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ABSTRACT

Cause-of-death mortality modeling and forecasting is an important topic in demography and actuarial
science, as it can provide valuable insights into the risks and factors determining future mortality rates.
In this paper, we propose a novel predictive approach for cause-of-death mortality forecasting, based
on an adaptive penalized tensor decomposition (ADAPT). The new method jointly models the three
dimensions (cause, age, and year) of the data, and uses adaptively weighted penalty matrices to overcome
the computational burden of having to select a large number of tuning parameters when multiple factors
are involved. ADAPT can be coupled with a variety of methods (e.g., linear extrapolation, and smoothing)
for extrapolating the estimated year factors and hence for mortality forecasting. Based on an application
to United States (US) male cause-of-death mortality data, we demonstrate that tensor decomposition

methods such as ADAPT can offer strong out-of-sample predictive performance compared to several
existing models, especially when it comes to mid- and long-term forecasting.
© 2023 Elsevier B.V. All rights reserved.
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1. Introduction

Mortality modeling and forecasting is an important research topic in demography and actuarial science. Governments rely on mortality
forecasts to make population projections and various aging and retirement-related policy decisions. It also plays a fundamental role in
pricing, reserving, and capital modeling for life insurers and pension systems (He et al., 2021). Additionally, mortality rates can be regarded
as an indicator of living quality, indirectly reflecting the socio-economic conditions of a country. An analysis of historic trends by cause
of death can provide insight into some of the underlying drivers of mortality over time (Wilmoth, 1995; Hanewald, 2011), noting that
there are often direct and delayed links between some causes of death and underlying risk factors e.g., lung cancer and smoking. Certain
cause-of-death mortality rates can also decrease dramatically if there is a medical breakthrough for a widespread disease, or conversely
increase by a non-negligible amount due to man-made or natural disasters such as wars and the outbreak of infectious diseases such as
COVID-19. Cause-of-death mortality modeling thus plays a crucial role in quantifying and understanding these impacts.

Despite its importance, cause-of-death mortality forecasting continues to be a challenging task. Many early studies of cause-of-death
mortality modeling often assumed that causes were independent of each other, and applied univariate models to forecast each cause sep-
arately. For example, McNown and Rogers (1992) used univariate Auto Regressive Integrated Moving Average (ARIMA) models to forecast
parameters of an age-pattern mortality mode, while Caselli and Marsili (2006) applied linear, least squares, Lee-Carter (Lee and Carter,
1992), and APC (age, period, and cohort) models to extrapolate cause-of-death mortality rates. Both McNown and Rogers (1992) and Caselli
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and Marsili (2006) found that there was no advantage in taking into account the different causes of death when it came to forecasting
all-cause or total mortality rates using their models. On the other hand, and as recognized by McNown and Rogers (1992), forecasting
cause-specific mortality can be of interest in its own right, and this in turn has fueled growing research over the past decade into models
specifically designed for cause-specific mortality data.

Gaille and Sherris (2011) and Arnold and Sherris (2013, 2015) modeled the age structure of cause-specific mortality rates using a
Heligman-Pollard mortality model (Heligman and Pollard, 1980), and applied vector error correction models to the parameters of the
Heligman-Pollard function to produce long-run trends and forecasting. Alternatively, Alai et al. (2015) used a multinomial logistic regres-
sion to model cause-of-death mortality, which allowed for a range of cause-specific mortality dependencies based on the mean structure
used for each cause. As we shall see later on in our empirical analysis though, this approach is arguably more descriptive with its fore-
casting performance being relatively poor compared to (say) applying a Lee-Carter model to each cause individually. Other cause-of-death
mortality models include forecast reconciliation techniques (Li and Lu, 2019), employing a copula framework (Li et al., 2019), and stochastic
APC models to analyze cause-of-death specific cohort effects (Redondo Lourés and Cairns, 2021). Recently, Arnold and Glushko (2021) also
developed a two-level cointegration analysis as an extension of Arnold-Gaille and Sherris (2016) to examine a large system of data vari-
ables (5 cause-specific mortality rates for 5 countries and 2 sexes). To the best of our knowledge however, such existing cause-of-death
mortality approaches have primarily focused on interpretation and inference, rather than necessarily aiming to improve out-of-sample
forecasting performance.

In this paper, we propose a novel approach for forecasting cause-of-death mortality based on tensor decomposition techniques, which
models the three dimensions (age, year, and cause) jointly and accounts for the dependencies between causes in a data-driven manner.
A tensor simply refers to the generalization of a matrix to more than two dimensions, and so tensor decompositions can be viewed as
extensions of well-known matrix decompositions e.g., the singular value decomposition, for performing dimension reduction on data with
three or more dimensions (Kolda and Bader, 2009). Tensor decompositions have been used in mortality modeling before, although not
for cause-of-death mortality specifically. Russolillo et al. (2011) used a rank-2 Tucker decomposition, which can be regarded as a natural
extension of the Lee-Carter model, to analyze mortality across ten European countries. More recently, Dong et al. (2020) generalized this
approach by modifying both the canonical polyadic decomposition (CPD) and the Tucker decomposition to allow for different factors across
age, year and country/gender, demonstrating substantial improvements in out-of-sample forecasting performance both for individual pop-
ulations and the aggregate population (across ten European countries and two genders) compared with using single-population mortality
models. We also acknowledge the burgeoning and important literature on coherent mortality modeling for multiple populations, such as
that of Hyndman et al. (2013) among others. However, as many of these models developed in this literature are not specifically designed
for cause-of-death mortality modeling, being applied for studying both genders or sub-populations (say) based on a coherence assump-
tion, then they are not suitable to the current scope of this manuscript. In particular, the coherence assumption requires the long term
convergence of mortality rates of the different sub-populations which, in this setting, are the causes of death. But such an assumption is
not biologically reasonable given the different evolving patterns of causes.

Motivated by the above works, we apply tensor decomposition techniques to forecast cause-of-death mortality rates. We examine
the penalized tensor decomposition method of Madrid-Padilla and Scott (2017), which couples the tensor decomposition with penalty
matrices to capture underlying smooth trends (and associated dependencies) inherent in cause-of-death mortality rates. However, while
Madrid-Padilla and Scott (2017) focused primarily on one-factor penalized tensor decompositions for epidemiological and motion-capture
data, here we are interested in the multiple factor setting commonly required for cause-of-death mortality modeling. To overcome the
subsequent, heavy computational burden resulting from (tuning parameter selection in) this setting, we propose a novel adaptive penalized
tensor decomposition (ADAPT) method, which employs adaptively weighted penalty matrices instead. Aside from producing a far more
computationally efficient approach, the use of adaptively weighted penalty matrices allows for varying degrees of smoothness for each
factor and dimension in a flexible manner, which in turns leads to stronger forecasting performance compared to conventional unpenalized
techniques such as CPD. ADAPT can be coupled with a variety of prediction methods, and we consider three examples (random walk with
drift, linear extrapolation, and smoothing) to extrapolate the estimated year factors for forecasting. We illustrate an application of ADAPT
to US male cause-of-death mortality data, demonstrating that it can provide better out-of-sample forecasting performance compared to
existing cause-of-death mortality methods such as multinomial logistic regression, cause-specific standard Lee-Carter models, and product-
ratio model (for comparison purposes, despite the unreasonable coherence assumption associated with this method for cause-of-death
modeling as discussed earlier), especially for mid-term and long-term forecasting. Furthermore, we illustrate how the results of ADAPT
can be visualized to interpret the dominant patterns of variation across causes of death, age group, and year.

This rest of the paper is organized as follows. Section 2 presents the US cause-of-death mortality data used and details of the pre-
processing procedures. Section 3 reviews the existing methodology on generalized lasso penalties and penalized tensor decompositions.
Section 4 discusses the new ADAPT approach including hyperparameter selection and forecasting. Section 5 applies ADAPT to the US cause-
of-death mortality data as an illustration, and compares its performance with some existing methods. Section 6 concludes and provides
potential directions for future research.

2. Data

This paper focuses on cause-of-death mortality data in the United States male population from ages 0-85+ and years 1950-2007. The
data are obtained from the World Health Organization (WHO), which maintains a comprehensive database for cause-of-death mortality
and population for more than one hundred countries.

We followed a similar data pre-processing procedure as in Gaille and Sherris (2011), who used the same data source but not exact
same dataset (we utilized a larger time period).

We first binned the data into 5-year age groups, as is commonly done in cause-of-death mortality forecasting to ease interpretation.
However, considering that there is a large difference in the nature of infant mortality, we chose to further split the first 5-year age
group into two parts, corresponding to before and after 1-year old. Our data thus consisted of 19 age groups: infants less than 1-year
old, children aged 1-4 years old, and thereafter 5 year age-groups ending with the group aged 85+. Next, the numbers of deaths for
unknown ages were distributed proportionally across the entire age range, as recommended by the Human Mortality Database (University
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Table 1

Coding system used to group the International Classification of Diseases (ICD) into five primary causes
of death. The ICD changed three times 1950 to 2007, which covers the years of interest in the motivat-
ing US male cause-of-death mortality data.

Cause of death ICD7 ICD8 ICD9 ICD10
(1950-1967) (1968-1978) (1979-1998) (1999-2007)
Circulatory system A079-A086 A080-A088 B25-B30 100-199
Cancer A044-A060 A045-4061 B08-B17 C00-D48
Respiratory system A087-A097 A089-A096 B31-B32 J00-J99
External causes A138-A150 A138-A150 B47-B56 V00-Y89
Infectious and parasitic diseases A001-A043 A001-A044 B01-B07 A00-B99

of California, Berkeley (USA), and Max Planck Institute for Demographic Research (Germany), 2020). Since the proportion of these deaths
are usually negligible i.e., less than 1% for each cause, then distributing proportionally is not expected to have a major impact on the
subsequent analysis. As the WHO database only provides mid-year populations, we calculated mortality based on the central death rates.

