1.

For m > 2, we have

PrW x 2+ Y H@W (x0.7) = ZAP”Zhwzh(xh)—i-ZM @) Z Wit (%)

=1 =1 k=1,k+#l
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ZAph,Z»hWLh (xh)—i-Z Z M (@) Wa i (Xk)

m
h=1 k=11=1,1k
m

m

Z _Aph’z'th,h (xp) + Z M (2) Wzl,h (Xn)
h

1 1=1,Ih

It holds that maxofphfl{Aph’z’hWZ,h(x) + Z}ll#h M@Wy p(x)} =0 and 1 — W;,h(x) <0 for 0 < x < vj(z) because W,y is concave and

satisfies (3.1). Similarly, we have 1 — W;qh(x) =0 and maxogphg{Ap“*Z*“Wz,h(x) + Zf":]#h M@Wy (%)} < 0 for x > vjy(2). Therefore, it
follows naturally that

m
Iw
max max LYW (x,z) + ZAI ()W (x(’), z’) 11— —(x,2)
1<izm | 0<p1,-,pm=1 = axi
m m

:]rggr(n og}ga)<(1 APREW) b (k) + Z M@ Wy xp) ¢ 1 =W, (xi) ¢ =0.
== h=1 "= I=1,Ih

Next we aim to show that W(x,z) > J(x,z,P,D) for any (P,D) €Y. Let T and (P,D) € U be arbitrary stopping time and strategies.
Regarding D = (D1(t), ..., Dn(t))t=0, we could decompose the process D;(t) into the jump AD;(t) and the continuous component Df (t) :=
Di(t) — Yg—s<¢ ADi(s). As we have shown that D;(t) =0 for t > 0 if Z;(0) =1, it holds that Y| /7 e~™*dD;(s) = Y%, ff e "*dD;(s).
Similarly, we define AD? () := (AD1(0), ..., AD;_1(t), 0, ADi41(0), ..., ADN(D)).

By It6’s lemma (Protter, 2005), we have

N T
e”"TW (X(1),Z(1)) — W (x,2) + Z/efrsdDi (s)

i=179
- / e_r5|:£P(s)’Z(S)W(X(s),Z(s))+ 3 (Z(s))W(X(’) ). (s)>:|ds
0 Z,l(?;éo
+ 3 je‘“ 1= W X (s).2(5)) ) dDE (5) + M- + 3 e‘”iAZ‘(s)
i—1 i ’ i ' 0<s<t =1 :
0 AZ($)#0

AD| () + W (xU') (s),2) (s—)) —w (x“') )+ ADY (s), 7/ (s—))]
1

TL

X
—
L=

+ > e‘”[W(X(S),Z(S—))—W(X(s)+AD(s),Z(S—))+ZADz(S)], (3.5)

O<s<rt, =1
AZ(5)=0
where M, is a local G-martingale.
It has been shown that W;_h(x) >1 for 1 <h <m. Given W (x,z) =Y |, Wy n(xy), there exists an €, € (0,1) for 1 <h <m that

m

AD;(s) + W (x<f> (s),Z) (s—)) -w (x(f> (s) + ADY (5),Z/ (s—))
I=1,1+£]j

LS
-

> [ADI©) + Wiy XU (6) = Wy (X1 (9) + AD (5))]
=1,1

m

> ADE [1-Wy L (Xie) +aaDie)] <0,
I=1,1£]

J

m
s

I

where the last equality holds by mean value theorem. Likewise, we have

m
W (X(s),Z(s—)) — W (X(s) + AD(s) . Z(s—)) + Y _ AD;(s) 0.
I=1
As we have shown that W satisfies (3.2), it holds that
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m
LLOTOWX©), 26+ Y, m@)HWXD(s),Zs) <o.
I1=1,2,(s)=0

We thus obtain e "W (X(7),Z(7)) — W(X,2) + vazl fOT e "dDj(s) < Mz. Since M. is a local martingale, there exists a sequence of
stopping time {T};2; with T; 1 oo such that

N TATy
Wx,z)> lim E | e "W (X(T ATy), Z(T ATh)) +Z e "dDj (s) | — lim E[M¢ar,]
n—oo n—oo

i=1 7}

>E Z / e "5dD; (s)

110

By letting T — oo, we have W (x,z) > IE[ZIN=l for" e "dDi(s)] = J(x,z,P,D).
It remains to show that W(X,z) = supp p)ezs J(X.2,P,D) = J(X,z,P*,D*) = f(x,z). Under (P*,D*), the surplus process satisfies

X = (1 — Zi©)(XF(t) — D) where X*(t) = (1 — Zi(t)X*(t) and dX¥(t) = p¥(O)adt — p¥(©)bidW;(t) for 1 <i <m. As we de-
duced before, it holds that Wé(s) {(Vi(Z(s))) =1 if Zi(s) = 0. If Z;j(s) =1, no dividend will be paid out and d(D})°(s) =0. By (3.4),
D (t) increases only if Xy (t) is going to exceed the barrier v;(Z(t)), thus yielding Zlmzl for e (1 — AW (X*(s), Z(5))/9x:)d(D})(s) =
Z, 1 fot e S(1— Z(S) {(X{(s)))d(D}) (s) = 0. For AD}(t) > 0, the amount of surplus exceeding v;(Z(t)) is paid out immediately, leaving
X (t) = vi(Z(t)). Therefore, we have

> ani©+w ((x) 79,2/ =) = w ((x) 0+ 4 (097 9.2/ 5-))
=1,
]

m
= Z Ly aDr(s)20} I:sz(sf),l (X' ) ~Waisyi (X[ (5) + ADf (5) ]+ Z Ly apy(s)0} ADI (s)
I=1,1]. Z)(s—)=0 I=1 1]
m

> [ADF ) + Wy i @) = Wy (vi@(5) + AD; ()| =
I=1,1#],
ADI*(S);JéO

The second last equality holds since AD](s) =0 if Z(s) = 1. Likewise, we have

W ((X*) (s),Z(s—)) — W ((X*) (5) + AD* (5), Z(s—)) + Z ADJ (s)
=1
Z [Wa(s—).1 (Vi (Z(5))) = Wy(s—)1 (Vi (Z () + ADf (s)) + ADj (s)] = 0.
AD; (540

It follows naturally that argmaxo<p,<1 APHZ"W, (x) = bgy\;,“x A1, which coincides to the definition of pj(x,z). Given p}(t) =
z,h
pi(XF(t), Z(t)), it holds that

m
pmax_ YAPOLO W (X )+ D M @) W (X] )

1=1,1£i
Zi(s)=0

m

= APFOZOIW 0 i (XF ©)+ Y MEZ©)) Wy (X (5) =

I=1,1i
Z)(s)=0

for X} (s) < vi(Z(s)). Thus, if X} (t) < v;(Z(t)) for all 1 <i <m, we have

EP*(S),Z(S)W (x* (S) Z (5)) + Z A (Z (S)) w ((x*)(l) (S) , Zl (S))

=1,
Zi(s)=0
m ) m
Z APEOLOW, 6 (XF )+ Y MEZ©) Wy i (X (9) | =0.
i =11
i(s)= Z1(s)=0
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Similarly, there exists a sequence of stopping time {T,}°°, with T, 1 co and

n=1
N TAT,
lim E [ e " T W (X (T ATR) Z(T AT)) + Y / e 5dD} (s) — W (x,2)
n—oo 171
=0

T

=E|e™W (X*(1),Z(1)) + /e’”de(s)— W (x,2) | = lim E [M¢ar,]=0.
i— n—oo
-0

Since X{(t) is non-negative and bounded by v;(Z(t)), we have that W (X*(7), Z(t)) is also bounded. Thus by letting T — oo, we have

N T
Wx,z)=E Z/e—”duf(s) =J(x,z,P*,D*), as.
i=]0

Since W (x,z) > IE[ZIN:1 for" e "*dD;(s)] = J(x,z,P, D) for any arbitrary (P, D) € U, it follows naturally that W (x, z) = supp p)cis J (X, Z, P, D)
= f(x,z) and (P*,D*) is the pair of optimal strategies.
Furthermore, if we apply Ito’s lemma to W, ; and follow the similar steps above, we can obtain

T
E /e_”dD;F )| =Wrix)=0, 1<i<m. (3.6)
0

Such equality implies that the solution to (3.1) measures the cumulative expected discounted dividend for subsidiary i under the optimal
strategies (P*, D*) for the whole group and (p;, D}) is the pair of optimal strategies for subsidiary i in order to maximize group dividend.

We could also show the concavity of W, from (3.6) in a similar vein to Hgjgaard and Taksar (1999). Assume 1 <h <m, let us
denote the expectation of discounted dividend payments prior to ruin of subsidiary h by Ju(xx,z, pn, Dn) where Jp(xn,z, pn, Dp) =
E[f," edDy(s)]. Let (P1,D1) = ((p1(1), ..., Pr—1(t), Pr(®), Pra(®), ..., PN (D), (D1(D), ..., Dp_1(t), Du(t), Dpyr(t), ..., DN(D)))
be an admissible control pair for the initial surplus X = (xq, <oy Xn—1, Y1, Xag1, ---, Xm, 0, ..., 0). Similarly, let (Py,D;) =
((p1(®)s ..., PR—1 (), PR (), PRy1 (D)5 ..., PN(E)), (D1(t),..., Dp—_1(t), Dx(t), Dp1(t), ..., Dn(t))) be an admissible control pair for the
initial surplus X = (x1, ..., Xh—1, Y2, Xht1, ---» Xm, O,...,0). Here, we let the control strategies for all other subsidiaries be the
same for (P;,Dq) and (Py,D,) except for subsidiary h. For some 0 < § < 1, let us Adeﬁne the next admissible control pair (P3,D3) =
((P1(), .., Pho1(©), 8DR () + (1 = 8)Pn(®), P (©), ..., PN (), (D1(t), ..., Dp_1(t), 8Dp(t) + (1 — 8)Dp(t), Dpya(t), ..., Dn(1))). Subse-
quently, let us denote Xp 1(t) by the surplus process of subsidiary h where its initial surplus is y1, the pair of control is (ps, Dp). Similarly,
we define Xj »(t) by the surplus process of subsidiary h where its initial surplus is y> and the pair of control is (pp, Dy). Since the dy-
namic of the surplus of subsidiary h is linear, it follows easily that Xj 3(t) = 8Xp,1(t) + (1 — 8) X 2(t) where Xj 3(t) denotes the surplus
process of subsidiary h with initial surplus y3 =38y1 + (1 — 8)y2 governed by the pair of control (§py + (1 — 8)pp, 8Dy + (1 — 8)Dp). We
denote the ruin times associated with Xp, 1 (t), Xy 2(t), and Xp 3(t) by Th,1, Th,2, and 73, respectively. We further have 1,3 = th 1 V T2,
and it follows easily that (P3, D3) is also admissible.

