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This paper introduces the Random Walk with Drift plus AutoRegressive model (RWDAR)
for time-series forecasting. Owing to the presence of a random walk plus drift term,
this model shares some similarities with the Theta model of Assimakopoulos and
Nikolopoulos (2000). However, the addition of a first-order autoregressive term in the
state equation provides additional adaptability and flexibility. Indeed, it is shown that
RWDAR tends to outperform the Theta model when forecasting both stationary and
nearly non-stationary time series. This paper also proposes a simple estimation method
for the RWDAR model based on the solution of the algebraic Riccati equation for
the prediction error covariance of the state vector. Simulation results show that this
estimator performs as well as the standard Kalman filter approach. Finally, using yearly
data from the M3 and M4 competition datasets, it is found that RWDAR outperforms
traditional forecasting methods.
© 2022 International Institute of Forecasters. Published by Elsevier B.V. All rights reserved.
1. Introduction

This paper presents a new time-series model called
andomWalk with Drift plus AutoRegressive (RWDAR), in
hich multiple errors drive the whole system’s dynamics.

n its state-space representation, RWDAR features two
eparate components: a random walk with drift for the
evel or trend of the series, and a first-order autoregres-
ion for the residual components. As such, the RWDAR
odel resembles the Theta model of Assimakopoulos and
ikolopoulos (2000), which performed remarkably well in
he M3 competition (Makridakis & Hibon, 2000). Besides
ntroducing the RWDAR model, this paper proposes a
imple method for estimating its parameters that relies
n the analytical solution to the algebraic Riccati equation
or the covariance matrix of the state vector’s prediction
rror (Sbrana & Silvestrini, 2020). This analytical solution
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greatly simplifies both the Kalman filter recursions and
the evaluation of the model’s likelihood function. This
estimation method is similar to that successfully intro-
duced by Sbrana and Silvestrini (2019) for estimating the
random switching exponential smoothing model. Using
Monte Carlo simulation, the finite-sample properties of
the newly proposed estimator are compared with those
of the standard likelihood maximization procedure based
on the Kalman filter. The results show that the perfor-
mance of both methods is quite similar, irrespective of the
sample size.

The closely related Theta model introduced by As-
simakopoulos and Nikolopoulos (2000) is a forecasting
method based on a decomposition of the second dif-
ferences of a time series into short- and long-term
components. More precisely, the Theta method modifies
the local curvature of the series through the theta
(θ ) coefficients, which are applied to the second dif-
ferences of the data. Depending on the values of the
theta coefficients, the local curvature of the data is
either decreased (i.e., the series is deflated) or increased
(i.e., the series is dilated), resulting in a magnification
r B.V. All rights reserved.
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of the long-term or short-term component, respectively;
see Nikolopoulos and Thomakos (2019).1 More recently,
assuming a stochastic trend in the data-generating pro-
cess, Thomakos and Nikolopoulos (2014) showed that the
equally weighted theta-lines forecast corresponds to the
optimal (i.e., the minimum mean squared error) forecast
of the same data-generating process. Thus, the unit root
model underpins the forecasts produced by the Theta
method. Thomakos and Nikolopoulos (2015) proposed a
multivariate extension of the original univariate Theta
method and found that the bivariate Theta method
performs very well and in most evaluations outperforms
the univariate version of the method. Other important
contributions on the Theta method include Fiorucci,
Pellegrini, Louzada, Petropoulos, and Koehler (2016),
Nikolopoulos, Assimakopoulos, Bougioukos, Litsa, and
Petropoulos (2011), Spiliotis, Assimakopoulos, and Makri-
dakis (2020), Spiliotis, Assimakopoulos, and Nikolopoulos
(2019), among others.

