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1. Introduction

The problem of jointly managing assets and liabilities is prevalent in various industries such as insurance, pension funds, and banking.
Asset-liability management (ALM) typically seeks the best asset investment plan to accomplish the profit goals while meeting the current
and future liabilities. Indeed, this concept is described in Society of Actuaries (2003) as follows:

“ALM is the ongoing process of formulating, implementing, monitoring and revising strategies related to assets and liabilities to achieve an organi-
zation’s financial objectives, given the organization’s risk tolerances and other constraints.”

Considering its importance, ALM has always been a heated topic among practitioners and academics in related fields. For instance, Kusy
and Ziemba (1986) developed a multi-period stochastic linear programming ALM model to find an optimal trade-off between risk, return,
and liquidity in a bank; also see Choudhry (2011) for a comprehensive review for ALM in banking. Leippold et al. (2004) proposed a geo-
metric method to solve the multi-period ALM problem with explicit investment strategies and an efficient frontier using the mean-variance
criterion. Within a stochastic linear-quadratic framework, Chiu and Li (2006) and Xie et al. (2008) respectively addressed a continuous-
time ALM problem, with the underlying liability dynamics being a geometric Brownian motion and an arithmetic Brownian motion. The
Markovian regime-switching extensions were also implemented in Chen et al. (2008), Xie (2009), and Wei et al. (2013) to accommodate
the randomly changing market state so that the ALM investment strategies are adaptive to the regime-switching environment. Chiu and
Wong (2012, 2014) investigated the mean-variance ALM strategies under the cointegration effect and correlation risk, respectively. Yao et
al. (2013) considered the case with endogenous liabilities and derived the optimal allocation among multiple risky assets and liabilities.
Recently, more interesting and practical factors have been incorporated to advance the analysis on the ALM problems, which include,
but not limited to, open-loop equilibrium strategy (Wei and Wang, 2017), derivative-based investment (Li et al., 2018), risk constraints

* Corresponding author.
E-mail addresses: tjyan@fem.ecnu.edu.cn (T. Yan), jinhuizjcu@gmail.com (J. Han), guiyuanma@xjtu.edu.cn (G. Ma), ccsiu@hsu.edu.hk (C.C. Siu).

https://doi.org/10.1016/j.insmatheco.2023.03.001
0167-6687/© 2023 Elsevier B.V. All rights reserved.


https://doi.org/10.1016/j.insmatheco.2023.03.001
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/ime
http://crossmark.crossref.org/dialog/?doi=10.1016/j.insmatheco.2023.03.001&domain=pdf
mailto:tjyan@fem.ecnu.edu.cn
mailto:jinhuizjcu@gmail.com
mailto:guiyuanma@xjtu.edu.cn
mailto:ccsiu@hsu.edu.hk
https://doi.org/10.1016/j.insmatheco.2023.03.001

T. Yan, J. Han, G. Ma et al. Insurance: Mathematics and Economics 111 (2023) 57-83

on liquidity (Pan and Xiao, 2017) and debt ratio (Zhang et al., 2020), inflation risk (Zhu et al., 2020), non-Markovian regime-switching
environments (Shen et al., 2020), and general ALM problems with delay (A et al., 2022).

In this paper, we solve a continuous-time ALM problem with market frictions and return predictability under a local mean-variance
(MV) optimization criterion. Indeed, market frictions play an important role in the daily operations of the insurance companies. Berry-
Stolzle (2008a) pointed out that property and casualty insurance companies often need to liquidate financial assets to cover claims and
hence face liquidity risk. To the best of our knowledge, Berry-Stolzle (2008a) is the first paper to study asset allocation and liquidation
with frictions in the context of property and casualty insurance. Berry-Stolzle (2008b) further explored the impact of illiquidity and
interpreted it as transaction costs in the ALM problem. Berry-Stolzle (2008a) and Berry-Stolzle (2008b) resorted to numerical methods
when computing optimal asset allocation and hedging strategies, but their numerical schemes prove to be difficult to be extended to the
multi-asset settings. Due to the technical difficulty, there has been a scarcity of actuarial literature providing analytical results for the ALM
problem with market frictions since then. In this respect, to the best of our knowledge, our work is the first one to fill this gap in a
comprehensive setup with both temporary and persistent price impacts.

Our ALM problem has its roots dating back to the pioneering works of Samuelson (1969) and Merton (1969); also see Yan and Wong
(2019, 2020), Han and Yam (2022), Han et al. (2022), and the references therein for some recent developments. Specifically, we build on the
tractable frameworks of Garleanu and Pedersen (2013, 2016) (hereinafter, the GP model). Considering the fact that the real financial market
is not perfectly efficient and trading typically involves market frictions, Garleanu and Pedersen (2013) introduced a quadratic transaction
cost from a linear price impact assumption and derived a closed-form optimal investment strategy for an infinitely-lived mean-variance
agent in a discrete-time framework. The continuous-time extension of Garleanu and Pedersen (2013) was further investigated in Garleanu
and Pedersen (2016), and the highly tractable frameworks in these two seminar papers have sparked a widespread attention (Glasserman
and Xu, 2013; Moallemi and Saglam, 2017; Ma et al., 2019, 2020a,b, 2022,b; Bensoussan et al., 2022). Moreover, the GP model allows for
return predictability, which has been a stylized fact validated by many empirical studies (Ang and Bekaert, 2007; Campbell and Thompson,
2008; Welch and Goyal, 2008). As a related work to ALM problems with return predictability, Ferstl and Weissensteiner (2011) proposed
a stochastic linear programming framework and solved it numerically.

We investigate a local mean-variance ALM problem over a finite time horizon inspired by the GP model. Different from the pre-
commitment solution approach to the mean-variance problems (Chiu and Li, 2006; Chiu and Wong, 2012, 2014; Zhang and Chen, 2016),
the local mean-variance analysis provides an alternative convenient yet reasonable formulation to avoid the time-inconsistent issue and
therefore it is widely adopted by the practitioners. More importantly, we do not follow the adoption of the arithmetic Brownian motions in
the GP model. Instead, we assume that the asset prices follow a multi-dimensional geometric Brownian motion. Under some appropriate
and reasonable model assumptions, the nice tractability is still preserved in our scenario. Meanwhile, we incorporate the mean-reverting
return-predicting signals such that the expected returns of asset prices are linear in these predictors. The company is faced with an
uncertain liability over time, with the randomness correlated with that of asset prices and predictors so as to account for the common
risk in financial markets. Moreover, when the manager employs a dynamic investment strategy to maximize the objective function, each
trade in the market not only incurs a quadratic transaction cost due to the linear temporary price impact, but also induces a persistent
price impact that distorts the asset return persistently. These price impacts are motivated by the fact that institutional trades are typically
of great volume, which may affect the trading decisions of other market participants and then hence the price movement (Bertsimas and
Lo, 1998; Sannikov and Skrzypacz, 2016; Van Kervel and Menkveld, 2019).

Using the dynamic programming principle, we solve the corresponding Hamilton-Jacobi-Bellman (HJB) equation up to a coupled Riccati
system of ordinary differential equations (ODEs). In line with the GP models, this coupled Riccati system admits no explicit solutions,
although its well-posedness can be established when only a linear temporary price impact is present. However, the incorporation of
the persistent price impact complicates the solution significantly. We follow the methodology of Bensoussan et al. (2022) and apply
the comparison principle for matrix Riccati equation system in Abou-Kandil et al. (2003) to develop a refined sufficient condition for
guaranteeing a unique local solution. We also derive some tight sufficient conditions for a unique global solution under some special
important cases. These conditions can be verified easily in practice. Furthermore, we provide a comprehensive analysis on the discrete-
time counterpart of our formulated problem to demonstrate the superiority of our concise sufficient conditions in continuous time.

Our solution features the company dynamically trading towards a target portfolio. Indeed, the analytical characterizations enable the
ALM manager to dynamically audit the target portfolio and implement the current trading strategy accordingly, based on the integrated
information on return predictors and realized liabilities. In general, a higher growth rate or variation in liability induces the manager to
invest more in stocks. The trading speed will be lowered when the temporary price impact becomes larger. The persistent price impact, in
particular, has a greater influence on the trading behavior than the temporary price impact, which is consistent with Berry-Stélzle (2008b).
Meanwhile, the presence of persistent price impact enables the manager to manipulate the price via engaging in an aggressive trading.

We conclude this introduction by highlighting the key differences between this paper and the existing literature. From the modeling
perspective, this paper is the first one to study an ALM problem of an insurance company with multiple assets and market frictions
(temporary and persistent price impacts). The objective is to maximize the company’s trading performance while netting trading costs
and liabilities over a finite time horizon. Different from the existing literature (see, e.g. Garleanu and Pedersen (2013, 2016); Glasserman
and Xu (2013); Ma et al. (2020b); Bensoussan et al. (2022)), we do not use the arithmetic Brownian motions to model the asset price
dynamics, and adopt a multi-dimensional geometric Brownian motion to ensure the price positiveness. Moreover, inspired by Garleanu and
Pedersen (2013, 2016), we characterize the persistent price impact with market resiliency, which introduces an additional state variable,
known as the price distortion, into the asset price dynamics. On the other hand, Ma et al. (2020b) investigated a different optimal
execution problem, where the investor should purchase/liquidate a predetermined amount of assets while minimizing the execution costs
over a fixed time period. The price dynamics in Ma et al. (2020b) follow an arithmetic Brownian motion. Although Ma et al. (2020b) also
considered temporary and permanent price impacts, they did not consider the market resiliency when formulating the persistent price
impact.

From the mathematical perspective, the additional state variable from the newly introduced price distortion process leads to a more
complicated coupled matrix Riccati differential equations (RDE) system compared with that in Ma et al. (2020b). Since the solution
techniques in Ma et al. (2020b) can not be employed in our problem, we have henceforth developed some new results for the existence
of solutions to the RDEs herein. In sum, this paper aims to offer a highly tractable framework to study the ALM problems with trading
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frictions to the actuarial literature, showing that the optimal trading strategies of the multiple assets can be characterized in terms of the
solutions to the coupled matrix RDEs, which can then be efficiently computed using the existing numerical schemes for ODEs.

The remainder of this paper is structured as follows. Section 2 describes the model settings and formulates our target ALM problem.
In Section 3, we first explore the situation with only temporary price impact. Then, we proceed to tackling the case with both temporary
and persistent price impacts in Section 4. In both cases, analytical optimal ALM strategies are characterized up to the solutions of the
coupled differential Riccati system. In Section 5, we further investigate the optimal initial capital structure for the company by calculating
the optimal funding ratio. Numerical examples are provided in Section 6 to better illustrate the financial implications. Section 7 concludes
the paper. The detailed proofs of related claims are relegated to the Appendix.

2. Problem formulation
2.1. Notations

Before describing the problem, we introduce some basic mathematical notations that will be used frequently in this paper for readers’
convenience. We hereinafter use boldfaces to distinguish matrices (including vectors) from scalars, and all vectors are column vectors.
Let n > 0 be a generic integer, 1:=(1,1,...,1)T € R" be a vector of ones, and I, € R™" denote the n-dimensional identity matrix. Let
(Q, F.F={Ft}=0, IP) be a complete filtered probability space satisfying the usual conditions.

The spectral norm is denoted by ||-||. Specifically, for any X € R™", |IX|| = ,/Amax (XTX), where Amax(X) represents the largest eigen-

value of X. For two symmetric matrices X1, Xy € R™", X; < (resp. >)X; represents X, — Xy is positive (resp. negative) definite, and
X1 < (resp. >)X; represents X, — X; is positive (reps. negative) semidefinite.