Two adjustments were introduced in regards to the criterion of classification of cause of death. First, note that the WHO classified
the causes according to the international classification diseases (ICD, World Health Organization, 2004), which has changed three times
between 1950 and 2016 to account for advances in science and technology as well as a gradually more refined cause-of-death descriptions
(Table 1). Each ICD is also made up of thousands of causes, although for the purposes of analysis one is generally not interested in the
cause-of-death mortality of each individual cause. Therefore, we opted to classify the causes into five primary causes of death: circulatory
diseases, cancer, respiratory system, external causes and infectious and parasitic diseases. Details about how we performed this classifica-
tion are provided in Table 1, noting each ICD has its own coding system. From the historical data, we find that these five primary causes
on average account for 80% of deaths over the past sixty years. We assigned the remaining 20% to be a sixth cause of death, and denote
it as “Others”.

The second adjustment we made was motivated by the aforementioned change in ICD over time. Specifically, as the ICD changed
three times between 1950 and 2007 from ICD7 to ICD10, the raw data were not directly comparable over time. To overcome this, we
followed Gaille and Sherris (2011) and introduced comparability ratios to eliminate the gap between two consecutive different ICDs. The
comparability ratio was obtained by requiring that the average of death rates over the last two years of a classification is equal to the
average of the death rates over the first two years of the newly adopted classification. For the purpose of prediction and interpretation,
the comparability ratios were introduced in a backward direction i.e., we fixed the latest mortality rates and changed the past data. An
example of comparability ratios and the resulting adjustment in provided Appendix A. More importantly, the main trends in cause specific
mortality are still preserved after adjustment using comparability ratios. For the remainder of this article, we will let m(i, j, t) denote the
central mortality rates for cause i, age group j, at year t.

Fig. 1 presents plots of the log age-specific death rates i.e., log(m(i, j, t)) for each of the six causes as a function of age group. Results
showed that all six causes of death share a similar pattern in that as age increased, the log mortality rate decreased at first, reaching its
minimal level around ages 5-14, before increasingly at different rates for different causes. This pattern is consistent with the intuition that
infants and elderly are more vulnerable to mortality risk. We also note the sharp increase in mortality rates for External causes around
age 14, after which the mortality rate remained approximately the same until around age 60. Critically, Fig. 1 suggests underlying common
patterns among the causes and across years, and for the purposes of forecasting it may be beneficial to jointly model these causes and
any potential dependencies between them.

Next, to better understand the trends of cause-specific mortality for each age group, we plotted the log mortality rates as a function
of year, where each curve represented the mortality dynamics of a single age group over time. Based on these plots (Fig. 2), we observe
that most of the age groups changed gradually over time, while the direction of the change varies with the age group. Note also the
sudden fallen in Respiratory system mortality rates between 1970 and 1980 for infants: this is a result of many premature babies dying
due to their lack the ability to breathe by themselves, while reliable mechanical ventilators since the 1970s have become readily available
(Whelan and Buhler-Wilkerson, 2020). Additionally, we point out that the mode of infections and parasitic diseases for many ages in
1950s was likely caused by tuberculosis and acute poliomyelitis (e.g., see Quah, 2016). For tuberculosis, isoniaid opened the modern era of
treatment in 1952, and the first vaccine for acute poliomyelitis was developed in the 1950s. This in turn is reflected in the sudden drop in
mortality rates for infectious and parasitic diseases for many age groups post 1950. Finally, within each cause we observe similar patterns
across many age groups. This again suggests underlying common smoothness in the changes of mortality rates, and motivates methods
which recover and exploit such joint smoothness for the purposes of forecasting.

3. Review of existing methodology

In this section, we first review the concept of generalized lasso penalties, before introducing the penalized tensor decomposition
proposed by Madrid-Padilla and Scott (2017) for encouraging smoothing and/or sparsity specifically in tensor decompositions.

3.1. Generalized lasso penalties

The generalized lasso penalty (Tibshirani et al., 2011; Arnold and Tibshirani, 2016; Ali and Tibshirani, 2019) is an extension of the well-
known least absolute shrinkage and selection operator (lasso, Tibshirani, 1996) to a larger class of penalties that can induce both sparsity
and/or differing levels of smoothness based on ¢; regularization. The latter will be particularly useful for mortality forecasting to recover
and exploit any underlying smooth trends in the data (see the discussion in the preceding section). Mathematically, the generalized lasso
penalty can be formulated as a constrained maximization problem

BoL=argmin f(B), subjectto [DB]; <C, (1)
B
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Fig. 1. US male log mortality rates as a function of age group across six causes of death, colored by years from 1950 to 2007. (For interpretation of the colors in the figure(s),
the reader is referred to the web version of this article.)

where f(f) generically denotes an objective function involving a p-vector of parameters 8, C > 0 is a tuning parameter, D is the penalty

matrix designed to achieve smoothness or sparsity in the structure of 8, and | - ||; denotes the ¢; norm. An equivalent way of writing the

generalized lasso problem is in the unconstrained form ﬁGL =argming f(B) + A DBy, where A > 0 is a tuning parameter related to C.
In practice, there are many choices for the penalty matrix D depending on the level of smoothness or sparsity we want in the estimated

BqL- For example, setting D to a (first-order) difference matrix leads to the fused lasso penalty of Tibshirani et al. (2005), which takes the

form Zf;] | Bes1 — B, and induces a piecewise constant structure. Also, if D is set an identity matrix then DBy = Bl = Y 4_; Bk,
and the problem reduces back to the standard lasso penalty. We provide more details on the choice of D in Section 4.2.

3.2. Penalized tensor decomposition
The concept of penalized tensor decomposition applied in this paper is based on coupling the CPD with the aforementioned generalized
lasso penalties (Madrid-Padilla and Scott, 2017). Consider the input tensor X € R!*/*T where the element Xijr =log(m(i, j, t)) is the log

mortality rate observed for causei=1,...,1,age group j=1,..., J,and yeart =1,..., T. A rank-R (unpenalized) CPD aims to decompose
X as a sum of R rank-1 tensors based on solving the problem

R
minimize X — Zdr “UroVroWr|
u, eR v, eRY,w, eRT r=1 T

where d; > 0 is a scalar, the vectors u;, v;, w, correspond to the estimated effects of cause, age group, and year dimension respectively,
the operations o and - denotes the outer product and standard multiplication, and | - |7 denotes the tensor norm (a generalization of the
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Fig. 2. US male log mortality rates as a function of year across six causes of death, colored by age group from age 0 to ages 85 and over.

Frobenius norm to more than two dimensions). Fig. 3 graphical illustrates this decomposition. Note that for identifiability reasons, all the
vectors u, vy, W, are normalized to have unit length e.g. ||u;||=1 for all r=1,..., R, such that the d, > 0 governs the scale.

After fitting the CPD, and indeed for other tensor decomposition methods including the ADAPT method proposed later on, we obtain
the estimated log mortality rates via the decomposition log(im(i, j, t)) = Zle a,ar,,»o,, Wr.r. When viewed this way, the CPD bears some
similarity to, but is not a special case of, the general Lee-Carter model of Renshaw and Haberman (2003), which we also describe and
use in application in Section 5.3 as a benchmark. In particular, the decomposition underlying a (general) Lee-Carter model is performed
separately for each cause of death, while in the CPD and the proposed ADAPT method the decomposition occurs across all three dimensions
of the tensor simultaneously e.g., the estimated effects of cause u,;’s are shared across all age groups and time. In doing so, tensor
decomposition methods seek to leverage potential underlying similarities in covariation patterns between the different causes of death.
We refer to Madrid-Padilla and Scott (2017) and references therein for a more detailed introduction to tensors and the CPD, along with
connections to the singular value decomposition for matrices. It is important to highlight though that, in contrast to the eigenvalue or
singular value decomposition for matrices, each rank-1 tensor component in the tensor decomposition has equal status, i.e., the d,’s are
not ordered in any particular way At the same time, the CPD uses R(I + J + T + 1) parameters to approximate the input tensor, which
presents a substantial dimension reduction particularly if one or more of I, ] and R is non-negligible.

Following Madrid-Padilla and Scott (2017), the penalized tensor decomposition augments the CPD with one or more generalized lasso
penalties on the vectors u,, v, and w;. That is,

R R
minimize X—Zdr-urovrowr +Z()\u,r||D$ur||]
ueRL v, e R, w e RT r—1 T o= )
+ a1 DYy 4w, 1 [DF W )
subject to wu <1, viv<1, ww<1, r=1,2,...R,
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Fig. 3. CPD of a third-order Tensor, with the number of factors set to R.

where Ay = Ay 1, Ay R)s Ay = (Av.1. ..., Av.r) and Ay = (Aw,1,..., Aw,r) represent a total of 3R tuning parameters, D¥, Dy, and D"
are the corresponding penalty matrices. Note the unit norm constraints are now relaxed to convex constraints, as they are easier to
optimize while not affecting the performance of the decomposition (Madrid-Padilla and Scott, 2017). In Section 4.2, we will discuss how
for cause-of-death mortality modeling, we opt not to penalize the u, vectors, since there is no reason a-priori to believe that the cause of
death dimension exhibits any underlying smoothness or sparsity. However, for the current generality of presentation we will focus on the
general formulation in (2).