Following the arguments above, it holds that

I (v3:2.8Bn+ (1 = 8) P, 8D1 + (1 = 8) Dy) =8 Ji (1.2, b, D) + (1 = 8) Ji (2.2, B, D).

For any € > 0, we can choose the pair of control (p;, D;) such that Ji(x;,z, pi, Di) > Wy,i(x;) —€/N for 1 <i < N. Thus, it holds that

N N
> Ji 0.2 b D)+ Jn (V32,8 + (1= 8) B 8D + (1= 8) D) = 3 Was (X)) + W (1) + (1 = ) Wen (v2) — €.
i£h i£h
Since (P3, D3) is suboptimal, it follows that
N N
D Wi () + Wan (v3) 2 D Ji (.2, is D) + Ji (V3,269 + (1 = 8) B, 8Dn + (1= 9) D ).
ih ih

Therefore, we arrive at the following inequality,

Weh (¥3) =Wen 6y1+ (1 —=8)y2) =W h (¥1) + (1 —8) Wy (¥2) — €.

Since € > 0 is arbitrary, we conclude that W, is concave. O

From Theorem 3.1, we can obtain the optimal value function f(x,z) by solving (3.1) recursively given the initial default state z in a
semi-analytical approach. The optimal controls are available once we solve (3.1).

7
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4. Main results

In this section, we first find the semi-closed solution of (3.1) recursively and then present the numerical algorithm. Instead of tackling
directly with the free boundary problem (3.1), we formulate a group of C2 candidate functions where the function values and boundaries
are available analytically or numerically. Assume the existence of a concave, increasing and C2 solution to (3.1), we derive the condition
where the candidate function solves the free boundary problem (3.1) if the condition is satisfied. The numerical algorithm based on the
semi-closed solution is proposed later.

In addition, the semi-closed solution to (3.1) when m = 3 is provided for illustration. We demonstrate the semi-analytical method by
solving the recursive system of HJBVIs when m = 3 because it provides sufficient details in obtaining the analytical solutions and applying
the numerical algorithm recursively. For a recursive system of HJBVIs of more than three layers, we can extend the results by following
the same steps without adding the complexity of the problem.

4.1. Semi-closed solution

We first examine the auxiliary variational inequality analytically.

Lemma 4.1. Assume m > 2. Let &; : [0, 00) — [0, o0) be of class C2, concave, monotonically increasing and satisfies 2;(0) =0 forall1 <l<m+ 1.
Leté >0,k >0,r>0and A; > 0 forall 1 <l <m+ 1. Then the following differential equation

2 m+1 m
%{” x) —« (%) — <r+ ZA,) e (x)—}-ZAlEl (v—x)=0, 0<x<v, (4.1)
1=1

I=1

for some v > 0 with £’ (0) = —1, ¢”(0) = 0 admits a unique C? solution in the following form

£ (0) (m2e™* + mre~2X) — eMX e
nm+mn

X
2 m
£ = S = T )/ZA,E,(V—S) [—emt9 et ]as, 0<x<v, (42)
1 2
I=1

where n1 > 0 and —n, < 0 are the two distinct roots of %5252 —Kks—(r+ Z?:q] A))=0and ¢(0) = %
1=1

To maintain the flow of the paper, we include the proof of Lemma 4.1 in Appendix A, where we derived the unique C2 solution to
the differential equation in the form of (4.1) satisfying the specified conditions ¢’(0) = —1 and ¢”(0) = 0. Next, we present two lemmas
that are essential to prove some properties of the candidate functions later. Meanwhile, we can calculate the function values and the
boundaries of the candidate functions analytically or numerically according to the following two lemmas. Then, we can formulate a
group of C? candidate functions for W, that satisfy the variational inequalities in similar forms as (3.1). Within the group of candidate
functions, we next find the concave and increasing candidate function that satisfies a certain condition and thus solves the variational
inequality (3.1).

Assume m > 2. Let 9z ,1 > 0 and —nz 2 <0 be the two solutions of %bﬁsz —aps — (r+ Z;lel A (2)) = 0. Let W, (x) be the concave
and increasing solution to (3.1) subject to W, ,(0) =0 where the default state is Z' for all 1 <I<m. It holds that W;, h(x) =1 for

x> vu(z)) from Theorem 3.1. For any v > 0, let us define

-1
Wzhv®Pzh2 (%) — <1>/Z,h,2 %) (771,11,1 772,h,2)
Nz,h,1 + Nz,h,2

Hzpv (%) = +Pzhvi1(®), O0=x=<v, (4.3)

where

Zfox Zﬁl,l;ﬁh M@ Wy p (v — ) @,y (x—u)du
- bZ (Nzn1 + Nz.h2) M 17202
Dzn2 (X) 1 =Nz p 280 41y 1€ 22T,
St 1h M (@) Wy jy (V) +an
T+ kg Mk (2)

By evaluating Hz v (%) at x=0, we obtain that Hy p y(0) = Wz p,y. Since W, ;(x) is concave, increasing, and satisfies W, ;(0) = 0 for all
1 <1<m, it follows directly from Lemma 4.1 that H,; ,(x) given by (4.3) is the unique C? solution to

Dzhvi(x) =

bl

Wzhyv ' =

bz m m
fH;(h.v X) — apHy ), , (%) — (r +) ke (z)) Hohw @+ Y M@Wp (v —x=0, 0<x<v, (4.4)
k=1 I=1,Ih
subject to H’thv(O) =—1and H/Z’,M(O) =0.
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Lemma 4.2. Assume m > 2. Fixz € S and 1 < h < m. Then, there exists a set Oy that satisfies [z p 2, 00) € O1 € (Kzp 1, 00) where

m m
Kzna:=inf{x>0: Y n@W,, ® - <r+ZAk (z)) <o}, (4.5)
I=1,1h ' k=1
Kapno:= max v (z’)—i—aih (4.6)
Zh2 = omieh I+ Ap(2) :
Foranyv € O1, Hzpv(%) € C2:[0, v] — R given by (4.3) is concave, decreasing, and satisfies ahHz . L, = sz’Z’h ,@=00n0<x<v—npy(2)
where
apHy , , (%)
Mhy (@ :=v—infl0<x<v: %:1 . (4.7)
b Hz h,v (3]
Proof. It follows naturally from (4.4) that H, p v (x) also satisfies
b2 m m
S HLhy () —anHy )y, (X) = (r +) M (z)) Hypy @ = Y M@W,, (v=x)=0
= I=1,l£h

for 0 <x <v. Given H,, ,(0)=—1 and H”h (0) = 0, we immediately have

b2 m m
SH, @ = 3 M@W,, () - <r+ZAk @ |.
I=1,1h k=1
Given H’Z’hV(O) =0, if Hzpy(x) is concave, we have H’Z’fh!v(O) < 0. Also, Wy (x) is concave on x > 0 for all 1 <! <m with

z, n(X) > 1. For x > maXi<j<m,i+h vi (@), we have WZ/, h(x) =1 forall 1 <l#h<m If v>maXi<<mi=h vi(@), it follows immedi-
ately that 2}11,,# M@W, (V) — (r+ i M) = —1 — Ap(2) < 0. Thus, K41 defined by (4.5) exists and satisfies 0 < Ky p1 <

MaXx1<i<m,ih vp(@) < Kzn,2. Consequently, it holds that H), (0) <0 if v > K, 1, which is necessary for H, () to be concave and

= z,h,v
decreasing.
. . ayH, h (x) a
Given v > Kz 5,1, we have H;/,’h,v(O) < 0 and limy o W = 00. Let us assume v > K 2. For 0 <x < W we have
bz m m
I
S H Q) =anH 00+ | 14D @ [y, 0+ D M @Wy, (v =)
k=1 I=1,I£h

=ayHy ), , (%) + (r +D M (z)) Hypy @+ Y. M@

k=1 I=1,lh
with biH;”h ,(0)/2 = —r — Ap(z) < 0. Given th ,(0) =—1 and H/z/h ,(0) =0, we deduce that H/Zh L (0, th , @), and H/z”h ,(0 are
negative and decreasing for 0 < x < m.
Next, we rearrange (4.4) and have
b m m
S H .y ) —anHyy, }) = |1+ @) | Hany ®) = D7 M@ Wy (v =), (4.8)
k=1 I=1,Ih
Immediately, we have (r+ Zk 1 M(@)Hzp,v(0)— Zl 1,10 M (@)W, (v) = ay. Since HZ . »(¥) is negative and decreasing for 0 < x < ﬁ‘%

it holds that

<r+ § Me (z)) Hyp 0+ § M@Wy (v =X)
k=1 I=1,1h
m , m ah
= > h H > A —r—2 - ,
(r + " (z)) Zhv x) + R 1(2) < —r h(@) <0, O0<x< @