2.2. State processes

We consider a financial market with one risk-free asset and n risky assets. The price dynamics for risky assets are jointly modeled by
a multivariate geometric Brownian motion:

dP; = diag (P;) [(rfl—i-Bft)dt—i-adef], 1)

where P; = (P1y, P, -+, Ppe)" and diag (P;) represents a diagonal matrix with the diagonal entries being the components of P;; Wf is
an [F-adapted n-dimensional Brownian motion; r¢ is the risk-free interest rate, and pp, :=rs1+ Bfi € R" and o p € R"*" denote the
return and volatility coefficients for n stocks, respectively; and f; = (fi;, far. -+ » fme) | € R™ is a vector of return-predicting factors that
could be of a different dimension of stocks, associated with the factor loading matrix B € R"™*™, Specifically, motivated by the empirical
evidences in Garleanu and Pedersen (2013) and Lehalle and Neuman (2019) where the mean-reverting nature of common predictors is
observed, we assume f; to be a stationary Ornstein-Uhlenbeck process

dfy = —®f,dt + o ;dW/

where ® € R™*™ represents the mean-reversion speed, Wtf is an [F-adapted m-dimensional Brownian motion which can be correlated
with WP, and o ; € R™*™ represents the volatility coefficient for m factors.

The asset-liability manager takes a dynamic investment in these stocks over a finite horizon [0, T]. The corresponding portfolio strategy
is denoted by a vector X; = (X1, Xa¢, - ,Xn¢) | specifying the dollar amount invested into each stock at time t. Following the setup in
Garleanu and Pedersen (2016) and Collin-Dufresne et al. (2020), we assume that X; is absolutely continuous with an instantaneous trading
intensity u; = (uy;, U, -+, tne) | such that!

dxt :utdt. (2)

In particular, a trading strategy u is said to be admissible if
T
E / lug|?ds | < oo,
0
and the set of all admissible trading strategies is defined as A.
If we define the asset value of the company as a; at time ¢, it then satisfies the following dynamics in a frictionless market
da; =ry (ac —x1) de +x] diag(P)'dP:.

However, the practical financial market is not entirely efficient and trading frictions always exist for each transaction. We first illustrate
the setup for the temporary price impact. Bertsimas and Lo (1998) note that it is more plausible to consider a linear-percentage price
impact than a linear price impact, because the latter has a percentage price impact that decreases in the price level, which is counterfactual
(see Bertsimas and Lo (1998) and the references therein). Specifically, for an instantaneous trading intensity u;, we assume the execution

T In the continuous-time framework, Garleanu and Pedersen (2016) shows that any portfolio X; that is not absolutely continuous, with non-smooth changes such as discrete
jumps and quadratic variations, would incur an infinite trading costs, which is then excluded from our analysis.
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price is raised on average by a percentage of %Aut where A € R™" is a positive definite matrix. Let P, represent the average execution
price under u, then

- 1 1
P =P + 5 dlag Py) Aut = dlag Py) (1 + EAut> .
Therefore, the temporary transaction cost TC(u;)dt incurred by u.dt can be calculated by

_ 1
TC(up)dt = (diag(P) ~'uedt) ' By — u, " 1dt = iutTAutdt.

The assumption that A is symmetric is without loss of generality (also see Footnote 5 in Garleanu and Pedersen (2013)). One can assume
a non-symmetric temporary price impact level A and then the corresponding trading cost becomes %u?[\ut, which is equivalent to the
trading cost under a symmetric A = % (1_\ + f\T). The positive definite assumption on A is reasonable since a non-zero trading speed u;
should induce positive trading cost. The quadratic transaction cost has been commonly adopted in the literature (Obizhaeva and Wang,
2013; Garleanu and Pedersen, 2016; Collin-Dufresne et al., 2020; Isaenko, 2022). Indeed, the temporary price impact naturally arises from
the instantaneous imbalance between the supply and demand of the stocks caused by the manager’s coming trading, which eventually
renders the manager make a price concession in order to execute the trade.

In addition, we further consider the case that the manager’s trade shall cause a persistent impact on the market expectations as other
market participants believe that institutional trades are usually accompanied with certain information leakage on the prices (Sannikov
and Skrzypacz, 2016; Van Kervel and Menkveld, 2019). To study this situation, we again assume a linear-percentage price impact which
distorts the assets’ return persistently. Specifically, we introduce a return distortion process D; satisfying

th = —RDtdt + Cutdt,

where C € R™" is a positive definite matrix measuring the persistent price impact level and R € R™" is a positive definite matrix
representing the resiliency of the persistent price impact. In other words, a trading speed of u; will raise or reduce the return by Cu;, and
the corresponding expected return in the interval [t, t +dt) becomes jtp.dt = pp,dt +dD;. We naturally assume Dy = 0,41 to indicate that
there is no price distortion before the manager’s trade.

Remark 2.1. In addition, Garleanu and Pedersen (2016) employs the arithmetic Brownian motion to model the price dynamic, which
implies a positive probability of negative price. Nonetheless, our introduced models can get rid of this problematic setting in that the
price dynamics are always strictly positive. Meanwhile, to the best of our knowledge, our work derives the first analytical result in
the literature that tackles the portfolio selection following the framework of Garleanu and Pedersen (2016), with the underlying prices
assumed to follow geometric Brownian motions.

Employing the dynamic portfolio strategy u;, the firm’s asset value dynamic, with the presence of both persistent and temporary price
impacts, evolves according to

da; =ry(a; —x Ddt +x] [(diag Py~ dP, + th] — TC(up)dt
1
= {rfat +x, [Bfidt — RD; + Cu;| — 5ujz\ut} dt +x o pdwW; .

Following Xie (2009); Zhang and Chen (2016); Zhu et al. (2020), the company’s uncontrollable liability process I; is modeled by a geometric
Brownian motion:

dl =1 [mdt + a,dw{] , (3)

where W! is an F-adapted standard Brownian motion, which could be correlated with W} and W{ . The respective vectors of correlation
coefficients are denoted by pp; € R" and p € R™. For simplicity, we define Xp := GPU; e R™" 3 = 012 eR, Xp:=0pppo; R,
and X :=0p 01 € R™

Remark 2.2. One can also choose a jump process, such as compound Poisson process, to model liability, especially when the companies
face random payments for insurance claims or liability (Chiu and Wong, 2014). In this paper, we are interested in how asset allocation
hedges liability risk while achieving the overall profit goal. Indeed, the hedging demand arises from the correlation between investment
opportunity and liability. Therefore, to maintain this correlation in a jump model, one may also need to formulate a “co-jump” component
in asset price dynamics. For convenience, we here adopt the geometric Brownian motion setting so that the correlation between asset and
liability is more intuitive and accessible. Nonetheless, adding jumps to (3) will not lead to further mathematical complications and the
main results of the current work remain valid.

Then the net asset value S; :=a; — [; satisfies
_ . T . . 1 T T P I
dSt = Tfst + (Tf /,L]) lt + X; [Bft RD; + Cut] zut Allt dt +Xt O'pdwt a,ltth.
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2.3. Objective function

At time t € [0, T], the manager aims to maximize the discounted sum of her local mean-variance criterion of the net asset return over
each infinitesimal time interval [s, s + ds] for s € (t, T]. Specifically, we consider the following objective function:

T
J&,x,D,f; u):=E; fe_p(s_t) (IES [dSs —rpSsds] — gVars [dSs — rszds])
Lt

T
1
— E /e*f’@*”{ (g = i) ls +x [BE — RD; + Cus] — Su] Aug — % [xj):pxs - 2xj>:p,ls] bas |
Lt

where p > 0 is the discount rate, y > 0 represents the manager’s risk aversion, and E;[-] and Var; [-] respectively denote the conditional
expectation and variance operators given ;. We refer to such an objective as the local mean-variance criterion. This criterion characterizes
the company’s cumulative sum of its mean-variance preference on the changes in its net asset values in each infinitesimal time period.
Indeed, it is widely adopted by practitioners. Moreover, it provides a simple alternative to circumvent the notion of time inconsistency in
the dynamic mean-variance criterion (see the notable work by Basak and Chabakauri (2010) and also the recent work by Bensoussan et al.
(2022)). Due to its high tractability, this criterion is popular in the extant literature on the portfolio choice problems with trading frictions
(see, e.g., Garleanu and Pedersen (2013, 2016); Glasserman and Xu (2013); Collin-Dufresne et al. (2020); Demiguel et al. (2016)). In this
respect, this paper introduces the local mean-variance criterion as a tractable way to study the ALM problems with trading frictions to the
actuarial literature.
The manager aims to find an admissible trading strategy u* € .A which maximizes the objective function, i.e.,

J.x,D,fl;u*) =max J(t,x, D, f,[; u). (4)
ucA

According to the standard dynamic programming theory, the Hamilton-Jacobi-Bellman (HJB) equation associated with the value func-
tion V is

V_max{av+avTu aqu>f+1tr 2’V LV l+182V212+82VT): |
PV =k lar " ax of 2\ afafm ) T T o 1 T Ggar !
avT T 1 T YV (T 2 T
+55 (“RD-+Cw + (ry — u)+x" [Bf —RD+ Cu] - ~u Au—5<x Tpx + T — 2x ):P,l)} (5)

with the boundary condition V (T, X, D, f,]) = 0, where we have suppressed the arguments (t, X, D, f,[) for simplicity.

The choice of the control variable (portfolio position vs. trading intensity) can be explained in terms of trading frictions in continuous
time. In absence of trading frictions, the existing literature on the ALM problems takes the portfolio position as the control variable to
reflect that the utility-maximizing manager can adjust his portfolio freely to capture the instantaneous changes of the return-predicting
factors and the liability. However, when trading frictions are present, the manager can no longer adjust his portfolio freely and must take
the trading costs in consideration (Garleanu and Pedersen (2013, 2016)). Since trading costs are incurred only when he rebalances his
portfolio, we therefore adopt the manager’s trading intensity in continuous time as the control variable to account for the cumulative
trading costs during the finite investment horizon.

Remark 2.3. In Section 4.2, the optimal solution to the frictionless version of our ALM problem (43) is X, 1) = %Z;let + Z;lzpllt,

which is of a Brownian-motion type. Economically, the optimal frictionless portfolio x™ implies that the manager should rebalance his
portfolio whenever the return-predicting factors f and liability I change. However, as first stated in Garleanu and Pedersen (2016), adopting
x" in the frictional market would incur infinite trading costs in continuous time, contributed by the non-differentiability of the Brownian
paths. To quantify trading costs while maintaining tractability, we have therefore adopted the instantaneous rate of change of the portfolio
position, i.e., trading intensity, as the control variable so that the portfolio position is absolutely continuous, with bounded trading costs.

Remark 2.4. For completeness, we have also included a discrete-time formulation of our ALM problem in Appendix B. For each time t, the
control variable can be either X; or AX; =X; — X;_1, and the state variable is X;_1. In other words, one can also adopt the commonly-used
portfolio position or the change of the portfolio position as the control variable when solving the ALM problem in discrete time. Due
to the feedback nature of our optimal solution, the optimal portfolio position x; is expressed in terms of the portfolio position in the
previous period, X;_1, the observed return-predicting factors f; and liability Il;, with the coefficients expressed in terms of the coupled
system of Riccati difference equations.

