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1. Introduction

Risk comparative statics often hinge on comparing direct risk effects on utility derivatives. For example, the risk-induced variation
of a decision maker’s optimal choice depends on how risk impacts marginal utility in the first-order condition (Rothschild and Stiglitz,
1971). A case in point is precautionary saving: saving increases with future risk in a well-behaved problem if and only if risk raises future
marginal expected utility (Kimball, 1990; Eeckhoudt and Schlesinger, 2008)." The risk impact on the second utility derivative, in turn,
shapes properties of the optimal choice, such as the willingness to change that choice in reaction to a risk increase (see Section 5). In
a similar vein, a comparison of the risk impacts on consecutive utility derivatives determines the effect that background risk has on the
aversion to an independent foreground risk (Gollier and Pratt, 1996; Wang and Li, 2014).

Despite the economic importance of direct risk effects on utility derivatives, the comparative analysis of the preferences sustaining
those effects has so far been limited to the level of marginal utility and to preference measures that focus on tradeoffs with first-degree
risk. For example, Liu’s (2014) precautionary premium measures the strength of the precautionary saving motive as the safe reduction of
risky future income that has the same effect on saving as an n‘"-degree increase of future income risk. As a result, that premium is based
on the tradeoff between an n"- and a first-degree risk increase at the level of marginal utility.

By contrast, at the level of expected utility (EU), comparative risk aversion has long been formulated for tradeoffs between nt"- and
mth-degree risk increases, for any n and m with n > m > 1. In a crucial contribution, Liu and Meyer (2013) extend characterizations of
comparative n"-degree Ross risk aversion (Jindapon and Neilson, 2007; Li, 2009; Denuit and Eeckhoudt, 2010) to tradeoffs with m"-degree
risk. Their (n/m)th-degree Ross more risk aversion order covers Ross’s (1981) original order for (n,m) = (2, 1). Liu and Meyer introduce
the “rate of substitution between n'"- and m'"-degree risk increases” as a new preference measure. That rate measures the willingness
to substitute an m"-degree risk increase for a given n-degree risk increase. Using such rates, two decision makers’ attitudes toward a

E-mail address: Christoph.Heinzel@inrae.fr.
1" Analogous observations hold for static choice. For instance, the background risk impact on partial insurance or deductible choices similarly plays out via the influence of
the background risk on marginal utility in the first-order condition (Eeckhoudt and Kimball, 1992; Schlesinger, 2013).
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downside-risk increase (n = 3), for example, can be compared regarding their willingness to substitute it for a first-degree risk increase
(m=1) or a mean-preserving spread (m =2).

A key element for such preference comparisons at EU level is the utility premium. As introduced by Friedman and Savage (1948), the
utility premium is an intuitive, non-monetary measure of a decision maker’s risk-induced pain. It is usually defined as the EU reduction
due to a risk increase. For an additive risk to wealth, the utility premium of a kt"-degree risk increase is positive if and only if the decision
maker is k'-degree risk averse (Ekern, 1980). Importantly, Liu and Meyer’s risk substitution rate is the ratio of two utility premia, that of
the n'"-degree risk increase is divided by that of an m‘"-degree risk increase.? By definition, this measure is unit-free. Li and Liu (2014)
introduce the “normalized utility premium” as an alternative. It consists of the ratio of the utility premium for the n"-degree risk increase
and the m" utility derivative with a sign adjustment. Both measures provide characterizations of (n/m)”‘—degree Ross more risk aversion.

Interestingly, comparative utility premium analysis has been concentrating on attitudes toward additive risk, regardless of the impor-
tance that multiplicative risk has in economic decisions.> A reason might be that, for additive and multiplicative risk alike, signing the
utility premium merely involves inspecting the sign of the appropriate utility derivative (Loubergé et al., 2020). However, this homogeneity
does not extend to risk impacts on marginal utility. Consider Bostian and Heinzel’s (2018) marginal EU premium. This premium captures
the risk-induced variation of marginal EU as a function of the attitudes that determine precautionary saving in the discounted EU model.
The sign of the marginal EU premium follows by inspecting the appropriate utility derivative only in the case of an additive risk to ex-
ogenous future income. In the face of the (multiplicative) risk on the interest rate on saving, its sign rather hinges on the interplay of a
(positive) precautionary and a (negative) substitution effect, and it is positive or negative depending on which effect is stronger. Bostian
and Heinzel (2022) show that for the same risk averse and prudent decision maker, who has a positive marginal EU premium under
income risk, the substitution effect typically prevails, providing for a negative premium under return risk. Similarly, studies on how the
utility premium evolves with wealth and its riskiness find different conditions per risk type (Eeckhoudt and Schlesinger, 2009; Loubergé
et al.,, 2020; Loubergé and Rey, 2022).

Motivated by the importance of direct risk effects on utility derivatives and the analytical differences for additive versus multiplicative
risk, this paper extends comparative utility premium analysis to the level of arbitrary utility derivatives and multiplicative risk. The aim
is to develop a general framework to explore and compare the economic implications of the impacts of increases of additive versus
multiplicative risks on the derivatives of a decision maker’s utility. I apply this framework to comparative precautionary saving analysis
and the intrapersonal conditions that determine the shape of Ross risk aversion and background risk effects. The new preference measures
developed in this paper help to quantify decision makers’ preferences and to compare them by inspecting the stated preference criteria.

My starting point is the definition of the j utility derivative premium for additive risk and for multiplicative risk. For arbitrary n > 2
and j > 0, these premia quantify the impact of an n"-degree risk increase on the j derivative of a decision maker’s EU.* In view of
comparing such premia, I extend Liu and Meyer's (n/m)"-degree Ross more risk aversion order to the ((n + j)/(m + j))th degree. Then, |
provide characterizations in terms of adaptations of the two mentioned normalized utility premium measures.

The main result is twofold. Whereas the extension of the comparative analysis from EU level is straightforward under additive risk,
the analysis for multiplicative risk differs markedly as soon as it is situated at the level of a utility derivative. The reason is that, in the
standard case of a decision maker with utility derivatives with alternating sign, the impact of multiplicative risk on any utility derivative
depends on the relative strength of counteracting effects. The Ross conditions entailing the characterizations in terms of the two new
normalized measures must account for that sign ambiguity according to the places where the measures involve utility derivative premia.
As a consequence, different Ross conditions are associated with the two measures, and the two characterizations are not equivalent.

Two applications illustrate the general results. The first is situated at marginal utility level and generalizes characterizations of compar-
ative precautionary saving to comparisons of the willingness to save in response to an n'"- versus an mt"-degree increase in future risk.
Conventional characterizations - notably, in terms of precautionary premia (Liu, 2014; Bostian and Heinzel, 2018) - focus on tradeoffs
between n- and first-degree risk increases. Under multiplicative risk, only the comparison of two decision-makers’ normalized marginal
utility premia for m =1 is equivalent to comparing their multiplicative precautionary premia; their comparison in terms of risk substitu-
tion rates is distinct.

The second set of applications studies the intrapersonal conditions for an independent background risk to raise foreground risk aversion
of second order and higher. Those conditions bear on comparing direct risk effects on two successive utility derivatives up to the (m -+ 1)
for m > 1. Wang and Li's (2014) decreasing (n/m)[h—degree Ross risk aversion is crucial to capture such background risk effects under
additive risk. In order to consider the direct risk effects on utility derivatives, | extend their definition to the ((n+ j)/(m+ j))th degree.
Special cases when m = 1 are the often-used traits of decreasing Ross absolute risk aversion (Ross DARA) for j =0 and decreasing
Ross absolute prudence (Ross DAP) for j = 1.° For multiplicative risk, I introduce decreasing ((n + j)/(m + j))”‘—degree Ross relative risk
aversion, which covers, when m = 1, Ross decreasing relative risk aversion (Ross DRRA) for j =0 and Ross decreasing relative prudence
(Ross DRP) for j=1.°

2 The values of simple utility premia are unique only up to positive linear transformations and cannot be compared interpersonally. The remedy is appropriate normaliza-
tions. See Crainich and Eeckhoudt (2008); Huang and Stapleton (2015) on the normalization and comparison of utility premia for risk added to certainty and Wong (2018)
for an extension to higher-order risk aversion and prudence. Fleurbaey et al. (2021) discuss utility normalizations and apply normalized utility premia in a social-choice
context.

3 Examples of economic decisions under multiplicative risk include partial insurance (Schlesinger, 2013), portfolio choice with a risky asset (Chiu et al., 2012), saving
with risky return (Eeckhoudt and Schlesinger, 2008), production with risky prices or output (Broll and Wong, 2013), labor/leisure decisions with risky wage rate (Chiu and
Eeckhoudt, 2010), abatement policy with risky damage rate (Barro, 2015; Bramoullé and Treich, 2009), and the effect of economic convergence on the social discount rate
(Gollier, 2015).

4 The j =0 special case covers the analysis at EU level. In parallel work, Loubergé et al. (2020) implicitly use these premia in a proof and provide conditions for their
uniform signing in relation to risk apportionment theory. The focus in this paper is on the economic importance and comparison of those premia.

5 Eeckhoudt et al. (1996) show in a basic result that a second-order increase of background risk raises foreground risk aversion if the decision maker exhibits Arrow-Pratt
DAP and Ross DARA. In the same vein, Ross DARA and Ross DAP jointly guarantee the preservation of Kimball's (1993) “standard risk aversion,” which combines Arrow-Pratt
DARA and DAP (Keenan et al., 2008). That same joint condition warrants that adding a fair (zero-mean) or unfair (negative-mean) background risk to safe wealth raises Ross
aversion to risk increases, also called Ross risk vulnerability (Keenan and Snow, 2012).

6 Only little research has concerned the effects of multiplicative background risk on foreground risk aversion, see especially Franke et al. (2006, 2011) and Jokung (2013).
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Under additive risk, characterizing decreasing ((n + j)/(m + j))th—degree Ross ARA in terms of the new normalized measures is straight-
forward for any j > 0. Under multiplicative risk, a general result yields Ross conditions to order each of the measures for any pair of
successive utility derivatives, and the conditions determining the decreasing (increasing) Ross RRA shape involve these orderings. Due to
the ambiguous risk impacts, those conditions are only sufficient (necessary) and, in view of their complexity, only stated for j =0, 1.

