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1. Introduction

Let (2, #,P) be an atomless probability space, and X be a convex cone of random variables defined on (£2,.%, P). A risk measure is
a functional p : X — [—o00, +00) (Artzner et al.,, 1999; Foéllmer and Schied, 2016). In a risk sharing problem, there are n agents equipped
with respective risk measures p1,..., pp. Let X € X denote the total risk, which is shared by n agents. X is splitted into an allocation
(X1, ..., Xn) € Ay(X) among n agents, where A, (X) is the set of all possible allocation of X, defined as

An(X)Z:(X1,...,Xn)€Xn: in:X},

i=1

We refer to > I, pi(X;) as the aggregate risk value of n agents under the allocation (X1, ..., Xy) of X. The inf-convolution of risk measures
P1, ..., pn is the mapping OOf_; p; : X — [—00, 4+00), defined as

1

n
o, pi(X) = inf{Zpi(Xi) c (X1, Xn) € An(X)} , XeAX. (11)
i=1

An n-tuple (X1,...,Xn) € Ap(X) is called an optimal allocation of X for (p1,..., pn) if D?zl,oi(X) = Z?zl pi(X;). For more on inf-
convolution, see Barrieu and El Karoui (2005), Acciaio (2007), Jouini et al. (2008), Filipovi¢ and Svindland (2008) and Tsanakas (2009)
for the case of convex risk measures, Embrechts et al. (2018), Wang and Wei (2020) and Liu et al. (2022) for the non-convex case, and Liu
et al. (2020) for conditions under which law invariance of inf-convolution holds.

Value-at-Risk (VaR) is the most common risk measure used in banking and finance. VaR is a non-convex risk measure and has two
versions, the left- and right-quantiles. Let LO be the set of all random variables on (£2,.%#,P), and let L denote the set of all random
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variables with finite rth moment, where r > 0. For any X € L?, a positive (negative) value of X represents a financial loss (profit), and Fx
represents the distribution function of X. The left-VaR of X at confidence level o € (0, 1) is defined as

VaRL(X):=F'(1 —a) =inflxeR: Fx(x) > 1—a}, Xel?

and the right-VaR of X at confidence level « € (0, 1) is defined as

VaRf (X) =inflx e R: Fx(x) > 1 —a}, Xel

In addition, let VaR(X) = VaRR (X) = ess-sup(X) = sup{x € R : Fx(x) < 1} and VaR}(X) = VaR} (X) = ess-inf(X) = inf{x € R : Fx(x) > O}.
For the role of left-quantile (VaRl) and right quantile (VaRR) as risk measures, see the discussion in Acerbi and Tasche (2002) and Liu et
al. (2022, Remark 5).

Embrechts et al. (2018) addressed the problem of risk sharing among n agents with a two-parameter class of quantile-based risk
measure, the so-called Range-Value-at-Risk (RVaR). As a special consequence of the main result on RVaR, Corollary 2 in Embrechts et al.
(2018) gives the VaR inf-convolution formula

VaR}, OVaRg, = VaRj,

o1+0)°

(1.2)

where a4, &z > 0 such that «q + o < 1. Liu et al. (2022) extended (1.2) to the inf-convolution for the case of a mixed collection of VaRt
and VaRR, and the case of VaR!l or VaRR and another tail risk measure, and obtain explicit forms of the inf-convolution as well as the
corresponding optimal allocations. In particular, they obtain that

(1.3)

VaRl OVaR® =VaR§ ovaRl =VaR§ oVaRf =VaRE

with a1, @z > 0 such that a1 + o3 < 1, and their optimal allocations are presented in (3.1) and (3.2).
The purpose of this paper is to investigate optimal allocations in a risk sharing problem (1.1) where the objectives of agents are
mixed-VaRs. A mixed-VaR is also a two-parameter quantile-based risk measure, which is defined as

VaR% (X) = (1 — »)VaRL (X) + avarf (x), x el
where A € [0, 1]. In particular, when A =0, 1, VaR} = VaR,, and VaR}, = VaRR. For more on A-quantile (mixed VaR) and its applications,
see Dhaene et al. (2002) and Dhaene et al. (2012). For mixed-VaR, by monotonicity of inf-convolution and (1.3), we have