3. Asset-liability management with only temporary price impact

In this section, we investigate this case and solve for the optimal trading strategy when the persistent distortion is absent, i.e., D = 0y
(R=C=0,4y). In other words, the market friction only comes from the linear temporary price impact.
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3.1. Optimal solution

The HJB equation (5) in this case degenerates to

V_max{av N avTu aqu)H 1 (2 LAV ] 82V212+ 82VT): |
PV =k Lot " ax of 2\ ot =) T M T o M T Grar 2!
_ Tee LT o Y (T 2 oy T
+(rf — ) +x'Bf Su Au 5 (x Ypx+ ojlf —2x'Zpl) 1, (6)
where V =V (t,x,f,]) and V(T,x,f [)=0.
Consider the following ansatz for the value function:
1 1 1
V(X 6D ==X Aa(OX+ S fT A (OF + S ArOF +XT A (OF + X Ay (O + T A0+ AlOL + Ac(0), (7)

where Ayx € R™", A e R™M, Ayr € R™™, Ay e R", A € R™, and Ay, A, Ac € R. Applying the first-order condition then yields
ur=A"1! % Substituting u* and (7) back into (6), we obtain

v o1 1
pV = 5 t3 (—Axxx—i-Axff—i—Axll)T A7 (—Aux + Ay f+Agl) + (rp — )+ 5):,12

T
+ (Aul+ AJx-+ AT+ A) pul = (Agf+ AT X+ Agl) @f+ St (A

AT l+x Bf— L
+ fl fl+ 2

Comparing the coefficients of x, f, and the constant terms on both sides, we obtain

(xT)pr — 2% Zpl+ 2112) .

Ax(t) = pAx(0) + A (D) TAT A (8) — Y Zp, (8)
App(t) = pAsr(0) — AL (OA T Ap () +Aps ()T @ + @ T A (D), 9)
An®) = pAu(t) — Aa(®) T AT Ay(t) — 2 An(t) — Al T+ Y 2, (10)
Agr (1) = pAys (£) + A (t) T AT Agp (1) + Ay (P — B, (11)
A () = pAu () + A () T AT Ay () — Ag(O)p — ¥ Zp, (12)
Ag(t) = pAf(0) — Ay ()T AT A (D) — Ap (D + T Ag (D), (13)
Al = pA(t) — A —Ap () g+ — 1y, (14)
Ac(t) = pAc(t) — %tr(Aff(t)):f), (15)

with the following boundary condition
Axx(T) = Onxn, Aff(T) =0mxm, Axf(T) = O0pxm,
Ax(T) =0nx1, Ap(T) =0mx1, An(T)=A((T)=Ac(T)=0. (16)

Still, we need to ensure that the matrix Riccati equation system admits a unique classical solution so that the corresponding ansatz of
V in (7) as well as the optimal strategy is well-defined.

Lemma 3.1. The matrix RDE system (8)-(16) admits a unique classical solution on [0, T]. Moreover, Axx(t) is positive definite on [0, T) and Axx(t) =
K2(OK; ' (t) where

d (ki) _ [~z —A7 (1(1(r))
dt<l<z(t)>_<—yzp %In K@) )° (17)

Proof. Note that once Axx is solved, Ays,Afr, Ay, Ay, Af, A, and A¢ can be solved sequentially as their associated differential equations in
(8)-(16) become linear. Therefore, it suffices to prove the existence and uniqueness of Ay to (8). This can be done by following the proof
of Proposition 1 in Ma et al. (2019), where a comparison principle for matrix Riccati equation is utilized to find the upper bound and
lower bound of the solution. We thus omit the details of the proof. O

While Lemma 3.1 establishes the well-posedness of the RDE system (8)-(16), the following assumption on a special price impact
structure enables us to obtain simpler expressions for the optimal trading strategy and portfolio.

Assumption 1. A = AXp with a constant A > 0.
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As noted by Garleanu and Pedersen (2013, 2016), Assumption 1 is natural and has its foundation in market microstructure. Particularly,
a dealer, who stands in the opposite side of the manager’s trade Ax;, holds the position for a period of time dt and unwinds it at the
end, is exposed to the risk AX;FZP AX¢dt. The trading cost is a compensation for risk. The positive constant A can be understood as the
risk aversion of the dealer. At time t, we define the single-period Markowitz mean-variance portfolio as x{™ = %Z_1Bft. The following
theorem characterizes the optimal trading strategy.

Theorem 3.2. With only the temporary price impact, i.e, D =0,x1 (R=C=0pxp),

(i) the optimal trading intensity is

uf = A7 [Ag (Of: +Au(Ol; — A(DX¢], fort €[0,T]. (18)

The function (7) identifies the optimal value function in (4);
(ii) fort € [0, T), uf has the following representation

u = M [M?im _ xt] , (19)
where

M = A7 Ay (D),
T
M™ =y An() 7 & (0 / e CDEOTE | (X + X, Enils ) [ ds,
t
and &1 (t) is the solution to the following linear ODE

E1(D = —Ax®OAT'EO), E(T) =Ty; (20)
(iii) under Assumption 1, fort € [0, T),
MEate — axx(t)
t N
T

M;‘im = / wy (s, HE; [x?“’ + 2;1 Eplls] ds,
t

4
[P0

A1 = eT-D@+—y-)
v ) 2o,
Y+ — y_e(T—f)(J’+_Y—) -

andyi:%(—p:tw/p2+4%>.

Proof. See Appendix A.1 O

s axx (w) d
ke (p+ * ) ! for 0 <t <s <T,axl(t) is a nonnegative function given by

where wy (s, t) = e

Axx(t) = —

Remark 3.3. As shown in Garleanu and Pedersen (2013) and Glasserman and Xu (2013), the empirical estimates of A are typically small.
Therefore, it is important to assess the stability of the solutions of the matrix Riccati equation system when A is small. To investigate this
issue more closely, let us consider a special case when Assumption 1 holds. In this case, the Ay in Equation (8) becomes

. 1 _
Aw(t) = PA(D) + — AT Zp A(0) — ¥ .
Similar to Proposition 5.9 in Bensoussan et al. (2022), for a small A > 0, one can show that

IAx(®)] = 0(¥2), t=>0. (21)

This implies that the right-hand side of the differential equation for Ay is of order O(1). In other words, the derivative of Ayyx is bounded
for small A, which leads to a stable solution to the Riccati system. Similarly, one can show that terms Ays, Ay are of order O(+/A) and
terms Ay, Ay, Agy, Ay, Ac are of order O(1). In view of these small-A analysis, the Riccati system will not explode as A goes to zero.

The trading intensity in (19) is of a target-chasing form such that the portfolio is rebalanced towards a benchmark M?™ at the tracking
rate M€, Roughly speaking, the target process M?im can be understood as the expectation of a weighted sum of all the future Markowitz
portfolios within the investment horizon adjusted by the liability dynamic. We distinguish such a trading behavior from many existing
results in classical dynamic ALM problems such as Leippold et al. (2004); Chiu and Li (2006); Yao et al. (2013); Wei et al. (2013) where
the optimal strategy is to realize a target portfolio immediately. This target-chasing behavior appears because of the market frictions.

Corollary 3.4. With only the temporary price impact,
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(i) the optimal portfolio is

t T
XF =& () %o + y//gz(s)A”g] (5) e PU= g ()T pEs [xumv + z;lzmlu]duds,
0 s

where £1(t) is given by (20) and &, (t) solves

£ = AT ARDE®), £0) =1y,

(ii) suppose Assumption 1 is enforced, the optimal portfolio is
t T
* [ axx® gy mv -1
X; =elo i %X+ wyx (s, W)E; [xu +3, ):pllu]duds,
0 s

L[ (p+ 2l )ar

where wy(s, u) = %e for0 <s <u <T and ayy is given by (A.4).

(22)

Proof. The results in (22) can be straightforwardly obtained by utilizing (A.1) and (A.3). Then one can verify (ii) using the expression

Axx(t) =axx()Xp. O

4. Temporary and persistent price impact

In this section, we investigate the optimal trading strategy in our framework when the market frictions consists of two components:

the temporary price impact and persistent price impact.

4.1. Optimal trading intensity and portfolio

For the ease of illustration, we first define a new vector y:= (x',DT)T € R?" and some new matrices Q, N; € R2"*2" N, M; €

R2™1 M, € R M3z € R?" as follows:
VZP R Onxn  Onxn In
= , Ni= , Np= ,
¢ < R" 0n><n> ! (onxn R 2 C

_( C _( B _(VZp
Ml‘(Onxn>’ Mz‘(ﬁnxn>’ M3‘<onxn>'

The original HJB equation (5) can then be rewritten as

V_av+avT( N1y + Nou) aVT<I>f+1tr OV T 1+182V212
PY =% T oy 1y af 2 ot =) T M T e
20, T

1 1
+pl Tl + (rp — )l — 5yTQy +y "Mju-— EuTAu +y Myf+y M3l — %2,12.

The first-order condition yields

v
w=A"1(M/y+N — ).
( Y2 gy

Define Eyy := <EX" ExD ) e R2M2 Eyc = (]];:"f > e R?™" and Ey; := <§"' > € R?". Consider the following ansatz for V:
DI

E;, Epp Df

1 1 1
v,y £ )= —EyTEyy<t>y+ ifTE FrOf+ EEzl(f)lz +y EyrOFf +y Ey (Ol +ETEf (0] 4+ Ef(O] + Ec (D),

(23)

(24)

(25)

(26)

(27)

where Ey, € R E¢r € R™M E,r € R?™™M E,; € R?", Efy € R™, and Ey, E;, Ec € R. Substituting (26) and (27) into (25), and compar-

ing the coefficients, we can similarly derive

. T 1 1 T
Eyy = (NzTEyy - M1T) AT (NzTEyy - M1T) +Eyy <§PH‘N1> + <§Pl +N1> Eyy-Q

Eff =—E;;NoA~"'N; Eyf + pEfy +E[ @+ @ Egy,
Ey=—EuNo AN By + (0 — 2 — Z) En+ v %,

, T

Eyf = (NzTEyy - MlT) ATINJEyp + pEys +N{ Eyp +Eyr @ — My,
, T

Ey = (NzTEyy - MlT) AN By + (p — (1) Eyt + N Eyy — M3,
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Efi=—E;;NoA™'N; Ey + (0 — ju) B + @ Egy, (33)
EI:(/)_MI)EI‘FE}—[ZfI‘i‘Ml_TL (34)
. 1
E.=pE;.— Etr(Effzf)’ (35)

with the boundary conditions
Eyy(T) = 02nx2n, Eff(T) = Omxm, Eyf(T) = 02nxm,
Eyi(T) = 02nx1, Ep(T) =O0mx1, En(T) =E(T)=E(T)=0. (36)

Obviously, we again obtain a matrix RDE system in (28)-(36). If the solution of (28) exists, then (32) - (35) become linear, and
they can be solved sequentially using variation of constants formula. As for the matrix RDE (28), we can apply the well-known Radon’s
lemma, which connects the non-linear equations of Riccati type and the linear equations, and then provide the solution with an explicit
representation as follows.

Lemma 4.1. Consider the solution (H; (t), Ha(t)) " of the following linear equation system:

4 (Hi©) _ —2pI =Ny + N;A~TM] —NA7INJ H; () (37)
dt \ Ha(t) M;A"'M] —Q 201+ Ny —M;A~IN] J \Ha(t) )

with Hy(T) = Ipp and Hy(T) = 02nx2n. If H1 (t) is non-singular for t € [0, T], then E (t) = Hy (t)H]’1 (t) is a solution of (28).

Proof. We rewrite (28) as follows

: 1 T 1
Eyy =E,yNoA"'NJ Eyy + (Epl +N; — NzA_lMlT) Eyy +Eyy (ipl +Np — N2A‘1M1T> +MATM] - Q. (38)
Then the result can be established by applying Theorem 3.1.1 in Abou-Kandil et al. (2003). O

If we define the finite escape time of the matrix Ey, as to := inf{t < T;det|H{(t)| = 0}, Lemma 4.2 provides a sufficient condition
such that t ¢ [0, T], i.e., Eyy(t) will never explode on [0, T].
Lemma 4.2. Suppose that yXp — CA~ICT

1
T < ENTE where

is positive definite. The matrix RDE system (28)-(36) admits a unique bounded solution on [0, T] if

yo= R (y=p—ca'c")'R],

Yy =] 3pI+R

Moreover, Exx(t) is positive semidefinite for t € [0, T].