To solve the penalized tensor decomposition in (2), we can employ block coordinate descent type algorithms (Friedman et al., 2007),
where the basic idea is to optimize the objective function by successively fixing most parameters at their current iteration value and
updating the remaining parameters(s). We provide details and a formal algorithm to solve the rank-1 CPD and penalized tensor decompo-
sition in Appendix B. For the rank-R penalized tensor decomposition formulated above, we can apply block coordinate descent to estimate
each rank-1 tensor in turn, cycling over r =1,..., R. That is, we update each of the R rank-1 tensors based on holding the other (R — 1)
tensors fixed. Algorithm 1 formalizes the details of this procedure. As starting values for u,, v; and w;, we use the estimates obtained from
a rank-R CPD. This approach has two advantages: 1) we will be using the estimates from the CPD to construct adaptively weighted penalty
matrices later on anyway; 2) by starting from the CPD, the number of iterations required for both the penalized tensor decomposition and
adaptive penalized tensor decomposition to converge is typically much less than, say, using random vectors as starting values.

Algorithm 1 Block coordinate descent method for a rank-R penalized tensor decomposition. Note if all the tuning parameters are set to
zero, then it corresponds to a rank-R CPD.

Input: Given tensor X € R/*/*T: initial values {(u(ro),vﬁo’,wﬁo));r =1,...,R} eg, obtained using a rank-R CPD; tuning parameters (Ay, Ay, Aw); penalty matrices
{DY, DY, DY;r=1,..., R}.

1: for eachr=1,...,R do

2: Obtain values dﬁo) = X xq uﬁo) X2 vﬁ(]) X3 wﬁ‘”, where x;, denotes the mode-n product operator; see Appendix B for details.
3: end for

4: Construct Y = X d? . 0@ ov® ow® 2 [d©; y®, vOWO],

5: repeat k=1,2,3...

6: for eachr=1...,R do

7 Set Yy «<) — dﬁkq) ~u§k’1) ovﬁk’“ owﬁk’”).

8: Calculate Z =X — ).

9: Apply a rank-1 penalized tensor decomposition to tensor Z, with initial values (di"’l), uﬁk’”,vﬁk’”,wﬁk’”) and the input tuning parameters and penalty matri-

ces; see Appendix B for details.

10: store output as (d®, u® v® w®), and set Yy =Y + (dﬁk> u® ov® owik)).
11: end for

12: until Convergence e.g., difference in (u®, v w®) between successive iteration is less than some tolerance value € > 0.
Output: Estimates {(d;, Gy, V;, W;);r=1,..., R}.

When applying the rank-R penalized tensor decomposition in (2), we need to specify both the penalty matrices and tuning parameters.
In the former, it is often appropriate to assume the same penalty matrix form for a specific dimension, to ensure that the same type of
smoothness or sparsity is adopted across all factors of the same dimension e.g., with the year dimension we set D" =D} =... =D}’
Subsequently, it means we have to select the forms for (at most) three penalty matrices D, D and DY, and we discuss how to choose
this in more detail in Section 4.2.

By contrast, for any given dimension the tuning parameters are expected to differ greatly across the various factors to accommodate
varying degrees of regularization. Consequently, it means we need to select the 3R tuning parameters i.e., the elements in each of the
vectors (Ay, Ay, Ay), individually, which poses an immense computational burden. For instance, suppose we wish to select the best com-
bination of tuning parameters for a rank-R penalized tensor decomposition applied to the motivating US male cause-of-death mortality
data, based on a grid-search with 20 candidate values for tuning parameter. Then, even if only age group and year were penalized we
would still need to apply Algorithm (1) on a total combination of 202k possible sets of tuning parameter values. For R > 3, this rapidly
becomes computationally infeasible, and motivates the development of an alternative approach to penalized tensor decomposition in the
multi-factor setting.

4. Adaptive penalized tensor decomposition

To overcome the computational challenge of penalized tensor decomposition with multiple factors, we propose a new ADAptive Penalized
Tensor decomposition (ADAPT) method, inspired by the idea of adaptive lasso regression (e.g., Zou, 2006; Hui et al., 2020). The idea is to
replace the standard penalty matrices with a set of pre-specified weighted penalty matrices instead, where the weights automatically
allow for varying levels of smoothness and regularization across both the dimensions and factors. In doing so, ADAPT allows the same
tuning parameter to used for all factors of a given dimension. Mathematically, the rank-R ADAPT is formulated as
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Algorithm 2 Constructing adaptively weighted penalty matrices for rank-R ADAPT.

Input: Estimates from a rank-R CPD, denoted as {(d;, @i, V;, W;); 7 =1, 2, ..., R}; penalty matrices {D", D', D¥}, which are assumed to be the same across of factors of the
same dimension.

1: Calculate T} = DU@i;, T} = D'V, 7, = D"Wy. Let 7% denote as the k' element in 7}, and similarly for ) and .
2: Construct Dy element-wise as [D; Iy = [D]/|Z4|. That is, we divide all elements in the k™ row of D by |%|. Similarly, we can construct D; and D, for r=1,2,...,R
in an analogous manner.
Output: Adaptively weighted penalty matrices D¥,D;,D}";r=1,...,R.
R R
.. ~
minimize X — Zdr “UyoVroW,|| + Z(Au D, u;
u eR v, e R, w, e RT — 7= 1
v w (3)
e [ By | + 2 HDr w| )
subject to wu <1, vivv<1, ww, <1, r=1,2 R
] Sur =1 vvi=1 rwr=1, r=12,... K,

where compared to the standard penalized tensor decomposition in (2), ADAPT uses at almost three tuning parameters (Ay, Ay, Aw). Put
another way, the number of tuning parameters in ADAPT is only determined by the number of dimensions to be penalized, and no longer
depends on the rank. Returning to the example discussed at the end of Section 3.2, the grid search now involves a total combination of
20% = 400 candidate tuning parameters, presenting a substantial computation reduction compared to CPD and thus making ADAPT feasible
as a procedure for cause-of-death mortality modeling.

Regarding the form of the adaptively weighted penalty matrices D, ,D,,D,” in (3), note that the adaptive weights often take the
form of the inverse absolute value of the estimates from an unpenalized fit (e.g., Zou, 2006; Hui et al., 2017). Such a form induces a
relatively heavier degree of penalization for parameters expected to be close or equal to zero (as based on how close the estimates
of these parameters from the unpenalized fit were to zero). We adopt a similar approach here, and construct the adaptively weighted
penalty matrices based on the (unpenalized) CPD fit. Algorithm 2 outlines their construction in detail. In particular, the form |%|~! in
step 2 the algorithm serves as an added weight to differentially penalize parameters in the tensor decomposition. A larger weight leads
to more regularization for a particular factor and dimension of a tensor, and consequently induces more sparsity or smoothness. It is also
important to emphasize that computing the adaptive weighted penalty matrices involves minimal computational cost, since as discussed
previously, we use the estimates from the CPD as initial values in the penalized tensor decomposition and ADAPT.

After constructing the adaptive weighted penalty matrices, we can employ the same block coordinate algorithm as presented in Al-
gorithm 1 to solve for the estimates for ADAPT in (3). Indeed, if we compare equations (2) and (3), we observe that the two differ only
in terms of the penalty matrices, with the latter involving at most three tuning parameters. Also, note that even though we assume the
same type of penalty matrix for all factors of a given dimension e.g., D" =D}’ =... =D} as discussed in the preceding section, the adap-

tively weighted penalty matrices in ADAPT will no longer be exactly the same across a given dimension. For instance, while the f):v ’s for
r=1,..., R will share the same structure in terms of what elements are zero or not, they will differ in the actual values of the non-zero
elements.

4.1. Forecasting

To forecast cause-of-death mortality rates using a tensor decomposition such as CPD or ADAPT, we use the estimated vectors for
cause U, and age group V;, and extrapolate the values of the year vector W,. Afterwards, we can construct a predicted tensor as )Qpred =
Zle dr -Gy 0¥y 0 W, pred» Where W, ;o4 denotes the extrapolated year vector for factor r whose length is equal to the number of years
ahead to forecast.

As an approach, tensor decomposition methods do not themselves offer a method of prediction. That is, analogous to how a Lee-Carter
model uses an ARIMA model (or some variation thereof) to forecast mortality, the tensor decomposition needs to be coupled with a
method of extrapolating the time vectors in order to forecast cause-of-death mortality rates. While there are a number of approaches to
accomplishing this, here we discuss three univariate approaches based on predicting the year vectors separately for each factor in the
decomposition. In recent work, Dong et al. (2020) showed that fitting a multivariate model across all year vectors e.g., a vector ARMA
model, typically does not produce any improvement in terms of forecasting performance, and can sometimes be worse than using R
separate univariate models due to potential instabilities in their estimation. Also, note that the estimated year vectors when using ADAPT
are, by construction, generally quite smooth. That is, plots of W, against year tend to resemble an “error-free” smooth curve (see for
example the right column of Fig. 4 later on). As a result, the use of time-series techniques tends to be of secondary importance for
forecasting here, compared to using a reliable extrapolation technique for the (mean) curve itself. With this mind, we consider three
univariate prediction approaches for w;.

1. Random walk with drift: Also known as an ARIMA(0,1,0) model plus a constant, such models are commonly used for forecasting
time-series data (see also Dong et al., 2020). For element t in W, preq, Which we denote here as W, ; pred, the random walk with drift
model results in the prediction

VAVr,pred,t:‘/AVr,T‘i‘t'/lr; t=12,...;r=12,...,R

where W, r denotes the last element in the estimated year vector for factor, r and fi, is the estimated constant term reflecting the
average year-to-year change.