Furthermore, (r + Yy, Ak(z))H;!hqv(x) + Zf’;]#h )L,(z)W;, RV =X is decreasing for 0 < x < H;ﬁ Therefore, the right-hand-side of

(4.8) is decreasing for 0 < x < miﬁ It follows naturally that the left hand-side of (4.8), sz;/h ,(X)/2 = ath nv &), is monotonically
decreasing where sz;”h (X)/2— ahHZ h, ) <—T—=2p(2) for 0 <x < r+k e With (r+Zk 1M @)Hzp,v(0) — Z, 1,152h M@ Wy (V) = ap

and (r+ > 1, M@)H (%) + Z,:L,#h M@W,; (v —x) < =1 — A(2), we can find an M that satisfies

m m
ap
T+§ A (@) ) Hgpy (M1) — E M@DWypp(v—=M)=0, 0<Mi<—F—.
k=1 I=1,1h r+ (@
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b? ayH, , (M . . .
Then, we have ThH;/,h,v(M” - ahH’z,h,v(Ml) =0 and W = % Since H;qh,v(x) and H/Z’,h’v(x) are negative and decreasing for 0 <
an . . apHy, ,(X) . an apHy, ,(M2)
X< imm with limy o biﬁH;’Jw(x) = 00, we can find at least one M, that satisfies 0 < My < M1 < @ and bﬁH;fh_v(Mz> = 1. Thus, there
. apH, , (M L .
exists at least one 0 < M, < v that % =1 for any v > Kz 2. We denote the smallest My by v —ny,(z), which is equivalent
h™z,h,v 2
to the definition given by (4.7). Thus, it is sufficient for H, 5 () to be concave, decreasing, and satisfy apH, ,  (x) < b,%H/Z’h ,(*¥) <0 on

0 <x<v—npy(2) if v>Kzp 2 Consequently, we can find a set Oy that satisfies [Kz p 2, 00) € O1 € (Kzp.1,00), and for any v € Oy, the

associated Hzp y(X) is concave, decreasing, and satisfies ahH; by @ = bﬁH;’h ,® =<0o0n0<x<v-—ny,(2 and ahH/Z.h (V= y(2) =
bZH), ,(v—np,(@). O

z,h,v

In the following part, we consider v € Oy. Let us define G, p,,(X) on v —ny (z) < x < v that satisfies

2

a (G/ (x)) m m

h z,h,v

TR @ — (r—|— E A (z)) Gznyv (X) + E M@ Wy (v —x) =0, (4.9)
h~zh,v k=1 I=1,1#h

where

GZ,h,v (V —Npy (Z)) = HZ,h,V (V —Npy (Z)) s
/z,h,v (V ~ My (Z)) = H;,h,v (V —Npy (Z)) .
Lemma 4.3. Assumem > 2. Fixze Sand 1 <h <m. For any v € Oy, let Gz v(x) satisfy (4.9), Gzn,v(V — i,y (2)) = Hzp,y (Vv — np,y(2)) and

G/z’h.v(v —npy(2)) = H;,h’v(v — np,y(2)). Then, there exists a set O, where [Kzp2,00) € Oy € O1 C (Kzp1,00). Forany v e Oy, Gz p v () is
concave and decreasing with bﬁG” (x) <apG,, ,(x) <0onv —np,(z) <x <V (z) where

z,h,v z,h,v

m m

Vpy @ :=min{inf{v—np, @ <x<v: (r + Zkk (z)) Gzn,y ()= Z M@DWap(v—2x) ¢,V (4.10)
k=1 I=1,Ih

Proof. Let us rearrange (4.9) and have
2
a2 (G, ) m m
o o =\t M@ ) Cany @ = D M@ Wy (v—2). (411)
h~zh,v ®) k=1 I=1,Ih

Assume v > K, p . Following the argument in the proof of Lemma 4.2, we can find at least one M, that satisfies 0 < M, <
apHy, ,(M2)

an
r+Aip(2) <

Kzn2<v and =1, where we define v —ny ,(z) to be the smallest M. Thus, it holds that G/, (v —mny(2)) <—1 and

bﬁH;.h,v(MZ) z,h,v
m m
(r +) ke (z)) Gony (V= @)+ Y M@W,, (hy @) < =T — 1y (2) <0,
k=1 I=1,Ih

We next show that G/Z/h ,(®) and G/Z ny(¥) are negative and decreasing for x > v —np, ,(2) until the right-hand-side of (4.11) is zero.

We begin by proving G/z/‘h!v(v —npy(2) = H;/,h,v(v — N,y (2)). From (4.11), (4.8), and Gz p y(V —np v (2)) = Hzp v (Vv — 1, v (2)), we have

2
i (G/Z’h’v v s (Z))) = %H” (v —npy @) —anHy,, , (v =,y (2)
2b%G// (V — Ny (Z)) 5 zhy h,v hz hv h,v .

z,h,v

"
z,h,v

/
z,h,v

According to the definition of nj ,(z) given by (4.7), it follows that bﬁH (v —npyv(2) =apH (v — np,v(2)), which further yields

aIZI(G;.h,v(VinhvV(Z)))z __ap gy ah(G;_hvv(V*nh.v(Z)))z T , _
_W =—3Hp,(v- np.v(z)) and consequently W = szh,v(v —np,y(2)). Recall that Gzyh,v(v —npy(2) =
H/z’h,v(v —np,y(2)), it follows immediately that bﬁG’z”h’v(v —npy(2) = ahG/Z’h.v(v —np,y(2) = ahH’Z’h.V(v —np,y(2) = bﬁH’Z”h,v(v —npy(2))
as H’Z ny(V —np y(2)) is non-zero and negative from Lemma 4.2. Therefore, we obtain that G/Z’h (V=1 y(2) = H/Z’h oV =11y (2)).
From Lemma 4.2, we immediately have H}, (v —nyy(2)) =G}, ,(v—npy(2) <0and H,, (v —ny,(@) =G}, (v —npy(2) < —1
for any v € 01, which also holds for v > K, p, 5. It also has been shown that the right-hand-side of (4.8) is decreasing. Given aj H,, (v—

Ny, (2)) = b2HY

ZJw(v —npy(@), H,, (v —npy(@) <—1and Hypy(v — 1y y (@) = Gz v (v — np v (2)), wWe obtain from (4.8) that

z,h,v

an apH, , , (v —npy (2)) m m
“ e zhv > =(r+ /;Ak @ | Gony (v —1ny @) — l:%hx, @ Wy p, (nn,v (@) < ap.

Therefore, we have (r + Y jo; M (2)Gzpv(x) — Z,";lq,#h M@Wy (v —x) >0, G, (x) <0, and G,, (X) <—1on v —np,(2 <x<

z,h,v z,h,v

vV —npy(2) +€ < Wﬁ% for some € > 0. Thus, it follows that (r + > )L, M@)Gy (%) + Z{":”#h )L,(z)W;,,h(v —X) < — — Ap(z) for

10
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vV —np,y(Z) <X <V —np,y(z)+ €. We conclude that the right-hand-side of (4.11) is positive and decreasing v —np y(z) <x <V —np y(2) +¢,
which also holds for the left-hand-side of (4.11). Note that G/Z ny@® <=1 is decreasing due to Gzh ,X) <0 for v—np,(2) <x<v-—
npy(2) + €, G’z/h , (%) <0 is also decreasing for v —np ,(z) <X <V —np y(2) + € in order to guarantee that the left-hand-side of (4.11) is
decreasing. Thus, we conclude that G” ,(®) <0 and G, , ,(x) < —1 are both decreasing as x increases from v —ny (2z) given that the
right-hand-side of (4.11) is positive and x < rH’ @

We next show that the right-hand-side of (4.11) decreases to zero before x hits

apHy (V= v (2))
2

z,h,v

r+/\ T Recall that the right-hand-side of (4.8) decreases
from a to — >0 for 0 <x<v —np,(2). Since (r+ > ;4 Ak@)H,, , (%) + Zl";]#h M@W) (v —X) < =1 — Ap(2) for

0 <x < v —npy(2), it holds that

ahH; h.v (V_nh,v (Z))

ap + =
O<v—ny, (2 < h 2
r+ Ap (2)
Rearranging the above inequality leads to
ahH;h (Vv —1py(2) ap
— = r4+ip@)| ————(v—n z))|. 412
5 < +m@)| (v—nny @) (412)

Also, it has been shown that (r+ )L, )Lk(z))G/z oy )+ Z}“l I£h Al(z)W/ ,(V—=X) <=1 —2(2) as x increases from v —ny  (z) given that

rH @ and (r+Zk 1M (@) Gy v (X) — Zl 1,10 M (@)W, (v —x) decreases from M > 0 but remains positive. We show

that the right-hand-side of (4.11) first attains zero at some v — np ,(2) < M3 < rH @ by contradiction. Assume the right-hand-side of
Then, we Would have G/ Zhv x) < -1, Wlh(v—x) =1,and (r+ Zk l)Lk(z))Gzh )+

X<

(4.11) remains positive for v —np ,(z) <x < r+A FvweE

Z}L#h )»,(z)W;,’h(v —X) <—T—Ap(2) for v—mnp(z) <x < Then, we would obtain

r+ky,(z)
ahH;hv(V_nh,v(Z)) ap
- — >T+r@)| ———(v—np, (@) |,
5 (r+in (2)) @ ( hv (@)

which contradicts to (4.12). Thus, we deduce that the right-hand-side of (4.11) first hits zero at some v —ny ,(z) < M3 < H‘A’% where
M3 is equivalent to ¥, ,(z) given by (4.10).