- va=feaicT].

Proof. See Appendix A.2. O

The aforementioned lemma provides a sufficient condition to ensure the local existence for the target matrix RDE system. However,
the length of time period is highly sensible to the model parameters and could be quite short in some extreme circumstances. As a result,
we give another sufficient condition below under which a unique global solution always exists, regardless of the length of the planning
horizon.

Lemma 4.3. Suppose that Xp, R, C, and A are all diagonal matrices with the i-th diagonal element being 013 i Tis Ci and A fori=1,2,---,n,
2
respectively. Ifyog > i—' and % <Ti < p, then the matrix RDE system (28)-(36) admits a unique bounded solution for any finite T > 0.

Proof. See Appendix A.3. O

Roughly speaking, the conditions in Lemma 4.2 and 4.3 commonly indicate that the (squared) persistent price impact C discounted
by the temporary price impact A cannot be too large compared to the trader’s perceived risk cost y Xp. Otherwise, it is cheap and risk-
affordable for the trader to manipulate the stock prices to achieve an abnormally high profit in the finite horizon [0, T]. This is partially
consistent with the well-posedness condition in Lemma 1 of Garleanu and Pedersen (2016) that requires C to be moderate. We will also
conduct a numerical study in Section 6 to investigate the general feature of the solutions.

Define Ly(t) := Exx(t) + CTExp(t)T — CT. The following theorem provides the optimal trading strategy when both temporary and per-
sistent price impacts are present.

Theorem 4.4. With both temporary and persistent price impacts, and suppose that the matrix RDE system (28)-(36) admits a bounded solution, then

65



T. Yan, J. Han, G. Ma et al. Insurance: Mathematics and Economics 111 (2023) 57-83

(i) the optimal trading intensity is
w=A [ — (EXD ©) + CTEDD(t)) D + NJ E, (Of; +NJ Ey (D)l — Lx(t)xt]. (39)
The function (27) identifies the optimal value function in (4);
(ii) fort [0, T), if Ly(t) is non-singular, u; has the following representation
uf =M [ 4+ M — x| (40)
where

M{ate — A_]Lx(t),
T

M3 = Le(0)"'N, f e PE0E )T E(s) (g:i:) E; [x;“V +3! zplls] ds,
t

M = L~ (Exo(® + CTEpp () Dy,

and & (t) € R¥™2" is the solution to the following linear ODE

2 T - -
E1(t) = — |:(N2TEyy(t) —_ M1T> AIN] + Nl] (D)., E1(T)=ly.

Proof. See Appendix A.4. O
The following corollary, as a direct result of Theorem 4.4, offers the corresponding optimal portfolio.

Corollary 4.5. Under the assumptions of Theorem 4.4 and assume that Ly(t) is non-singular, then the optimal portfolio is
t
Xf =& "% — / SO EEAT! (Ew (s) + cTEDD@) Dyds
0

t T
s & 1A AT A 1= > B
—l—//e PU=9), (1)1 &, (s)A~'NJ &1 (s) 151(”)<gnxi>Es [xumv+zp1>:p,lu]duds,
0 s

where & (t) € R™™" is the solution to the following linear ODE.
E£(6) =M (1), £(0) =1, (41)

The previous discussions are built on a continuous-time economy. As noted by Garleanu and Pedersen (2016), such a formulation
addresses the dynamic trading problems under market frictions that arise when an investor trades at a relatively high trading frequency.
Meanwhile, we offer a discrete-time solution in Appendix B for an associated low-frequency trading problem, similar to what has been
done in Garleanu and Pedersen (2013) and Collin-Dufresne et al. (2020), so that practitioners can choose suitable ALM strategies in
different situations. Moreover, we find that the optimal strategies are consistent in these two formulations, which also echoes the results
of Garleanu and Pedersen (2013) and Collin-Dufresne et al. (2020).

4.2. Small-price-impact asymptotics

Theorem 4.4 characterizes the optimal trading strategy under the fixed parameters of market frictions, i.e., A,R and C. To study how
these parameters affect the value function and the trading strategy, we now conduct a small-price-impact asymptotic analysis. Following
Ekren and Muhle-Karbe (2019), we consider the following assumption,

A=¢€’A;, C=¢€C;, R=¢€¢"'Ry, (42)

where € > 0 is a small value. This assumption indicates a highly liquid market where both the temporary and persistent price impacts are
small and the market resiliency is large. As noted by Ekren and Muhle-Karbe (2019), this scaling is chosen so that neither of the frictions
dominates the other in the limit.

Before proceeding to the asymptotic analysis, we first study the benchmark case when there is no frictions. Suppose A = C=R =0y,
and D = 0,1, one can directly solve the following ALM problem,

T
Vo, £ 1) = n}(axIEt /e‘p(s_t){ (r =) ls + x, Bf; — g [x;r)lpxs + 32 - ZXI)ZPIIS] }ds ) (43)
t
t

According to the classic dynamic programming equation, the H]JB equation for Problem (43) is
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ave +max £*v0 = pvO (44)
ot xeRn =PV

where the operator £* is defined as follows:

XV = 80T¢f+]tr ?V b) +3‘7 1+132‘7212+82‘7T21
ST 2\ afar ) T M T R T Gk 2!
+(rp — )l +x"Bf — % [xT):prr 52— 2xszll] . (45)

The first-order condition from (44) yields the optimal portfolio choice in absence of market frictions as x"(f, ) := %Z;le—i- Z? Xpl.

Since f and [ are the drifted Brownian motions, the optimal portfolio without frictions x™ is of a Brownian-motion type, which is in stark
contrast to the optimal portfolio with frictions x* in Corollary 4.5, which is absolutely continuous.

For simplicity, we write CI = (In ClT) The following theorem shows the relationship between the optimal value function V¢ for
problem (4) and its frictionless counterpart VO in (43).

Theorem 4.6. Under the regime (42), suppose C(lRl + R1C1’1 is positive definite, then the value function V€ of Problem (4) has the following first-
order expansion around the small liquidity parameter € > 0,

VE(t,x, €D, f,])
1 T 1
— VOt £, 1) — e[v1(t, D+~ (xT —x"(E D7, DT) K (xT —x"( )T, DT> +x'D— —DTc;ln] +o(e), (46)

benchmark
first-order approximation of the loss from frictions

where K € R27%2" s positive definite and is the maximal solution of the following algebraic Riccati equation:

PP 0 0 0 0 YZp 0nsn
KTC A ]CTK nxn nxn KT K nxn nxn |\ B B -0 , 47
%M + Onxn Ry + 0r5n Ry Onxn P (C1 1R] —|—R1C1 1) 2mxan “47)

and V1 admits the following representation

T
vig,h = E; /e’p(s’t)a(ls)ds ,

t

1 1 1
a(l) = 5L“;l):,:lTl(ll):,;1zp,z,lz + ;):;,Kn):;]TBzﬂl 3t (877" ki z;'BE)), (48)

where K11 € R"™" is the submatrix of K formed by intersecting the first n rows with the first n columns.
Moreover, the first-order expansion of V€ in (46) is achieved when the manager adopts the almost-optimal trading strategy u€:

1. —1p f(f 1) —
u (xe, Dy, fr. l) = € 1A11CIK(" (jef];t "f). (49)

Proof. See Appendix A.5. O

In (46), we scale the distortion process and consider €éD among the arguments of V¢, which is consistent with Ekren and Muhle-Karbe
(2019). This setting is reasonable as market frictions are small in our regime (42) and we expect the distortion to converge to zero. At
time zero, recall that Dg = 0,41, one may simply let D=0, in (46) and obtain the first-order approximation of V€.

According to (49), it is clear that when market frictions are small, or equivalently, € and D; go to zero, the almost-optimal trading
strategy u€ adjusts toward the frictionless portfolio x™ with a speed magnified by €. In addition, the value function V€ in Equation
(46) converges to the frictionless counterpart V? as € | 0. In other words, despite the fact that the asymptotic strategy gradually follows
its frictionless counterpart, the presence of market frictions forbids it to converge to its frictionless counterpart as € | 0, and the value
function with small market frictions can be well approximated by its frictionless counterpart.

5. Optimal funding ratio

The previous analysis answers the question that, given an initial asset value, stock holding and liability value, how can the company
manage dynamically the risk from future asset allocation and future liability with frictions in the financial market. In this section, we
provide one way for the manager about how to determine an initial capital structure at time zero.

Choosing a proper initial capital structure is important in ALM practice; indeed, it can be decided using the funding ratio, i.e. the ratio
of the asset value to the liability see, e.g., Leippold et al. (2004) and Chiu and Li (2006). Following Chiu and Li (2006), we assume that the
asset value is a linear function of the liability at t = 0. This dependency is realistic as argued by Chiu and Li (2006) because the company
can increase the capital of investment by issuing loans. Mathematically, we write ap = @ + Blp, where o > 0 represents the wealth base
for investment and 8 € (0, 1] denotes the proportion of liability that is raised to increase the asset value.
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We consider the case that the initial portfolio is determined by Xo = ag(X"1)~'X, where X" is a target portfolio predetermined by the

company. A noteworthy example is the static Markowitz portfolio X = x™ = lZ;]Bfo. Recall that under the temporary and persistent
price impact, the optimal value function at time 0 is V (0, Xg, Do, fo, [p) which is in a quadratic form. We define the optimal funding ratio

as k*:= ‘;70 where (ag, If}) solves the following quadratic programming problem:
0

max V (0, ao(x " 1)"'%, Do, fo, lo)
ao.lo (50)
s.t. ap=o + Blo, Ip > 0.

To obtain k* more explicitly, we here assume temporary price impact only. We further impose Assumption 1 and assume that & =
Xf =0pnxm and X5 = Opyxq so that the dynamic predictors are not concerned and f; = fy. Therefore, the vector of excess returns is
time-invariant and is denoted by pp := Bfp. Recall that ayy is given by (A.4). We define the following non-negative scalar functions

T T
(S axx (u) s axx(u)
Ay (t) 3:/3 e (p s >duds, axs (t) ::/e J (’0+ 2 )dudS,

t t
T

T 2
az.(s) ayf(S)ay(s
agy(6) ::/e’p“*t) —ka ds,  agp(t) ::fe’(p’“’)“*t) Bt (5100 (S) l A4S 4.
t t

In this simplified case, the solution of the RDE system (8)-(16) is explicitly given by

Axx(t) = axx () Xp, Agr () Zaff(t)BTZ;]B,

T
2
o D— S (s 12 _
Au(t)Z/e (P=2m=ZD (=0 (aﬁl(s)ﬁz;,zp1zp,—yz,) ds,
t

Ay (O =ay (B,  Agl) =yau®OTp, Ap@®)=yap®B T, Zp,
T

A,(t):/e*“’*“f)(s*”(rf —upds,  Act)=0.
t

(51)

By Theorem 3.2, the value function at time t = 0 with only the temporary price impact is exactly V (0, Xo, fo, lp), where V satisfies (7)
with the parameters solved above. Let z := (ag, lp) " € R2. The optimal funding ratio between the initial asset and initial liability is then

calculated through x* = 7—0 where (ag, I§j) solves:
0

1 T
max iz Quz + ¢, z+co
z

(52)
s.t. ap=a+ Blo, lp > 0.
where
AT —2 A . AT —1 A
Q= —ax(0) (X71) 1xT):px yaq(©0) (x71)7 XTZp . (53)
yaqe(0) (x71)7 XTZp Ay (0)

The quadratic programming problem (52) admits a unique optimal solution pair (aj, [j) when Qg < 0, which clearly holds when Xp; =0.
In the following, we provide an explicit representation for «* under a special case. We first ignore the constraint lp > 0 and solve the
optimal z* through the Karush-Kuhn-Tucker condition:

Quz* +¢g +v(1, =) =01,

where v € R is the Lagrange multiplier. Combining the above equation and the constraint (1, —8)T z* =, we then derive

o Byau(©) (k1) K Zp + Ay0) — £g(B)

- ~ —2 A N R —1 A ) (54)
Baxx(0) (XT1) "X Epk+ yau(0) (XT1) " X" Zp — ;6(B)

where ¢(8) = Baxs(0) ()A(Tl)_1 XTup + yaﬂ(O)/L;Z;]Zm + A;(0). The above x* becomes a feasible and hence optimal funding ratio if
the corresponding [f > 0. The following proposition provides the conditions for that.