2. Linear Extrapolation: This simple non-model-based approach is often used when extrapolations not far outside from the given data
range are sought. For extrapolating the year vector in particular, it results in the prediction
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‘/AVr.pred,t=‘/AVr.T+t'(VAVr,T_Wr,T—l) fort =1,2,...;r=1,2,...,R,

from which we see that linear interpolation relies on the two most recent estimated values of the time vector. It is also possible
to construct higher-order polynomial extrapolations, however we choose not to explore these alternatives given the third prediction
method below.

3. Smoothing: This approach is based on regressing w, against a smooth function of time i.e., for the factor r =1,..., R, we fit the
model Wy = Bor + fr(t) + €r;t=1,..., T where o, is an intercept term, f-(-) is a univariate smoother, and €, is an additive error
term which we assume to follow a normal distribution with mean zero and a common error variance. For f.(-), we follow Wood
(2017) and use a thin plate regression spline, although other choices such as P-splines and B-splines (e.g., Currie et al., 2004) could
be used. Unlike the linear extrapolation method above, the smoothing approach uses the entire year vector to estimate the smoothing
function and intercept. Subsequently, predictions can be constructed as

Wy predt = Por + fr(t) t=1,2,...; r=1,2,...,R.

In the above, we have focused on point predictions. However, it is also possible to construct probabilistic forecasts of cause of death
mortality using any of the above approaches. Specifically, we first construct probabilistic forecasts of the estimated time vectors using
one of the above techniques e.g., the random walk with drift or its generalization to any ARIMA model. Afterward, we then use these
probabilistic forecasts of Wy preq to reconstruct the entire predicted tensor with uncertainty. Such an approach to is analogous to the
methods used for constructing probabilistic forecasts for Lee-Carter type models; this is not surprising given, as discussed in Section 3.2
ADAPT shares similarities with the general Lee-Carter model of Renshaw and Haberman (2003) but applied to all three dimensions of the
tensor simultaneously. However, to further account for parameter and/or model uncertainty, future work could examine approaches for
constructing prediction intervals such as bootstrapping or jackknifing (e.g., Wang et al., 2019).

It is important to note that the forecasting approach and the proposed ADAPT model can be chosen separately. For the latter, we
examine three approaches in the form of linear extrapolation, random walk with drift, and smoothing via generalized additive models.
Each of these forecasting techniques involve some level of tuning e.g., with linear extrapolation, the user needs to select which observations
(in this case estimated values in each of the time vectors) are used to construct the extrapolation, with a default of using the observations
from the most recent two time points as we do in this paper. This need for tuning is well-known and has arisen in the literature on
stochastic mortality models, following the introduction of the Lee-Carter model in 1992. The issue is often referred to as “jump off error”.
In discussing this point, the recent review paper of Basellini et al. (2022) notes that “in order to avoid reproducing in the forecast any
idiosyncrasies in the observed data, jump-off rates may be smoothed either independently or as part of the estimation procedure”. This
tuning can have a noticeable effect on the forecasts. In practice, practitioners should always choose and tune the forecasting methods
according to appropriate background knowledge and sensitivity analysis.

To conclude this section, we highlight (once more) that practitioners have the flexibility to couple whichever prediction technique they
like with ADAPT (and other tensor decomposition methods). The above three techniques are by no means the only choices, and future
research could investigate a wide variety of other approaches.

4.2. Hyperparameter selection

To use ADAPT, there are a number of choices we need to make regarding the form of the penalty matrices, the number of factors or
rank R, and the tuning parameters. Collectively, we will refer to these as the hyperparameters in ADAPT, and discuss each in detail below.

1. Penalty Matrices: As mentioned previously below (1), the choice of D, DV and D" depends on the level of sparsity or smoothness
we want to induce in the corresponding estimated vectors @, V; and W;. That is, the chosen penalty matrix should reflect any a-priori
information or expectation we have about the corresponding dimensions of the data. For cause-of-death mortality specifically, there is
no a-priori reason to expect that the effects of specific causes of death should be exactly zero or be necessarily smooth (although we
acknowledge this may be a function of the pre-processing steps used in constructing the causes of death for analysis). Therefore, we
choose not to impose any penalty on this dimension and set D¥ = 0 (or equivalently, set A, = 0). By contrast, for both the age group
and year dimensions, we expect there to be underlying smooth trends (see Figs. 1 and 2), which we aim to exploit for the purposes
of prediction. With this in mind, we consider a small set of related choices for D and DY. The first of these is the fused lasso
(Tibshirani et al., 2005), which encourages the estimated vectors to have a piecewise constant structure. Mathematically, the fused
lasso is equivalent to setting the penalty matrix in the generalized lasso penalty in (1) to take the form of a first order difference

matrix
-1 1 0 0 0
0o -1 1 0 0
D:
0 o 0 ... -1 1

The fused lasso sits within a larger class of so-called trend filtering penalties (see Kim et al., 2009; Tibshirani et al., 2011, among oth-
ers), such that a trend filtering penalty of order k regularizes the (k + 1) derivative, and is similar to enforcing the resulting smooth
factor to be (k+ 1) times differentiable. The fused lasso penalty introduced above is equivalent to a trend filtering penalty of order 0,
while an order 1 penalty encourages a piecewise linear structure, an order 2 penalty encourages a piecewise quadratic structure, and
so on. We refer the reader to Tibshirani et al. (2011) for more details on constructing D for these trend filtering penalties, noting their
connection to penalty matrices used in, say, the P-splines method of Currie et al. (2004). Following the recommendation of Tibshirani
et al. (2011), for both the age group and year dimensions we choose their penalty matrices to come from the set of trend filtering
penalties of order k =0, 1, 2. This means that are a total of nine possible combinations of DV and D" to consider.
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Table 2

The optimal set of hyperparameters chosen (excluding the tuning parameters (Ay, Ay )), along with
the best prediction method, for ADAPT under each of the three forecast horizons. Order refers to
the order of the trend filtering penalty matrix chosen.

Order for (DY, DY) Number of factors (R) Forecasting method

Short-term (5 years) (1,1) 11 Smoothing
Mid-term (10 years) 2,1) 12 Linear Extrap.
Long-term (15 years) 2,1) 11 Linear Extrap.

2. Tuning Parameters: With only the age group and year dimensions having non-zero penalties, we need to select two tuning parameters
(Av, Aw). For both, we considered a sequence of 20 tuning parameters evenly spaced on the log scale from 1076 to 2 x 102, resulting
in a grid of 400 candidate tuning parameters in total. The range of the sequence of tuning parameters was determined based on
preliminary testing i.e., the smallest value effectively led to no penalization and returned the same results as CPD, while the largest
value effectively produced a constant vector for most of the estimated V,’s and W;'s.

3. Number of factors: For cause-of-death mortality modeling, we can expect a non-negligible number of factors is required for strong
forecasting performance. Therefore, we considered values of the rank R ranging from 3 to 14 in our application to the US male
cause-of-death mortality data. We found that ADAPT with ranks 1 and 2 tended to performed poorly in general, while predictive
performance plateaued around 14 factors and little was gained for R > 14. We also emphasize that these choices are specific to our
motivating US male mortality data, and practitioners may consider a broader or narrower range as appropriate for their analysis at
hand; see also our discussion regarding model interpretation in Section 5.2.

To summarize, we have nine combinations to choose for the forms of the penalty matrices D,,D,,, a grid of 400 candidate tuning
parameters for (Ay, Aw), and twelve possibles values of the number of factors R. To select all of these hyperparameters, along with which
prediction method to use with ADAPT (see Section 4.1), we apply five-fold rolling origin cross-validation (Liu and Yang, 2022), which
takes into account the temporal nature of the data. In detail, we first hold out a sample of data that for testing and comparison with
other methods later on e.g., the last 5, 10, or 15 years, depending on the forecasting horizon (see our application in Section 5.3 later on).
Next, we split the remaining data into a training and validation set, where the validation set consists of a subset of data containing the
same number of years as the test set, and the training set consists of data occurring temporally before the validation set. We then fit
ADAPT to the training set, and predict using one of the approaches in Section 4.1 to the validation set. The splitting procedure is then
repeated by rolling the validation set forward, one year at a time, and we repeat this five times i.e., the forecasting origin is successively
updated. Note the size of training set increases with each fold, as more years are included. A schematic of the general K-fold rolling origin
cross-validation approach is provided in Appendix C, and we refer to Liu and Yang (2022) and references therein for more details of the
approach as a whole. As a metric for assessing performance, we use the tensor norm between the validation set tensor and the predicted
tensor, || Xyalidation — Apred||7—. We then select the set of hyperparameters and prediction method based on minimizing the mean tensor
norm, averaged across the five folds.

5. Application to US cause-of-death mortality data

We illustrate an application of ADAPT to the motivating US male cause-of-death mortality data. We first present results from hyper-
parameter selection for ADAPT based on Section 4.2. Afterward, we assess the performance of ADAPT, presenting examples of how to
visualize and interpret the results, and comparing it against some other available methods for cause-of-death mortality modeling. We em-
phasize that our empirical analysis of the US male cause-of-death mortality data should be viewed as an illustration of how the proposed
ADAPT procedure can be employed in practice. We leave a more in-depth application to this data as an avenue of future research.

We evaluated performance under three different forecasting horizons, namely short-term (5 years), mid-term (10 years), and long term
(15 years), where all validation and test sets in the rolling origin cross-validation were set to be one of these lengths. Under the short-term
forecasting horizon, the test set consisted of years 2003-2007, while the training and validations sets were formed from years 1950-2002.
Under the mid-term forecasting horizon, the test set consisted of years 1998-2007, while the training and validations sets were formed
from years 1950-1997. Finally, under the long-term forecasting horizon, the test set consisted of years 1993-2007, while the training and
validations sets were formed from years 1950-1992.