We proceed to show that bZG’Z/h L@ = ahGZ . ,@ <0onv—np,(z)<x< Vv (z). We have deduced that Gz hy®) <0 and GZ nv®) <
—1 are both decreasing as x increases from v —np ,(z) given that the right-hand-side of (4.11) is positive and x < Hh(z). We also

showed that the right-hand-side of (4.11) decreases to zero at Vj ,(z) where v ,(z) < Therefore, we conclude that for v —

a2 (G, , x)?

2
276,

9
r+ip(z)*

Npy(Z) <X < Vpy(2), G”}Ll x) <0,G, (x) <—1, and —

Zhv > 0 are decreasing. Thus, —G/z/h , () > 0 is increasing faster than

anGy . V(X)
decreasing for v —ny, , (z) < x < ¥, (2). Recall that ath ny(V =y (2) = sz;/h (V=1 v (2), H;/h (v =np (@) = G/Z’h V(v nh,,,(z)) <0
hCapy X)
baGy )

h¥zh,v

(Gzh V(x))z > 1, where (G}, v (x))2 > 1 is increasing faster than -G, >1 for v —np,(z) <x < Vpy(z). Hence >0 is

and Hz wy(V—1py(2) = Gzh ,(v—=npy(2)) < —1, it holds that 0 < <1 for v—npy(z) <x < Vp,,(2), which leads to bﬁG’z/,h,v(x) <

anG Zh ,@ <0onv—nyy(z) <x< vh v(2).
The above results are deduced based on v € O; and v > Kz.n2. Thus, we can find a set O, that satisfies [K,p2,00) € Oy € O1 C

(Kzh.1,00), and for any v € Oy, the associated Gz y(x) is concave, decreasing, and satisfies b2 G’Z/h X <ap GZ h, yX® <0onv—np,(2) <

X< \A/h'V(Z). O

(G, h, L (0)?

ZbZGH

T = 0. Thus,

Note that (r + Y jeq Ak@)Gzpy(Vnyv (@) — Zﬁ]#h M@Wyp (v — Vhy(2)) =0, it follows that limyp, @) —

. . . G, .
limyp, ,z) Gy py (X) = —00 given limyy, ) Gy, (¥) < —1, which further leads to limy, ) % = 0. Let us rewrite (4.9) in the
’ . : h>zh,v
following form,
2
ap ( z,h,v (X))
Ly (0= (413)

Zbi [(r + ZT=1 Ak (z)) Gzhnyv X) — Zl 1,1h A (D) Wy h (v— X)]

For v —np y(z) < x < Vp,y(2), the right-hand-side of (4.13) is continuous and the associated initial value problem admits solution of c?
class. In addition, we assume that the initial value problem (4.9) with Gzp (v —np v (2)) = Hzp,y(v —np v (2)) and GZ h. JV=npy(2) =

Zh o (v —np y(2)) is well-posed on v —np y(z) < x < Vhy(2).

Remark 4.4. Due to the complexity of the non-linear ODE (4.9), we assumed the well-posedness of the associated initial value problem. In
the following, we will further discuss local well-posedness of this problem to show that the proposed assumption is reasonable. As proven
in Lemma 4.3, Gz y(x) is continuous and satisfies Gz p.v(Vh v (Z)) < Gzpy () < Hzpy(v —npy(2)) for v —np ,(z) < x < Vp,,(z) where

Gz.hv(Vhv(2)) > 0. In addition, it has been shown that G/, (x) and G/, (x) are continuous and bounded for v —np ,(z) <x < V() —

z,h,v z,h,v

11
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where 0 < € < Vp(z) — v + np v (2). Thus, the right-hand-side of (4.13) is continuous in x, Gzp v(x) and G’Z!h,v(x) for v —npy(2) <

X < Vpv(2) and Lipschitz continuous in G v (x) and G ,®) for v —mnpy(2) <x < Vhy(Z) — € where 0 <€ <V y(2) — v + np,y (2).

Therefore, the initial value problem (4.9) is well-posed (see eg Burden and Faires (2010, section 5.1)) and admits a unique solution on

V—npy(Z) <x< vh,,,(z) —eforany 0 <e < vh,v(z) — Vv +np,y(2). Also, there exists continuous solution on v —np ,(z) <x < f/h,‘,(z) where

Gz,h,v(oh,v(z)) = Zl:l-l#h:i(;kmy:ﬂ;;((; )

Yt eh M@W,1 , (v=T y (2))
3 k1 M@

> 0. Given the local well-posedness and the existence of continuous solution for v —ny ,(z) <

X =< Oh,v(z) with Gz,h,v(oh,v(z)) =

, we assume the well-posedness for v —np (z) <x < Vp., (2).

Similar to Yao et al. (2011), we assume in Theorem 3.1 that there exists an increasing, concave and C? solution to the free bound-
ary problem (3.1) and show that the solution divides the interval [0, c0) into three regions: the risk control region R :={x > 0:
ap W, h(x) ap W, , (%)
O S bZWu () bzw// x) —
h”Yzh h”Vzh
={x>0:1- W;qh(x) = 0}. As deduced in Theorem 3.1, W, measures the cumulative expected dividend under optimal strategies of
the group where the optimal reinsurance strategy of subsidiary h is given by pj;(t) = pp (X (t), Z(¢)). Choulli et al. (2003) has shown that it
is optimal for a subsidiary to minimize the risk exposure when the reserve is low, gradually increase the exposure while the reserve level
increases, and maintain the maximum risk level when the reserve level exceeds a certain threshold. Given the insurance group’s initial de-

1-— W;,h(x) < 0}, continuation region C :={x>0: — 1-— Wé’h(x) < 0}, and dividend payments region

g S . . L1 . . w,
fault state z and subsidiary h’s initial surplus x, it is optimal for subsidiary h to adjust the risk exposure level to pp(x,z) = —Zgwf;"z; AT,
h”"zh
. . . . w, . .
i.e., adjust to — bZW’,,"E i when the surplus level x does not hit the threshold ny(z) := inf{x > 0 : Z;W’,,"Ezi =1} given the existence of
zh zh

np(z), or to the maximum risk level 1 if x > ny(z). In our problem setting, the dividend payout rate is unbounded, and the dividend can
be distributed immediately when the reserve is high. Thus, it is optimal for the subsidiary to maintain the maximum risk level and not to
distribute dividends until the reserve hits the optimal dividend barrier, as described by (3.4).

It is common in the existing works for the optimal control problems to assume the existence of an increasing and concave solution to
the HJB equation of certain differentiability class, formulate the candidate functions for the solution, and show that the candidate function
indeed solves the optimal control problems; see Yao et al. (2011) and Feng et al. (2021). In a similar vein, we assume the existence of an
increasing, concave and C? solution to (3.1) and its boundaries 0 < ny,(z) < vj(z) < oo, and conclude that R = [0, ny(2)), C = [ny(2), vi(2)),
and D = [vy(z), o). In the following proposition, we formulate the group of functions Wy y(x) for all v e (92 that satisfy the HJBVIs

h V(X)
szz”h v( )
existence of 0 <np(z) < vy(z) < 0o, we show later that if v satisfies certain condition, the associated candidate function Wz,h,‘,(x) solves
the (3.1) subject to Wzyh_V(O) =0 where v =vp(2) and np, ,(z) =np(2).

similar to (3.1), where the group of functions satisfy v =inf{x >0:1 — Z h ,(® =0} and np (z) = inf{x > 0: — =1}. Given the

Proposition 4.5. Assumem > 2 and v € Oy. Fixze Sand 1 <h <m. For x> v — vy, ,(2), let us define VAVZ,h_V(x) by
Gzny (V—=2%), Vv—Vpy(@ <x<npy (),
Wehy X) = {Hzpny (v—=%), npy(@ <x<v, (414)
Wzhv+X—V, X=V,

SR izh M@Wy (V) +ay
r+3 ke (@)

where Wy p.y = Hzpv(0) = . Then, Wz,hq., (x) is of C2, concave and increasing that satisfies

m
max j max APRERE ) v )+ D M@ Wy () 1=, (0 =0, x>V =T, () (4.15)
=Fh= I=1,Ih

with quh,v(v — .y (z)) > 0. Furthermore, we assume the existence of an increasing, concave and C2 solution to (3.1) and its boundaries 0 < ny(z) <
vp(z) < oo. Then Wz,hqv(x) satisfies the variational inequality (3.1) with initial condition Wz_h,v(O) =0if

m

inf{v—np,@<x<v: (r+ > (z)) Ganv ()= Y M@Wyp(v=—x)t=v. (4.16)
k=1 I=1,l£h

Proof. We have deduced before that H,p ,(x) and Ggp,y(x) are concave and decreasing on 0 <x <v —npy(z) and v —np y(z) <X <
Vv (z) respectively for v € O,. Therefore, Gz (v — x) and Hzp (v — x) are concave and increasing on v — Vp, ,(z) < x < np ,(z) and
np,y(2) < x < v respectively for v € O,. Also, it can be easily shown that VAVZ_h,V(x) is of C% since G/z’h LV =npy(2) = H;’h LV —npy(2).
Given that Gz v (x) satisfies (4.9) and Hzp v (x) satisfies (4.4), it follows immediately that Wz,h,‘,(x) given by (4.14) satisfies

a2 ( z,h,v (X)) m ~ m U

2[)2—()() (1’ + Zk:] Ak (Z)) Wanv (X) + 21:1,1;&}1 AL (2) Wzl,h x)=0, V—Vpy(2) <x<nyy(2),
b why ) (417)
—W;’h y @+ a0 = (r+ X5y A @) Wy 00 + X0 pun M@ Wy p (0 =0, npy (@) <x <,

Zhv(x) X>v.