Two specific examples apply these results for each risk type. The first provides three characterizations of a decreasing precautionary
saving motive, including one in terms of temperance and precautionary premia. The temperance premium measures here the decision
maker’s willingness to pay to avoid changing the optimal saving choice due to the risk increase. The second example shows that (n — m)"-
degree increases of an additive background risk raise (m + 1)"-degree Arrow-Pratt ARA if and only if, for either of the two normalized
measures, that at marginal utility level exceeds that at EU level. As regards multiplicative background risk, I provide the conditions on
preferences such that the normalized (m + 1) utility derivative premium exceeding the m‘" is necessary and sufficient for an n'"-degree
increase to raise (m + 1)™-degree Arrow-Pratt RRA. Because of the focus on Arrow-Pratt risk aversion, only normalized j™ utility derivative
premia apply here; a corresponding result in terms of risk substitution rates is not available.

Section 2 introduces the analytical framework and analyzes the risk comparative statics of utility derivatives in terms of (n/m)t“-
degree risk substitution rates and normalized utility derivative premia for additive risk. Section 3 develops the corresponding analysis
for multiplicative risk. Section 4 treats comparative precautionary saving as an illustration. Section 5 extends the existing definitions,
characterizations, and applications of decreasing Ross absolute and relative risk aversion. Section 6 concludes.

2. Utility derivative premia for additive risk

This paper focuses on attitudes toward n‘-degree increases in risk as in Ekern (1980). An expected utility maximizer u is k'-degree
risk averse if (—1)**1u® (x) > 0 for all x, where utility function u is defined on [a,b] € R} and u® denotes its k™ derivative.

To define Ekern risk increases, consider the cumulative distribution functions (CDFs) F (z) = FI!1 (z) and G (z) = G!Y1 (z) of two random
variables, with finite support in [z, z,| and equal start and end points, F (z;) = G (z;) =0 and F (z5) = G (z5) = 1. Denote higher-order
CDFs Fi¥l (z) = [7 F*="1(t)dt for k=2,3, ..., and similarly for G (2).

Definition 1 (n'"-Degree Risk Increase [Ekern, 1980]). G (z) has more n'-degree risk than F (z) if

M z)=F¥(z,) fork=1,....n

G (z) > FI" (z) forall z € [zq, 2] and “>" holding for some z € (24, 2p) .

Such a risk increase implies an n"-degree stochastic dominance shift with unchanged first n — 1 moments. Well-known special cases
are mean-preserving spreads for n = 2 (Rothschild and Stiglitz, 1970); increases in downside risk for n = 3 (Menezes et al., 1980); and
increases in outer risk for n =4 (Menezes and Wang, 2005).

Below, I will denote risk in its low state, associated with F, z; and risk in its high state, associated with G, z. I will further consider
CDFs Hp, and Hy_m, defined like F and G, which have, respectively, more m‘"- and more (n — m)th—degree risk than F. These intermediate
risks will also be denoted Z; and Z,_p,. Throughout, I assume n > m > 1.

For an additive risk & to wealth x, I use the shorthand X = x + &. Ekern shows that G (x) having more n"-degree risk than F (x) is
equivalent to every n''-degree risk averter preferring F (x) to G (x). Ekern derives this result by proving that utility premium

Eu (%) — Eu (%) (1)

is positive whenever a decision maker is n"-degree risk averse.” Hence, in the face of a first- (second-; third-) degree risk increase, the
positive sign holds if and only if the decision maker exhibits non-satiation (risk aversion; downside risk aversion) or u’ > 0 (u” < 0;
u” > 0).

Risk comparative statics often hinge on direct risk effects on utility derivatives, as noted in Section 1. To measure the impact of a risk
increase on the jt" utility derivative, I define the jt utility derivative premium as

17 {Eu (%) — Eu? (%)} (2)

For j =0, this premium covers (1). For j =1, (2) measures the risk impact on marginal utility. The marginal EU premium in Section 4.1
is a particular case defined in a saving problem with income risk. For j =2, (2) captures the risk impact on the slope of marginal utility.
That premium can represent attitudes toward the willingness to change an optimal choice (see Section 5.2). For arbitrary j > 0, (2) is
positive if and only if the decision maker is (n + j)™-degree risk averse, (—1)"*=1 y@+) (x) > 0 (Loubergé et al., 2020).

Other applications have used utility derivative premia to study the shape of utility premium (1) when wealth changes. By establishing
(2)'s positive sign for j =0, 1,2, Eeckhoudt and Schlesinger (2006) show that the utility premium of a zero-mean risk added to safe
wealth is positive, decreasing, and convex in wealth if and only if the decision maker is, respectively, risk averse (u” < 0), downside risk
averse (u” > 0), and temperant (u”” < 0).8 Loubergé and Rey (2022) generalize that result to general n"-degree Ekern risk increases.

Elaborating on that line of reasoning, Loubergé et al. provide a general result on risk apportionment. Under risk apportionment, a
decision maker prefers to disaggregate risks, which may be degenerate, in different states of the world, instead of cumulating them in one
state of the world. Starting from an m"-degree deterioration of risky initial wealth, Loubergé et al. determine the preference condition for
apportioning the nf-degree increase of an independent background risk in the state of the world with undeteriorated initial wealth. The

7 The proof uses (1)'s n-fold integration by parts, Definition 1, and n"-degree risk aversion.
8 For the purposes of their discussion, Eeckhoudt and Schlesinger (2006) consider the negative of (2) and omit sign correction (—1)J.
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derivation of that condition in the proof of their Theorem 1 is equivalent to signing (2) for j =m. This observation implies the following
remark.

Remark 1 (Relation to Additive Risk Apportionment). Consider an n'"-degree background risk increase and an mt"-degree foreground risk
increase, with m = j. Any decision maker with a positive ji" utility derivative premium prefers a lottery that disaggregates the risk
increases in different states of the world, [)?,—f—ih,)?m +>~q], to a lottery that cumulates the risk increases in one state of the world,

[Xm + %n, X + X
This paper uses risk apportionment only for illustration purposes. The main focus is on comparing the attitudes responsible for the risk
impact on the jt" utility derivative.

To that end, I first extend Liu and Meyer’s (2013) (n/m)th—degree Ross more risk aversion.

Definition 2 (((n + j)/(m +j))fh-Degree Ross More Risk Aversion, Additive Risk). Suppose j >0, and let u and v be (n +j)”'- and (m + j)fh-

degree risk averse. Then, u is ((n+ j)/(m + j))™-degree Ross more risk averse than v on [a,b] C ]RaL if there exists a scalar A > 0 such
that
(n+)) (m+j)
u X u X
) s ) for all xg.xp < [a. b] (3)
VD (x) VD (xp)

When j =0, this definition covers Ross’s (1981) more risk aversion order for (n,m) = (2, 1), Jindapon and Neilson’s (2007) n‘"-degree
extension for (n,m) = (n, 1), and Liu and Meyer’s (n/m)fh—degree Ross more risk aversion for arbitrary n and m.

The preference comparison in (3) equivalently applies to ((n+ j)/(m+ )" -degree risk tradeoffs at EU level and (n/m)t“-degree risk
tradeoffs at jt utility derivative level.?

Lemma 1 (Relation to (n /m)fh -Degree Ross More Risk Aversion, Additive Risk). The ((n + j)/(m + j))th -degree Ross more risk averse order between
u and v is equivalent to (—1)7 u'? being (n/m)™-degree Ross more risk averse than (—1)J v,

The lemma derives from applying Liu and Meyer’s (n/m)!-degree order at the level of the jt utility derivative and comparing with
(3).
To characterize ((n+ j)/(m+ ) -degree Ross more risk aversion in terms of preferences measures, | compare two kinds of normal-
izations of utility derivative premia. Definition 3 extends Liu and Meyer’s risk substitution rate to the level of utility derivatives.

Definition 3 (Risk Substitution Rate for the ji" Utility Derivative, Additive Risk). Let u be (n + j)th— and (m+ j)[h—degree risk averse. The
(n/m)”’ -degree risk substitution rate for the j utility derivative is

Eu (%) — Eud) (%)

m/my (= =~ =
T: X1, Xp, Xm) = — —— 4a
Ju ( 1> h m) Eu( (Xl) — EuWh) (xm) ( )
Alternatively, T;i{m) is the scalar solving
EuP (%) = (171%™ ) Eu (3) + T{0™ EuD (3r) (4b)

In (4a), premium (2) is normalized by its analog for an m‘-degree risk increase. For an (n+ j)™- and (m + j)'-degree risk averse
decision maker, both of those premia are positive, and so is the risk substitution rate. Because both premia are measured in the same unit,
the ratio is unit-free. In light of Lemma 1, T]W m) gauges equivalently the willingness to substitute an mt"- for an n'"-degree risk increase
at the level of the j™ utility derivative and the willingness to substitute an (m + j)™- for an (n + j)™-degree risk increase at EU level.

Li and Liu's normalized utility premium involves dividing premium (1) by (—1)™"" Eu™ (%)). To adapt their approach, I use the
normalizer (—1)/*™~1 EyU+m (%)),

Definition 4 (Normalized jt Utility Derivative Premium, Additive Risk). Let u be (m + j)™-degree risk averse. The normalized j™ utility deriva-

tive premium for a risk increase from X; to x; is defined as

o EuY () — Eul ()
) (n/m) —
N;UP™ (%1, %) = (—1)m=1 Ey(+m) (%)

(3)

Similar to Li and Liu’s normalized utility premium, the utility derivative in (5)'s denominator is m times higher than in the numerator.
As for the Li and Liu premium, this normalization converts (2) into the unit of the m" moment of random wealth and indicates the cost
of the impact of the risk increase on the jt" utility derivative in terms of a decrease (increase) in ¥’s m" moment, for m odd (even). For
an (m+ j)™-degree risk averse decision maker, NjUPf,"/m) has the same sign as (2).

The two kinds of normalized utility derivative premia admit equivalent characterizations of ((n+ j)/(m+ 7)™ -degree Ross more risk
aversion.

9 Liu (2014) points to this relation in the context of saving for marginal utility (j=1) and m=1.
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Theorem 1 (Comparative ((n + j)/(m + j))th -Degree Ross Risk Aversion, Additive Risk). Conditions (i)-(iv) are equivalent:

(i) (=1)7 u' is (n/m)™-degree Ross more risk averse than (—1)J v\, ' ' ' ' '
(ii) There exist A > 0 and ¢ (x) with ¢ (x) such that u® (x) = 1A v (x) + P (x), where (—1)/T1 U™ (x) < 0and (—1)/"1 pU+D (x) > 0
for all x.
(iii) T"%™ > T"™ for all X, Xy, %,

(iv) N;UP{'™ > N;UPSM™ for all %, %p.