VaR}, OVaR§, = VaR§ OVaRj,, = VaRy rel0,1], (14)

oy+op?

with o1, @y > 0 such that a1 +ay < 1.
The rest of this paper is organized as follows. In Section 2, we obtain the following explicit form of the inf-convolution for mixed-VaRs

(VaR}!,...,VaRy),

VaR}! OVaR}2 0 - OVaR}) (X) = VaRj,(X), X el (1.5)

where Aq,..., A, €[0,1], @1 >0, ...,y > 0 such that « := 2?21 o <1, and A = min {Z?:] A, 1}. The (Pareto) optimal allocations of (1.5)
are constructed in Section 3. The worst-case mixed VaR under model uncertainty is presented in Section 4.

The motivation of such a study can be seen from Remark 5 in Liu et al. (2022). For X € L?, the distinction of VaRé (X) and VaRg (X)
arises only when the distribution function Fx of X is strictly flat on the interval {x: Fx(x) = o}. Such a situation often occurs when Fx
is the distribution function of a discrete random variable or Fx is the empirical distribution of some random sample. In this case, VaRé
can be regarded as the left end-point of the confidence interval, whereas VaRaR represents the right end-point. A strict risk regulator
will choose VaR§, a lenient risk regulator will impose VaR(LX, whereas a moderate regulator might accept the mixed-VaR, VaRf}( for some
A €(0,1). Here 1 — X can be regarded as a moderate risk index. Eq. (1.5) can be interpreted as that, if all agents in a risk sharing problem
are under a moderate regime, then the corresponding inf-convolution is also a mixed-VaR. On the other hand, although our results are of
more theoretical than practical interest, they do have some impact on risk sharing and can give us some insight on the understanding of
some known results in the recent literature.

2. Inf-convolution of mixed-VaRs
We first give the explicit form of the inf-convolution for two agents with respective risk measures VaR{}}1 and VaRﬁé.
Lemma 2.1. For Aq, Ay € [0, 1], and o1 > 0, oy > 0 such that a1 + a2 < 1, we have
VaR}! OVaR}2 (X) =VaR}, . (X), Xel, (21)
where .. = min{Aq + A2, 1}.

Proof. In view of (1.2) and (1.4), we only consider the case A1, € [0,1) and A > 0. Denote o = a1 + a». For any X € L%, (2.1) holds
trivially if VaRR (X) = vaRL (X). Thus, we assume that

vaRL (X) < varR(x), (2.2)
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which implies that P(A) = o, where A :={X > VaRg (X)}. Let (X1, X2) € A2(X). By translation invariance of VaR-type risk measures, we
further assume without loss of generality that VaR(,(X) =0, VaR§, (X2) = VaR¥ (X). Denote VaR(, (X2) =t, where t will be regarded as a
parameter in the following discussion. Then t < VaRg (X). Therefore, we have

(X1, X2) € Ax(X),
VaR}! OVaR}2 (X) = inf VaR}! (X1) + VaR2 (X2) | VaR§, (X2) = VaR§(X), ¢ . (2.3)
t<VaR&(X) VaR(LXZ (X2) =t

Under the aforementioned assumptions, from the definition of VaRg, it follows that P(Xy > VaRg(X) +€) < ap for any € > 0. Note that
A C{Xa>VaRR(X) + e} U {Xq > —€).
Then,
P(A) <P (X 2 VaRE(X) + €) + P(X; = —€) < a2 +P(X1 = —€),
Thus, P(X; > —€) > o — o2 = a1, which implies that

VaR}, (X1) >0 (2.4)

since € is arbitrary.
Below, we will discuss the lower bound of the right hand side of (2.3) according to three cases: t=VaR§(X), t €[0, VaRS(X)) and
t<O.