Proposition 5.1. Suppose Assumption 1 holds and the return predicting-factor is not concerned, i.e., ® = X5 = Opsm and X g = Op1.
(i) If the following cubic polynomial inequality in terms of B is satisfied
[aw@RTD2RTEp%82 — Au(O)| (618 + 0] <0, (55)
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where ¢1, ¢ are constants independent of B given by
. X .1 X -1,
(1= O & DR Zpk— —ayr(0) (X71) X7 h.

T4\ 1s , 1
fo=yau(® (X'1) K En— Lap©uiz; En - — M0,

then k* in (54) is a feasible funding ratio and attains the optimal value in Problem (50).
(ii) Moreover, if the asset prices and the liability are independent, i.e., X p; = 0, then the condition (55) reduces to

1
18 < —A(0).
o

Proof. We only need to show that under the conditions in Proposition 5.1, k* is a feasible funding ratio. It remains to address the

constraint Ifj > 0. Since k* = 770 = l% + B with a > 0, then [§j > 0 is equivalent to «* > f. Indeed, by utilizing the representation (54), we
0 0

obtain

—ay(0) (RT1) KT EZpRA2 + Ay(0)
B+ '

Therefore, from the above relationship, it is clear that k* > 8 is further equivalent to the cubic polynomial inequality (55) of 8. In other
words, under the condition (55), k* given by (54) is a feasible funding ratio that optimizes Problem (50).

Suppose the asset prices and the liability are independent, i.e. Xp; = 0. According to the expressions in (51), Ay(0) =
—/;)T e~ (P=21u=2)sy 33 ds < 0. From Theorem 3.2 (iii), we have ax(0) > 0. Then the first term in the condition (55) is positive. More-

over, ¢o = — 1 A;(0). The condition (55) can be further simplified as ¢18 < 2A,(0). ©

K*—B=

The inequalities in Proposition 5.1 can be efficiently verified in practice. In Section 6, the model parameters are chosen so that the
condition in (55) is satisfied when we analyze the optimal initial funding ratio «*.

6. Numerical study

One of the main contributions of this paper is the consideration of the transaction costs in the ALM problem. In this section, we
investigate numerically the effects of liability and the market frictions on the manager’s trading strategies. First, a comparative statics
analysis of the trading strategy with respect to the liability process and the temporary price impact level is given in Section 6.1. Second,
based on the theory developed in Section 5, we study the optimal funding ratio and provide its sensitivity result in Section 6.2. Finally,
in Section 6.3, we comprehensively analyze the scenario where both temporary and persistent price impacts are considered, and illustrate
their different implications on the manager’s trading behaviors.

In the subsequent analysis, for the sake of clarity, we consider the one-dimensional setting (n =m = 1). Furthermore, to focus on the
analysis on the effects of liability and market frictions, we temporarily put the return predictability aside and assume ® = Xy =X =0 so
that f; = fo. Suppose that the planning horizon is 5 years, i.e.,, T =5, and the asset-liability manager monthly updates the stock holdings,
i.e., the time-discretization step has a length of At =1/12. The initial values of stock holdings and liability are assumed to be xo = 107
and lp =5 x 108, respectively. Let the manager’s risk aversion parameter be y =2 x 1077, the discount rate be p =0, and the annual
risk-free interest rate be ry = 0.01.

6.1. Trading strategy with only temporary price impact

When the trading frequency is substantially lower than the price resiliency, it is reasonable to shift away from the persistent price
impact to assume R = C =0 so that the return distortion process is negligible, i.e., D = 0. To produce the financial insights that closely
link with the practice, we follow the setting in Leippold et al. (2004) to use a realistic parameter set for modeling the stock price and
liability processes, while, at the same time, we inherit the parameter setting for the temporary price impact from Berry-Stolzle (2008b).
Specifically, we have

B=1, fo=0.1200, Xp=0.0589, 4 =0.0400,
¥ =0.0100, Xp=0.0149, 1A =107".

The above parameter setting implies a correlation between the stock price and the liability pp; >~ 0.3376. Also, the last specification
%A =107 on the temporary price impact indicates that the purchase of 100, 000 shares incurs 1% average trading cost.

We are interested in the effects of the liability parameters, including u;, X, pp;, as well as the temporary price impact A on the
optimal stock holding value x*. When we vary one parameter, the remaining parameters are fixed so that every single effect can be
clearly explored. For each case, we generate 100,000 random sample paths for I; and calculate the average holding value in the stock x;.
Moreover, we introduce the following trading strategy:

1
X = ;2;1313 + 35 Spile, (56)

which represents the optimal stock holding value in a frictionless market and can be derived directly from the objective (4) under a
similar procedure as illustrated in Sections 3 and 4. Fig. 1 presents the sensitivity result and the comparison between x* and x™.
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Fig. 1. Sensitivity analysis of the stock holding values with varying model parameters. The holding values are calculated using the average of 100,000 sample paths. (For
interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

As shown in Fig. 1(a) and 1(b), increasing the growth rate of liability w; and the liability variance ¥; improves the stock holding. The
former is quite intuitive because the manager seeks more potential profit from the financial market by taking more risky investment, so
as to cover a higher growth rate of liability. Meanwhile, a more volatile liability process also motivates the manager to hold more stocks
to hedge the risk, as the stock price and liability are positively correlated. Fig. 1(c) demonstrates that the manager holds more (resp. less)
stocks when the stock-liability correlation is positive (resp. negative), which again illustrates that the financial portfolio in ALM should not
only be itself profit-seeking, but should also meet the need of hedging liability risk. Fig. 1(d) reveals how the manager’s trading behavior
changes as the price impact vanishes. Note that three red lines are overlapped since x™ represents the optimal stock holding value in a
frictionless market and is independent of A. We can see that x* becomes more concave and moves up toward x™ as A decreases. The
concavity of x* is due to the horizon effect (Gennotte and Jung, 1994). The manager is willing to adjust stock holdings at earlier times to
enjoy the benefits from long-term investment. A higher price impact leads to a more conservative trading decision, which is as expected
because the manager suffers a greater transaction cost with a higher price impact.

6.2. Optimal funding ratio

We keep using the same parameter set as in the previous subsection. Suppose the company needs to determine the optimal initial
asset value and liability so as to maximize the objective function, and it can raise capital by issuing loans. Following the discussion in
Section 5, the initial asset value is set up according to the following guideline:
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Fig. 2. Sensitivity analysis of the optimal funding ratio with varying model parameters under different price impact levels.
ag = o + Blo.

In what follows, we set the basic value of asset as o = 10% and the proportion of raised liability as 8 = 1. For the temporary price impact,
we consider three different scenarios: 1) a high level, where A =107%; 2) a normal level, where A =5 x 10~7; and 3) a low level, where

A =1077. The relationships between the optimal funding ratio x* = (?TU and the liability parameters under these three price impact levels
0

are demonstrated in Fig. 2. Our model parameters are chosen such that the cubic inequality (55) in Proposition 5.1 is satisfied, indicating
that «* is a feasible funding ratio. Fig. 2 also provides a visual confirmation that k* > 8 =1.

From the definition of the function ratio that k = ‘;‘—00 = % + B, we know that a low funding ratio implies a high liability level. Generally
speaking, Fig. 2 predicts a lower optimal funding ratio when the price impact is higher. This is expected because the manager needs to
raise more initial capital by issuing loans to support the scheduled trading strategy when faced with a larger transaction cost. Fig. 2(a) and
2(b) indicate that the optimal funding ratio is increasing in the growth rate and the variance of the liability. When w; and ¥; are large,
the risk from liability is high and hence the company issues less loans. Fig. 2(c) demonstrates delicate results. When the price impact
is relatively high, «* is strictly increasing in pp;. As the stock-liability correlation increases, the manager tends to raise less liability to
avoid more systemic risk commonly embedded in stock prices and future liabilities. However, when the price impact is comparatively low,
as pp; increases, k* first moves up but later drops down. The rationale behind is that in this case, the financial market becomes more
attractive with less frictions and the risk from the net asset value reduces when the correlation pp; gets larger. Specifically, when pp; is
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Fig. 4. The optimal trading intensity u* and the return distortion process D* with varying persistent price impact levels. The processes are calculated using the average of
100, 000 sample paths.

over certain threshold and becomes very close to 1, it is optimal for the manager to invest more in the market by raising liability, leading
to the decrease in the funding ratio.

6.3. Temporary price impact and persistent price impact

To study the ALM problem under a comprehensive market friction setting, we here further consider the persistent price impact. The
basic model parameters in Section 6.1 are again used. To compare the temporary effect with the persistent effect, we let A =10~7 and
C =108 and vary one of these two parameters with the other fixed. For the return distortion process D;, we set Dy =0 and the
resiliency as R = 1. Fig. 3 shows the holding values under different market friction setting. Note that these processes are average values
over 100, 000 sample paths. Different from that under varying temporary effect, as the persistent price impact increases, the stock holding
value increases and the improvement becomes more significant as time approaches T. By comparing the magnitudes of A and C, we
conclude that the persistent effect affects the manager’s trading behavior more significantly compared to the temporary price impact,
which is consistent with the numerical finding in Berry-Stélzle (2008b).

Fig. 4 presents the optimal trading intensity u* and the corresponding return distortion process D* with different persistent price
impact levels. It is expected that the distortion D* increases with C since a higher C implies a stronger ability to affect the prices. The
result about u* again demonstrates that the persistent price impact not only increases the trading intensity at the initial time, but also
renders the manager to improve the trading speed as time approaches the terminal time T, leading to a reversed S-shaped curve for x*.
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We point out that such a pattern is indeed induced by the horizon effect. When the persistent price impact is present, purchasing stocks
at a high speed will not only significantly increases the stock holding values but also improve the trading cost in the present and future.
Since the ALM planning is [0, T] and the company’s objective function (4) does not involve what occurs after T, the high execution price
after T will have no influence on it. As a result, when ¢ is near the end time T, the manager decides to manipulate the price through the
persistent price impact by trading aggressively to increase the stock holdings value.

7. Conclusion

In this paper, we study an ALM problem with return predictability and market frictions from both temporary and persistent price im-
pacts. We adopt the local mean-variance framework in Garleanu and Pedersen (2013, 2016) in order to avoid the time-inconsistency issue
commonly encountered under a mean-variance optimization criterion. Different from Garleanu and Pedersen (2013, 2016), we assume the
asset dynamics to follow a multivariate geometric Brownian motion instead of a multivariate Arithmetic Brownian motion. It turns out
that the optimal portfolio choice features a target-chasing manner so that the current position is rebalanced towards a target portfolio,
which is dynamically audited by the manager based on the new information on predicting signals and liability.