12
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Since W,y (x) is concave with VAV;,“,(V) =1, it holds that Wz’ hy® =1 for v —¥p,(2) < x < v. Further, Wany(®) satisfies

a;,W;vh'V(x)

bﬁwl,h,v(x)

Gonv®/Gyp (%) < bﬁ/ah for v —np v (z) <X < Vp,y(2). Also, Wy n v (X) satisfies Enaxosphg{Aph-fZ*hWZ,h,v(x) + Z?;u#h M@ Wy ()} =0
ahW;.hvv(x)

BZH], ) > 1 and therefore TR, > 1 for npy(z) <x<v.

It remains to show )/AVZ,h,‘,(x) satisfies maxosphg{AP"’Z”’WZ,/L,,(X) +Z}11#h M(@ZWy (%)} <0 for x > v. It holds that p, =1 for x> v

maxosphg{A"’“Z’hVAVZ,h.V(x) + Z}":“#h M@Wy p(x)} = 0 where pp = — for v — Vpy(z) < x < npy(z) since we have 0 <

apH! ,  (v—x)
where pp =1 for ny ,(z) <x <v as we have _2bt——

since Aph’z*hWZ,h,v(x) =appp — (r+ X jeq kk(z))VAVZ,h.V(x). We deduce limyyy W!”hyv(x) > 0 since Wzﬁh,v(x) is concave for v — Vp, ,(2) <
x < v and W;h,v(v) =0. It follows naturally that for nj y(z2) <x <v, Wz,h’v(x) also satisfies

b2 . ., m . m
7’1 Wy @) +anWy () — <r+ > ke (z)) Wy O+ D M@ Wy, () =0. (418)
k=1 I=1,Ih
Subsequently, we deduce —(r + Y jo; A (2) + Zf”zl’l#h )Ll(z)l/\/;1 AOES —limyyy bﬁVA\/Z’/,’,LV(x)/Z < 0. Since W, ,(x) is concave, we

have 72, 1y M@Wy ) = >t zn M@Wy ,(v) for x> v and thus —(r + D ket @) + XL N@W, (0 <0 for x > v.
. b2 A , Ay A
Since pp =1 for x > npy(z) and we have W/, (V) +aWV,, (v) — (r + Y A @) Wyp v (v) + Z?":”#h M@Wy (V) =0,
2 . . . .
we conclude %"thsv(x) + ahW;qh,v(x) =+ Y @) Wynv (%) + Z{":]#h M@Wy p(x) <0 for x > v. Thus, Wy p v (x) satisfies

MaXo<p, <1 {A”“’Z'hVAVZ,h,V(x) + Z,m:u#h M@ Wy (%)} <0 for x > v. It follows easily that Wz_h,‘,(x) satisfies (4.15).

We next show that Wz,h,‘,(v — Vn.v(2)) > 0 and deduce the criterion that Wz’h,‘,(x) satisfies (3.1). If ¥,y (z) < v, it follows directly from
(4.10) that we can find the vy, ,(z) that satisfies v —ny () < Vp,v(z) < v and

m m
(r +) (z)) Gznw (Vhy @)= D M@ Wy (v—Vny @) >0.
k=1 1=1,1£h
Note that we have Z;’;L,#h M@Wy (v — U,y (2)) > 0 since Wy ;,(x) is increasing subject to W, ,(0) =0 for all 1 <17 h <m. Therefore,

we have Wy v (v — ¥y (@) = Gy v (V1,4 (2)) > 0.
Next, if V5 ,(z) = v, it follows that

m m
(r +) (z)) Gz = Y M@Wup(v=x2=0, v—ny, (@) <x=<v.
k=1 I=1,I£h
We first consider the case where the above inequality is strictly positive for v —np ,(z) <x < v. Since Z,m:l,,#h M@Z)Wy (v —x) > 0 for

vV —np,y(z) <x <v, it holds that G, y(x) >0 for all v —np ,(z) <x < v, which follows VAVZ,/LV(V — Vnv(@) > 0. If ¥py(z) =v and the
equality holds at x = v, we have

(r +) ke (z)) Gy (V) = D (@ Wy (0)=0.
k=1 I=1,I£h

We obtain Gzp (V) = Gz pv(Vhv(2)) =0 since Wy p(0) =0 for all 1 <h <m. Consequently, we have Gznv(Vhyv(2) = Wz_h_v(v —
Vhy(@) = Wz,h,v(O) =0. Thus, we conclude that Wz’h,v(x) satisfies

m
max o$a§1 APREMA by (%) + E M@ Wy (%) ,1—Wé,h,v(x) =0, x>0,
=Ph=
1=1,1h

with initial condition Wz,h,V(O) =0 when

inf{v—-np,y(@ <x<v: <r+ Z)‘k (z)) Gzhyv (X)) = Z M@Wyp(v—x) ¢ =v.

k=1 I=1,I£h

It follows naturally that nj ,(z) =nx(z) and v =vy(z). O

Remark 4.6. Indeed, if v € [K 4,2, 00), it is shown in Lemma 4.3 that v —ny ,(z) < M3 = Vp,,,(z) < v. Meanwhile, we showed in Proposi-
tion 4.5 that if 5 ,(z) < v, the associated )/AVz’h,v(x) satisfies (4.15) on v — ¥p v (2) <x < v with Wzﬁh,v(v — Vv (2)) > 0, which is not the
original free boundary problem (3.1). Therefore, we can further infer that for some v € Oy \ [Kzp2,00) € (Kzp.1, Kzp.2), the formulated

VAVz,h_V(x) given by (4.14) solves (3.1) with WZ,hYV(O) =0, which suggests the choice of the initial search window for v in the following
section of numerical algorithm.

Next, we find the solution to (4.9) and the value of vj(z) by a numerical algorithm.

13
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4.2. Numerical algorithm

From Proposition 4.5, we have shown that VA\/Z,h,V(x) =Gzpy(v—x) on v — Vp,(z) <x <np,(z) where G, ,(x) satisfies (4.9) and
corresponding conditions. For such a non-linear second-order ODE, Runge-Kutta method (Burden and Faires, 2010) is appropriate.

Motivated by Proposition 4.5 and Remark 4.6, we propose a numerical method starting from the search window (Kzp 1, Kzn2)
where we choose a fixed v € (Kzp,1,Kzp2) and formulate the candidate function th v(x) given by (4.14). Since (Kzp1,Kzn2) 2
O3\ [Kgp.2,00), it is possible that the existence of nj ,(z) is not guaranteed and —ahW/ h V(x)/(bz)/\/;’h ,(®) >1 for all xe (0,v). It
implies that current v is too small and we should try a greater guess. In this case, we ad]ust the lower bound of the search window
to the current v. If 0 < nh v(z) < v exists, we can solve (4.9) numerically with initial conditions Gz p (v —np,y(2)) = Wz,h,v(nh,v(z)) and

z ny(V =My (2) =— zh ,(n.v (@), and found ¥y, ,(z) defined by (4.10). As discussed in Proposition 4.5, if ¥ y(z) = v and
m m
(r +) ke (z)) G (V)= D M@ Wy (0)=0
k=1 I=1,I£h

we conclude that vy, ,(z) = v = vj,(z) and the formulated )/AVz,h,V(x) solves (3.1) with VAVZ,;LV(O) =0 and limyo Wé’h ,(¥) = —oo. Otherwise,
there are two possible scenarios. First, if V5 ,(z) < v, ie.,

m

infv—npy(z) <x=<v: (HZM(Z)) Gzny ()= Z M@Wpp(v—X) ¢ <v,
I=1,I¢h

th v(x) satisfies (4.15) on x > v — ¥, (2) > 0 with lim,,_ @ W, Z h L0 =1imyys, o) GZ py(®) = —oc and VAVZ,,LV(V —Vhv(@)>0. 1t
can be inferred that v is too large compared with v,(z) and Gz oy ) decreases to negative mﬁnlty before x hits v. Therefore, we adjust
the upper bound of the search window to the current v. Second, if V5, ,(z) = v and

(r+Zxk<z>>cz,h,v(x)— Y M@Wap(v=0>0, v—np, @) <x<v,

k=1 I=1,1#h

th v(x) satisfies (4.15) on x > v — ¥y ,(z) = 0 with limxw zh y () = limyyy Gz hy(® < —oo and Wzthv(O) > 0. It can be inferred that
v is too small compared with vj(z) and GZ’ . ,(¥) has not decreased to negative infinity when x hits v. In this case, the lower bound of
the search window is updated to the current value of v.

We further discuss in detail how to adjust the next guess according to the numerical results. In practice, we start with the search
window (vt vY) = (Kzh.1,Kzn2). At each iteration, we let v be the midpoint of the search window and denote the midpoint at ith
iteration by v(". During iteration i, if ¥; , (z) < v, the upper bound vU is decreased to v(¥). On the contrary, if n; () does not exist

or if \A/,Lv(i) (z) = V<i) and

m

m
(r+Zxk<z>> Gonv )= D> M@ Wy (v('>—x)>0, v —ny o @) <x<v®,

1=1,Ih

we increase the lower bound vt to v®, At iteration i+ 1, we let vi*™D = (vt 4+ vU)/2 where vt or vV is updated in the last iteration. The
above process is repeated until ¥, o (z) =v® and (r + Y}, A(@)Gyp 0 (V) = >t 1zn M@ Wy ,(0) =0 or the width of the search
window is within the tolerance.

There are several advantages of solving the problem in the semi-analytical approach. First of all, compared with a purely numerical
solution, we can calculate Wz n(x) explicitly on (ny(z),c0) and then numerically on (0,n,(z)). The semi-analytical approach not only
enhances the computation efficiency but also provides accurate initial conditions for the numerical part. Note that we formulate the group
of candidate functions starting from a fixed v and then find the one that coincides with W, j(x). If we tackle with the original free
boundary problem (3.1), the explicit forms of the boundaries are not straightforward. As for the numerical methods, we start with only
the boundary condition W, j,(0) = 0 without any further information regarding the derivatives at x = 0. The numerical methods applicable
to such boundary problems are limited and the accuracy of the numerical approximation is a concern.