(i) Suppose t = VaRg (X). In this case, whenever A1 and A, take any values, we have

VaR}! (X1) + VaR}2 (X2) > 0+ VaR} (X) = VaR§ (X) > A VaR§ (X). (2.5)
(ii) Suppose t € [0, VaRR (X)). From (2.2) and the definition of VaR!, we get that P(X3 <t) =1 — ay. Then,
P (xl > VaRrF (X) — t) >PAN{Xa <t})>P(A)+P(Xa <t)—1=a, (2.6)
implying that VaR® (X;) > VaRE(X) —t. Thus, using (2.4),

inf  {VaR}! (X1) + VaR}2(X2)}
te[0,VaRE (X))

> inf {)q <VaR§(X) — r) F (=)t + AZVaR{;(X)} 2.7)
te[0,VaRE (X))

- inf {(M +32)VaRR (X) +£(1 — Ay — Az)}
te[0,VaRE (X))

=1 VarRR (%),

where A = min{Aq + A, 1}.
We now turn to prove that the strict equality holds in (2.7). For any € > 0, we will construct two random variables X1 ¢, X2 ¢, which
satisfy that

VaR,, (X2.)=t,  VaR® (Xz.¢)=VaRE(X), (2.8)
and
VaR§ (X1.) <VaRE(X)—t+€,  VaRl (X1.e)=0. (2.9)

To this end, define B, = {VaRaR X)y<X< VaRS X))+ 6}. Then P(B¢) > 0. Since the underlying probability space is atomless, we can
choose a measurable set Bf C B¢ such that

P (B) = min | ~P(B
( e)_mm{i (Bo), 051}

and inf{X(w) : w € B}} > sup{X(w) : w € B¢ \ B}}. Additionally, define C = {X > VaRg(X) +e}, and choose another measurable set
C} C Ce such that P(C}) = a7 — P (B¥). Now construct two random variables

Xie=X—=0Ucr + 1),  Xoe=X—Xie.
It is easy to check that
P (xz,e > VaRf (X)) =P(A\ (B UCH) =P(A) — P(B}UC}) =y,
VaR§ (X2.) =VaR§(X),  VaR (Xz.)=t.
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From the construction of X ¢, we know that VaRgl1 (X1,e) =0,
P (xl,6 > VaRR (X) — ¢ + e) —P(C}) <.
Then,

VaRf (X1,.0) <VaRE(X) —t+e.

Therefore, X1, and Xz constructed above satisfy (2.8) and (2.9). The infimum lower bound in the left hand side of (2.7) is also

bounded from above as follows:

inf  {VaR};} (X1) + VaR}2 (X2)}
te[0,VaRR (X))

< inf {M (VaRg (X)—t+ e) + (1=t + /\2VaR§(X)}
te[0,VaRR (X))

- inf {(M +32)VaRR(X) + £(1 — a1 — 22) +ex1}
te[0,VaRE (X))

=1 VaRf (X) + €A1,
Setting € | 0 yields that

inf  {VaR}! (X1) + VaR}2 (X2)} = A VaR§ (X).
te[0,VaRE (X))

(iii) Suppose t < 0. For this case, P(X; <t) =1 — a3 and
P(Xl > vaRF (X) —t) >PAN{X2 <) >PA) +PXa <) —1=aj.
This implies that VaR¥ (X1) > VaRE(X) —t. On the other hand, we have P(X > —¢) > « since VaRL (X) = 0. Note that
P(Xz—€) =P({Xo >t} U{X; = —t —€})
SPX2>t)+PX1>—t—€)=02+P(X1 > -t —¢€),
which implies that P(X1 > —t — €) > «1. Thus, VaR(L)l1 (X1) > —t since € is arbitrary. Therefore,
VaRE (X1) + VaRiZ (X2) = —t(1 = 3) + i (VaRE(X) = ) + (1 = )t + A2VaRE ()
= (M1 + 22)VaRR (X) — ant
> (A1 + 22)VaRR (x)
> AVaRR (x),
where the last inequality follows from the fact that VaRé(X) =0.
Based on the above discussions of three cases, it follows from (2.3), (2.5), (2.10) and (2.11) that
A A R A
VaR;! OVaRg2 (X) = A VaR,, (X) = VaR;, (X).