The persistent price impact considered in this paper complicates the solvability of the associated matrix Riccati equation system. We
provide sufficient conditions to address the well-posedness of the corresponding coupled Riccati differential system. To this end, we are
able to examine the effects of liability and market frictions on the optimal trading behavior. On the one hand, the need to hedge the
liability risk is incorporated into the dynamic target portfolio, which then influences the current trading decision. On the other hand, the
temporary price impact leads to a quadratic transaction cost that hinders aggressive trading behavior. In addition, if the persistent price
impact is large, it is possible for the ALM manager to manipulate the price through an adoption of an aggressive trading strategy.
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Appendix A. Proofs in this paper

A.1. Proof of Theorem 3.2

Proof. (i) According to Lemma 3.1, u* and V, respectively given by (18) and (7), are well defined and solve the H]B equation (6). Applying
standard result (see, for instance, Yong and Zhou (1999)), it suffices to prove that the candidate control u* is admissible. We write the
portfolio dynamic generated by u* as x*. Plugging (18) into (2), we derive

t
X =& )" % + / E(s)A7T [Axf (s)fs +A,d(s)ls] ds, (A1)
0

where &;(t) is the bounded solution to the linear ODE (22). Since f; and I; are solutions to linear SDEs, it is clear from the standard theory
(Yong and Zhou, 1999) that

E| sup If|?| <oo, E| sup [l | < oo. (A.2)
_te[OA,TJ te[0,T]

Therefore, there exists a constant c; > 0 such that

E| sup }xﬂz <ci|1+E| sup |E2|+E]| sup I |] <oo.
| tel0.7] tel0,T] tel0,T]

Then we derive

E /|u;k 2 dr

T
E / ’A_l [Axf(t)ft + A (Ol — Axx(t)xt]|2 dt
0
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<c <1 +E |: sup |ft|2:| +E |: sup |It|2:| +E |: sup |x§‘|{|>
te[0,T] t€[0,T] te[0,T]

< 00,

where ¢ > 0 is a proper constant. Therefore, we verify u* given by (18) is the optimal trading intensity.
(ii) Based on the ODE for Ay and Ay, i.e. (11) and (12), we apply the Feynman-Kac formula and derive

T
Ay OF: +Ag(Ol = YEe | E1(07 / e 0 ()X pEs [x;“V+z;1zp,15] ds |. (A.3)
t

According to Lemma 3.1, Ax(t) is positive definite for ¢t € [0, T) and thus non-singular. Therefore, M?im is well defined. Plugging the above
equation into (18) yields the desired result.
(iii) Under the condition A = AXp, we assume the ansatz Ay (t) = ax(t)Xp. From (8), we derive

. 1
lxc(6) = ~ @3 (O) + paxe(t) = ¥, G(T) =0,
The above scalar Riccati equation admits the following explicit solution

YA (‘1 _ e(T—f)(J’+—Y—))
>0, (A.4)
Vi — y_e(T—f)(.Y+_Y—)

Axx(t) = —

where yy = % (—p +./p? +4%>. Then &;(t) = eli #5%ds The representations of M"™® and M®™ follow by plugging the expressions of
Axx and & into the results in (20). O

A.2. Proof of Lemma 4.2
Proof. We first supplement some notations. Let X € R™ " be partitioned as
X1 X2
X= . A5
<X21 X22 (A-3)

If X171 is a square matrix and invertible, we denote the matrix X, —X21X1_11X12 by X/X11, which is referred to as the Schur complement of

X11 in X (see Zhang (2006) for detailed illustrations). Similarly, if x;21 exists, we denote the matrix X171 — X12X;2] X1 by X/X11 and call it
the Schur complement of X;, in X.
Then we introduce the following comparison result for matrix RDEs (see Theorem 4.1.19 in Abou-Kandil et al. (2003)).

Lemma Al Fori =1, 2, let E;(t) € R"™*" be the solution of the following matrix RDE
Ei(t) = E(DSEi(t) + Ei(OH; + HEi(0) + Q;, (A.6)

where S;, Q; are symmetric. If(l% ];1> < (3% ];2> and Ex(T) < Eq(T), then Ex(t) <Eq(t) fort € [0, T].
1 1 2 2

We proceed to the proof of Lemma 4.2. Note that if (28) admits a unique bounded solution, the existence and uniqueness result for the
remaining equations follows immediately because they can be considered as linear ODEs and solved in sequence. It suffices to prove that
(28) has a unique bounded solution on [0, T]. The main idea is to introduce two functions E, E€ that are bounded solutions of two matrix
RDEs respectively and show E€(t) <Ey(t) < E(t) for t € [0, T] using Lemma A.1. Recall that the equation (28) has a standard expression
(38). Define Qo :=M;A~'M{ —Q Ho:= 1pI+N; —N;A~'M], So:=N2A~NJ. Then (38) becomes

Eyy (t) =Eyy ()SoEyy (t) + Eyy ()Ho + Hg Eyy (1) + Qo.

Step 1. Let E(-) solve the following linear equation:

E(t) = E(t)Ho + Hg E(t) + Qo, (A7)
with E(T) = Opxy. It is clear that this equation admits a bounded solution on [0, T]. Note that
Q Ho Q Ho
< . A.8
(HOT 0nxn )~ \Hy So (A8)

Therefore, according to Lemma A.1, we have E(t) > Eyy(t) for t [0, T].
Step 2. Let € > 0 be a constant. For each €, consider the matrix RDE:

E€ () = E(DS(O)ES (1) + E“(OH+HES () + Q(6),  ES(T) = 0pen, (A9)

where
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I1(e) Opxn l,OIn_A_]C—r 0nxn 0nxn Onxn
S(€) =So + , H=|?2 , €)= ,
3(€) 0 <0n><n 01xn - 0;xn %pln‘i‘R g( ) Onxn T2(€)
and
1 _ -1
Ii(e)=—CA~'c" (R+rsD) " (yZp —€A™'CT) (RT+r71) ca™'cT,
€
(A10)
T 1T\ 7!
) =1+6eR (y):p—CA C ) R

We will show in the following that E€(t) < Eyy(¢) for each €. Since CA~!CT < yXp, we have I'; >0 for i =1,2 and Sp < S. Moreover,

. o _(rZr—CATICT R
since Q(¢) — Qo = ( RT ) ) Then

-1
(g(e) _ Qo) / (y):p - CA—lcT) —eR' (yzp — CA‘1CT> R> Opern. (A11)
According to Theorem 1.12 in Zhang (2006), we obtain Q(€) — Qp > Onxn. Let G € R" be the last n rows of the last n columns of
-1
(g(e) — QD> . Theorem 1.2 in Zhang (2006) yields

1 _
G=—R"' (y):p - CA”CT) R > 0pn.

Then we consider the Schur complement of Q(¢) — Qp in the matrix (%:? %) — <Q0 HO):

H) So
Onxn CATICT )—1 0uxn Opxn
S—So— €) — n
N 0 (onxn 0nxn (g() Q cA-IcT Onxn
<r1(e)—c1r1cTGc1r1cT om>
= =02nx2n-

0n><n 0n><n

(A12)

Applying Theorem 1.12 in Zhang (2006) again, we have (g]::_er) %) > (l-(llpr ?0). If E€(t) exist, Lemma A.1 yields Eyy(t) > E€(t) for
0 0

t € [0, T]. In the following, we show that a bounded solution_E ) exists under the given condition.
€

. E ES . .
We write E€ = <E;x"—r Eé‘D ) Then it is clear from (A.9) that Ej, = E$, =0, and Ef, satisfies
Exw Epp

) 1 1
Epp(t) =E$, (OCAT'CTES p (1) +ESp(0) (5,01" + R) + (5,01" + RT> ESp (D) + Ta(e). (A13)

Next, we show the existence and uniqueness result for Ef,,(t). The proof is in the same spirit of that in Bensoussan et al. (2022); Chu
et al. (2022). Let Ct be the Banach space of the continuous matrix functions E(t) : [0, T] — R™" with the maximum norm |E|, :=
maxcepo,1] |E(t)|l. Let Br be a ball with radius H in Cr. For each € > 0, we define an operator 7€ on Bt as follows

T
(TE)(t) := / |:E(s)CA’1CTE(s) +E(5)" (%pln + R) + <%pln + RT> E(s) + 1‘2(6)] ds,
t

for t € [0, T]. If

1
T(”CA”CT H H2 42 H 5P+ RH H + IT2(e)|) < H, (A14)

we have for any function E € By, HJE (E) H < H. Therefore, 7¢(B71) Cc Br and J¢ is a self-map. Note that (A.14) is satisfied if
o0
1
< .
2([[ 3ot +R| +/[cA-TcT Tl )

Next we prove that 7¢(Br) is relatively compact. Consider any sequence in 7¢(Br) denoted by {J€ (E”)}n=1,2 . The sequence is uni-
formly bounded, and from the definition of 7€, the derivatives of the functions in the sequence are also unifofmly bounded. The latter
implies {J6 (E")}n:l,z,“. is equicontinuous. By using Arzela-Ascoli theorem, {36 (En)} has a uniformly convergent subsequence.
And hence J€¢(Br7) is relatively compact.

According to the Schauder’s fixed point theorem, the self-map [7¢ admits a fixed point, which is the solution to (A.13). Moreover,
the uniqueness of the E€ follows from the fact that the right-hand side of the equation (A.13) is locally Lipschitz continuous. Note that
lime o T2(€) = ¥2. By letting € | 0, we obtain that if

1

P

2(V1 +VVov2)’

(A15)

n=1,2,...
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there exists an €p > 0 and a bounded function E€° on [0, T].
Step 3. Since E0(t) < E;(t) < E(t), the existence result for (28) is proved. The uniqueness of the solution to (28) follows easily by
applying Lemma A.1. Eyy is positive semidefinite since Exx > ExS = Opxpn. O

A.3. Proof of Lemma 4.3

Proof. It suffices to show the result for equation (28). The following proof is in the spirit of that of Theorem 5 in Chu et al. (2022).
Under the assumption of Lemma 4.3, one can verify that Exx(t), Exp(t), Epp(t) are diagonal. We denote their diagonal elements by E;X(T —
t), EiDD(T —t) fori=1,2,...,n, respectively. Note that the timeline is reversed. Then, the existence and unique result of the matrix RDE
(28) is equivalent to that of the following coupled RDEs:

Eje(®) = =27 N (El(®) + G Efp (6) — ) = pERe (D) + Y 0h 1, (A16)
Elp(©) = =2 N (El(®) + G Ekp (6) — c) (Ekp () + G E p () — (0 + 1) Exp (6) + 13, (A17)
ELp(©) = =47 (Elp (O + G Ebp () — Epp (6 (p + 2r7). (A18)

For simplicity, we suppress the superscript i in the following statement. Let C := C ([0, T]; R) denote the family of continuous functions
f:10,T] — R with the norm || f ||, = Maxejo,r1 | f(t)|. Define the cube H :={f € C; f(t) €[0,1] for t € [0, T]}. Let Zxp be an arbitrary
function in H. We introduce a map 7: H — C, where 7 (gxp) := gxp is a part of the solutions of the following RDE system.

gpp(t) = —2712g3 () — (p +2r + 227 1cgxp () gpp (t) — 171 82, (0), (A19)
() = =271 g2 () — @A @ () — D) + ) g (®) + Yop — A7 2 (@xn () — 1%, (A.20)
0 (© = =27 cglp® = [17 (u® — 0 + 27 gpp® + p + 7] gx0 (O — 27 (G (®) — gD (®) +. (A21)

We introduce a lemma before showing that the map 7 is well defined.

Lemma A.2. For a constant a < 0 and two functions g1, g2 € C ([0, o0), R). Suppose there exist two constants my, my € R such that g1(t) <mq <
g2(t) <my, fort > 0. Consider a non-autonomous system:

yO =ay@®) —gi®)y®) — &), yO0=§&cR. (A22)

Denote the solution to the above equation as y(t; 0, &). Then every system trajectory starting from an initial point & € [m1, mz] stays in an interval
[my, my], ie forany t >0,

y(t;0,8) € [my, my].