5.1. Results for hyperparameter selection in ADAPT

Based on the five-fold rolling origin cross-validation approach, Table 2 summarizes the optimal set of hyperparameters chosen (exclud-
ing the tuning parameters (A, A )), along with the best prediction method, when applying ADAPT to each of the three forecast horizons;
see Appendix D.1 for the complete results. The order of the trend filtering penalty for the age group dimension was selected to be two for
both mid-term and long-term forecasting horizons, but was selected to be one for short-term forecasting. This suggests that a smoother
structure was preferred for longer term forecasting using ADAPT. On the other hand, for the year dimension an order one trend filtering
matrix was chosen for all three forecasting horizons. Turning to the choice of R, cross-validation selected a relatively large number of
factors for all forecasting horizons. That is, while smooth underlying trends were observed in the overall data, it suggests that for predic-
tion purposes it is necessary to include a larger of factors to ensure (say) the finer scale trends were successfully captured. Furthermore,
these choices for R also offered further justification for our development of the ADAPT method: the number of tuning parameters that
would need to be selected when R =11 or 12 using the standard penalized tensor decomposition approach in Section 3.2 would have
been computationally infeasible. Finally, we see that for all three forecasting horizon periods, a non-time-series based prediction method
was chosen.

In Appendix D.2, we present some examples of the estimated vectors for ADAPT versus the (unpenalized) CPD in the case of the
short-term forecasting horizon; see also Appendix E for a link to the full set of estimated vectors. As expected, there was relatively little
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difference in the estimated vectors between ADAPT and CPD for the cause dimension. On the other hand, for both the age group and year
dimensions, ADAPT produced much smoother estimated vectors compared to CPD.

5.2. Model interpretation

Although we focus on and select the hyperparameters for ADAPT based on out-of-sample predictive performance, it is important to
recognize that model interpretability is a key factor in many practical applications of cause-of-death mortality models (Cairns et al.,
2009). With heavily data-driven approaches such as tensor decompositions and ADAPT though, it is challenging to interpret all the factors
estimated, especially when the chosen of R is large as is the case in Table 2. In the paragraphs below, we offer one approach to interpreting
the results obtained from applying ADAPT, based on examining the estimated factor/s which explain the most variation.

For each of the three forecasting horizons, the factor with the largest corresponding value of dr (we will refer to this as simply the
first factor) accounted for approximately 85% of the total variation explained by the chosen ADAPT fit. For example, in Table 2 we see
that while for the mid-term forecasting horizon rolling origin cross-validation selected a rank of R = 12, of the total variation explained
by these 12 factors the first factor accounted for 84.6%. With this in mind, we decided to visualize and interpret the first estimated factor
in these of these fits i.e., we plotted the i1, V1 and Wy’s. Fig. 4 presents the results of this, from which we see that across all three
forecasting horizons, the highest cause of mortality was Circulatory System, followed by Cancer and Others. The estimated factors for age
groups generally exhibited an increasing pattern over the adult ages and a decreasing pattern over the younger ages, which is similar both
to what was observed in Fig. 1, and to the aggregate mortality age pattern as observed in the original work of Lee and Carter (1992),
among others. For the year dimension, in the short-term mortality generally increased over time for the first factor. By contrast, in the
mid-term and long-term fits mortality decreased over the years. Note also a sharp decreasing pattern of mortality around the year 1960
for the mid-term forecasting horizon: as explained in Section 2, this could be caused by the modern treatment of tuberculosis and acute
poliomyelitis, which led to a sudden drop in mortality rates for infectious and parasitic diseases. On the other hand, relative to the cause
and age group dimension, the values of the estimated first factor for year varied much less across its domain, and so we caution against
over-interpreting this result.

More generally, Fig. 4 encapsulates how, in the proposed ADAPT method as well as tensor decompositions more generally, the depen-
dencies across different causes are taken into account via shared common factors. That is, by sharing the (estimated) vectors for age group
and year, ADAPT aims to improve the predictive accuracy of the tensor (mortality data) as a whole by borrowing strength across different
causes. Penalties which encourage either smoothness or sparsity in these estimated vectors (in a computationally efficient manner) further
helps to reflect knowledge of and exploit any smoothly varying trends shared across different causes of mortality in both age group and
time. At the same time, it is important to acknowledge that, as a purely data-driven approach, there are limits to the proposed ADAPT
method for uncovering biological reasonableness (in contrast to say parametric and less flexible methods e.g., Alai et al., 2015). We view
this as typical of the trade-off which has to be made between prediction performance and model interpretability, and it means practi-
tioners should be careful when attempting to attribute biological/epidemiological interpretations to results from a tensor decomposition
fit.

Finally, as an alternative approach to the above, especially for practitioners who prioritize interpretability over forecasting performance,
we can consider employing ADAPT with a deliberately smaller number of factors. For example, rather than choosing R based on a predic-
tive performance criterion, we can instead select the minimum number of factors for which the explained variation (as quantified based
on Frobenius norm i.e., the tensor version of R-squared commonly used in linear regression) exceeds 95%. Such an approach is analogous
to what was done in the original work of Lee and Carter (1992). In Appendix D.3, we present results based on applying this rule for
choosing R. In particular, for all three forecasting horizons this leads to ADAPT selecting three factors for the tensor decomposition. This
smaller number of factors (also) makes visualization, interpretation, and potential correlation structure analysis more tenable, and we offer
interpretations of the results in Appendix D.3.

5.3. Comparison with other methods

We compared ADAPT with three available methods for cause-of-death mortality modeling, which we discuss in more detail below. Note
that, although other methods aside from these have been proposed in the literature (as reviewed in Section 1), many do not have publicly
available software and/or were not straightforward to implement, and so we were unable to include them for comparison. This includes
the approach of Gaille and Sherris (2011), which uses the same data source as we do but applies the smoothing spline methods of Currie
et al. (2004) in a non-cause-of-death mortality context.

o Cause-specific Lee-Carter models: One currently available approach is to fit separate Lee-Carter models (Lee and Carter, 1992) to
each cause of death (recall there are I = 6 total causes in the US male mortality data), for which we consider two versions of.
First, the original Lee-Carter model is defined as log(m(i, j,t)) = a; j + b; jki + €; j, where for the i-th cause, a; ; represents the
average mortality pattern for age group j, ki is a time-varying parameter reflecting the overall mortality trend, b; j represents the
sensitivity of log mortality at age group j to changes in k;, and ¢; ¢ is an additive error term specific to each age group and year.
The constraints 2121 ki =0 and 211:1 b;,; =1 are imposed on the model to ensure that all parameters are identifiable. Estimation of
the original Lee-Carter model is based on applying a singular value decomposition and then taking the vectors corresponding to the
first singular value, again emphasizing that a separate model is fitted to each of the causes. For each cause, mortality rates forecasts
are then constructed by fitting an ARIMA model (in most cases, a random walk with drift similar to that discussed in Section 4.1) to
the k; ;’s, and then forecasting this.

While the above model is prevalent in mortality modeling, modifications can be made to enhance its predictive performance, and
so we considered a second general version of the Lee-Carter model involving R factors log(m(i, j, t)) =a; j + Zle bri jkr.ic + €ijt
(see Renshaw and Haberman, 2003). This general Lee-Carter model is again estimated using a singular value decomposition, then
extracting the relevant vectors and fitting and forecasting time-series models for each of the k. ;;’s. Again, note a model is fitted
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Fig. 4. Estimated vectors for cause (left), age group (middle), and year (right) for the first factor of the ADAPT fits (that is, the one with the largest corresponding value of a,)
under each of the three forecasting horizons (top: short-term; middle: mid-term; bottom: long-term).

separately to each cause. To choose R in the general Lee-Carter model, we used the same five-fold rolling origin cross-validation
method as described in Section 4.2. Note that since, for each cause, there are J =19 age groups, then we chose R for the general Lee-
Carter model in the integer range from 1 to 19, where R =1 corresponds to the original Lee-Carter model. Based on this approach, we
found that, perhaps not surprisingly and given the results seen for ADAPT in the previous section, a non-negligible number of factors
was chosen for the general Lee-Carter model across all forecasting horizons: R = 17 factors for both short-term and mid-term, and
R =8 for long term. On the other hand, since this approach models each cause separately, then it involves many more parameters
compared to the ADAPT approach, which models all causes together.

e Multinomial logistic regression: We examine the multinomial logistic regression (MLR) approach developed by Alai et al. (2015).