Given Lemma 1, the equivalence of (i), (ii), and (iii) is immediate from Liu and Meyer (2013, Theorem 1) when substituting
(=1 u, (=1)/v) for (u,v), and the equivalence of (i), (ii), and (iv) arises similarly from Li and Liu (2014, Theorem 2). Hence,
decision maker u is ((n+ j)/(m+ nth -degree Ross more risk averse than decision maker v if and only if u’s willingness to substitute an
(m+ j)th- for an (n + j)”’-degree risk increase is uniformly larger than v’s or, alternatively, u’s normalized jt" utility derivative premium
for an n'"-degree risk increase uniformly exceeds v's.

Although the two normalized utility derivative premium measures are closely related on formal grounds, there is mutually no implica-
tion between the two characterizations.

Remark 2 (Relation of Tj(."/m) and N;jUP®™™ in Theorem 1). A positive conversion factor links T;”/m) from (4a) and N;UP™™ from (5):

EuW (%) — EuY (%)
(=)™ EuUtm (%)

NUPE™ (R 3n) = T]"3™ (%1 % ) -

When applied for two decision makers u and v, the order of their conversion factors is ambiguous and need not be aligned with the order
of their T;”/m) and N;UP®™™ measures.

The conversion factor is the ratio of the two normalizers. If the order of two decision makers’ conversion factors were aligned with
the order of one type of their normalized measures, then, knowing the order of that type would imply knowing the order of the other
type. Remark 2 implies that such a hierarchy between the orders of the two measures is not given (see Supplemental Appendix B for a
proof). This underlines that the two equivalent characterizations in Theorem 1 are associated with separate quantifications. The conceptual
difference between the two normalized measures is accentuated under multiplicative risk.

3. Comparative aversion to multiplicative risk

This section turns to comparing the attitudes that determine the impact that the increase of a multiplicative risk o to wealth x has
on decision makers’ utility and utility derivatives. More complex tradeoffs emerge as compared to additive risk as soon as the risk effects
concern utility derivatives. The source of the difference is the random variable’s multiplicative nature.

To measure the impact of multiplicative risk on a decision maker’s utility and utility derivatives, consider the j" utility derivative
premium for an increase in return risk,

(-1)! [E [u(j) (xp1) ,5{] —E [u(j) (x0n) ,5,{]} (6)

For j =0, utility premium Eu (x3;) — Eu (xpy,) is the analog for multiplicative risk of (1). For j =1, (6) measures the impact of the return
risk increase on marginal utility. Bostian and Heinzel’s marginal EU premium is an application in a saving problem with interest rate risk
(see Section 4.2). For j =2, (6) captures the impact of the return risk increase on the slope of marginal utility, and the premium can
represent attitudes toward the willingness to change an optimal choice in the face of the risk increase (see Section 5.4).

Signing (6) depends on the product of (—1)"*/=1 and the n" derivative of j™ utility derivative

hijiu (p) = pTu? (xp) (7a)

(Loubergé et al., 2020). Premium (6) is positive (negative) if and only if'®

n k
. i n . . . _ _ i
(=)™ () = ()Y (k) [TG+1-dud" 0 xp)x*p/™* > (<) 0 (7b)
k=0 i=1
The formula for h&)u (p) in (7b) is equivalent to the one in Loubergé et al.’s Theorem 2. That theorem shows how premia (6) apply to

multiplicative risk apportionment.

Remark 3 (Relation to Multiplicative Risk Apportionment). Consider an mt"-degree increase of the risk on wealth, with m = j, and an nth-

degree return risk increase. Any decision maker with a positive jt utility derivative premium (6) prefers a lottery that disaggregates
the risk increases in different states of the world, [imﬁl,ilﬁh]. to a lottery that cumulates the risk increases in one state of the world,

[%m On. %101

10 By convention, ]_[?:1 (j+1—1i)=1 for any j. The recursive formula is due to straighforward calculations.
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The preference conditions controlling the risk impact on the j utility derivative are more involved than under additive risk. Only for
j =0, (7b) collapses to (—1)" 1u®™ (xp) > (<) 0, so that the utility premium for a return risk increase is positive for any n'-degree
risk-averse decision maker, similar to (1).

For j =1, the sign of the marginal utility premium depends on two effects associated with the right-hand terms in

D" L () = (DM {u D (1) ¥ + T u® (o) | (82)

If x, p > 0, the first term is positive and the second negative for any (n + 1)~ and n*"-degree risk averse decision maker. Chiu et al. (2012)
motivate those counteracting effects using risk apportionment theory. Consider two 50-50 lotteries, one with high wealth x associated with
high risk pp and low wealth x associated with low risk p; and another one with reversed associations. The decision maker’s (n+ 1th.
degree risk aversion is the basis of the preference to disaggregate - or apportion - low wealth and high risk in different states of the
world, making the first lottery more attractive. At the same time, the decision maker’s n'"-degree risk aversion makes the second lottery
more attractive: the associations of high risk g, with low wealth x and of low risk p; with high wealth X both imply lower risk exposure.
The relative strength of these “apportionment” and “(n‘"-degree) risk aversion” effects determines the overall sign of the return risk
impact on marginal utility. In saving models, these counteracting forces have the well-known interpretation as precautionary effect and
substitution effect (see Section 4.2).
For j =2, the risk impact on the second utility derivative hinges on three effects associated with the right-hand terms in

(_1)n+l hgiu (0) = (_«l)l’H—l {u(n+2) (Xp)xnpz + 2nu(n+l) xp) xn—1p +nmn—1) u(ﬂ) (X,O)Xn_Z] (8b)

Those effects are, respectively, positive, negative, and positive for any (n+2)"-, (n+ 1)™-, and n'"-degree risk averse decision maker.
The overall impact sign reflects the net effect.!!

The cases j =0, 1, 2 illustrate a number of more general observations that signing condition (7b) entails (see Supplemental Appendix C).
First, for any j > 0, the number of different utility derivatives that jointly determine the return risk impact on the j™ utility derivative
is equal to the number of times product 1_[1-‘:1 (j+1—1) is positive for k=0, ...,n. Second, the maximum number of utility derivatives
involved is j + 1, and that number grows with j.'? Third, the minimum number of involved utility derivatives across all j > 0 is one,
and it is attained if and only if j = 0. Finally, the risk effects always involve the (n + j)t" as the highest utility derivative and depend, in
addition, on the consecutive lower ones if two or more are activated. Remark 4 summarizes the main insights from these observations.

Remark 4 (Return Risk Effects on Utility and Utility Derivatives). Only at the level of EU (j = 0), the sign of the impact of a return risk increase
is completely determined by the sign of one single utility derivative, namely, the nt". For j > 1, the sign of the impact on the jt" utility
derivative always reflects the net of several effects, which are counteracting for a decision maker with utility derivatives which alternate
in sign.

The upshot is that any comparison of utility derivative premia needs to control for the net sign of the overall risk impact. Merely
controlling for the sign of one single utility derivative, as it is convenient for j =0, is not sufficient.

As regards the normalized preference measures I define below, the latter observation applies to all places where utility deriva-
tive premia are involved. Because the two measures differ in that regard, the characterizations hinge on two different notions of
(n+j)/(m+ j))th-degree Ross more aversion to return risk increases.

Definition 5 (((n + j)/(m + j))th—Degree Ross More Risk Aversion, Return Risk). Suppose j > 0. Let u and v be such that (—1)™+/~1 hf?])!f (p) >
[<]0 for f €{u,v} and let them have identical levels of x under reference return g. If u and v are, in addition,

(a) such that (—1)™*+i-1 hfﬁ)f (p) >[<]0for fe{u, v} then u is ((n—l—j)/(m—l—j))m-degree Ross more risk averse than v in the first
sense with respect to a return risk increase from p; to py, if there exists a scalar A > 0 such that

hi (0o) hP, (ob)
h(il). ) > 1> h(m; o) for all pq, pp such that xpq, xpp € [a, b] (9a)
Lil.v (Pa Lil.u (Pb

(b) (m+ j)[h—degree risk averse, then u is ((n+ j)/(m+ j))[h—degree Ross more risk averse than v in the second sense with respect to a
return risk increase from pg; to gy, if there exists a scalar A > 0 such that

™ (0q) (j+m)
hgl]),u( a) > 1> 3(#’”) g{ﬁi; for all pq, pp such that xp,, x0p € [a, b] (9b)
Lil.v Pa

Both Ross conditions (9) involve terms that account for (6)’s sign ambivalence, namely, in the form of h{fj) (p) from (7b) for k =n,m.

For j =0, the two conditions are identical and coincide with (3) applied to return risk. However, whereas the first inequalities in (9) are
always identical, it is easy to see that, as soon as j > 1, there is no necessary or sufficient condition that relates the second inequalities.

Because (9a) homogeneously involves controls for the impact signs of n"- and m‘"-degree risk increases, Definition 5(a) admits a
relation analogous to Lemma 1.

1 Interpreting these effects depends on the decision context and is left for future research.
12 There is an interaction between the number of consecutive utility derivatives determining the risk impact and the degree n of the return risk increase for j >3 and low
n. For example, if n = 2, signing condition hgj)_u (p) only contains the terms with u®, u®, and u”, instead of four terms.
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Lemma 2 (Relation to (n /m)fh -Degree Ross More Risk Aversion, Return Risk). The ((n + j)/(m + j))th -degree Ross more risk averse order between u
and v in the first sense with respect to a return risk increase is equivalent to (—1) hy;j; , being (n/m)t“-degree Ross more risk averse than (—1)) hyjy v.

The lemma derives by applying Liu and Meyer’s (n/m)™"-degree Ross risk aversion analogously at the level of u (xp)’s j™ derivative with

respect to x and comparing with (9a). By lack of a similar homogeneity of controls for (9b), there is no such relation for Definition 5(b).
The next two definitions adapt the normalized utility derivative premium measures from Section 2 to multiplicative risk. I start with
the risk substitution rate.