2

This proves the lemma. 0O

Remark 2.2. Following the notation in Embrechts et al. (2018), the RVaR at level («, B) € [0, 1]*> with  + 8 < 1 is defined by

, a+p
RV&R(M,;B(X):E / VaRL(X)du, Xell,
o

for g > 0, and RVaRy g(X) :VaRlLX(X) for B =0. Since VaRlLX(X) is right continuous in « € [0, 1) and, hence, we have
lim RVaRqp(X)=VaRg(X), XelLl,
B—0
and
lim RVaRy_;p,4(X) = VaR%(X), Xel',
B—0F
where 0 <X <1, o > A8 and o + (1 — 1)B < 1. By Theorem 2 in Embrechts et al. (2018), we have

RVaRy, 4,50 RVaRa,—1,5.5(X) = RVaRa, 10y~ 10,6 (X), X €L,

159
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for Aj €[0,1], @ > 28>0 (i=1,2) and a1 + a2 + (1 — A1 — A2)B < 1. One reviewer pointed out (2.12) to us and wondered whether (2.1)
in Lemma 2.1 can be deduced from (2.13) by setting 8 — 01 for X € L! and A1 + 2, < 1.
However, the above assertion is negative because the following equation does not hold in general:

Sim, RVaRy, ) k() O lim, RVaRg, (5). g0 (X) = lim, RVaRk, (8)1.18) k2 ) vz () (X, (214)

where kq(8),k2(B), g1(B), g2(B) are continuous functions, taking values in (0, 1), such that k1 (8) + g1(8) + k2(8) V g2(8) < 1. To see it,
we give the following counterexample. Choose ki (8) = a1, k2(8) = 8, g1(B) = a2 —cB and gz(B8) = cB with c € (0, 1). Then, by applying
the property of RVaR, we have

. _vapl
oim, RVaRy 5)k; () = VaRa, (X),

. _ . _ R
fim, RVaRg,(5).26) = Jim, RVaRay—cp.cp(X) = VaRy, (X)

B
and
lim_RVaRy, (g)+g1(8) ko (p)vez () (X) = lim RVaRy, 1, —cp,p(X) = VaRy, L, (X).
p—0+ p—0+ 12
However,

ﬂlirg+ RVaRy, () ky(8) O ﬂlin3+ RVaRg, (g).g,(8)(X) = VaR§, OVaRE (X) =VaR§ . (X).
This means that (2.14) does not hold. <

Lemma 2 in Liu et al. (2020) states that for any risk measures o1, ..., on, we have Of_; pj = p10020--- Opn. As a direct consequence
of this fact, together with Lemma 2.1, we conclude the following main result in this paper.

Theorem 2.3. For Aq,...,An €[0,1],and a1 > 0, ..., ap > O such that o := 2?21 o < 1, we have
El VaRy (X) = VaR} OVaR}20 - - OVaR} (X) = VaRi (X), X e L°, (2.15)
i=

where A =min {}_{_; 4;, 1}.

It should be mentioned that for any finite-valued monetary risk measures p1,..., 0y, an allocation is optimal if and only if it is
also Pareto optimal (see, for example, Embrechts et al., 2018, Proposition 1). An n-tuple (X1, ..., Xp) € Ap(X) is called a Pareto optimal
allocation if for any (Y1, ..., Yp) € Ap(X) satisfying p;(Y;) < pi(X;) for all i =1,...,n, we have p;(X;) = pi(Y;) fori=1,...,n.

3. Optimal allocations for mixed-VaRs

For different parameters {A;} and {«;}, Theorem 2.3 in the above section gives the explicit form of the inf-convolution of X for risk
measures (VaRﬁll,...,VaRé’;). A corresponding optimal allocation will be constructed explicitly in this section. Optimal allocations for

some special cases of the parameters are available in the literature. To state these, denote A = max{> ;. ; A, 1} and & = 2?21 o;.
e For A =0 (that is, A; =0 for all i), an optimal allocation of X for (VaRé] ey VaRén) has the form (see Embrechts et al., 2018, Corollary
2):
Xie=(X— m)1{1—z¥=1 Oli<Ux§1—Z£':11 i}’ k=1,...n-1, (3.1)
Xn =X =My, g soiay +m

where m € (—oo, VaRé (X)] is a constant, and Uy is a uniform random variable on (0, 1) such that F? Ux) =X, as..

e For A =1 and A; € {0, 1} for each i, an optimal allocation of X for (VaRﬁ}l, .. .,VaRé’;) has the form (see Liu et al., 2022, Theorem 1):
1
Xy = (X—VaRg(X)) I, + HVaRg(X), k=1,...,n, (3.2)
where {Aq, ..., Ap} is a partition of Q with P(Ay) = o/ for each k. To see it, from the construction given in the proof of Theorem