Focusing on the US male mortality data, MLR assumes that for an age group j and year t, the vector containing the num-
ber of deaths attributable to cause augmented with the number of survivors follows a multinomial distribution with probabilities
@1(j,t),...,q6(,t), p(j,t)), where q;(j,t) denotes the probability of death due to cause i and age group j and year t, and p(j,t)
represents the probability of surviving that year. The probabilities in the MLR are then modeled as log (q;(j,t)/p(j,t)) = z;tﬂ,-, i=
1,...,6, where z;; denotes the vector of explanatory variables and B, denotes the corresponding regression coefficients for cause i.
After fitting using maximum likelihood estimation, we can forecast with the MLR by setting z;; to the appropriate future time period
and obtaining the estimated probabilities of death for each cause.
To apply MLR to the US male cause-of-death mortality data, we treated age group as a factor variable and year as a continuous
variable. Following Arnold and Sherris (2015) and Alai et al. (2015), we allowed for and performed variable selection on models
involving linear, quadratic, and cubic terms for year, along with interaction terms between age group and (polynomials of) year, with
the idea that different age groups may respond to year differently. To select the best structure, we applied five-fold rolling origin
cross-validation as described in Section 4.2. Results from this variable selection showed that, for all three forecasting horizons, a
structure involving a linear term of year plus interaction terms for age group and year was deemed most appropriate; see also Sithole
et al. (2000) who uses a similar modeling structure for all cause mortality.

e Product-ratio model: A third competing method we consider is the product-ratio model of Hyndman et al. (2013). This is a functional
forecasting method which ensures coherent mortality forecasting i.e., requiring the long-term convergence of mortality rates of the
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Table 3

Out-of-sample forecasting performance, as based on the norm between
the predicted and test set tensor. Values marked with an asterisk indi-
cate methods for which there was statistically clear evidence (at a 5%
level using both two-sample t-test and Wilcoxon two-sample test for the
difference in mean absolute errors between the predicted and test data)
that ADAPT produced more accurate out-of-sample predictions than that
method at that specific forecasting horizon.

Short-term Mid-term Long-term

ADAPT 3.512 5177 9.348
CPD 3.663 5.611* 10.838*
Original Lee-Carter Model 4317* 8.526* 11.333*
General Lee-Carter Model 4.068* 5.009 8.415
MLR - Structure 2 7.517* 12.921* 19.425*
Product-ratio 3.198 5.865* 9.753*

different sub-populations (in our setting these are the different causes of death). Note that such an assumption is arguably not
biologically reasonable given the different evolving patterns of causes, although we nevertheless include this model to examine its
forecasting performance. To implement the product-ratio method, we model (and forecast) the geometric mean mortality rate of the
five causes of death, along with the ratio of the mortality rates for each cause of death over the geometric mean. We impose the
coherence constraint through the use of stationary time series models for each of ratio models; see Hyndman et al. (2013) and the R
package demography (Hyndman, 2023) for further mathematical and implementation details.

To summarize, we compared out-of-sample forecasting performance of ADAPT, the unpenalized CPD, the two versions of the Lee-Carter
model, MLR, and the product-ratio model on the US male cause-of-death mortality data. As discussed above, tuning for all methods (except
for the original Lee-Carter model and the product-ratio model) was done through five-fold rolling origin cross-validation, using the same
training and validation splits. After tuning, each method was then fitted to the entire training and validation period, and predictions made
for the test set. Performance was assessed based on the tensor norm between the predicted and test set tensor. Additionally, we performed
difference-in-means tests (using both two-sample t-test and Wilcoxon two-sample test, and at a nominal 5% significance level) to assess
the null hypothesis that there was no difference in the mean absolute errors (where the error is the difference between the prediction
mortality rate for a particular method and the true value in the test tensor at given combination of cause, age group and year, and the
mean is then based on averaging across cause, age group, and years in the forecasting horizon) between ADAPT and another method.

Results showed that ADAPT performed strongly overall (Table 3). It produced lower forecasting error than the unpenalized CPD across
all three forecasting horizons, thus providing evidence that regularizing to exploit the underlying smooth trends in the data helped to
improve prediction for this dataset. There was statistically clear evidence that ADAPT performed better than the original Lee-Carter model
and MLR for all forecasting periods. It was interesting to observe how poorly the MLR performed, and we conjecture that this was due
to its parametric form, meaning that it lacked sufficient flexibility to produce reliable forecast in general. For the short-term forecasting
horizon, the product-ratio method performed best, followed by ADAPT and the general Lee-Carter model. For the mid- and long- term
forecasting horizons, there was statistically clear evidence that ADAPT produced stronger predictive performance than all other methods
except for the general Lee-Carter model, for which the null hypothesis that the mean absolute error was different between these two
methods was not rejected. Indeed, it worth pointing out that had we not included a general Lee-Carter model with many factors for
comparison, then ADAPT would have outperformed all the other candidate methods in the mid- and long- term forecasting horizon. The
inclusion of the general Lee-Carter model thus offers a strong benchmark in terms of forecasting performance with which to compare
tensor decomposition methods. However, since the general Lee-Carter approach models each cause separately, it involves many more
parameters compared to the ADAPT approach, which models all causes together. In Appendix D, we present cause-specific out-of-sample
prediction performance results, from which we see that ADAPT is the top performer in a number of but not in every case across the three
forecasting horizons.

Figs. 5-6 present two examples of the fitted/predicted cause-specific log mortality rates based on applying the various methods to the
US male cause-of-death mortality data: for infants (age 0) under a long-term forecasting horizon, and for older ages (age group 60-64)
under a short-term forecasting horizon. Plots for all age groups and forecasting horizons broken down by age and group, may be found in
the link provided in Appendix E. We also constructed predictions of the period life expectancy at birth (age 0), adulthood age (age 20),
and retirement age (age 65) over a 25-years forecasting horizon. Note in practice insurers may desire even longer term forecasts, albeit
produced with a larger volume of training data. However in this article we restrict ourselves to 25-year forecast particularly given we have
around (only) 50 years of training data. Also, because of the fact that we have a final age group 85+, then we have provided truncated
(or fixed-term) period life expectancies based on the methods discussed in Haberman and Pitacco (2018) and Pitacco et al. (2009). The
resulting life expectancy plots are provided in Appendix D.5, from we observe that all models predict an increasing life expectancy at
birth and at adulthood, except for the MLR model. The ADAPT and CPD models produce lower life expectancy forecasts than the general
and original Lee-Carter models. Focusing in ADAPT specifically, for the predicted life expectancy plot at retirement age (65) it produced
a relatively flat pattern with a little bit decreasing towards the end of 25 year forecasting. This was not surprising considering the more
recent falls in US life expectancy (Shmerling, 2022).

6. Conclusion

This paper proposes a new adaptive penalized tensor decomposition approach for modeling cause-of-death mortality data. As a method
which jointly models all three dimensions of the data, rather analyzing each cause independently, ADAPT builds on the existing approach
of Madrid-Padilla and Scott (2017) by incorporating adaptive weighted penalty matrices to ensure that regularization/smooth remains

computationally viable in the multi-factor setting. ADAPT can be coupled with different forecasting methods for the year dimension,
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Fig. 5. Fitted/predicted cause-specific log mortality rates for infants (age 0) using a long-term forecasting horizon, based on applying various methods for mortality modeling.
In each panel, the green vertical dashed line separates the figure into data used to fit the method (left) and the data used for assessing out-of-sample performance (right)
parts.

including time-series methods such as random walk with drift as well as non-time-series approaches such as linear extrapolation and
smoothing. We illustrate an application of ADAPT to US male cause-of-death mortality data over the period of 1950-2007, comparing
it with several existing methods such as the unpenalized CPD, two versions of the Lee-Carter model, multinomial logistic regression,
and product-ratio model. Results show that across six main causes of death and three forecasting horizons, ADAPT consistently outper-
formed the unpenalized CPD, the standard (rank-1) Lee-Carter model and multinomial logistic regression model in terms of out-of-sample
forecasting performance. ADAPT was also competitive with and sometimes produced superior forecasting performance than the general
Lee-Carter model (in the short-term, while requiring considerably fewer parameters) and product-ratio model (in the mid- and long-term,
for which the underlying coherence assumption made not be biologically reasonable).

To the best of our knowledge, this paper is the first to apply penalized tensor decompositions to forecast the cause-of-death mortality
rates. As such, there are a variety of future research directions to explore the full capacity of this method. Methodologically, ADAPT
could be used to simulate the effects on mortality (and morbidity) of policy changes affecting the risk factors, as well the impact of
improvements or elimination of specific causes (similar to Alai et al., 2015). Whether this involves directly modifying the elements in
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Fig. 6. Fitted/predicted cause-specific log mortality rates for age group 60-64 using a short-term forecasting horizon, based on applying various methods for mortality
modeling. In each panel, the green vertical dashed line separates the figure into data used to fit the method (left) and the data used for assessing out-of-sample performance
(right) parts.

the estimated vectors in ADAPT, or modifying the penalties to allow for such theoretical cause-elimination scenarios, is subject to further
investigation. Extensions to the ADAPT framework could also be made to allow the vectors of non-temporal dimensions i.e., cause and
age group, to vary over time. This could potentially make the forecasting more flexible, although the computation and prediction would
necessarily become more complicated. Furthermore, instead of choosing the number of factors R separately, it may be possible to modify
the adaptively weighted penalty matrices to directly incorporate selection of R (similar to Hui et al., 2018).