Definition 6 (Risk Substitution Rate for jt" Utility Derivative, Return Risk). Let u be such that (—1)k+i-1 hfljiu (p) > [ <] 0 for k=n,m. The

(n/m)™"-degree risk substitution rate for return risk g and the j™ utility derivative is given by
N .
N 0| LAty
T; (1. P pm) = — — (10a)
E [u“) (x01) A} ] —E [u‘” (%Pm) p,%]
or, alternatively, f;"/ ™ s the scalar solving
E [u<f> (xn) ﬁ,;] - (1 —T ””) E [u<f> (xp1) b ] + 1™ E [uU) (Xfm) ﬁ,#,] (10b)

In (10a), (6) is normalized by the j™ utility derivative premium for an mt"-degree return-risk increase. Rate f;"/ ™ s positive and
unit-free because the premia in its numerator and denominator have the same sign and are measured in the same unit. The cases with
split signs are ruled out because a negative risk substitution rate would be hard to interpret. In light of Lemma 2, T;"/ m) is, equivalently,

a measure of the willingness to substitute an (m + j)™- for an (n + j)™-degree return risk increase and a measure of the willingness to
substitute an mt"- for an n'"-degree return risk increase at jt" utility derivative level.

Dividing (6) by normalizer (—1)/*M~1xME [u(”m) (xﬁ;) ,olj ] yields the normalized j™ utility derivative premium for return risk.

Definition 7 (Normalized jt Utility Derivative Premium, Return Risk). Let u be (m + j)™"-degree risk averse. The normalized j utility deriva-
tive premium for a risk increase from g, to gy, is defined as

E [u(n (1) /311‘] —E [uu) (x5n) :51{]

(=1 w4 (x5r) 7|

———(n/m)

NjUP, " (f1. on) =

(11)

Division by (—1)/*m1E [u(”m) (x01) ﬁlj ] converts (6) into the unit of the m" moment of random wealth, like (5). Further division by

x™ makes N/jU\PZn/m) unit-free. Thus, (11) indicates the cost of the risk-induced pain in terms of a decrease (increase) in §;'s mt" moment,
for m odd (even), per unit of x™. Premia (11) and (6) have the same sign.

Comparisons of two decision makers in terms of premia (10a) and (11) are each associated with one of the two kinds of Ross more
risk aversion in Definition 5. For convenience, I consider decision makers whose successive utility derivatives alternate in sign until the
(n+ )™ starting with a positive first.!?

k)

th
) i

Theorem 2 (Comparative ((n + j)/(m + j)
(a.i)-(a.iii) are equivalent:

-Degree Ross Risk Aversion, Return Risk). Given Definition 5(a) and hE (p) as in (7b) for k =m,n,

(ai) uis((n+ j)/(m+ j))fh—degree Ross more risk averse than v in the sense of (9a).
all ere exist A > 0 and ¢ (xp w1t¢'(xp sucl tatu'(xpz)\v'xp +¢'xp,were— i~ 2 (p) <[> an
(aii) There exi 0 and ¢ (xp) with ¢ (xp) such that u? (xp) = avD (xp) + ¢ (xp), where (—1)™+i=1 p) [>] 0 and
(=DM RE () = [ <] 0 forall xp.
(aiii) TJ3"™ = [ <] T13™ for all pr. fn. fin-

Given Definition 5(b) and hy}) , (p) as in (7b), (b.i)~(b.iii) are equivalent:

(bi) uis ((n+ j)/m+ ))™-degree Ross more risk averse than v in the sense of (9b). ' ) .
(b.ii) There exist » > 0 and ¢ (xp) with ¢ (xp) such that u® (xp) = AvD (xp) + ¢W (xp), where (—1)™H~1¢U+m (xp) < 0 and
(=D ki, (p) = [ <] 0forall xp.

L —— — S o
(i) NP = N;upe ™ >0 [Njupf,”/m) <Nup™ < O]forall Bis B

13 Under this assumption, the return risk impact on any utility derivative is marked by counteracting effects with a specific sign (see Remark 4). That assumption is often
made in related literature (e.g., Courbage et al., 2018; Loubergé et al., 2020), but stronger than needed when dealing with Ekern risk increases.
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See Appendix A for a proof.

The two characterizations in Theorem 2 reflect the different properties of the two normalized premia. The differences are rooted in the
different involvement of utility derivative premia in their definitions in conjunction with the ambiguity of return risk impact. Comprising
the premia for n'- and m'"-degree risk increases, the risk substitution rate requires a common uniform sign for those premia, but it
does not rely on the specific sign of a utility derivative. Normalized utility derivative premia, by contrast, have no sign requirement for
utility derivative premia, but decision makers need to be (m + j)‘h—degree risk averse. From a theoretical point of view, risk substitution
rates may seem more coherent because of their equivalent representation of the willingness to face (n/m)!'-degree risk tradeoffs at jt
utility derivative level and ((n + j)/(m + j))'-degree risk tradeoffs at EU level (Lemma 2). However, the different requirements for the two
measures provide for mutual advantages and disadvantages depending on the application context. Notably, normalized utility derivative
premia imply specific equivalences and applications that risk substitution rates do not admit, as we will see below.

4. Illustration: comparative precautionary saving

This section applies the above reasoning to a two-period consumption/saving model. The new preference measures extend the char-
acterizations of comparative precautionary saving to (n/m)th—degree risk tradeoffs with generic m > 1. Characterizations in terms of the
precautionary premium require a redefinition of the latter concept to cover m > 1. The two normalized utility premium measures differ
regarding their equivalence with conventional representations under return risk.

Let the decision maker choose saving s out of first-period income y; such as to maximize

u(y1 —s) + BEu (y2+sf2) (12)

In this intertemporal objective, felicity u jointly captures consumption-smoothing preference and risk attitudes. The utility discount factor
B reflects pure time preference. Risk may enter either through second-period income j; or gross return R. Notation containing both 3,
and R applies to each of the two risk types. By assumption, y» > 0 and R > 0 in any state of the world. If unambiguous, I abbreviate
second-period consumption ¢, depending on the risk type as E%’zl =¥2.i+SR and E§',- =y, +sR;, for i € {l, h).

According to the first-order optimality condition

u' (y1 —s)=pBE [u’ (5/2+sl~2) I~2] (13)

the decision maker saves until the marginal utility from foregoing consumption in period 1 (i.e., saving a marginal amount) is equal to
the discounted marginal utility from consuming in period 2 instead. Assuming the second-order condition to hold, (13)’s unique solution
maximizes objective (12). For consistency, I assume that incentives are such that s > 0 under return risk.

Precautionary saving is the saving reaction to future risk and depends on the risk effect on future marginal utility. When applied to
model (12), marginal utility premia (2) and (6) for j =1 entail a simple rule regardless of the risk type: a positive (negative) premium
predicts that the risk increase induces higher (lower) saving. The criteria for signing the marginal utility premium depend on the risk
type. Theorems 1 and 2 applied to model (12) provide characterizations of comparative precautionary saving for each type.

4.1. Comparative precautionary saving under income risk

Marginal utility premium Eu’ (E%’Zh) — Eu’ <E%’21) is positive if and only if (—1)" u(”“)(cé’z) > 0 (Eeckhoudt and Schlesinger, 2008). A
conventional comparison of precautionary saving motives can use precautionary premium 672, from
Eu' (§2.1+4 SR —6”?) = Eu' (2.1 + SR) (14)

(Liu, 2014). This premium measures the strength of the precautionary saving motive in terms of the safe reduction in y,; that has the
same effect on saving as the n'"-degree increase in y; risk. Premium 6%2 is positive under the same condition as (2) for j = 1.

A precautionary premium measure that captures the tradeoff between n'"- and m‘"-degree risk increases can be defined elaborating
on Liu and Neilson (2019) (see Heinzel, 2021). The path-dependent m*"-degree precautionary premium 6”2 arises from

Eu' (72 (9") +5R) = Eu' (Jon + sR) (15a)

e {57

more mt-degree risk than j, (§y 2) for every 5% > 8" > 0. Thus, 8”7 reflects the tradeoff between the impacts on marginal utility of an

P20 is the continuous path of m"-degree increasing risk from V2.1, with ¥5 (0) =y, and such that y; <§y2 ) has
€10,

nth-degree and an mt"-degree risk increase from V2.
Another interpretation for 6°> arises when rewriting defining equation (15a) with CDFs F, G, H,, from Section 2 applied to 5. Thus,
V2 (5“)'5 CDF can be stated as (1 - §y2) F +0”*H,, for all 8”2, which leads to

(1 — 5“) Eu' (J2.+ SR) + 0”2 Ett (§2.m + SR) = Eu’ (720 + SR) (15b)

When 8”2, Tf"/m) € (0, 1), premium "% in (15b) coincides with T%n/m) in (4b) applied to model (12). As a result, the interpretation and

. (n/m) =Y2
analysis for T, holds for 6”“ analogously.
The latter insight together with Theorem 1 for j =1 imply that u’s stronger precautionary motive can alternatively be expressed in
three ways.
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Proposition 1 (Comparative Precautionary Saving, Income Risk). Comparative precautionary saving for a y, | to y,  increase is equivalently ex-
pressed by

(i) 62 > 02 forall 554, 2.1, Y2.m.
(i) ™ > T{"™ forall 32,1, 2.4, J2.m.
(iii) NyUPS™ > NyUPSY™ for all 5.1, 3.1.

The proposition covers characterizations equivalent to 6} > 6)? from Liu (2014, Theorem 3) for m = 1.!* By (i), (ii), and Lemma 1,
those express alternatively the willingness to replace the y; risk increase by a first-degree increase (e.g., in the form of —§72) at marginal
utility level and the willingness to replace an (n + 1)~ by a second-degree ¥, increase at EU level. Similar to 6Y2, NyUP®/D provides a
monetary quantification of the precautionary motive. Obviously, Proposition 1 is more general in that it admits comparisons for any m > 1.

4.2. Comparative precautionary saving under return risk

Marginal utility premium E [u’ <(~:§ h) f?h] —E [u/ (651) Rl] is positive (negative) if and only if the product of (—1)" and the n" deriva-
tive of marginal utility hy1y, (R) = Ru’ (c%),

), (R) =u®D (c§) s"R +ns"Tu®™ <c§> (16)

is positive (negative) (Eeckhoudt and Schlesinger, 2008). The sign of that product depends on two counteracting effects: for an ntf-
and (n+ 1)th-degree risk averse decision maker, the first term expresses the positive precautionary effect and the second expresses the
negative substitution effect (Bostian and Heinzel, 2022). A conventional comparison of the strength of precautionary motives can refer to
multiplicative precautionary premium 6%, from

E[u’ (yz +s(fe,—9§)) R,] :E[u/ (yz +si2,,) Rh] (17)

(Bostian and Heinzel, 2018). This premium indicates the proportion of saving such that the safe change se,f in E§ has the same effect on
saving as the risk increase. Similar to (11), % shares the sign of (6) for j =1 and is unit-free. The safe change s@f captures the strength
of the precautionary motive.