1 in Liu et al. (2022), we have
n n
> VaRgt (Xi) < ) VaR® (Xp) < VaR® (x). (33)
k=1 k=1
On the other hand, by Theorem 2.3,

n
> VaRg: (X) > VaRy! OVaR}2 0 - - OVaR} (X) = VaRE (X).
k=1

Therefore, Y 7_; VaRj% (Xx) = VaRR (X).
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e When VaRle (X) = VaRg(X), (X1, ..., Xn) define by (3.2) is also an optimal allocation of X for (V:;\Rf}}1 ,.. .,VaRﬁ’;), where parameters
{xi} and {«;} are arbitrary. To see it, applying Theorem 2.3 yields that

> VaRg (Xi) > VaR% (X) = VaR® (X). (3.4)
k=1

Therefore, by (3.3) and (3.4), we have ZQ:] VaRﬁ’,‘c Xp) = VaRg (X).

Theorem 3.1. Suppose that A := Y 1 (A <1, @ :=> 1  a; <1, and VaRé(X) < VaR[f, (X). Then there exists an optimal allocation of X for
(VaRf,}]1 , VaRﬁZZ, e VaRé’;), which has the form

1
Xp = (x - VaRg(X)) Iac+ —VaRL(X), k=T...n—1, (3.5)
1
Xp = (x — VaRkL (X)) (Inc +14,) + ~VaRG,(X). (3.6)
where A ={X > VaRR (X)}, and {A1. ..., Aq} is a partition of A with P(Ar) = oy fork=1,...,n.

Proof. Obviously, {Xq,..., X;} defined by (3.5) and (3.6) is an allocation of X. In view of translation invariance of VaR, without loss
of generality, assume that VaRé(X) = 0. In the sequel, it requires to consider the following two cases: P(X :VaRg(X)) > 0 and
P (X =VaRR (X)) =o0.

Case 1: Suppose that 6 := P (X = VaR¥ (X)) > 0. Denote K = {X =VaR&(X)}. In the atomless probability space, there exists a partition
{Kq,...Kp} of K, satisfying that P(K;) =6«;/a for i =1,...,n. Similarly, there exists a partition {J1, ..., Jn} of A\ K such that

(04} .
PJ)=(@—-6)—, i=1,...,n.
o
Set Aj=K;U J; fori=1,...,n. Then {Aq,..., Ay} is a partition of A. Define n random variables

Xi=XlIa, i=1,...,n—1; (3.7)
n—1

Xo=X=) Xi=Xlac+XIa,. (3.8)
i=1

Note that VaRaR (X) > 0. It is easy to check that, forany i=1,...,n,

R (0%} o
P (xi zVaRa(X)) —PKU =602 f@-0)Z —q;,
(07 o

P(Xi > VaRE(X)) =P(J) = (@ —0)% _a,
PXi=<0)=1-uo, *
P(Xn =0) = P(A\ (Kn U Jn)) = — a1 > 0.
Then, for each i, we have VaR}, (X;) =0 and VaR§ (X;) = VaR§ (X). Thus,

n
> " VaR}! (X;) = AVaRE (X) = VaR}! oVaR200 - VaR}! (X). (3.9)
i=1

that is, (X1,..., X;) is an optimal allocation of X for (VaRéfl s VaRﬁ; .

Case 2: Suppose that P (X =VaRR(X)) = 0. Denote B, = {VaRR(X) < X <VaRR(X) +€} for any € > 0. Then P(B) > 0. Note that
P(B¢) — P (X :VaR{j(X)) =0 when € | 0. Thus, there exists a sequence {€,} such that € | 0, P(B¢,) < P(Bg,_,), and {Bg,} is a deceasing
sequence of sets, where €y = +oco. Denote 7; = P (Bei_y \ Be;) = P (Be_,) — P(Bg;). Obviously, we have Y °, 7; = P(Bg,) = a. In the
atomless probability space, let {E, ..., E;} be a partition of the set

Be i\ Be = {VaRE(X) + & = X < VaRE(X) + €1,
satisfying that P(E}) = tjoy/a for k=1,...,n. Define A, = (UienEb) U {X =VaRR(X)}, and Ay = UjeyEL for k=1,...,n — 1. Then