In terms of our application to the US male cause-of-death mortality data, note we adjusted for changes in the ICD codes using the
comparability ratios approach of Gaille and Sherris (2011). However, another possibility would be compare forecasting performance across
all methods when the same ICD code is used across the entire time span e.g., ICD7 all the way up to 2007. More generally, while
ADAPT offers a novel method to jointly model cause, age group, and year dimensions, it is important to acknowledge that we do not
always expect a method that explicitly accounts for dependencies among different causes of death to offer (substantial) improvements
in predictive performance. Indeed, while there exists some literature showing that accounting for dependencies between causes of death
is useful for a number of reasons, (e.g., see Alai et al.,, 2015; Arnold-Gaille and Sherris, 2016), from the particular illustration here the
gains in out-of-sample forecasting performance are only marginal compared to the general Lee-Carter model. Had we fitted ADAPT to
a different subset of the US cause-of-death mortality data, then perhaps it may not have performed as strongly as a well-tuned, cause-
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Fig. Al. The Cause-of-Death mortality rate for male between 35 and 39 in the US from 1950 to 2007 without the comparability ratio (left) and after the comparability ratio
is used (right). Grey dash line indicates the last year of one ICD while black dash line indicates the first year of one newly adopted ICD. As ICD has changed three times over
the past fifty years, in each plot, there are three grey dash lines and three black dash lines in total.

specific general Lee-Carter model (say) in terms of forecasting accuracy. We leave such applications to different versions of the data
(including to more recent versions containing surges in deaths due to infectious diseases resulting from COVID-19, and examine/test for
the possibility of structural changes in mortality patterns over time), along with broader investigations into comparing methods which
account for dependencies among different causes versus those which treat each cause as separate, as a future line of research.
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Appendix A. Additional details regarding the US male cause-of-death mortality data

Fig. A1 presents an example of the influence of comparability ratios on raw data for male mortality between 35 and 39 in the US.
Notice that, after introducing comparability ratios, there was a dramatic increase in past mortality for “Infectious and parasitic diseases”
as the result of a huge gap between 1998 and 1999 when the ICD10 was adopted, while for the “Others” cause a corresponding decrease
could be observed. More importantly, while comparability ratios may have an outstanding impact on past mortality, the main trends in
cause specific mortality are still preserved.

Appendix B. Algorithms for solving tensor decompositions

We begin by defining the mode mode-n product of a tensor X € R!1*12% >IN 3pnd a matrix Y € R/*!n, which is denoted by Z = X x, Y
where Z ¢ RI>XxIn-1x)xIns1XXIN Element-wise, we have (X X0 iy in_t jing1.in = 21{:21 Xiyiy..in Y jin-

By definition, the above operation can also be viewed such that each mode-n fiber (a fiber is the subarray of a tensor formed by fixing
every index of a tensor but one) of the tensor X is multiplied by the matrix Y. Therefore, the mode-n product of a tensor and a matrix
can also be expressed via a matricized tensor as follows,

Z=Xx,Y & Z(n)ZYX(n).

Similarly, the mode-n product a tensor X € RI1*"2XxIN and a vector y € R'" is denoted by Z = X x,y, where Z € Rl XIn-1xIny1x-xIn
. . I
Element-wise, we obtain (X Xn ¥)i;...ip_1ins1..in = Zi::I Xiziy..in Yig-
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Algorithm B1 Block coordinate descent method for rank-1 CPD.

Input: given tensor X € R/*/*X: initial values of the vectors which are normalized to unit length (u©@, v©® w(©®),
1: repeat k=1,2,3...
2: u® cub = X xy vk s wk=D
a® — |ﬁ(k) |

3

4 u® —a® /g

50 vl vk = X xq u® xgwkD
6
7
8

=]
vk —g® /dfzk)
wh Wl = X s u® x, v
s ||
10: wh —w® /q®
11:  d® = X xqu® x3 v® x5 w®

12: until Convergence e.g., difference in (u®,v® w®) between successive iteration is less than some tolerance value € > 0.
Output: Estimates (d*, u*, v*, w*)

Algorithm B2 Block coordinate descent method for rank-1 penalized tensor decomposition, using an ADMM algorithm.

Input: given tensor X’ € R'*J*X; initial values generated using the CPD (u®,v® w(®) and A,, Ay, Aw; penalty matrices D¥, DY, DY.
1: repeat k=1,2,3...

2: u® :Fix v&=D and w1 and then update u using an ADMM algorithm (Madrid-Padilla and Scott, 2017).

v® :Fix u® and w*=1, and then update v using an ADMM algorithm.

w® :Fix u® and v, and then update w using an ADMM algorithm.

d(k> =X X1 ll(k) X2 V(k) X3 W(k).

6: until Convergence e.g., difference in (u®, v® w®) between successive iteration is less than some tolerance value € > 0.

Output: Estimates (d*, u*, v*, w*).

ook W

Below, we present the algorithms used for solving rank-1 CPD and rank-1 penalized tensor decomposition respectively. They are used
as the basic building blocks for estimation as discussed in Sections 3.2 and 4, and are explicitly referred to in Algorithm 1. Note there
are many existing algorithms to compute the CPD, and in this article we focus on the alternating least squares algorithm (ALS) approach
of Kolda and Bader (2009) given that it can be formulated as a special case of the general class of block coordinate descent methods for
optimization. Algorithm B1 summaries the procedures for using ALS to solve a rank-1 CPD i.e.,, when R = 1. An extension for solving the
rank-R CPD is provided as a special case of Algorithm 1 in the main text, noting that it successively employs the above algorithm.

Turning to the estimation of a rank-1 penalized tensor decomposition, we can extend the ALS algorithm above by using the fast
alternating direction method of multipliers (ADMM) algorithm of Arnold and Tibshirani (2016) to update vectors when a trend filtering
penalty structure is augmented; we refer the reader to Madrid-Padilla and Scott (2017) and links to R code provided in Appendix E.
Algorithm B2 summarizes the procedure. Note the details of convergence analysis for block coordinate update methods have been studied
in Madrid-Padilla and Scott (2017).

An extension for solving the rank-R penalized tensor decomposition is provided as Algorithm 1 in the main text, noting that it succes-
sively employs the above algorithm.

Appendix C. Additional details of the hyperparameter selection process

See Fig. C1.

00000000000 - - - - »in
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0000000000000 00
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Fig. C1. A schematic of K-fold rolling origin cross-validation, in this case where the validation set consists of three time points and K = 6 folds. In the context of tensor
analysis, each point in the schematic consists of a I x J matrix where the (i, j)-th element denotes the mortality rate of the i-th cause and j-th age group. Note the length
of the training set increases with each fold by one time point per fold. The figure comes from Figure 2 of Li et al. (2021).

Appendix D. Additional results for application to the US cause-of-death mortality data
D.1. Full results of rolling origin cross-validation

Tables D1-D3 present examples results from applying five-fold rolling origin cross-validation results (based the mean tensor norm
error between the predicted and validation set tensors, averaged across the folds) to ADAPT for three different forecasting horizons. As a
baseline, we also provide the results based on applying the unpenalized CPD. Results show that in many of the settings, the decreasing

trend of the mean tensor norm error starts to flatten out after 8 factors are included, indicating that the appropriate number of factor
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Table D1

Results from five-fold rolling origin cross-validation for different number of factors R, choices of the form of the penalty matrices, and prediction method (RW
= random walk with drift; LE = linear extrapolation; smooth = smoothing method via splines), using a 5-year (short-term) forecasting horizon. Note k, denote
the order of the trend filtering penalty used for Dy, and similarly for k,,. The combination of hyperparameters that produces the lowest tensor norm for ADAPT
is in bold.

CPD ADAPT ADAPT ADAPT ADAPT
(ky =1,k =1) (ky =1,kyw =2) (ky =2,kw =1) (ky =2,kyw =2)
RW LE Smooth RW LE Smooth RW LE Smooth RW LE Smooth RW LE Smooth

R

3 8.163 8.408  8.124 8.155 8.096  8.097 8.125 8.103 8.098 8.144 8.083  8.084 8.112 8.090  8.086
4 6.569 6.823  6.516 6.568  6.462 6.463 6.543  6.521 6.509 6.584 6470 6.472 6.616 6.622  6.596
5 4960 5370 4.835 4956 4819 4814 4989 4901 4.869 4949 4814  4.809 4928 4846  4.817
6
7
8

4144 4786  4.043 4142 4.008  4.012 4.082  4.093  4.003 4.141 4.076  4.030 4120  4.065  4.020
3446 4256  3.366 3.431 3296  3.283 3.351 3398  3.323 3430 3303 3.288 3342 3388 3316
3293 4169 3.182 3278 3153 3.099 3293 3254 3184 3266  3.130 3.126 3298 3214 3151
9 3235 4129 3.087 3207 3.013 2979 3.069  3.187 2.987 3.109 2906  2.900 3.130 3.142 3.009
10 3.063 4.149 3.047 3.059 2980  2.986 3.056 3238  3.066 3.023 2985 2926 3.036 3286  3.057
11 3.001 3962  3.021 2996 2980  2.765 3.029 3.361 3.069 3.016  3.088  3.017 3.050 3369 3.086
12 3.073 4279 3132 3.070 3.024  3.020 3.021 3424  3.068 3.019 3.016 2978 3.049 3410 3.076
13 2903 4385 2977 2894 2898  2.869 2.891 3469  2.999 2940  2.901 2915 2979 3535 2967
14 2946 4671 3.029 2908 2919 2922 2951 3.408  3.056 2933 2839 2834 2866 3344  2.888

Table D2

Results from five-fold rolling origin cross-validation for different number of factors R, choices of the form of the penalty matrices, and prediction method (RW = random
walk with drift; LE = linear extrapolation; smooth = smoothing method via splines), using a 10-year (mid-term) forecasting horizon. Note k, denote the order of the trend
filtering penalty used for D, and similarly for k,,. The combination of hyperparameters that produces the lowest tensor norm for ADAPT is in bold.