The path-dependent m'"-degree multiplicative precautionary premium 8" arises from

E[u/ (yz +sR <5R))R(5R>] =E[u’ (yz +5Rh> Rh] (18)
where path {f? (§R) }§RE[0,]) is defined in analogy to {}72 (5}'2)}?26[0’1)

the impacts on marginal utility of an n'"-degree and an m"-degree risk increase from R;. With arguments analogous to above, 8" coincides
with /T\{”/m) in (10b) applied to model (12) when §R, ’T\fn/m) €(0,1).

Theorem 2 for j =1 implies further comparative precautionary saving characterizations. For convenience, I assume the decision makers
(m+ 1D™- and (m + 1)™"-degree risk averse.

. . . . =R
in the previous section. Premium 6 reflects the tradeoff between

Proposition 2 (Comparative Precautionary Saving, Return Risk). Among decision makers u, v with identical incentives and saving amounts under R,
: . ) N ) L = (n/m)
and increasing [ decreasing ] responses to any n'"-degree return risk increase, u shows the stronger precautionary reaction if and only if N;U P, >

——— (n/m) ~ o~
[<1N.0P""™ forall Ry, Rp.
If, in addition, u, v increase [ decrease | saving in response to any m‘"-degree increase, u shows the stronger precautionary reaction if and only if
either condition holds:

(i) @y = [ <18y forall Ry, Ry, Rm.
(i) T{"™ = [ <] T{")"™ for all R, R, Rm.

In the saving context, Theorem 2's sign conditions on (—1) hm (p) for k =n,m translate into conditions on u’s and v’s common

direction of the saving reaction to n‘"- and m'"-degree return risk increases. Thus, expressing u’s stronger precautionary motive in terms
of u’s higher (lower) normalized marginal utility premium only requires the common positive (negative) saving reaction to n‘"-degree
risk increases. But, expressing u’s stronger motive in terms of u’s higher (lower) path-dependent multiplicative precautionary premium or
higher (lower) risk substitution rate at marginal utility level requires the decision makers, in addition, to react in the analogous way to
mth-degree increases.
. e . ——(n/1) . . . .
Interestingly, for m =1, only the characterization in terms of NyUP is equivalent to 6} > [ <]6R from Bostian and Heinzel (2018,
. —R PN —R - .

Lemma 2); those in terms of & and T{"“) are not.!> For m=1, @ captures the willingness to substitute a first- for an n‘"-degree
return risk increase at marginal utility level, whereas 8% quantifies a saving fraction. Those two amounts would coincide only by accident.

14 The equivalences for (ii), (iii), and 6> > 6> when m =1 arise in analogy to Proposition 3 below.

/1
15 The equivalence for Ny UPW ) arises in analogy to Proposition 5 below.
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Comparisons in terms of N{U P , and 8" are more general as they apply for any m > 1. However, neither nor 9" reveal

the sign of the decision makers’ saving reaction.

/\(n/m)’ :i:gn/m) ’fgn/m)

5. Wealth dependence of Ross risk aversion

The normalized premia from Sections 2 and 3 help to generalize characterizations of the intrapersonal conditions for how risk aversion
evolves with the utility argument, and yield new interpretations. Those intrapersonal conditions are instrumental to predict whether risk
aversion of second order and higher rises with background risk.

5.1. Increases in additive risk

Sections 5.1 and 5.2 focus on decreasing shapes of absolute risk aversion.'®
Definition 8 first extends Wang and Li's (2014) decreasing (n/m)th—degree Ross risk aversion.

Definition 8 (Decreasing ((n + j)/(m + )™ -Degree Ross Absolute Risk Aversion). Utility function u (.), with (=) 1u® () >0 for k=m + j,
m+1+j, n+j, n+1+ j, exhibits decreasing ((n + j)/(m + j))"-degree Ross absolute risk aversion if, for all xq, X, X + Xc, Xp + Xc € [a, b]
with x. > 0,

u@ti) (xq)
um+j) (xp)

u™D (x4 +x0)

—_1)ynm - 7 7
=D um+D (xp + xc)

> (=t (19a)

In words, a decision maker is decreasingly ((n + j)/(m + j))"-degree Ross absolute risk averse if the coefficient on the left decreases
with the utility argument. When m = 1, this definition covers Ross DARA for j =0 and Ross DAP for j=1.
Intrapersonal condition (19a) has a close link to ((n+ j)/(m+ j))™-degree Ross more risk aversion in Definition 2. Namely, for some

scalar A > 0, this condition is equivalent to
B @D (x,) w10 (%)

WD (xg) >A=— umED (xp) for all x4, xp € [a, b] (19b)

When replacing (—u’, u) by (u, v), (19b) is identical to (3). Thus, with Lemma 1, Ross DARA is equivalent to —u’ being n‘"-degree Ross
more risk averse than u, and Ross DAP is equivalent to u” being n'"-degree Ross more risk averse than —u’ (see also Footnote 9).
Substituting (—u’, u) for (u, v) in Theorem 1 yields characterizations in terms of risk substitution rates and normalized utility premia.

Theorem 3 (Decreasing ((n + j)/(m + j))"-Degree Ross Absolute Risk Aversion). Suppose that u is k' -degree risk averse fork =1+ j, 2 + j, m + j,
m+1+ j,n+ j,n+ 1+ j. Then, (i)-(iv) are equivalent:

(i) (=)™ u+) is (n/m)th-degree Ross more risk averse than (—1)7 u®)). ' , ' '
(ii) There exist . > 0 and ¢ (x) such that —u+D (x) = auD (x) + ¢ (x), where (=1)ITM=1pU+M (x) < 0 and (—1)/1"1 UM (x) > 0 for
all x,
(iii) T](.i/lm) > T](."/m) for all &, Xn, Xm.

(iv) Nj1UPSY™ = N;UP{M™ for all %, %

The theorem provides two new characterizations of decreasing ((n + j)/(m + j))"-degree Ross absolute risk aversion. That preference
trait is both equivalent to the decision maker’s willingness to substitute an m*/- for an n‘"-degree risk increase at (j + D™ utility derivative
level uniformly exceeding that at jt" derivative level and to u’s (j + l)th utility derivative premium being uniformly larger than the jt.
As in Theorem 1, there is mutually no direct implication between (iii) and (iv).

The two criteria have an intuitive link to decreasing Ross absolute risk aversion. Noting that Tj.”/m) and NjUP(”/m) are measures of

(n+j)/(m+ j))th-degree risk aversion, the two conditions arise equivalently from T;"/ ™5 and N jUP<"/ ™)’s nonpositive derivatives with

respect to safe wealth x = EX. Hence, those conditions are equivalent, respectively, to a risk substitution rate for the j derivative and a
normalized jt utility derivative premium that decreases with the level of safe wealth.

5.2. lllustrative examples for additive risk

Two examples illustrate Theorem 3. The first elaborates on saving model (12) and provides alternative criteria for a decreasing pre-
cautionary saving motive. When applied to that model, Ross DAP captures the conditions on preferences for the precautionary motive to
decrease with the level of expected second-period income Ey;. The conditions compare attitudes toward the risk impacts on the second
and first utility derivatives.

A first criterion, namely ¢Y2 > 6Y2, compares precautionary motive 6¥2 from (14) and Keenan and Snow’s (2012) temperance premium
£Y2, generalized to n'"-degree risk, from!’

16 The corresponding results for increasing shapes merely require reversing inequality signs, starting with defining inequalities (19). Theorem 3 (for A > 0) and Propositions 3
and 4 then hold analogously.

17 Like all premia above, the temperance premium from (20) refers, in general, to a generic risk increase and is thus a partial premium (Denuit and Eeckhoudt, 2010). Its
name applies literally for n = 2. Higher-order risk increases involve conditions on preferences of order higher than four.
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Eu” (y2,1+ SR —¢Y?) =Eu” (J2,n + SR) (20)

Generally, ¢¥2 measures the maximum willingness-to-pay to avoid the risk increase impact on the slope of marginal utility. In the saving
context, Y2 expresses the aversion to changing the saving decision due to the risk increase. It is positive if and only if (—1)"*! u®+2 > 0,
like NoUP®D_ The criterion derives from Liu (2014, Theorem 3) by analogy given the definitions of Ross DAP, 672, and ¢72.

Theorem 3 above for j =m =1 yields two further criteria.

Proposition 3 (Decreasing Precautionary Saving Motive, Income Risk). Let m = 1. Decision maker u’s precautionary saving motive in the face of any
risk increase from y; | to ¥, decreases with Ey» if and only if either condition holds:

. 1 1 ~ ~ ~
(i) Tén/ ) > T1(n/ ) for all Va1, Y20, Y2.m-
(ii) NoUP®™D > NyUP™D for all 354, ¥2..

(iii) ¢¥2 > 672 forall y3, 2.1

Supplemental Appendix D contains an explicit proof. Hence, the precautionary saving motive declines with the level of future labor
income Ey, if and only if, alternatively, the willingness to substitute a first- for the n‘"-degree risk increase at second utility derivative
level exceeds that willingness at marginal utility level; the normalized second utility derivative premium is uniformly larger than the
normalized marginal utility premium; and the willingness-to-pay to avoid a risk-induced saving change is uniformly higher than the
precautionary motive. Establishing any of these relationships confirms an EU decision maker’s Ross DAP.

The second example concerns the effects of background risk increases on risk aversion of second order and higher. According to Wang
and Li, decreasing (n /m)th-degree Ross absolute risk aversion is necessary and sufficient for any (n — m)t"-degree background risk increase,
from & to &;_m, to raise (m+ 1)™"-degree Arrow-Pratt risk aversion (see Supplemental Appendix E for an explicit proof). The conditions
on preferences here involve comparative risk impacts on marginal utility and plain EU.

Two criteria ensuring that relationship derive from Theorem 3 for j =0.

Proposition 4 (Background Risk Effect on (m + 1th -Degree ARA). An (n — m)th -degree background risk increase from & to &,_p, raises (m + 1th-
degree Arrow-Pratt absolute risk aversion if and only if either condition holds:

(i) T > TSY™ for all Xy, Xy, %im.
(ii) NqUP®/™ > NUP®™™ for all X;, Xp.