4.3. Semi-closed solution for three subsidiaries

In this section we present the semi-closed expression of W; (x) when m = 3. By Theorem 3.1, the solution to W, j(x) is solved by a
recursive system of HJBVIs with three layers. We start from the base layer, where an explicit form of the solution has been solved in the
literature. We proceed to the second layer and find the semi-closed solution to the system of H]BVIs according to Algorithm 4.1. Note that
the semi-analytical solution (w1, ..., w1 4) obtained from Algorithm 4.1 are in backward direction. Therefore, we flip the semi-analytical
solution and obtain (w1, ..., w1), which is the numerical solution to Wz (Xo), ..., Wz n(Xq)) The same steps are repeated for the
third layer. The details on constructing the recursive solution are discussed below.

Without loss of generality, we consider a group with three subsidiaries, i.e., N = 3. For the rest of the section, let z= (0,0,0) and
X = (X1,X2,x3). We aim to find the semi-closed solution to W, ;(x) for some 1 <h <3 and begin with decomposing the dependent
structure from the top layer. By Proposition 4.5, W, (x) is dependent on W, ,(x) where 1 <[ <3 and I # h. For instance, Wz 1(x) is
dependent on W2 1(x) and W3 4(x), where 72 =(0,1,0) and z3 = (0,0, 1). As for Wy2 1(x) and Wps (x), both depend on W;, 1(x),
which is the solution to the base layer of the recursive system. Note that we let z; = (0, 1, 1), the default state that subsidiary 1 is the

14
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Algorithm 4.1 Algorithm for Solving the Auxiliary Problem Semi-analytically.

Input: : v©®, vt vU k M, €

1: N—vWyk
2: for j=0,1,2,...,N do
3: xj<jk
4: end for
5: fori=0,1,2,...,M do
6: N<—vDk
7. for j=0,1,2,...,N do
8: Wi, j &Hz,h,v(‘)(xj)
9: wyj < H;,h,v(‘) (%)
10: ifH,, o &)/HY o () < b} /ay then
11: q<j
12: break
13: end if
14:  end for
15 if j==NAND H,, ., (x,)/H, ;) > bj/ay then
16: vl y®
17: v+ by yUy 2
18: continue
19:  end if
20:  while (r+ YL, M @)W1g — 2Ly M@Wy (v —xg) >0 OR g < N do
21: obtain wi g4 and w g1 by Runge-Kutta method
22: qg<—q+1

23:  end while
24: if > N then

25: vl v®

26:  elseif [x, — v?| <€ OR |vY — v!| < € then
27: break

28: else

29: v —y®

30: end if

31: vitD w4 vUy 2

32: i<—i+1

33: end for

34: return v®, wip, ..., wig

only alive subsidiary within the group. Therefore, we start from the explicit form of W,, 1(x), calculate W, ;(x) and W3 ;(x) in a semi-
analytical approach, and then derive the semi-closed solution to W, 1(x). We can find the semi-closed solutions of W, »(x) and W, 3(x)
in the same way and the optimal value function satisfies W (x,z) = 23:1 Wazn(Xp).

The HJBVI in the base layer has been solved explicitly in the literature (Hgjgaard and Taksar, 1999). Let 8; > 0 and —6, < 0 be the two
distinct roots of the equation b?s?/2 +ajs — (r+i1(z1)) = 0. Further we define y := (a3(2b2(r+A1(z1)) "'+ 1D~ 1, n1(z1) :=a; 'b3(1 — p),
vi(z1) :=n1(z1) + (61 +62) " (In6; — In6;) and

01 6y
92 01+0, 91 01+0,
K:=||— + | —
61 (o)

Then, the closed-form expression of W, 1(x) is

-1

Xy, 0<xi <ni(z1),
Wiy 1(x1) = { €269 + 367525 ny(z1) <x1 <vi(z1), (4.19)
C4 + X1, X1 >V1(z1),

where ¢; = a1 K[(r + A1(z1)n1(@z1)" 171, ¢ = KO Te=M @) ¢ = —K6; %M @) and ¢4 = a1 (r + 11(z1)) ™' — vi(z1).
We proceed to the second layer and formulate the candidate functions for W, ;(x) for [ =2 and 3 respectively. We first determine
nLv(z’) according to (4.7) where v € (K 1 1, Ky 1 2). From (4.3), we can rewrite the definition of ny , (z) as

— Pzh2 () - + o x) b
Nhy @ =v—infl0<x<v: /z,h,Z( ) (le,m 772,!1,2) A/z,h,v,l (%) _ % (420
_q>z.h,2 ) — (’7z,h,1 + nz,h,z) ¢Z7h’v’1 (x) an
where
: 2 i T s M @Wy (v =) ), (x—u)du
Dypvi(X):=— - .

bﬁ (nz,h,l + 772,h,2) Nz,h,1Mz,h,2

Closed-form expressions of é)zl,l,v,l(x) and é;, 1y @ for =2 and 3 are given by

3 - _ -
&D (x) 2 Zk:z,k;él A (ZI) I:eUZI’]’]Xq’z’,l,l,v,l (x)—e nzl’]’zx\yzl,l,l,v,l (X)]
! X)=—
zivd b? (Ma11+71212)

)
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3 I TR 0195
23 i ket 1k () [”z’,l,le 2 v Q) 1 g 08 W g (X)]

)
b% ('72’,1,1 + 77z1,1,2)

/
Z’,l,V,] (X) = - )

where

X
T, / n.i S
Yol 1102 () =/WZL] (v—s)e'?.12°ds
0
e"z’mzx -1
- 0<x=<v—-vi(z1),
N7,1,2%

ot 1200 )x _ (m 1 =01 ) v—vi@)

Vg2 (V=) + 261 7
= N2~ %

e<92+?711_1,2>x _ 6(02“7#,1,2)("7‘“ (z1))
—C392€_62V

, V—v1(Z1) <X<Vv—n1(21).
02""72’,1,2

By replacing the 7, ; , and qu’,l,l,vl(v —v1(z1)) in q’z’,],l,v,z(x) by —n, 11 and @Z,J’,’vyl(v — v1(z1)) respectively, we have the explicit
form of ‘i’z',1,1,v,1(x)~ Then we can determine ny,,(z) according to (4.20).

We proceed to find the analytical expression of sz’l’v(x) on (nLV(z’),v). which is dependent on the analytical expression of
@, 1 ,.1(). The analytical expression of @, ;1 , (%) is

3 | UNERT =1, 15X
2% ok Mk (Z) [e W gy () —e T2 ‘I’zl,1,1,v,2(x)]

b% (7711,1,1 + Uz',1.2)

q)z’,l,v.l X)) =-

s

where

X
N, 125
lIlz’,l,l,v,Z x) = / W1 (v —s)e’z.12°ds
0
enz[.l.zx —1 xenzl,l,Zx enzl.l.zx —1
(ca+v) - + 5 ,
Nzi1,2 N2,1,2 Mo

ot a0)x _ (11,01 )v—vican)

0<x=<v-—-vi(z1),

=1V 1002V —Vv1(z1)+ cpe? 7
Nz,12— %

6(924-7111.1.2))‘ . e(92+771[,1’2>(V—V1 (z1)

+c3e02v , V—v1(Z1) <Xx<Vv—nq(z1).
92 + nZ’,],Z

Similarly, W, 4, 1(x) can be obtained by replacing the 7, 1, and W, 1, ,(v —v1(z1)) in Wa 4, ,(X) by —ny 11 and W4, (v —
v1(z1)) respectively. Then, the analytical expressions of VAVZ,’],V(X) and W;, ; V(x) on (nlﬂv(z’),oo) are available. Then we can solve

Gy 1.,(®) numerically given G, | ,(v —n1y(@)) =Wy 1 ,(1,v(@)) and Gl (v = n (@) = —W;, . V(nl,v(z’)). In this way, the group
of candidate functions are available semi-analytically, where we can find the candidate function that coincides with the value function
W, 1(x) and the boundaries nq(z) and vq(z)) follow naturally.

As we have clarified before, the analytical expression of W, 1(x) is dependent on W2 1(x) and W,s ;(x). Once we have the semi-closed
solutions of W2 1(x) and W, 1(x), we can follow Algorithm 4.1 again to compute the semi-closed solution of W; 1(x). Similarly, we first

formulate the candidate functions for W, 1 (x). Closed-form expressions of <i>z,1,v,1 (x) and QAD/ZYLM (x) are given by

2[0S 00 @ U110 (00 — €T 3 @ F110,2 (0
b2 (N21.1 +12.1.2)

&)z,l,v,l X)) =-

)

where
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ellz 12X _ 1
7 0<x=<v-vq(Z),
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Uy qv2 (v—vi(Z))

My 1 2en11,1<](v1(1')—v) 8(7711_1Y1+7Iz,1,2)x _ e<n114141+?7z.1.2)(1’*v1(ZI))
AL X

Ng1+ 712 Nz 1,1 T Mz,1,2

‘1’1,1,1,1/,2 x) = N1 ]e_”z'mz (w(z’)—v) e<*’711,1_2+"1’1e2>x _ e(*”zl_l_ﬁ"l»m)("*“ (z’))
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2 ) (V1 (Zl>*") 3 N x
N _edan ezt M (Z) Kztkv.21 )
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+€7nzl‘]‘2 (v1(z)7v> Zk 2, k£l )Lk ( l) Xz,],l,k,v,Z,Z (x)i| ’ V-V (zl) <X=v-m (zl) .