Building on earlier work by Assimakopoulos and
Nikolopoulos (2000), Hyndman and Billah (2003) worked
out the underlying forecasting function of the Theta
method employed by Assimakopoulos and Nikolopoulos
(2000) in the M3 competition for monthly data, which
is a simple exponential smoothing with drift, in which
the drift parameter is set to half the slope of the fitted
trend line through the original time series. Using a
probabilistic framework, Hyndman and Billah (2003) also
showed that it is possible to derive prediction intervals
and likelihood-based estimation of the parameters. How-
ever, Nikolopoulos and Thomakos (2019) pointed out that
a clear link between the basic Theta method and simple
exponential smoothing with drift can only be established
when focusing on the specific Theta formulation used
by Assimakopoulos and Nikolopoulos (2000) in the M3
competition for monthly data, and not in general.2

From the above discussion, it appears clear that RW-
DAR shares some key similarities with Theta. Despite that,
it is a different model. Specifically, the presence of an
autoregressive component in the measurement equation,
which is absent in the Theta model, provides additional
flexibility well suited for time series with a trend plus cy-
cle dynamics, or for stationary and nearly non-stationary
data. This is evident from the Monte Carlo experiment
reported in Section 4.1. Moreover, this finding is rein-
forced by an empirical application to forecasting US out-
put growth and inflation (Section 4.2). Another difference
is related to the fact that the RWDAR model is cast into
a multiple-error-source state-space form, and therefore
requires the use of the Kalman filter, while in the prob-
abilistic interpretation of the Theta method provided by
Hyndman and Billah (2003), the observation and state
equations are driven by the same innovation.

The RWDAR model can be also related to the large
strand of literature on the decomposition of time series

1 For a step-by-step description of the Theta method,
see Petropoulos and Nikolopoulos (2017).
2 A direct link exists only when the decomposition is undertaken

assuming a theta line with Θ = 0 and a theta line with Θ = 2, as
discussed in Nikolopoulos and Thomakos (2019), pp. 11–12.
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into permanent and transitory components; see among
others Beveridge and Nelson (1981), Canova (1998), Har-
vey (1985), Hodrick and Prescott (1997). This literature
is clearly interlinked with the macroeconomic debate on
the relative importance of permanent and transitory com-
ponents in GDP growth (Nelson & Plosser, 1982; Watson,
1986). In the RWDAR specification, the trend of the time
series is modeled as a random walk with drift, as, for in-
stance, in the representation suggested by Watson (1986)
and, more recently, by Oh, Zivot, and Creal (2008), to
decompose the series into a trend and a cyclical compo-
nent. The RWDAR model is used in this paper only for
forecasting purposes, yet it is useful to interpret it in a
broader perspective, also in light of efforts already made
in the econometric literature to model trends.

The out-of-sample forecasting accuracy of the RWDAR
model is assessed using simulated data from a Monte
Carlo experiment and two forecast applications based
on the M3 and M4 competition datasets. A set of rel-
evant competing methods (ETS, Theta, auto-ARIMA, and
a combination of these three methods, termed ‘‘EAT’’) is
employed and different time frequencies are considered
(i.e., yearly and quarterly). Overall, results show that
RWDAR delivers more accurate forecasts than several
traditional statistical models, and scores well even when
compared to the Theta model, which is nowadays in
the forecast practitioner’s toolkit. Therefore, the RWDAR
model is potentially of interest to forecast practitioners.
Interestingly, additional gains in forecast accuracy can be
achieved by combining RWDAR predictions with forecasts
from the other individual models under study (ETS, Theta,
and auto-ARIMA).

The rest of the paper proceeds as follows. Section 2
describes the RWDAR model and the newly proposed
estimation method. Section 3 introduces a simulation ex-
ercise designed to study the finite-sample properties of
the new estimator. Section 4 illustrates another Monte
Carlo experiment designed for comparing the forecast
accuracy of the RWDAR model relative to that of sim-
ple exponential smoothing with drift. It also examines
the relative forecasting performance of RWDAR against
simple exponential smoothing with drift using selected
time series (US GDP and CPI). Section 5 presents the out-
of-sample forecasting exercise and the results obtained
on the M3 competition dataset. Section 6 discusses the
results achieved using the M4 dataset, which extends the
M3 competition in terms of the number of time series
included and forecasting methods considered. Section 7
investigates whether any gains in forecast accuracy can
be made by combining RWDAR predictions with forecasts
from ETS, Theta, and auto-ARIMA. Section 8 draws con-
clusions and proposes suggestions for future research. The
appendix contains the complete proofs of the propositions
presented in the paper together with the R code to be
used for estimating the RWDAR model.