Thus, a decision maker's (m + 1)!-degree absolute foreground risk aversion increases due to more (n —m)"-degree background risk if
and only if the willingness to substitute mt"- for n'"-degree risk at marginal utility level uniformly exceeds that at EU level or, equivalently,
the normalized marginal utility premium is uniformly larger than Li and Liu’s normalized utility premium. Those characterizations hold
for any m > 1.

5.3. Increases in return risk

The results under return risk are less clear-cut due to the sign ambivalence of risk impacts on utility derivatives (Remark 4). Relative
risk aversion (RRA) is the appropriate measure of aversion to return risk.'® Both decreasing and increasing RRA shapes can be motivated
empirically (Gollier, 2001; Meyer and Meyer, 2005). Yet, the representations for the two shapes are not analogous. In coherence with
Section 5.1, this section focuses on decreasing shapes.'?

I define decreasing Ross RRA in analogy to Definition 8 as follows.?°

Definition 9 (Decreasing ((n + j)/(m + j))th—Degree Ross Relative Risk Aversion). Utility function u, with (D1 yu® >0 for k=m + j,m+
1+ j, n+j, n+ 1+ j, exhibits decreasing ((n + j)/(m+ 7)™ -degree Ross relative risk aversion if, for all wq, Wy, Wq+ W, W+ we € [a, b]
with w¢ > 0,

u(“+]) (Wa)
um+j) (wp)

u™D (wq + wo)

—_1)ynm -~ - v
b ulm D (wp + we)

we > (=D (Wa + wc) (21a)

In words, a decision maker is decreasingly ((n + j)/(m + j))th—degree Ross relative risk averse if the coefficient on the left decreases
with the utility argument. When m = 1, this definition covers Ross DRRA for j =0 and Ross DRP for j=1.
Given some A > 0, intrapersonal condition (21a) is equivalent to Ross condition

B u@+1+)) (W) um+1+)) (wp)

m@a—lzkz—mwb forallwa,a)be[a,b] (21b)

18 For example, Pratt (1964) shows that the RRA coefficient is proportional to the multiplicative risk premium 7/, from u (x (E,5 - J’f/’)) =EFu (x,5), for a small zero-mean
risk added to the safe return.

19 supplemental Appendix H states the analysis for the case with increasing shapes. Defining the IRRA case in analogs of (21) and Lemma 3's analog merely require reversing
the inequality signs. But, in Theorem 4’s analog, the implications reverse: the premium orderings now follow from a given preference characteristic.

20 The closest definition I am aware of, in Jokung (2013), stipulates Ross DRRA based on (21b) for (m, j) = (1, 0). See Supplemental Appendix F for a proof of the equivalence
of (21a) and (21b).
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which links the (n + j)””— and (m + j)th -degree RRA coefficients. When w, = wp, j =0, and (n,m) = (2, 1), (21b) expresses the well-known
condition for DRRA, namely that relative prudence be uniformly larger than RRA plus one. The conditions for DRP and decreasing relative
temperance are similarly covered for j=1 and j=2.

In the following, I will use inequalities (21) applied to the model with return risk from Section 3. Thus, w is replaced by xp, for some
x and all pg, pp, pc > 0 such that xpq, X0p, X (0a + 0c), X (pp + pc) € [a, b], and similarly for w.

Lemma 3 provides Ross conditions that order, respectively, successive risk substitution rates and normalized utility derivative premia
for arbitrary j, n, and m.

Lemma 3 (Ross Conditions to Order Successive /T\](."/m)s and N]-UP s) Consider h[]]f(,o) from (7b) for f € {u,¢} such that

(—1)kti-1 hgf])’u (p) > [ <] 0and (=)<t h;'ﬁr”’u (0) > [ <] 0 fork =m, n. Then, (a.i)-(a.iii) are equivalent:

(a.i) —u’ is Ross more risk averse than u in the sense that

AP0 xh(T L (ob)
Littlu 78 >A>— _ a1 for some x and all pg, pp (22a)
() (m)
h[]] u (:Oa) h[]] u (,Ob)

(aii) There exist & > 0 and ¢ (xp) such that —xhiji1u(p) = Ahpju(p) + hije (0), where (1™~ h{jn},)«ﬁ () =[z] 0 and
(=1)"i— 1h(")¢ (p) > [ <] 0forsome x and all p.
(aiii) T > (<1 7™ forall pi, pn, fm-

Suppose that u is k™ -degree risk averse fork =1+ j, 2+ j,m~+ j,m+1+ j,n+cwitht €{0,..., j + 1}, and consider h(n) L f (p) from (7b) for
f e {u, ¢} such that (—1)"+i—1 h™ (p)>[<]0and (—1)"+i h(n) (p) >[ <] 0. Then, (b.i)-(b.iii) are equivalent:

[il.u Li+11u
.1) —u’ 1S Ross more risk averse than u in the sense that
(bi) —u'is R ish han u in th h
A7 13 (P0) w1 (xpy)
—— . ZAz = xpy forsome xand all pq. py (22b)
hiju (Pa) u (Xpp)

(b.ii) There exist » > 0 and ¢ (xp) such that —xhgj417.u (0) = M. (0) + hijp.g (0), where (—=1)™ =1 h(m (p)<[<](-D)m™ti { xh™ - (p)

[i+1Lu
+2h (0) — x™pd [u™H 1D (xp) xp + AumHD (x,o)]} and (—1)"Hi- lh( )4 (0) = [ <10 for some x and all p.

[jlu
(n/m) (n/m)

—— (n/m) ———(n/m) -~ o~
(b.iii) thUP NJUP >0 NJ+1UP NJUP <0 | forall p, pp.

The equivalences of (a.i)-(a.iii) on the one hand and (b.i)-(b.iii) on the other hand arise similarly as for Theorem 2 above.
Relating the premium orderings in Lemma 3 to risk attitude characteristics is more intricate than under additive risk (see Theorem 3).
The conditions now need to account for the counteracting effects at the levels of both the (j 4+ 1)™ and the j utility derivative. In (22),

the h}’;)ﬂl , and h[lj{]) . expressions for k =n,m capture those effects. In view of the increasing complexity with j, the next theorem only
treats the two prominent cases, j =0, 1. For j =0, Lemma 3, and so, the premium orderings in (a.iii) and (b.iii), imply decreasing (n/m)™"-

. e . .. (n+1
degree Ross RRA in (21). The implication follows because (21b)’s left side compares to that of (a rewriting of) (22a) as _u Dxpa) X0q—1>

u® (xpq)
(n+1) s (n+1) (n+1) . .
f”(T)E;’);‘) Xpa — (n —m) and to (22b)’s as JI(T&?;) Xpg—1> fLL(T;’;ﬂ’O;) Xpqg —n. For j =1, decreasing (n+1)/(m + 1))th-degree Ross
RRA follows from NZUP( /m >[<] Nq UP( /m , if the decision maker has increasing [ decreasing | ((n + 1)/n)"-degree Ross RRA; and

TIM™ > [ <] ™ follows if the decision maker’s (m+ 1)™"-degree Ross RRA is, in addition, sufficiently stronger [ weaker ] than the
mth-degree one (see Appendix B). For consistency, the implications require that n —m > 1.
Theorem 4 summarizes these conditions for j =0, 1.

Theorem 4 (Decreasing (n/m)th— and (n+1)/(m+ 1))‘h—degree Ross RRA). Lemma 3 for j = 0 implies decreasing (n/m)th—degree Ross RRA. For
j=1and n —m > 1, given the conditions of Lemma 3(a), Té"/m) >[=<] ﬂ”/m) implies decreasing ((n+1)/(m + 1))!"-degree Ross RRA, if (i) the
decision maker has increasing [ decreasing | ((n + 1)/n)-degree Ross RRA and (ii) (m + 1)t _degree Ross RRA is sufficiently stronger [ weaker | than
mth-degree Ross RRA, whereas, given the conditions of Lemma 3(b), the implication from m’(n/m) >[ <] IWU\PWW only requires (i).

When m =1, this theorem covers Ross DRRA for j =0 and Ross DRP for j =1, like Definition 9. For some intuition for j =1, consider

the simplest feasible case, namely, (1, m) = (3, 1). In that case, IEU\PO/1> >[ <] IWU\PG/D implies decreasing (4/2)!"-degree Ross RRA, if
the decision maker has increasing [ decreasing | (4/3)"-degree Ross RRA. If, in addition, second-degree Ross RRA is sufficiently stronger
[ weaker | than first-degree Ross RRA, then decreasing (4/2)"-degree Ross RRA holds if the decision maker’s willingness to substitute a
third- for a fifth-degree return risk increase is uniformly higher [ lower | than that to substitute a second- for a fourth-degree one.
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5.4. Illustrative examples for return risk

Two examples similar to Section 5.2 illustrate those findings. The first one provides criteria for the precautionary saving motive to
decrease with the level of expected return ER. Ross DRP - as in (21) for j =m =1 - applied to model (12) captures the related conditions.
Those compare risk impacts on the second and first utility derivatives.

The first criterion, namely ¢® > 6% >0 [¢® <6 < 0], compares (17)'s multiplicative precautionary premium 6% and the multiplicative
temperance premium ¢ R, from

oo s (- ) 1] e[ o) ]

As applied to saving, ¢® indicates the proportion of s such that sz® is the maximum amount of E§ the decision maker is willing to forgo to

—— (/1
avoid changing the saving decision due to the risk increase. Like NZUPW ), ¢R is positive [ negative ] if and only if (—1)"*1 hg} 0> <105

/1
and it is unit-free, like 6% and N2UPW ),
(n/1

. T . — — (/1) . . . .
The mentioned criterion is equivalent to NoUP " >[<]NUP " as implied, by analogy, by the equivalence of the comparative

(/1
precautionary saving characterizations in terms of 6% in Bostian and Heinzel (2018, Lemma 2) and N1UP(n/ ) in Proposition 2 (see

Supplemental Appendix I for an explicit proof). By Theorem 4, thus, both criteria ensure Ross DRP for any decision maker with increasing
[ decreasing | ((n + 1)/n)th—degree Ross RRA in the case of an increasing [ a decreasing ] saving response, provided that n > 2.
The ¢R > [ <]6® comparison has an intuitive interpretation: the precautionary motive decreases with ER, if the willingness to avoid

changing the saving decision due to the risk increase, s¢®, uniformly exceeds [stays below] the precautionary motive, s, for a deci-
. . - . ———(n/1) —m/1) . . . .
sion maker with positive [ negative] 6% and ¢®. The N,UP / >[<]NiUP / criterion expresses that in that case equivalently the

normalized second utility derivative premium exceeds [ stays below | the normalized marginal utility premium.
Similarly based on Theorem 4, Proposition 5 adds to the latter equivalence the conditions under which an ordering of (n/1
risk substitution rates implies Ross DRP.