Proof. To prove this lemma, we first introduce a Lyapunov function v(y) = (y — ™3™2)2 Then it is clear that v(y) < (@)2 if and

only if y € [my,my]. And v(y) = (@)2 if and only if y € {my, my}. The evolution of the Lyapunov function along the curve y(t; 0, &) in

the system (A.22) is

dv(y(t; 0,§)) my +my
— " =2a - — t — t ‘ . A23
i y 5 ¥y —g1®)(y — 82t) y0.6) (A.23)
By using the assumption, we have &W(&0.£) <0 and dO©0.5) <0, which implies that v(y(t: 0, £)) < (m2zm)2,
v using P & lye06)=m ~ & y0.86=m; P (0.6 = (B57)

Therefore, y(t; 0,&) € [my,my] forany t >0. O

Then we proceed to show that 7 is a self-map, i.e. 7 (H) c H:

First, we write the right-hand-side of (A.19) as hpp(t, gpp(t)). Then it is clear that, for each fixed t, hpp(t,x) = 0 admits two
roots xpp._(t) < xpp.+(t). Note that hpp(0) <0 and hpp(—c~'&xp () = c 1 &xp(t)(p + 2r) > 0. Since —A"'c? <0 and —(p + 2r +
20" 1cgyp () < 0, we have xpp 4 (t) € (—c~&xp(t), 0). By applying Lemma A.2, we derive gpp(t) € [—c~!8xp(t), O].

Second, we similarly define the right-hand-side of (A.20) as hxx(t, gxx(£)) and Xxx,— (£) < Xxx,+(t) as two roots of hy(t,x) =0 for each t.
Recall that we assume yo2 > A~ !c2. Therefore,

hax(£,0) = =27 @xp () — D2+ yop = 27> + yo} > 0.

Since xxx 4 (t) is a continuous function for t € [0, T], there exists a constant M such that xxx 4+ (t) < M. We conclude xxx +(t) € (0, M).
Lemma A.2 yields gu(t) € [0, M].
Third, we write the right-hand-side of (A.21) as hxp (t, gxp(t)) and xxp —(t) < Xxp 4 (t) as two roots of hyp(t,x) = 0 for each t. Note that

hxp(t, 0) = =27 c(gu(t) — ©)gpp(t) + 1> —2"1c? +1>0,

and hyp(t,1) = =2 ' gx(t)(1 + cgpp (t)) — p < —p < 0. Therefore Xxp.+(t) € [0, 1]. Then, utilizing Lemma A.2, we obtain gxp € H. Thus,
T is a self-map.

By following the arguments in Step 2 of the proof of Lemma 4.2, it can be proved that 7 (H) is a relative compact subset of H and
T admits a unique fixed point, denoted by gxp 0. With gxp replaced by gxp o, we define the solutions to the equations (A.19), (A.20) as
8DD,oos 8xx.00- It is clear that the solutions of (A.16)-(A.18) coincides with gxx o0, &xD,c0> 8DD,c0- This proves the existence and uniqueness
result for (28). O
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A.4. Proof of Theorem 4.4

Proof. (i) Similar to the proof of Theorem 3.2 (i), it suffices to show u* given by (39) is admissible. We write y*(t) := (x*(t)T, D*(t)T)T
as the state process generated by u* and yg := (xg , Dg )T. Then u* has the expression
(O = A7 [ (My = Eyy(ON2) " ¥* (O + NJ Ey (OF©) + N Ey(0100) ]
From dy*(t) = (—N1y*(t) + Nou*(t)) dt, we derive
t
V'O =0 Yo + / EO7E) (N2AT'NT Ey (9)fs + Na A NJ Ey(5)l ) ds,
0

where € solves
£t) = [NZA—‘ (N}Eyy (t) — MI) n N1] ), £(0) =1y,

Following the proof of Theorem 3.2 (i), one can show E [supte[oﬂ |y*(t)|2] <ooand E [supte[oﬂ [u* (t)lz] < o0,
(i) Using the ODE for E,; and Ey, i.e. (31) and (32), we apply the Feynman-Kac formula and derive
T
By OF + Ok =Ee | [ €767081(6)7181(9) [Mafs + Mol ds
t
Plugging the above expression into (39) yields the desired result. O

A.5. Proof of Theorem 4.6

Proof. The first-order condition in the HJB equation (5) is u* = A~! (% + CT{;—K + CTx). Plugging u* to (5) and replacing V with V¢ lead
to

Ve 1 1ave’ 1 (9Ve Ve T Ve ave
—pVE+ — +L*VE — —x'RiD— — D+ — €C] — +eClx) A7 —— +ec] €C{x | =0,
AT F Do MPF o Th gp Th 1 \ox T4 gp tEh
(A.24)
where the operator £* is given by (45).
Following Ekren and Muhle-Karbe (2019), we consider the asymptotic expansion of the following function
43 € T 1 T
Ve, x,D,f,) =V, x,eD,f,)+e(x D— ED C, D), (A.25)
where a small distortion €D is considered in order to characterize the limiting trading behavior under large liquidity. Then V¢ satisfies
(7 € 8‘76 Xy7€ 7€ T 1 Te—1 T -1
—pV —i—T—i-EV + HVE + pe XD_§D ¢, D|)-D C RD=0, (A.26)
where
~ T ~ T ~
- 10V€ 1 ave . AT oVE
VE=—— RiD+ — GATIC] —.
€ oD 2¢2 3y ay
Next, we consider the following ansatz for V¢:
Ve, x, D)=Vt £ ) —eVi(t,) — € (wo &) (x,D,f.]) +o(e), (A.27)
where (w0 &) (x,D,f,)) =w (§¢) and
£ = (87.85) = (¢ 73 (x—=x"€.) e 7iD). (A28)
We note that V! = V1(t, 1), o = (&) are functions to be determined later. Then (A.26) becomes
avo av! _
(—pVO +—r +£"v°> +e <,ov1 - v - pesTc; 1R1§§)
Ip I
1+ (p (o) = £ (@ose) 4+ 110D pp, 1 2008) ¢ igri(os)
€ w o — w o - —_— _
p ¢ D T ay M Ty

T 1 _ _
+pe <eg§T§§ +JexM g — EengC] 1;;) — &5 T R1ES + 0(€) =0. (A.29)
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Using (45), (44) and (A.28), we derive

nf

avo
lo=—pV°+ — + £V gegiszsi - —gegisz;:i.

Then

at

Next, we simplify I. For ¢ € {x, D, f, 1}, by applying the chain rule to the composite function w o &, we obtain

1(@ot) _ 3 [o-x)" 90 DT o0
i 0r  0& 9L 9, |

Moreover, since X" is linear in f and I, for C,E e {f, I}, we derive

8V1 nf
I1=¢ (pv1 A pgch;1R1§§) + %e%gfngi.

[(SE

P (o) __ox" do_ ox
ocoF 0 0g0E] T
Then the terms in I, can be reformulated as
T T
I _e[— LoV ) + % Ri&5 — 1(88; +cI§g;> AT (8—“) +CTa—w>]+o(e),
where
ax" T 920 oxnf

2 +2 — ¥l
ST T Tl

OV (@) —tr X %0 ax | ox" 9o ox™
of  ag,08; Of ol 9g.&] ol

We collect the terms of order € in (A.29) and let their summation equal to zero. Following Ekren and Muhle-Karbe (2019), we introduce
the following two differential equations for function (w, a) = (w(&;, &,), a(l)): The first corrector equation

1 y 1 do T do 1w do 10w
—— oV (w)— L& TpE, — pEJCTIRIE) + — Riéy+ = ( +C A — +C +a(l) =0, (A.30)
2 ZH Bk QIR g Rt (G G ) A G TG,
and the second corrector equation
av1 n
pV!— = XMyl —a@), VT, =o0. (A31)

To proceed, we introduce the following lemma.

Lemma A.3. Suppose Cl_lRl + R1C1_1 is positive definite. The algebraic Riccati equation (47) has a maximal solution K € R2"<2"_ Moreover, K is
positive definite.

Proof. This lemma can be proved similarly following the proof of Lemma 3.2 in Ekren and Muhle-Karbe (2019). O
Then, by a simple validation and the Feynman-Kac formula, the following two lemmas are valid.
Lemma A.4. The pair (w, a) that solves the first corrector equation (A.30) admits the following form
1
w(§) = —eTKs,
1 T 1 T 1 Te-1T
a(l)_ E Xp KnXp Ep[E[l + — Zpll(llz B):f,l+—tr B X, KX, B):f
14 2y?

where K € R?"*2" is the maximal solution in Lemma A.3 and Ky1 € R"™ " is the submatrix of K formed by intersecting the first n rows with the first n
columns.

Lemma A.5. The solution to (A.31), i.e. V1, admits a classical solution and it has the probability representation (48).

We define

T, x, D, £, ) := VO, £.) —eV(t,]) — € (w0 £°) (x, D, £ ).

By the previous discussion, we have

- - - 1
—p¥€ + € + HUE + pe (xTD - 5DTcl—11)> —D'¢;'RiD =o(e).

ot
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Let
- 1
. T T—1
WE(t,x,D, f, 1) ;= (¢, x,D,f,]) —e(x' D — SD'C D).

Then we have

oW 1 1w’ 1 [0we owe T owe oW
—pWe LX0€ — X RyD— — — €Cl —— +eCix) AT — +eCl] — +eCx) =o0(0),
R T S RPTeEp P e Uk T Gp Th x T9 gp TR ©
which implies that the function W€ satisfies the equation (A.24) at the leading order. By utilizing the first-order condition, the optimal

leading-order performance is attained by

1 15T (XM(E D —x
u“(x,D,f,)=€""A] ClK< ~eD .

We complete the proof. O

Appendix B. A discrete-time formulation

In this section, we provide a discrete-time formulation of the asset-liability management under market frictions. Let the time variable
t=1,2,...,T. In the financial market, we consider an economy with n stocks: P; = (P1¢, Pot, ..., Pa¢) . The percentage excess returns of
these assets are denoted by a random vector r; = (r1;, 2, ..., Tn¢) | . In other words, ri; = Pit41/Pit —1—rf, where r¢ denotes the risk-free
interest rate and i =1, 2, ...,n. As our main focus is the impact of market liquidity on the asset-liability management, for simplicity, we
assume r;'s are independent and identically distributed with mean vector @, and variance-covariance matrix X,.

The manager rebalances the strategy at the end of each time point. The vector of the dollar holdings, i.e. the portfolio, is denoted by x;
and the dollar trade vector is denoted by AX; :=X; — X;—1. We assume a linear temporary price impact in which trading u; dollar amount
incurs a trading cost of %AX[TAAxt. We assume A is positive definite. Let the current asset value of the insurance company be a;. By the
means of self-financing principle, we obtain the dynamics of a;:

1
a1 = +rp)ar+x vt +1) — EAxZAAxt. (B.1)
Following Leippold et al. (2004), the liability process is defined as

lev1 =1eqet1, (B.2)

where ¢;’s are independent and identically distributed non-negative random variables representing the liability return with mean u; and
variance 012. We assume a constant covariance between r and q, i.e. Cov(ey, ;) = X,y € R,
The persistent price impact is addressed using the return distortion D; satisfies the following dynamics:

D1 = I —R)(D; + CAXp), (B.3)

where we assume a trading speed of Ax; will raise or reduce the return by CAX;, where C € R"*" is a positive definite matrix measuring
the persistent price impact level. R € R™" is a positive definite matrix representing the mean-reverting speed (resiliency of the persistent
price impact). The process D extends the preceding model by having a return vector r; + Dy — D.