2. The RWDAR model

Consider the following Random Walk with Drift plus
AutoRegressive (RWDAR) model:

y = λ + β , t = 1, 2, . . . , n,
t t−1 t−1



G. Sbrana and A. Silvestrini International Journal of Forecasting 39 (2023) 922–937

p

i
t
s
f
t
s

P

n
p
f
t
t
(

p
v
e

P
r

λt = τ + λt−1 + ϵt , ϵt ∼ NID(0, σ 2
ϵ ), (1)

βt = φβt−1 + ηt , ηt ∼ NID(0, σ 2
η ),

where NID denotes normally and independently dis-
tributed innovations. There is no disturbance term on the
measurement equation. It is also assumed that E

(
ϵt−jηt−g

)
= 0 ∀j, g and that 0 ≤ φ<1. We exclude the case when
φ = 1 consisting of the sum of two random walks.3 The
RWDAR is a flexible parameterization which encompasses
several alternative specifications widely employed in em-
pirical applications. For instance, when φ = 0, model
(1) is equivalent to the so-called random walk with drift
plus noise. In contrast, when σ 2

ϵ = 0, model (1) col-
lapses to an AR(1) plus constant. Therefore, although the
RWDAR model is originally designed for non-stationary
series, it is also suitable for stationary processes. We
also note that, unlike the single-error-source state-space
approach used by Hyndman and Billah (2003), two un-
correlated noises drive the system in (1). Hence, this
formulation is also referred to as a multiple-error-source
scheme. As a consequence, RWDAR belongs to the class
of unobserved-components time series models, as exten-
sively discussed in Harvey (1986), Durbin and Koopman
(2012), and Proietti (2021).

The state-space representation of RWDAR can be writ-
ten as follows4:

yt = zµt−1

µt = δ + Tµt−1 + Rut , (2)

where, by definition,

• z =
[

1 1
]

• T =

[
1 0
0 φ

]
• δ =

[
τ

0

]
• µt =

[
λt
βt

]
• R =

[
σϵ 0
0 ση

]
• ut =

[
u1t
u2t

]
, with E(ut ) =

[
0
0

]
and E(utu′

t ) =[
1 0
0 1

]
.

Moreover, the corresponding Kalman filter recursions are
(Harvey, 1989):

ft = zPt−1z′,

kt = TPt−1z′f −1
t ,

vt = yt − z mt−1, (3)
mt = δ + Tmt−1 + ktvt ,

Pt = TPt−1T′
− TPt−1z′f −1

t zPt−1T′
+ RR′, t = 2, . . . , n

3 This point was suggested by an anonymous reviewer, to whom
we are grateful.
4 The following convention is used: X is a matrix and X ′ is its

transpose; x is a vector such that x′ is its transpose. A lower-case
letter, such as x, represents a scalar.
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where the prediction mt = E(µt |Yt−1) =

[
lt
bt

]
is the

expected value of the state vector given the information
provided by data up to time t − 1, that is, Yt−1 =

{y1, y2, . . . , yt−1}, and Pt = E((µt − mt )(µt − mt )′) is the
rediction error covariance matrix.
Since T, R, and z are constant, model (1) is time-

nvariant. If there exists a time-invariant covariance ma-
rix such that Pt = Pt−1 = P̄, the Kalman filter has a
teady-state solution to which it converges exponentially
ast. It can be shown (Harvey, 1989) that the predic-
ion error’s covariance matrix converges to the following
olution of the well-known algebraic Riccati equation:

¯ = TP̄T′
− TP̄z′f −1zP̄T′

+ RR′

As a consequence, at the steady-state, one does not
eed to store the expressions for P t , ft and kt at each
oint in time, and the only two recursions of the Kalman
ilter that need to be executed are the innovation equa-
ion (i.e., vt ) and the prediction equation, or state vec-
or (i.e., mt ). See Harvey (1989), Sections 3.3.3 and 4.1.3
expressions 4.1.38).