)th_degree

Proposition 5 (Decreasing Precautionary Saving Motive, Return Risk). Assume n > 2, and consider a decision maker with increasing [ decreasing |
((n + 1)/n)-degree Ross RRA in the case of an increasing [ a decreasing | saving response. Then, given the conditions of Lemma 3(b) for j =m =1,
either of the following equivalent conditions implies (n/1 )th-degree Ross DRP:

— 1 — 1 ~ o~
@) NouP ™" > [ <) NuPp™" forall Ry, R
(i) ¢R > [ <] 6 forall Ry, Rp.

If, in addition, the decision maker has a sufficiently stronger [ weaker | second-degree Ross RRA than first-degree Ross RRA, then, given the conditions
of Lemma 3(a) for j=m=1,T,"V > [ <1 T,"'" for all Ry, Ry, Ry implies (n/1)"-degree Ross DRP.

Under the additional condition in the proposition, (n/l)[h -degree Ross DRP also follows if the decision maker’s willingness to substitute
a first- for the nt"-degree return risk increase at the level of the second utility derivative uniformly exceeds [ stays below ] that willingness
to substitute at the level of marginal utility, given a positive [ negative ] risk impact on those two utility derivatives. Based on Theorem 4,
it is furthermore clear that, for arbitrary m, the comparisons of the appropriate normalized utility derivative premia and risk substitution
rates imply (n/m)”‘—degree Ross DRP, provided that n>m>1and n—m > 1.

The final example provides the conditions for a multiplicative background risk increase to raise (m+ 1)"'-degree foreground RRA.
Convenient conditions arise now for n'"-degree increases, from j; to gy, and involve comparisons of the risk impacts on the (m+ 1)th
and mth utility derivatives. The result builds on Lemma 3(b) above and its analog for increasing Ross RRA (in Supplemental Appendix
H): necessary and sufficient is that the normalized (m + 1) uniformly exceeds the normalized m*" utility derivative premium, given that
@m+ D™- and (m + 1)t"-degree Ross RRA compare in a certain way. It is interesting that the required premium orderings for positive
and negative risk impacts are uniform and associated, respectively, with decision makers according to Lemma 3(b) and its increasing Ross
RRA analog.

)th

Proposition 6 (Background Risk Effect on (m + 1)™-Degree RRA). For a decision maker fulfilling the conditions of Lemma 3(b) { Lemma 3(b)’s analog
for increasing Ross RRA } for j = m, with decreasing (2m /m)th -degree Ross RRA { (2m + 1)™-degree Ross RRA not exceeding (m + 1)t'-degree Ross
RRA} for (—1)mtm—1 h{;?] (p) > {<} 0, a background risk increase from py to py, raises (m + 1) _degree Arrow-Pratt RRA if and only if

/m) _—_ (n/m) .
> {>} NnUP forall py, pn (24)

— (11
Nm+1UP

The proof in Appendix C leans on Keenan and Snow (2012, Theorems 4-5).

Thus, in the simplest case m = 1, a decision maker with positive { negative } ¢ impact on marginal utility and Ross DRRA { third-
degree Ross RRA not above second-degree Ross RRA } has a higher Arrow-Pratt foreground RRA if and only if the normalized second
utility derivative premium is uniformly larger than the normalized marginal utility premium.

Proposition 6 extends Jokung (2013, Proposition 1), which gives for m =1 an alternative criterion in the form of a Ross condition
that involves (a rewriting of) (22b)’s left-hand term for j =m =1 and second-degree Ross RRA.?! Similar Ross conditions to Jokung’s can
readily be derived for the effects on higher-order RRA (m > 1), but do not lend themselves to characterizations in terms of premia.

21 Jokung refers to n'f-degree stochastic dominance, instead of the n'"-degree risk special case here.
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The comparison of (22b)’s left-hand term with (m + 1)”’—degree RRA is due to the interest in the background risk effect on this latter
attitude. Lemma 3(b) and its increasing Ross RRA analog, which both involve normalized utility derivative premia, are well suited for
such comparisons, contrary to Lemma 3(a). Condition (24) for m =1 can alternatively be stated in terms conventional willingness-to-pay
premia, namely, as ¢” > 6°. However, using normalized utility derivative premia enables comparisons for arbitrary m > 1.

6. Conclusion

This paper develops the risk comparative statics of utility derivatives for increases in additive and multiplicative risk. Direct risk
impacts on utility derivatives play an important role in various economic contexts, including precaution and background risk effects. Such
risk impacts depend on the decision makers’ attitudes toward (n/m)™-degree risk tradeoffs at the level of the j™ utility derivative.

To capture these attitudes, I extend two kinds of normalized utility premium measures. Under additive risk, the risk substitution rate
for the jt utility derivative and the normalized j utility derivative premium can equivalently characterize interpersonal comparisons of
those attitudes, extending the EU level result. To multiplicative risk, this equivalence extends only at EU level. At utility derivative level,
the two preference measures are associated with distinct characterizations with different properties.

Applications show that the new preference measures can characterize comparative precautionary saving in terms of attitudes toward
(n /m)”’—degree tradeoffs with m > 1, whereas conventional characterizations have been restricted to m = 1. In addition, simple comparison
of the measures at the (j+ 1) and j™ utility derivative levels determines whether a decision maker exhibits decreasing or increasing
((n+j)/(m+ j))th—degree Ross ARA, for any j > 0. For j =0, this result implies a criterion for Arrow-Pratt ARA of second order or higher
to rise with (n — m)™-degree increases of additive background risk. Due to the nature of multiplicative risk, the conditions regarding Ross
RRA are much more involved. A new proposition providing the conditions for Arrow-Pratt RRA of second order or higher to increase with
multiplicative background risk involves as a necessary and sufficient condition a comparison of the normalized (j+ 1) and j™ utility
derivative premia.
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Appendix A. Proof of Theorem 2

Part (a). (a.i) = (a.ii). From (9a), (a.ii)’s ¢ (xp), and (7b) applied for u,v,¢, we have for all p such that xp € [a,b] that
(D™ (o) = (<™ [ () = kT, (0)] < (210 and (D™ (o) = (—1 I [ () =3k, ()] =<1 0
for all xp. ' ‘ .

(a.ii) = (a.iii). From Definition 6 and uY) (xp) = AvY) (xp) + ¢ (xp) with (7a) and (7b), (a.iii) holds because

=aym _ Ehiyu (81) — Ehgjyu (Pn) _ Ehyjpu (1) = [Ehijy.u (5n)]

JU T Ehgjy (A1) — Ehggu (Am) — *[Ehiy (61) = Ehijyy (8m) ] + Ehgjg (81) — Ehijrg (6m)
o (<) M (P) - [Ehiju (P 1 _ *[Ehyjiv () — Ehijpy (/?h)] + Ehijrg (71) = Eijyp (Pn)
A [Ehgjp.v (A1) = Ehgjpv (Pm)] A [Ehijiy (A1) = Ehgj (m)]
Ehjr.v (A1) = Ehjiv (Pn) _ maym)
Ehgjt (01) = Ehpjy (Bm) "

where the first inequality follows because (—1)7 {Eh(j 4 (1) — Ehyj1.¢ (fm)} <[ =10 due to (=1)™+/~1 hg?}?d) (p) <[ =10, and the second

because (—1)/ {Ehijy 4 (/1) — Ehyjig (An)} = [ <10 due to (=)™ =1h® (p)>[<] 0.
(a.iii) = (a.i). Let F, G, Hy, be the cumulative density functions (CDFs) of f;, on, om, respectively, defined on [0y, pyp], with associated

higher-order CDFs FI¥! (p) = [# FIk-11(q)dg, GIM (p) = [/ G*~11 (q)dg, H}Y (p) = [# Hi " (@)dg and F¥I (p) = G (p) = HI (p) for

0 =P, Pup and all k=1, ...,n—1.2% Then, T;"l{m) >[<] /T\](."‘fm) can be rewritten by using an n-fold integration by parts in the numerators
and an m-fold one in the denominators as

O G @) [ ) — FM )]dp D™ e (o) [61 (0) — FIM (0)]dp
(=1L o R o) [HI (o) = FIm (o)) dp — (=)™ e (o) [HEY (0) = FI™ ()| dp

>[=<]

(25a)

22 The Ib and ub subscripts to p stand for lower bound and upper bound.
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Similar to Li and Liu (2014), the proof then proceeds by contradiction: ‘assume that (9a) does not hold. That is, there exist some
[P1p> Publs [0 Pup] € (P, Pup) such that, for all pg € [0y, Pyp] and all pp € [Py, Pyp],

Wi (Pe) i () (25b)
hh (o) nt, (ov)
Choose F (p), G (p), Hm (p), such that
{ G" (p) — F"l(p) > 0 forall p € (P1b- Oup) (25¢)
G (p) — F" () =0 forall p ¢ (Byp. Pyp)
HIY (p) = FI™ (p) = 0 for all p & (1, Pun)
HY (p) — FI™ (p) =0 forall p ¢ (Pip, D )
Then, we have from (25b) that
Pub Pub
O [0 @67 ) = F () ]dp < (=1 17 [0 o) [67 )~ £ )] dp
Plb Plb
Pub Pub
i [, @) [HE ) = F )] dp = 1< 1 0™ [ 1, o) [HET (o)~ £ (0] do (25d)
Plb Pib

which, when combined, contradicts (25a). Therefore, (9a) must be true. , '
Part (b). (b.i) = (b.ii). From (9b), (b.ii)’s ¢ (xp), and (7b), we have for all p such that xp € [a,b] that (—1)I+m=1pU+m (xp) =

(=D [WlH (xp) — v+ (xp)] <0 and (~1)™ I RS} () = (=)™ [T (o) = 2h(5) ()] = [=1 0 for all xp.
(b.ii) = (b.iii). Note first that (—1)J {E [u (xf1) ﬁ,f] —E [u (x,ah)ﬁ,{“ >[<]0if and only if (~1)"*~"h™ (p)>[<] 0. Then, from
Definition 7 and u (xp) = AvW (xp) + ¢ (xp) with (7a) and (7b), (b.iii) holds because
S op®m _  Ehinu (A1) — Ehia (6n) (=1’ {Ehyjp.u (A1) — Ehgju (1) ]
o eymmE [t kg ] it B [vam (xa) 5]+ E[¢04m (xp1) 6]}