In addition, Xz 1.1kv.2,1(%) and Xz 11kv.2.2(x) are defined by

X

v . NJ11S S\L 1
Xz lkv,21 (X) = / e e 2y gy (@) (V1 (Z) —v +s) ds,

v—vi(z)

X

v . N, 158 S\, !
Xz,1,1k,v,2,2 (X) = / e d12°pM212 \I}Z’,l,k,lﬁ (11)72 (V‘l (Z) -V +S) dS,

v—v1(z)
for v — v1(Z) <x <v —n1(z) where

Xz,1,Lk,v,2,2 (X)

1 e(—’?zl.1.2+'71-1-2)x _ e(—ﬂzz.1_2+nz.1.2)(V—V1 ((Zl))

—Nz1,2 —Ng 12+ Nz1,2
e_nzl,l,z (V_vl (Zl)) ellz12X _ e’]z,],z(V—Vl ((Zl)>
- —Nz1,2 Nz,1,2 ’

v—vi(Z)<x<v—vi(z1),

Xz.1,Lkv,2,2 (V —V1(Z1))
e_<nzl‘1‘2_7lz,1,2)x . e—(nzl‘ll—’?z,l{Z)(V—Vl(Zl))

+\Ilz’,1,l<,v1(z’),2 (V1 (Zl) —V1 (Zl)) — (7] : — 21 2)
z',1,2 z1,

C291e01V1(Z’) _e(nzz_1_2—01)(V1(Z’)—w(zo) e—(nzxylyz—nm{z)x _ e—(rlzlyLz_’hJ,Z)(V—Vl(Zl))

Ng12— 01 - (7711,1,2 - 771,1,2)
+e - 9] ] zl —v e —(61—nz1.2)x e—(91—nz,1,2)(V—V1(Zl))
— (61 = 12,1.2)
92\/1 —(77 14 2—771,1,2)X —(77 I 4 2_77L1<2)(V—V1(zl))
c3the z.1 —e \ob

92+'711 1 2 Vi (Z’)—Vl(ll)) e
batga Ng1,2 —(Mg12 = N212)