In Proposition 1, the algebraic mapping between the
arameters of model (1) and the elements of P̄ is pro-
ided. This link is crucial for deriving the newly proposed
stimator in Proposition 2.

roposition 1. Given 0 ≤ φ < 1 and the signal-to-noise
atio q =

σ2
ϵ

σ2
η

> 0, there exists a unique positive-definite

solution for P̄ = σ 2
η

[
p1 p2
p2 p3

]
. This solution is:

p1 =
−3qφ +

√
q
√
q(φ + 1)2 + 4 + q

2 − 2φ
(4)

p2 = −
φ

(
qφ−

√
q
√

q(φ+1)2+4+q
)

2(φ−1)
(5)

p3 =
φ

(
q(φ+1)φ−

√
qφ

√
q(φ+1)2+4+2

)
−2

2(φ−1)
(6)

Proof. See Appendix A. □

This result has important consequences. Indeed, the
next proposition puts forward an estimation procedure
that simplifies the maximization of the log-likelihood
function.5

Proposition 2. Given 0 ≤ φ<1 and q =
σ2
ϵ

σ2
η

> 0, consider
the following two recursions:

vt = yt − lt−1 − bt−1 (7)

and[
lt
bt

]
=

[
τ

0

]
+

[
1 0
0 φ

][
lt−1
bt−1

]
+

[
k1
k2

]
vt (8)

5 A similar estimation approach was recently used by Sbrana and
Silvestrini (2021).
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[
k1
k2

]
=

⎡⎢⎢⎣
−

2
√
q

√
q(φ−1)−

√
q(φ+1)2+4

φ

(
φq+q−

√
q(φ+1)2+4

√
q+2

)
2qφ+2

⎤⎥⎥⎦ (9)

It follows that the log-likelihood function of model (1) can
e maximized by choosing the set of parameters (φ, q, and

τ ) that minimizes the sum of squared innovations:

argmin(φ ; q ;τ)

(
n∑

t=2

vt
2

)
.

roof. See Appendix B. □

A few remarks are in order. The Kalman filter is a
ecursive algorithm. At the start of Kalman filtering, the
tate vector in (8) has to be initialized before running
he estimation procedure. For an AR(1) process the ini-
ialization is b1 = 0, while for the random walk the stan-

ard diffuse initialization assumption is used:
[

l1
b1

]
=[

y1
0

]
.

Just after the state vector is initialized, for t = 2, 3,
. . . , n one needs to run only (7) and (8) using (9), choosing
the set of parameters

(
φ̂ ; τ̂ ; q̂

)
that minimize the sum

of squared prediction errors (see the discussion in Ap-
pendix B). This procedure is termed ‘‘approximate max-
imum likelihood estimation’’ (Harvey, 1989) and was re-
cently used by Sbrana and Silvestrini (2019), to which we
refer the reader for additional details.

These remarks, together with results in Propositions 1
and 2, encapsulate all one needs to know to estimate the
RWDAR model. The R code to implement the estimator as
in Proposition 2 is provided in Appendix C.

3. Monte Carlo simulation: Analyzing the finite-sample
behavior of the RWDAR estimator

This section presents some Monte Carlo evidence on
the finite-sample behavior of the RWDAR’s approximate
maximum likelihood estimator developed in Section 2.
The Monte Carlo experiment aims at comparing its per-
formance to that of the standard Kalman filter maximum
likelihood estimator, using samples of different lengths.
The simulation is implemented using R software, and the
developed computer code is available from the authors
upon request.