{A1,..., A} is a partition of set A. According to (3.7) and (3.8), construct random variables X1, ..., X;,. Clearly, (X1,..., Xp) € Ay(X).
Also, it is easy to check that, for k=1,...,n,

n
R Oy
P (X = VaRE (X)) = P(Ay) = -21 =,
i=

P(Xk<0)=1—o,
PXp=0)>o —oa, > 0.
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Moreover, for any 1 > 0, there exists €, such that €, < n and, thus,
o n
P (xk > VaRR (X) + n) <P (xk > VaRR (X) + 6,1) =25 g <
o
i=1

Based on these observations, we conclude that VaRék (Xr) =0 and Vang (Xp) = VaRg (X) for each k. This implies that
VaRé\tl,z (Xi) = kaaRg(X), k=1,...,n

Therefore, (3.9) holds, that is, (X1, ..., X;;) is an optimal allocation of X for (VaRéll ey VaRé’},). O

Remark 3.2. The optimal allocation (X1, ..., X;) € A,(X) given by (3.5) and (3.6) has a similar form to that given by (3.1) or (3.2). How-
ever, the constructing methods of partition {Ay} are different. The construction of {Ax} in (3.5) and (3.6) is more technical. A significant
feature of the {X} constructed in Theorem 3.1 is

L 1 L R R 1 L
VaRg, (Xk) = EVaRa (X), VaRy, (Xp) =VaRy(X) —(1- a VaR, (X);
while the {X}} in (3.2) has the following feature

1
Vang(Xk) = EVaRg(X), k=1,...,n. <

It should be mentioned that when only one A; is non-zero, (X1, ..., Xy) given by (3.1) is also an optimal allocation (see Example 3.4),
while when two or more A; are non-zero, (X1,..., X;) is in general not an optimal allocation (see Example 3.5). To see it, we need the
following lemma, whose proof is straightforward and hence omitted.

Lemma 3.3. Let X = F;l(Ux), as.. For L € [0,1],and o1 > 0, ap > O such that« =1 +ay < 1, let m € (—o0, VaRé (X)] and define a random
variable Y = (X —m)I{yy<1-a,). Then
VaR}, (Y) = VaR}(X) —m. (3.10)

In Lemma 3.3, the condition m € (—oo, VaRL, (X)] can not be replaced by m € (—oo, VaRE (X)] because F(m+y) > 1—a does not imply
y >0 when m = VaRR (X).

Example 3.4. [Optimal allocation for (VaRél,...,VaRénfl,VaRgn)] For » €[0,1] and @1 > 0,...,ap > 0 such that @ =Y | ;o < 1, it
follows from Theorem 2.3 that

VaRl O---0OVaRj,  OVaRj, (X)=VaR}(X), XeX. (3.11)
For any X € X, let (X1, ..., Xp) be defined by (3.1). Obviously, (X1, ..., Xn) € A;(X). Observe the following facts:

e Forany k=1,...,n—1, since X; >0 and
k k—1
P(Xk>0)SP<1 —Za,- < Uy <1—Zai) = o,
i=1 i=1

we have VaRék (Xg) =0.
e By Lemma 3.3,

Vark, ((X=m)ly, y saty ) =VaRy, () —m,

which implies that VaR}, (X,) = VaRj,(X) for 1 [0, 1].

Thus, we have
n—1
VaR}, (Xn) + Y VaRb, (Xi) = VaRy, (X).
k=1

Therefore, (X1, ..., Xy) is an optimal allocation of X for (VaRL,....,VaR} .

VaR} ). <

Example 3.5. Let o1 > 0,2 > 0 such that « =1 + a2 < 1, and let 8 € («q, @) be a constant. Define a random variable X and its one
allocation (X1, X3) as follows,

X=In—p<w<y, Xi=Ilp_ey<v<1y, Xo=Ilp-g<u<i-a}»
where U is a uniform random variable on [0, 1]. Obviously, VaR§ (X) = VaR§(X) =0, VaR (X;) =1, VaR§, (X1) =0 and VaR§ (Xp) =
VaRéz(Xz) =0. Then for any A; > 0 and A, > 0, we have VaRé}1 (X1) +VaR,’},22(X2) =\ > VaRé(X), where L = min{A; + A2, 1}. So (X7, X2)
given by (3.1) is not an optimal allocation of X for risk measures (VaRﬁ}1 , VaR{}é). <
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4. Worst-case VaR under model uncertainty