CPD ADAPT ADAPT ADAPT ADAPT
(ky =1,kw =1) (ky =1,ky =2) (ky =2,kyw =1) (ky =2,kw =2)
R RW LE Smooth RW LE Smooth RW LE Smooth RW LE Smooth RW LE Smooth
3 13.681 13.425 12.866 13.631 12.796 12.778 13.547 12.878 12.816 13.668 12.823 12.817 13.590 12.901 12.843
4 11.899 11.526 11.094 11.875 10.933 10.964 11.716 10.997 10.910 11.663 10.778 10.829 11.514 10.781 10.687
5 10.253 10.126 9.480 10239  9.051 9.200 10.087  9.187 9.059 10408  9.278 9.337 10336 9476 9.342
6 8.956 9.115 8.556 8.950 7.733 7971 8.887 8.222 7975 8.924 7.878 7.900 8.915 8.304 7.994
7 8.141 8.922 7.724 8.097 6.721 6.998 7.986 7.469 7178 8.131 6.742 7.046 8.083 7438 7159
8 7.939 8.681 8.093 7.889 6.717 7.052 7.824 7.528 7213 7.913 6.718 7.071 7.819 7.505 7.267
9 7.890 9.136 7.396 7.854 6.483 6.684 7.658 7.268 7.069 7.787 6.460 6.632 7.720 7.166 6.993
10  7.767 8.837 7301 7.644 6.448 6.568 7.586 6.906 6.610 7.667 6.340 6.489 7613 7.066 6.681
11 7.702 9.113 7328 7674 6.409 6.558 7.551 7.396 7183 7.630 6.439 6.592 7.648 7.064 6.773
12 7586 8.938 7516 7.558 6.392 6.535 7.553 6.980 7.031 7.551 5.968 6.262 7.500 6.955 6.755
13 7.603 9.230 7.703 7517 6.364 6.400 7538 7.454 7.284 7.509 6.090 6.114 7513 7.504 6.994
14 7538 9.198 7.469 7.491 6.323 6.384 7.424 7.347 7.029 7.542 6.451 6.521 7.440 7274 7143
Table D3

Results from five-fold rolling origin cross-validation for different number of factors R, choices of the form of the penalty matrices, and prediction method (RW = random
walk with drift; LE = linear extrapolation; smooth = smoothing method via splines), using a 15-year (long-term) forecasting horizon. Note k, denote the order of the trend
filtering penalty used for D, and similarly for k. The combination of hyperparameters that produces the lowest tensor norm for ADAPT is in bold.
CPD ADAPT ADAPT ADAPT ADAPT
(ky =1,ky =1) (ky =1,ky =2) (ky =2,kyw=1) (ky =2,kyw =2)
RW LE Smooth RW LE Smooth RW LE Smooth RW LE Smooth RW LE Smooth

R

3 19.193 21.759 19.757 18.311 17.358 17424 19.163 20.193 18.961 18.311 17.358 17.424 19.162 20.191 18.962
4 18.983 21.492 18.462 18.577 15.909 15.988 19.061 18.593 17.546 18.647 16.165 16.265 18.719 19.209 17.662
5 17.030 20.299 16.386 16.725 13.437 13.515 16.715 16.320 15175 16.436 13.010 13.099 16.975 16.579 15.574
6
7
8

17157 20.036 17.833 16.541 13.292 13.358 17.041 17.559 15.358 16.468 13.141 13.243 16.498 16.806 15.214
16.019 20.091 15.453 15.402 12.155 12.067 16.140 16.303 14.705 15.603 12.458 12.385 16.107 15.931 14.761
16.368 21.392 15.471 16.322 13.438 13.328 16.195 16.527 15.080 16.124 13.314 13.420 16.222 16.890 14.736
9 15.800 21312 16.166 15.687 13.450 13.435 15.674 16.778 14.966 15.854 13.734 12.808 15.684 17.655 15383
10 15.869 22.259 15.615 15.748 13.204 12.778 15.763 16.509 14129 15.694 13.807 13.219 15.667 17123 13.572
11 15.742 22371 15.637 15.674 13.478 13.366 15.640 17.583 14.968 15.690 12.706 12.872 15.656 17118 13.017
12 15.647 22.689 14.520 15.596 14.780 13.426 15.564 16.147 14109 15.604 14.148 12.554 15.556 17.299 13.991
13 15.589 23.362 17.032 15.477 14.638 14.381 15.495 17102 13.364 15.543 14.198 13.461 15.581 17.095 13.211
14 15534  23.533 17.345 15.517 14.275 13.428 15451 16.904 14.067 15.465 14.439 12.270 15.534 17.288 14.349

can vary between 8 and 14. Also, all things being equal, models with order 1 trend filtering tend to have errors, indicating that we do
not need to impose relatively strong smooth constraints especially on the Year dimension. Arguably the most consistent and important
trend though is that ADAPT consistently outperforms CPD, suggesting that the inclusion of penalty matrices and smoothing can lead to
improved predictive performance. This is (ultimately) demonstrated when we considered out-of-sample performance in Section 5.3 in the
main text.

D.2. Example results of estimated vectors from ADAPT versus CPD

Fig. D1 presents examples of the estimated vectors for ADAPT versus the (unpenalized) CPD in the case of the short-term forecasting
horizon; see Appendix E for links to the full set of plots. Overall, there was relatively little difference in the estimated vectors between
ADAPT and CPD for the cause dimension, which was not surprising given that this dimension was not penalized. On the other hand, for

the age group dimension the underlying quadratic trends in the US male mortality data (especially for mid- and long-term forecasting
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Fig. D1. Estimated vectors for cause (left), age group (middle), and year (right) for the last factor of ADAPT versus (unpenalized) CPD under the three forecasting horizons
(top: short-term (5 years); middle: mid-term (10 years); bottom: long-term (15 years).

horizons) were identified by ADAPT, and as a result the estimated vectors were much smoother than those based on CPD. Turning to the
year dimension, we again see the clear effects of trend filtering in ADAPT when considering mid- and long-term forecasting horizons, as
it produces much smoother estimated vectors that we anticipate will lead to superior forecasting performance.

D.3. Results from a three-factor ADAPT model

Fig. D2 presents the resulting estimated vectors for cause, age group, and year under the three forecasting horizons, noting that the
factors in ADAPT (as well as the tensor decomposition methods considered in this article) are only identifiable up to sign-flipping. It is
interesting to observe, though perhaps not surprisingly, that the estimated factors for all three dimensions exhibit very similar patterns
across the three forecasting horizons. As such, we focus on interpreting the long-term forecasting horizon case here as an example.

The estimated factors for age groups generally exhibit similar patterns to what we discussed earlier for Fig. 4. Note however that the
third estimated factor for age group presents a different pattern compared to the first two factors, which is perhaps not too surprising as
it aims to capture the remaining patterns after the first two factors have been accounted for. Turning to the cause-of-death dimension, we
observe that the first two estimated factors fluctuate around similar levels across different causes of death. On the other hand, the third
estimated factor presents a different pattern, indicating Cancer cause mortality as relatively the lowest and Others/Respiratory system
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Fig. D2. Estimated vectors for cause (left), age group (middle), and year (right) for the first three factors of ADAPT under the three forecasting horizons (top: short-term;
middle: mid-term; bottom: long-term).

cause mortality as relatively the highest, conditional on age group (mostly adult ages) and year. Finally, the patterns seen in the estimated
factors for year can be interpreted conditional on the causes and age factors. That is, and generally speaking, the first and third estimated
factors for year decreased over time conditional on cause of death and age group, while the second estimated factor for year exhibits an
increasing pattern for most adult ages.

D.4. Cause-specific out-of-sample forecasting error
See Table D4.

Table D4

Cause-specific out-of-sample forecasting performance across the three forecasting horizons, based on the
norm between the predicted and test set matrix for each cause. The methods compared include ADAPT,
the unpenalized CPD, the two versions of the Lee-Carter (LC) model, MLR, and the product-ratio method
(PR). The best performing method for each cause at each forecasting horizon is highlighted.

5-year (short-term) forecasting horizon

ADAPT  CPD Original LC General LC MLR PR
Cancer 0.729 0.615 1161 0.998 0.928 0.732
Circulatory system 1425 1.629 1.759 1.591 2.728 1.532
External causes 2.089 2.088 2.778 2.569 5.895 1.635
Infectious/parasitic diseases 1.505 1478 1.664 1.746 2.349 1.370
Others 1.096 1.373 0.880 0.844 1.640 0.697
Respiratory system 1.394 1.400 1714 1.632 2.291 1518

10-year (mid-term) forecasting horizon

ADAPT  CPD Original LC General LC MLR PR
Cancer 1126 0936  1.297 0.894 1421 1.407
Circulatory system 1.889 2.305 2.996 2.095 4.297 2425
External causes 2.712 3.308 6.245 2976 10.657 3.465
Infectious and parasitic diseases ~ 2.416 2440  3.004 2188 3.581 2419
Others 1.841 1.561 2.476 1.319 2.707 1.591
Respiratory system 2319 2440 2.806 2125 3,571 2.480

(continued on next page)
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Table D4 (continued)

15-year (long-term) forecasting horizon
ADAPT  CPD Original LC General LC MLR PR

Cancer 1.335 3.330 1.698 1415 6.387 1.949
Circulatory system 3.463 3179 4112 3.467 2.926 2.851
External causes 4.879 6.804 8.010 5273 11172 5232
Infectious and parasitic diseases ~ 4.801 4.529 3.733 2.970 3.905 4.834
Others 3.549 4,062 3.524 2.602 4.717 3.364
Respiratory system 3.761 3.601 4.260 3.661 13.025 4.598
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Fig. D3. Predicted truncated period life expectancy at birth (0), adulthood age (25), and retirement age (65) over a 25 years horizon, based on different methods.

D.5. Predicted life expectancy plots
See Fig. D3.
Appendix E. R codes and additional plots

The GitHub repository https://github.com/lullabies777/Adaptive-Penalized-Tensor-Decomposition.git includes R code for implementing
CPD, ADAPT, both versions of the Lee-Carter model, multinomial logistic regression. An R shiny app providing further results from the
application to the US male cause-of-death mortality data can be found at https://xuanmingzhang.shinyapps.io/rshiny_final/.
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