92+le 1.2)% _ 6(92+772.1,2)(V_V1(11)):|

+e(02+7]11]2 V1 Z

02 + Nz,1,2

V—vi(Z1) <x<v-—n(z1),

and Jz11kv.2,1(X) can be obtained by replacing Xz,1.kv.22(v = v1(21)), Uyl 1 kv 2(V1@) = vi@1) and 715 bY Xzatkv21(V —
v1(z1)), "Ilzl kv @), 1(v](z) v1(z1)) and —1, ; ; respectively. Similarly, Wz 1y,1(x) can be obtained by replacing the 72,12, Xz.1.1k.v.2,1(%),
Xz11kv.22(X) and 1w, z(V—V1(zl)) in Wz 1,0,0,2(%) by 21,1 Xz 1Lk, 1,1(0, X211k v.1.2(%) and W1 0v1(v—vi(@)) respectively. Also,

~~~~~~

le,1,2 by —Nz,1,1 0 Xz,1,1,k,v,2,1(X). .
With the above expressions, we can calculate ®; 1 y.1(x) and determine ny y(z) by (4.7). The next step is to find the analytical expres-
sion of Wy 1 v(x) for n1 ,(z) <x <v. In a similar vein, we derive the analytical expression of ®; 1, 1(x), which is given by
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We define xz 1,1k v,2,1(%) and xz1,1kv,2,2(X) as
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and xz,1,kv.2,1(X) can be obtained by replacing xz1.1kv.2.2(V = V1(Z1)), Wy 14y, @h2(V1(@Z) — vi(z1)) and 0y 15 bY Xz1ikv21(V —
V1(@Z1)): VA 1k vy ()1 (vi@)—vi(z1)) and —14 1,1 tespectively. Similarly, Wz 1 5,v,1() can be obtained by replacing the 7212, Xz.1.1k.v.2,1(%),
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Xzt dkv.22() and Wg g1y 5(v = vi(@) in Wpq10 200 bY —2110 Xz1dkv11®)s Xz1dkv1.2(0) and Wa g1y 1 (v — vi(@)) in Wy q102()
obtained by replacing 1212 byA —Nz,1,1 10 X711k v.2,1(X). R
Thus, we can calculate W, 1,(x) on [nqy(2z),v] and then obtain Gz1,(v — n1(z2)) = Wyi1v(1,v(2) and G, ,(v — n1(z)) =

z,1,v
—Wz’1 +(1,v(2)). Thus, we can obtain Gz1,y(x) numerically and thus the candidate function on its domain. Then, we can determine

the candidate function that coincides with the value function W, 1 (x).

Remark 4.7. The semi-analytical approach can be extended to a system with more than three entities without changing the complexity of
the problem. When we consider more entities within the system, the number of layers within the recursive system of HJBVIs increases.
As more layers are involved, the round-off error accumulates as Runge-Kutta method is utilized to find the numerical solution in the risk
exposure region. Thus, the convergence criterion for the base case should be chosen carefully to guarantee the accuracy of the solution.

5. Numerical examples

In this section, we apply the semi-analytical approach to an insurance group consisting of three subsidiaries and present the numerical
results of the optimal value functions and the optimal controls. We focus on the behaviors of subsidiary 1’s optimal strategies subject to
different default states because we can calculate the numerical results for other subsidiaries in the same way. The premium rate and the
volatility of subsidiary 1's reserve process are assigned as a; =1 and by = 2, respectively. The discount rate is assigned as r = 0.05. We
follow the work of Feng et al. (2021) for the selection of the above parameters. For the default indicator process Z, the parameters are
assigned to reflect the default clustering effects embedded in the unexpected distress events.

To begin with, we consider the case where two out of three subsidiaries are alive. Chronologically, all three subsidiaries are alive
initially, and then one of them defaults. In this section, we discuss the two default states in reverse order, which corresponds to the order
of solving the system of HJBVIs from the base layer to the third layer. We recall that the default indicator process jumps from zero to
one if a default event occurs. Given a default state z, Z denotes the default state of the group when subsidiary | defaults suddenly. In
this section, we denote the state that all three subsidiaries are alive by z = (0, 0, 0). Thereby, it follows naturally that both z = (0, 1, 0)
and z3 = (0, 0, 1) represent the state of two alive subsidiaries, but the one that goes default is subsidiary 2 for z2 and subsidiary 3 for z3,
respectively. For the state of one alive subsidiary, we use z; where subsidiary i is the surviving one. Thus, z; = (0, 1, 1) denotes the base
case that only subsidiary 1 survives.

We use the parameters in Table 5.1 to compute subsidiary 1's semi-closed optimal value functions and optimal strategies subject to
default states z3 and z? respectively. The purpose is to explore the impact of other subsidiaries’ default intensities on subsidiary 1’s
optimal strategies. Due to the contagion effect, subsidiary 1's default intensity is highest when the default state is z;. To provide a more
convincing comparison result, we assign the same value to the default intensities of subsidiary 1 subject to default states z> and 23, i.e.,
*1(z%) = A (%) = 0.03. The default intensity of subsidiary 2 is considerably greater than that of subsidiary 3, i.e., A2(z%) = 0.20 > A3(z%) =
0.05. We intentionally choose a large number for 1,(z>) so that the gap between A,(z3) and A3(z%) is relatively large. In this way, when
comparing subsidiary 1's optimal strategies subject to z> and z2, the differences are more observable. It turns out that different default
risks confronted by other subsidiaries indeed influence the behaviors of the optimal strategies of subsidiary 1, which can be identified in
Fig. 5.1. In Fig. 5.1a, the optimal value function associated with the default state zZ = (0, 1, 0) (the blue curve) is higher than that associated
with z3 = (0,0, 1) (the red curve), whereas both curves are higher than the optimal value function associated with the default state
z1 = (0,1, 1) (the green curve). We also observe differences among the optimal dividend barriers, where v{(z%) = 5.5027 (the blue dashed
line) is greater than vq(z3) = 5.1697 (the red dash-dotted line), and both are greater than v{(z;) = 4.0253 (the green dotted line). As for
the optimal reinsurance strategies in Fig. 5.1b, all of them increase the risk exposure from zero to one, but the threshold of maintaining
the maximum risk level is highest for default state z2 and lowest for z1, i.e., ni(z%) = 2.2944 > n;(z3) =2.0918 > ny(z;) = 1.8182.

From Fig. 5.1, we first notice that subsidiary 1 takes riskier strategies and accumulates fewer expected discounted dividends if the
default state jumps from z? or z3 to z;. We also observe that greater default intensity of the other subsidiary results in a smaller
optimal dividend barrier and fewer expected dividends accumulated before ruin. The threshold of maintaining maximum risk exposure
also decreases if the default intensity of the other subsidiary increases. Although subsidiary 1's default intensity is the same in both cases,
we observe the above differences because a greater possibility of the other subsidiary defaulting increases the chance of Z jumping to
z1 = (0,1, 1), where A1(zq) is greater than A;(z?) and A1(z3) due to the contagious effect. Since the chance of jumping to z; from 23 is
greater, and the expectation of discounted dividend is lowest in state zq, subsidiary 1 is expected to accumulate fewer dividends in state
23 than in state z2. It explains the result that the red curve is below the blue curve. Moreover, although 11(z%) and A;(z3) are the same,
subsidiary 1 has greater chance of jumping to z; where it faces the greatest default risk. Thus, subsidiary 1 implicitly bears a greater
default risk by staying in state z3 rather than z2. Implicitly threatened by the greater default risk, subsidiary 1 is compelled to take riskier
strategies when the reserve is low in order to gamble on the advance towards the continuation region and the dividend payout region,
which is consistent with the results by Choulli et al. (2003). Likewise, subsidiary 1 is inclined to make dividend payments earlier and
therefore set a lower barrier. The observations regarding the optimal barrier strategies are consistent with Jin et al. (2021a), where they
explained that the default contagion effect forces the surviving subsidiary to pay the dividends sooner.

For the sake of comparison, we also present the numerical results of two alive subsidiaries generated according to the parameters in
Table 5.2, where we compare directly the effect of a greater default intensity. By letting A;(z3) = A3(z%), their impacts on subsidiary 1's
optimal strategies are the same. Compared to the previous example, we use Table 5.2 to investigate the impact of subsidiary 1's default
intensity on its optimal strategies. In particular, we let A1(z3) = 0.08 > A1 (z%) = 0.03 and examine the effect of a greater default intensity
on its optimal strategies.

As shown in Fig. 5.2a, the optimal value function in state z> (the blue curve) is much higher than that in state z3 (the red curve), while
the optimal value function in state z; (the green curve) is still the lowest. The optimal barrier of dividend payment subject to the default
state z3 (the red dash-dotted line) is much lower compared to the default state z2 (the blue dashed line), i.e., v{(z3) =4.3508 < v (%) =
5.5027. Likewise, the threshold of maintaining maximum risk exposure is also much smaller, i.e., ny(z3) = 1.9338 < n; (z%) = 2.2944. Still,
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Table 5.1
Default intensities associated with two alive subsidiaries where 11(z?) = A1(2°).
default state 72 =(0,1,0) 72 =(0,0,1) z1=(0,1,1)
subsidiary 1 0.03 0.03 0.10
subsidiary 2 NA 0.20 NA
subsidiary 3 0.05 NA NA
14+ 11 =P 1,1),1(1)
----- n1((0,1,1)) 1
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Fig. 5.1. The value functions and optimal reinsurance strategies for subsidiary 1 with default intensities given by Table 5.1. (For interpretation of the colors in the figure(s),
the reader is referred to the web version of this article.)

Table 5.2
Default intensities associated with two alive subsidiaries where A,(z3) = A3(z?).
default state 22 =(0,1,0) 22 =(0,0,1) 71=(0,1,1)
subsidiary 1 0.03 0.08 0.10
subsidiary 2 NA 0.05 NA
subsidiary 3 0.05 NA NA
14 =W (@) 1t —p,1.1.1(%)
..... v((0,1,1)) weeema((0,1,1)) 1 1
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Fig. 5.2. The value functions and optimal reinsurance strategies for subsidiary 1 with default intensities given by Table 5.2.

Table 5.3
Default intensities associated with three alive subsidiaries.

default state  z=(0,0,0) 2z>=(0,1,00 z>=(0,0,1) z;=(0,1,1)

subsidiary 1 0.01 0.03 0.08 0.10
subsidiary 2 0.08 NA 0.20 NA
subsidiary 3 0.03 0.05 NA NA

both v1(z1) and nq(z;) are the lowest. The reasons behind the observations are the same as before but more directly, and the optimal
strategies exhibit more noticeable differences. It is because the threat of greater default risk originates directly from the greater default
intensity of subsidiary 1, instead of an implicit result from the other subsidiary. The explanation is further supported by the graphical
demonstrations in Fig. 5.3, where we increase 1,(z3) to 0.20. In Fig. 5.3, the gap between v{(z®) and vq(z;) and the gap between
n1(z%) and nj(zz) are both greater than those in Fig. 5.1 and Fig. 5.2, ie., vi(z%) = 4.2832 < v1(z?) = 5.5027 and n;(z%) = 1.8908 <
n1(z%) = 2.2944. They are the joint results of the implicit greater default risk demonstrated in Fig. 5.1 and the direct greater default risk
demonstrated in Fig. 5.2.

Subsequently, we consider the case where all three subsidiaries within the insurance group are alive initially. It corresponds to the
setting in Section 4 that m = 3. We list the parameters of the default intensities in Table 5.3. The default intensities, when there are no
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Fig. 5.3. The value functions and optimal reinsurance strategies for subsidiary 1 with default intensities given by Table 5.3.
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Fig. 5.4. The value function and optimal reinsurance strategy for subsidiary 1 with default intensities given by Table 5.3.

defaulted subsidiaries within the group, are smaller compared to other default states. As default events occur, the intensities of other
alive subsidiaries increase correspondingly. As we explained in Section 4, the recursive system of H]JBVIs has three layers for an insurance
group with three alive subsidiaries. The solution of the base layer is explicit, and we solve W,z ;(x) and Wj3 ;(x) in the second layer
semi-analytically where the numerical results are given in Fig. 5.3. Then we can compute the semi-closed solution of W; 1(x) in the third
layer and present the numerical results in Fig. 5.4. In Fig. 5.4a, we directly identify that the optimal barrier of dividend payment subject
to default state z = (0, 0, 0) is greater than any of the other two barriers, i.e., v1((0,1,0)) and v1((0, 0, 1)). Moreover, the threshold of
maintaining maximum risk exposure is also the greatest, as shown in Fig. 5.4b. Likewise, we attribute these observations to the lower
default risk confronted by subsidiary 1 in default state z= (0, 0, 0). The default contagion effect embedded in the insurance group implies
that subsidiary 1 is concerned least about the default risk when all three subsidiaries are alive. Being less sensitive to distress risk, it is
not necessary for subsidiary 1 to take as risky strategies as in previous examples. Instead, the subsidiary acts more conservatively and
distributes the dividends later to ensure its ability to continue as a going concern.

6. Concluding remarks

We propose a semi-analytical approach to the risk control and dividend optimization problem for a multi-subsidiary insurance group
subject to external default contagion. Due to the complexity of the system of HJBVIs derived, the risk exposure region is solved numerically
based on the analytical solutions in the continuation region. We demonstrate the semi-analytical approach on a three-subsidiary insurance
group with the analytical solution in the continuation region derived. We also compare the numerical results of the optimal value functions
and optimal strategies in different default states, which aligns with the economic intuition that it is optimal for the subsidiaries to take
riskier actions if they are subject to greater default risk.

The innovative practice of the semi-analytical approach in the mixed regular-singular control problem under a contagious system
demonstrates its great potential in solving optimization problems that lack analytical solutions. First of all, it provides more flexibility in
the selection of controls, such as capital injection and equity issuance. Although the resulting system of H]JBVIs are of great complexity, we
can solve them semi-analytically. Second, we can apply this framework to a system subject to competitive default risk, where the default
intensity decreases if a default event occurs. There are insurance groups whose subsidiaries are selling similar products. The competence
among the subsidiaries suggests that a competitive system should be proper to describe the group. Besides, we can further improve the
numerical method used for solving the initial value problem. Currently, Runge-Kutta method is utilized, and the round-off error increases
as we move forward from the base case. Alternatively, we can consider the hybrid deep learning Markov chain approximation method
(Cheng et al., 2020) to avoid the accumulation of round-off error.
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Appendix A. Proof of Lemma 4.1

Proof. Since ¢(x) satisfies the differential equation (4.1) and the initial conditions ¢’(0) = —1 and ¢”(0) = 0, it follows immediately from
(4.1) by letting x = 0 that

K+ Z{l] AE (V)

A
Thus the initial value problem defined in Lemma 4.1 is equivalent to the initial value problem satisfying (4.1) with initial conditions
£(0) = K+ AE(Y)
rYm A

1<l<m+1 on [0, 00). Also, the differential equation (4.1) is a linear nonhomogeneous differential equation with constant coefficients.

Therefore, the solution to (4.1) with ¢(0) = %
=1 £l
section 4.1). Equivalently, the initial value problem defined in Lemma 4.1 admits a unique solution.
Next we find the unique solution. Let ¢ (x) := (£(x), ¢’(x))T. Then we can rewrite (4.1) in matrix form as

¢(0)=

and ¢’(0) = —1. We have Y ', A;E;(v —x) is continuous on 0 < x < v since it is assumed that E;(x) is of €2 for all

and ¢’(0) = —1 has a unique solution on 0 < x < v (Adkins and Davidson, 2012,

0 1 0
d
Zrw=1| 2 2 2 —A F(x).
dX;(X) %_2 (r_'_z;’n:j;] Al) gZK ;(X)+ _%‘2 Z[n;] A[E(V_X) C(X)+ (X)

where ¢/(0) = (—1, O)T. Also, the definitions of 17 and —n; show that they are the eigenvalues of A. Therefore, the homogeneous solution
to (4.1) is given by

enX e 2Xx 1
En (%)= (7716”“‘ —’726_’72"> <C2> =Y®e,

where ¢ and ¢y are constants and W(x) is the fundamental matrix. Thus, we can obtain the normalized fundamental matrix as

( _7]23771?‘ — n167”2X —eMmX + e 12X )

— -1 - _
o) =200 = —n1m2eM¥ e —mreM* — ppe=

m-+n2
Then, the closed-form expression of ¢(x) can be written as
X
¢ (x) = Do (%) /¢51 ($)F(s)ds+¢ (0)
0
We have obtained that the initial condition ¢ (0) is given by
K+Y L AE (V)
tO=|[ r+yma
-1

Therefore, we have

Do (1) ¢ (0) =~ (5 (0) (—r2e™* — m.e.‘.””) Femx — e-ﬂzX) |

m-+n2

Here we omit the second element of the vector because only the first element is required to find the expression of ¢(x).
Next we evaluate the following integral as

X x

i 2 (e 4 e ms) Y A/ (v —s)
/ o FE) £2(n1 +12) (nzenzs +nie ms) 2111 AE(V—5)
0 0

Then we can obtain the particular solution as
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: 2 X m
- - (v —8) (—eM&=3) 4 o=12(x=5)
cpo(x)/cba‘ OFEds= | T2, T 0 2t MBIV =) (€M7 &R0 ds
0

Similarly, we omit the result of the second element of the vector. Therefore, we obtain the analytical expression of ¢(x) as

- —‘,— X
0 emx e—T2X) _ pMX § o—12X 5 n
¢ (x) = £ (0) (m2e™m*+m ) + Ey— )/2 AE (v —=75) [_em(x—s) e_n2(x_5):|d57
n+mnm . | 2
1 MBI+
where £(0) = BT 0
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