(=17 {Ehyjy (A1) — Ehipy (Bn)} (=D {A[Ehjpy (A1) — Ehjr.v (Bn)] + [ERijvg (B1) — Ehijrg (Pn)]}

>[=<]

A (=1)Jtm=1xmE [v(i+m) (x01) '51]] A (=1)Jtm=1xmE [V(H—m) (xp1) ﬁlj]
S1<] Ehjyv ()5!) — Ehyj1,y (/511) _ N/jﬁf’n/m)

(~1ym v (45r) 7 |

where the first inequality follows because (—1)/*™~1¢U+m (xp) <0, and the second because (—1)7 {Ehyj)¢ (81) — Ehjig (n)} =1 <10
due to (-)™I~Th® (o) >[<] 0.
(b.iii) = (b.i). The proof is analogous to that of (a.iii) = (a.i), but focuses only on CDFs F and G. Using them and an n-fold integration

. ———(n/m) ———(n/m) .
by parts in the numerators, N;UP, >[<|N;UP, can be rewritten as

(=)=t e () [GIM (o) — FIM (p)]dpo i (=)=t o (o) [GIM () — F (0)] dp

(=1t e h (o) dF (p) C (=1t [ h (o) dF (p)

(26a)

For the proof by contradiction, assume first that (9b) does not hold. That is, there exist some [0y, Oy], [Pips Publ € (O1p» Pup) such that,
for all pq € [P, Pyp] and all pp € [P1, Py ],

™ (pa) (j+m)

T ) (26b)
(n) (j+m)

hiy (Pa) v (xpp)

The implication then follows as for (a.iii) = (a.i), when replacing (25c)’s second part by

dF (p) >0 forall p € 5lb’§ub>
dF (p) =0 forall p ¢ iy, Pus)

and (25d)’s second inequality by

Pub Pub
(=™ Hm / h, (0)dF (p) <[> ] p (=)™ X" / h, (0)dF (p) W
Pib Pib
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Appendix B. Theorem 4: proof of sufficiency for j =1

For j =1, sufficiency of Lemma 3 for conditions (21) follows in two steps. First, it is to be shown that (21b)’s and (22)'s expressions
on the left compare as

(n+2) xh™ (p)
u X
—Ww Ptz (272)
By inserting from (7b) and given that (—1)" hm,u (p) >[ <0, (27a) is equivalent to?>
(n+2) (n+1)
u X 2n—1 u X
—pr—ls[z]— : (p)xp—(n—l) (27b)
u®+D (xp) n u(xp)
Comparing (27b)’s right-hand side with that of increasing [ decreasing] ((n + l)/n)th—degree Ross RRA, i.e., —%mxp —-1<[>]-
”L"(::())f;‘; ) xp, yields a sufficient condition, namely,
(n+1) _ (n+1)
u X 2n—1 u X
_prslz]_ . ('O)xp_(n_‘l) (27C)
u® (xp) n u(xp)
for some x and all p, which is, in turn, equivalent to
(n+1)
u X
D) s < (27d)
u® (xp)
Note that (—1)" hﬁ]},u P >[<]0& —”Zl(:;();;‘)” xp > [ < ]n ensures (27d) to hold, if n —m > 1: for (—1)"hmu (p) > 0, the decreasing

((n+ 1)/n)”’—degree Ross RRA claim from (21) (for m =n — 1) and the increasing ((n + 1)/n)th-degree Ross RRA claim - for the impli-
cation to hold in that case - mutually exclude each other; and for (—1)" hﬁ']).u (p) <0, decreasing ((n + 1)/n)”’—degree Ross RRA would
otherwise be claim and implication. With this qualification, this proof part establishes for Theorem 4(a) the left-hand side comparison and
Theorem 4(b) fully.

Second, the right-hand side comparison for Theorem 4(a) requires (21b)’s and (22a)’s expressions on the right to compare as

um+2) (x ) - xhg}?u (0)

_ < (27e)
(m+1) (m)
u (xp) hi. (0)
By inserting from (7b) and given that (—1)™ hﬂ"ﬁu (p) > <10, (27e) is equivalent to
(m+2) (m+1)
u X u X
um+h (xp) u™ (xp)
Comparing the right-hand side of decreasing [increasing| ((m+ 1)/m)”‘—degree Ross RRA, i.e., —%mxp —-1>[<]- %&(X)x ,
m+1 m+1 m+1
with (27f)'s shows that the former is only necessary; for, sufficiency requires —2- ”;(;—m xp—m<[>]— ”;(nt);()x(:f;) Xp & —"‘;(,:)—;::f;) xp <

[ > ] m, which contradicts (—1)™ hE;"fu (p) >[ <] 0. As a result, for (27e) to hold, (m + 1)"-degree Ross risk aversion must be sufficiently

stronger [ weaker | than mt'-degree Ross risk aversion. Then, jointly with the first proof part, Lemma 3(a) implies (21). W

Appendix C. Proof of Proposition 6

It is to be shown that, under the given conditions, Nm+/1\UP(n/m) >{>} W(n/m) for (—1)m+tm-1 hE:n)] (p) > { <} 0 is necessary and
sufficient for an nt'-degree risk increase from g to gy to increase (m + 1) _degree RRA in the sense that

E [u(m+1) (x4n) /512"“] E [u(m-H) () ﬁlmﬂ]
_ x> T e X forallx (28)
E[u®™ (xpn) oy'] E[u™ (xp1) A"]

—= _(n/m) 7 (/m)

Sufficiency. To relate Ny UP >{>} NyUP to (28), rewrite (28) first by multiplying by (—1)™*! E [u™ (x4;) 5] and adding
(_1)m+1 xE [u(m+1) (Xlél) '5{”+1]'

g, () xhig (0)-hif (o)

23 Note that (27a)'s right-hand side — =
& i (0) h (o)

1.
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M fE[u ™ (xn) o] = E[u ™ (xa) ]| = (292)
[ M) (x5

) A"
E[u™ (xp1) o]
7

Using E’s definition and formula

] X(=D)™HE { [u(m) (xn) b‘,ﬁ”] —E [u(’”) (xp1) ﬁ}"]}
a) for j=m,m+1, (29a) can be rewritten as

E [u(m+]) (x) pm-H]
E[u™ (xa1) "]
Applying an n-fold integration by parts to the integrals yields

(—"x / hims; (0)d[G (0) — F (0)] = — x (1) f him (24 [G (0) — F (0)] (29b)

i1 © E[u™ (v A"] "

and, when combining,

(_1)n+m—1 / thm)-',-l] (IO) E [u(m+1) (Xﬁl) ﬁlm+1:|
[mJ ) (0) E[u™ (xp1) o]

where the second term in square brackets is nonnegative because GIM (p) — FI"l(p) is an n'"-degree risk increase; moreover,
(f])“m*]hgy] (p) > { <} 0. As a result, the equivalent inequalities (29) hold if (29c)’s first term in square brackets is nonnegative
{ nonpositive } for all x and p, that is,

n) E u(m+1) xp pm+1
Mmen®) oy [ o) o] (30)
hi) (0) E[ut™ (xpr) A"]

Sufficient conditions for (30) derive in three steps. First, note that, from Lemma 3 { Lemma 3’s analog for increasing Ross RRA } for

. —— _(n/m) —— (n/m) .
j=m, Ny 1UP >{>} NyUP is equivalent to

x| B o) [6™ (0) = F (0] dp = 0 (29¢)

xh(") ) @m+1)
him (0) utem (xp)

Second, for “ > ", given decreasing (2m/m)fh—degree Ross RRA, and, for “ < ”, equivalently to u's 2m + 1)

w's (m+ 1)"-degree Ross RRA,2* we have that (31a)’s right side

-degree Ross RRA not exceeding

u@mtD (xpg) u™D (xpp)

T U@ o ST @)

xpp forall pg, pp (31b)
E[u(m+1)(xp’) m+1] W) ()

i —~ (m+1) ~ . (m+1) .
Finally, compare Mpgy (x) = maxp[ um D xp) ] and Mpin (X) = min, [—Mxp] with —— T ¥ = X o S
1

um (xp) xp u™ (xp)
u™ (xp) f (p)
Ju™ (xp)dF(p)
that

dp, where the integrand’s second ratio, with f (p) being F (p0)’s density, can be interpreted as a probability density, so

E [u(m+l) () pm+l]
E[u™ (xp1) "]

Sufficiency follows since conditions (31) jointly imply, for “ > " {* < "}, that
Xh[r?ﬂ v o

o0 = { < oo .- E[ um+1 (xp1) ,0m+1]
W (o) T B E[u™ (x1) 7" ]

for all x and p, so that (30) and, hence, conditions (29) hold, implying (28).

Necessity. The proof proceeds by contradiction Suppose (22b) from Lemma 3 {(22b)’s analog from Lemma 3’s analog for increasing
Ross RRA } for j =m does not hold at some x° pa, and po that is,

Mimax (X) > — X > Mpin (x) (31¢)

24 Note that decreasing [ increasing | (2m/m)t-degree Ross RRA is equivalent to

u@m+D (xpy)

u™* (xpp)
TED) (*pa) xpp forall pq, pp

—1>[<] - —
o2 S ey

The condition for “ < ” implies increasing (2m/m)”’-degree Ross RRA and is thus stricter.
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R )
Wi o) T ™ ()

[m]

Xpf (32a)

E u“”“)(xﬁl)ﬁ,"'“
E[u®™ (xp1)Af"]
side. Now, observe that (29¢) evaluated at x° and divided by (—1)"*"™*1 f hg;)] (o) [G" () — F"l (p)]dp ’ , > 0 yields, after rearranging,

X=X

Assume that F (p) concentrates probability around p = pg, so that — x can be made arbitrarily close to (32a)’s right-hand

) /xOhf;?H](p)' @) -] [umeD (o) 7] o)
ho (o) [ () [G () — Fl (p)]dp E[ut™ (x°01) "]

where G (p) can be chosen so that (32b)’s left side approximates (32a)'s left side, while (32b)'s right already approximates (32a)'s right
side. Since (32b) then contradicts (32a), the supposition that (22b) { (22b)’s analog } for j =m need not hold must be false. W

Appendix D. Supplementary material
Supplementary material related to this article can be found online at https://doi.org/10.1016/j.insmatheco0.2023.02.006.
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