Similar to the analysis in Garleanu and Pedersen (2013), for each period from t to t + 1, the return rate of the net asset value due to
the posttrade return distortion is

D41 — (D; + CAX;) = —R(D; + CAX;),

and the persistent price impact also raises the stock value by
T T
X;—1CAX; + EAxt CAX;.

The first term represents the mark-to-market gain from the old position X;_; from the price impact of the new trade Cu;. The second term
reflects that the traded assets AX; are assumed to be executed at the average distortion D; + %CAxt and hence, u; earns a mark-to-market
gain of %AxtTCAxt as the price moves up an additional %CAX[. Moreover, at time t, the conditional variance of the dollar excess return
of the net asset value in the next period is

X! Trxe — 2%/ Tyl + 012

The manager aims to optimize the local mean-variance criterion which is a cumulative sum of the conditional expectation and variance
of the dollar excess return in each period. Specifically, the objective function is

X1,.e0y XT

T
1
max E[ZPH]{ (14717 = qeg1) le + %/ [, — RD; + CAX)] — 57 (x;r):rx[ —2x Tl + Ulzl?) }
t=0

T
1 1
+> 0 (— EAxtTAAxt +x/_CAX; + EAxtTCAxt> ] (B.4)
t=0
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where y > 0 represents the risk aversion parameter, p € (0, 1) is the discount factor. The third line is discounted by p! because these

cash flows are incurred at time t, not time t + 1.

For the state vector (x,_,D/, l[)T =x',D",)T e R"*1 the Bellman equations for the optimization problem (B.4) is

VT+1 (X, Da l) = 0, (BS)
Vix.D,I) = n}(ax{pf“{ (1475 — ) l+x7 [, —RD+C (X —x))]
t

—%y (xtT):rxt — 2%yl + 0,212> ]
+p'{ - %(x[ —X)TAX —X)+X'C(X —X)
+% X — %) C (Xt — X) }
+E, [VM (X, (1 — R) (D + Cx, — CX), lzqfﬂ] } (B.6)

where E¢[-]=E[-|x—1 =x,D; =D, I =1].
For t=0,1,...,T 4+ 1, consider the following ansatz for V; in the Bellman equation (B.6):

1 1 1
Ve(x,D,1) = pf[ixTExx(ox + EDTEDD(t)D . EEll(f)IZ +X"Exp(H)D + X" Eq (D)l

+DTEp(t)l + X Ex(t) + DT Ep(t) + Ei ()] + Ec(t)], (B.7)
with Exx(T) = Epp(T) =Exp(T) = Onxn, Exi(T) =Ep|(T) = Ex(T) =Ep(T) = 0nx1, Ey(T) = E(T) = E.(T) =0.
. . E Exp Ey E .
For the ease of illustration, we define y:= (x',D")T, E,y := (Ef; E;D>’ Ey = (E;l)' Ey = <E;) and the matrices My, Ny €
R2n><2n’ Mz e Rnxn, Nz e Rann’ M3 c Rann:

M, — <A+c Onxn>’

0n><n 0n><n
M; = pRC+ pC'R" + py X, + A —C,
M; = (A + pRC —pR),

Onxn Onxn _ I
N1 = (—(I—R)C l—R)’ N2 = ((l—R)C)'

Note that at stage t, the state variable is y; = (xtT_ 1 DtT) and the control variable is x;. For y; =y, according to the special form of V;,y in
(B.7), we obtain

Ec [Vera (e, 0= R (D +Cx — €0, P2y, |
1 1
= 04[5 Ny + Nax0) T Eyy 4+ 1) (Niy +Noxo) + S Bt + 1) (uf + 07 ) 2

+ N1y + Nax0) T Eya(t+ Dyl + N1y + Naxo) T Ey 6+ 1) + Ei(e + Dpul + Ec(6 + 1)

Plugging the above into (B.6), we obtain

1 1
V. = maxp' | = Zx HOx 4%, [Ly Oy + LI+ L] - 5y My

P
+5yTN1TEyy(t + N1y + oy N1Ey(t + Dl + py 'N1Ey(t +1)

+§12 [E”(t 1) (M,Z + 0,2) - yolz] + o (147s =+ Ey(t + D) I+ pEc(t + 1).} (B.8)
Let H(t) € R™™ Ly (t) € R™2" L(¢), Lc(t) € R™1 be given by
H(t) =M; — pN; Eyy (t + 1Ny,
Ly (t) = M3 + pN; Eyy (t + 1)Ny,
Li(t) = py Er + Ny Eyi(t + D,
Le(t) = pi, + pN; Ey(t +1).

Before proceeding to solve (B.8), we introduce the following assumption to ensure the global maximizer exists.

(B.9)

Assumption 2. For t=T,T —1,...,0, H(t) > 0.
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We note that the above assumption is easy to verify in practice since H(t) can be derived by solving the recursive equation of Ey, (t),
i.e. equation (B.11). See Glasserman and Xu (2013) for a similar assumption. Immediately, a sufficient condition for Assumption 2 is
M; = pRC+ pC'RT + py X, + A —C>0and Ey,(t) <0 for t=T,T - 1,...,0.

Theorem B.1. Suppose Assumption 2 is enforced. Let H(t), Ly(t), Lp(t), Li(t), Lc(t) be matrix valued functions given by (B.9) and (B.18). For t =
0,1,....T,

1. the optimal portfolio is
xf =HO) ™ [Ly(©OX{_; +Lp(OD; + L)l +Le(D)] .

2. if H(t) — Ly(t) is non-singular,
X=Xy M (M

where

M€ =1—H (L (0),
MM = (H(t) — Ly() " [Lp (OD; + L0l + Le(0)].

Proof. Since (ii) is a direct result of (i), we only prove (i). The first-order derivative condition for (B.8) yields the maximizer

xf =H©O ' [Ly Oy +L©O+L(®)]. (B.10)

Substituting (B.10) into the Bellman equation (B.6) and comparing the coefficients, we derive the following discrete Riccati equation:

Eyy (£) =Ly () "H(®) "Ly (t) + pN{ Eyy (t + )Ny — My, (B11)
En® =L(©O HO™'L® + pEut + 1) (uf + o) — pyot, (B.12)
Ey(t) =Ly (t) TH®) " 'Li(6) + ppuN1 Eyy (£ + 1), (B.13)
Ey() =Ly(0) "H(®) " 'Le(6) + pN{Ey (£ + 1), (B.14)

Ei(t) =Li(t) "HO) " 'Le(0) + ppuEit + 1) + p(1 + 15 — ), (B.15)
Ec(t) = %Lc(t)TH(t)*ch(t) + pEc(t+1), (B.16)

fort=1,...,T and
Eyy(T +1) =02nx2n, Epi(T +1) =Ey(T +1) =02nx1,
Ey(T4+1)=E(T+1)=E(T+1)=0. (B.17)

The solution to the system (B.11)-(B.17) is well defined under Assumption 2. Let Ly, Lp be the first n columns and the last n columns
respectively, then

Ly(t)=—p [EXD(t—i- D+CT A—REpp(t+ 1)] (I—R)C+ A+ pRC, 518)
Lp(t) = —pR+ p [ExD(H— 1)+CT (I—=R)Epp (t + 1)] (I-R). '
We rewrite the optimal solution (B.10) as
X' =H(®) " [Le(®X;_; +Lp(OD; + L)l +Le(®)],
=X;_; + M [Mfim - x;‘_l] . O

Define the single-period Markowitz mean-variance portfolio as x{™ = %E‘lur. The following corollary states the optimal portfolio
with only temporary price impact.

Proposition B.2. Suppose there is only temporary price impact. Then fort =0,1,..., T,
(i) The optimal trading strategy is
X=Xy MM x|
where
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M =1— (pyZ; + A — pEx(t+1)) 7' A,
MA™ = Z(t) (x™ + 2 B l) + (- Z(0)) Ey [Mgf}] ,
Zt)=y (y X —Ex(t+ 1))~ X, and Exx(t) satisfies the recursive equation (B.19).
(ii) if the temporary price impact level A = A X, with a constant A > 0, then
A
Py +anxt+1)+1’
™ = 2(6) (™ + 7 Bk) + (1 - 2@0)E [ME ],

M{ate —1—

where z(t) = m and {axx(t)}i—p,1,... T+1 iS a non-negative sequence solving the recursive equations (B.32). Moreover, ax(t) is increasing

in A and ‘IXXT([) is decreasing in y .

Proof. In this case, the equation system (B.11)-(B.17) can be simplified. We have Epp = 0;xn, Ep; = Ep =01 and

Exw(t) = AH(H) " TA — A, (B.19)
En()) = 0% (v B+ uEw(t + 1) THO ™ (v B+ siBa(¢ + 1)+ pEnce + 1) (i} + o) — ypot, (8.20)
Ex(t) = pAH®) ™! (¥ Ty + wEa(t + 1)), (B.21)
Ex(t) = pAH®O) ™" (1, + Ex(t + 1)), (B.22)
Ei(t) = p* (¥ ey + Bt + D)YH@O) T Byt + 1) + p) (B.23)
T _
Ec(t)=p® (Ex(t+ 1)+ p,) HO ' (Ex(t+ 1)+ p,) + pEc(t+ 1), (B.24)
with Exx(T +1) = Onsp, Ex(T +1) = Ex(T + 1) =01, Ef(T + 1) = E((T + 1) = Ec(T + 1) =0 and H(t) = py Zr + A — pEx(t +1).
The optimal trading strategy is given by
X, =HO " [AX;_; + 0 (7 Zni + Ea(€ + D) e + pEx(t+ 1) + ppar]
=X + M [Mtaim - X;‘q] ;
where
M =1 —H(t) A, (B.25)
M;™ = p (H(©O) = A) 7 (y Zn + wEa (€ + D)l +Ex(t + 1) + el (B.26)
Then we express (B.26) using the single-period Markowitz mean-variance portfolio
M™ = p (H(O) — M) [y Zex™ + y Zle + Bt + Dl + Ex(t + 1)) (B.27)
On the other hand, according to (B.26), (B.21) and (B.23), we have
E, [M?iﬂ] = (A — AH(t+1)7"A) " [Ex(t + Dl + Ex(t + 1)]. (B.28)
Combining (B.27) and (B.28) and utilizing (B.19), we obtain
MM = (H(t) — A)~! [py EX™ 4 py Tl + p (A — AH(E + 1)1 A) B [M?L"}]] (B.29)
= HO — ) [py EX™ + py Ele + (HEO — A — py T Ec [ M| (B.30)
=Z(t) (x™ + X7 Zaly) + (0 — Z(0) B [Mg‘if;] , (B.31)
where Z(t) = py (H(t) — AT
Suppose A = AX,. We consider the ansatz for Ey(t) = —ax (t) X, with ax(t) € R. From (B.19), we derive, for t=T,T —1,...,0,
22
A (t) = A — ax(T +1) =0. (B.32)

PY + A+ pax(t+1)°

By employing mathematical induction, we have ax(t) > 0 for t < T + 1. Therefore, the above recursive equations is well defined for all T.
Then (B.29) can be simplified as

M™ — __r (x™ + =12 00) +

— aXX(t + 1) ]Et I:Malm:l .
Y +axt+1)

BT B.33
Y +an+1) e (B:33)

We write by(t) := ""XT“) Note that
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9ax(®) P2 (¥ +au(t+ 1)) (¥ +ae(t + 1)) 4 22 p 20D

x (PY + &+ pay(t + 1)) ’
Obe(t)  PX P — p2(1 + bu(t + 1))’
dy (PY + A+ pas(t +1))?

Again, by using mathematical induction, ay(t) is increasing in A and ”**T(t) is decreasing in y. 0O
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