Let P be the set of all probability measures that are absolutely continuous with respect to P, where P is a common benchmark for all
agents. For any Q € P, let VaRé’Q, VaROlR’Q and VaRf},’Q be the VaRé, VaRg and VaR?x evaluated under the probability measure Q instead of
P. Model uncertainty is prevalent in risk management. In a risk sharing problem, model uncertainty means that the agents are uncertain
about the distributions of the random losses allocated to them. A popular approach to incorporate model uncertainty into decision is
through a worst-case approach (see Gilboa and Schmeidler, 1989; El Ghaoui et al., 2003; Zhu and Fukushima, 2009). We consider the
worst-case mixed-VaR risk measure

mk,Q

o

= sup VaR’}“’Q,
QeQ

where Q is the subset of P, describing model uncertainty. We call Q an uncertainty set of probability measures. A particular choice of Q
is the following set of probability measures whose Randon-Nikodym derivatives with respect to P do not exceed a constant, that is,

P_{Q P.d_Q<l} for B € (0, 1]
g = e .dP_IB B e(0,1].

The set Pg was also used by Embrechts et al. (2020) and Liu et al. (2022) to describe model uncertainty. Pg is also used in the charac-

terization of the Expected Shortfall at level 8, ESg, via the following dual representation (see, for example, Embrechts and Wang, 2018,
Lemma 3.14):

ESp(X) :=RVaRgp = sup E¢[X], Xel'
QePg

Liu et al. (2022) considered the special cases VaRL, and VaR® under uncertainty set g, and obtained that
VaR, " =VaRL,,  VaR,”” =VaR%,. (4.1)
Proposition 4.1. For ¢ € (0, 1), A € [0, 1] and B € (0, 1], we have

VaR, " (X) = VaRl, (X), X e L. (42)
Proof. Note that for any X € X,

Var: " (x) = sup VaR:-2 (X)
€Fp

= sup [(1 — 3)VarL 2 (x) +AVaR§’Q(X)]
QePy

< (1 —»2) sup VaRL2(X) + 2 sup VaRR-2(Xx)
QePy QePy

= (1= 2)VaRj4(X) + AVaR§ 5 (X)
= VaRj;(X), (4.3)
where the last but one equality follows from (4.1). To prove the inverse inequality of (4.3), we choose a special Qo € Pg such that
dQo/dP = (1/8)I{yy~1-p)- Then
VaRL 20 (X) = inf{x: Qo(X <x) > 1—«a}
=inflx:P(X <x,Ux >1—8)> (1 —a)}
=inf{x:P(1 — B <Ux < Fx(x)) > B(1 — )}
=inf{x: Fx(x) > 1 — @B} = VaRg4(X),
VaR® Q0 (x) = inf{x: Qo(X <% > 1 -}
=inf{x:P(1 - B <Ux < Fx(x) > (1 — )}
=inf{x: Fx (x) > 1 —ap} = VaR§4(X).
Therefore,
Var: " (X) = VaRly @ (X) = (1 — 1)VaRk 20 (X) + A VarR® 20 (x)
= (1= 2)VaRj4(X) + AVaR§ 4 (X)
= VaRj;5(X). (4.4)

The desired result now follows from (4.3) and (4.4). O
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By Proposition 4.1 and Theorem 2.3, we obtain the inf-convolution of X for mixed-VaRs in the setting of model uncertainty: For
A €[0,1], @; € (0,1), Bi € (0,1] such that a* = Z?:l o;ifi <1, we have
D VaR,,"

=1
where 2 =min {}}_; A;, 1}.

A reasonable specification of the uncertainty structure (set) is the key issue for successful practical applications. The other most often
used uncertainty structures are mixture distribution uncertainty, box uncertainty and ellipsoidal uncertainty in probability measures (see,
for example, Goldfarb and Iyengar, 2003; El Ghaoui et al., 2003; Zhu and Fukushima, 2009). The uncertain structure induced by Wasserstein
metrics can be found in Liu et al. (2022). Optimal allocations for mixed-VaRs or other risk measures under these uncertainty structures
are left for further investigation.

P = § VaR}, =VaRh.(X), Xel®
i=1
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