The data-generating process (DGP) is the RWDARmode
in (1). A large number of replications (10,000) are used
in order to produce accurate results. For each replication,
parameters are randomly generated, allowing simula-
tion results to be general rather than case-specific. The
coefficients are drawn as follows. The ϵt noise is inde-
pendently sampled from a Gaussian density function with
zero mean and variance drawn from Uniform(0.1, 0.5),
where Uniform(a, b) represents a uniform distribution
defined over the interval a and b. The ηt noise is instead
sampled independently from a Gaussian density with zero
925
mean and variance drawn from Uniform(1.5, 2.5). In prin-
ciple, this choice yields a signal-to-noise ratio q =

σ2
ϵ

σ2
η
that

is positive and below one. The first-order autoregressive
parameter φ is drawn from a uniform distribution over
the interval [0.65, 0.95], thus producing some persistence
in the DGP, while the drift parameter τ is sampled from a
uniform distribution over the interval [0.1, 1]. The num-
ber of observations in each Monte Carlo sample is n =

30; 90; 150; 300. This allows one to assess how the bias
of the estimator (accuracy) and its variance (precision) are
affected by the number of observations available in the
sample.

Fig. 1 displays the Monte Carlo bias distribution of the
estimates of φ, q =

σ2
ϵ

σ2
η
and τ across all considered sample

sizes. Each chart presents boxplots for the distributions
of the parameter estimates achieved by implementing
the estimation method based on the steady-state Kalman
filter as in Proposition 2 (steady state, SS) and the alterna-
tive estimation procedure based on the standard Kalman
filter (KF) in . The KF method, which represents the stan-
dard likelihood maximization procedure, is carried out
without concentrating the likelihood. Therefore, the two
innovation variances σ 2

ϵ and σ 2
η are estimated separately.

Fig. 1 reveals that the φ parameter and the drift term
(τ ) are very precisely estimated, except in small samples
(n = 30), with a bias converging monotonically to zero
s the sample size increases. Furthermore, no significant
ifferences emerge between the two estimation methods,
ith boxplots showing similar medians and interquartile
anges. When considering the signal-to-noise ratio, the
ias also converges to zero, but at a slower pace. How-
ver, the median bias is close to zero except when n =

30, after which the interquartile range shrinks, indicat-
ing concentration of the bias towards zero. Still focusing
on the signal-to-noise ratio q, the boxplots of the two
estimators are almost overlapping, barring n = 90,150,
or which the distributions of the SS estimates are more
ispersed compared to the standard KF. However, based
n the available evidence, it can be concluded that the
wo likelihood procedures yield similar results in terms
f bias.
Fig. 2 turns to the variance distribution for the three

arameters. It can be clearly seen that the variance dis-
ributions of the φ and τ estimates collapse to zero very
quickly, with no remarkable differences between the two
estimation methods. The same holds true for the signal-
to-noise parameter, even if in this case the convergence
seems to be slower, but still monotonic to zero. An im-
provement on the precision of the estimates is achieved
when n = 90 and for larger sample sizes.

All in all, these simulation results highlight that the ap-
proximate maximum likelihood estimation method pre-
sented in Proposition 2 yields very similar results com-
pared to the standard likelihood maximization procedure.
As a result, this evidence confirms that using the steady-
state Kalman filter just after initializing the state vector
does not affect the estimation performance.

Finally, Table 1 reports the average times for exe-
cuting both the standard maximum likelihood (Kalman
filter) and the approximate maximum likelihood as in
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Fig. 1. Monte Carlo bias of the RWDAR estimators. Notes. This figure shows for a generic parameter, say θ , the distribution of θ̂i − θ , where θ̂ is
the estimated value, and i = 1, 2, . . . , 10, 000 is the generic replication in the Monte Carlo simulation.
Proposition 2. The computational advantages of using our
approach (approximate ML) are clear for all sample sizes
considered. Indeed, the approximate maximum likelihood
method is on average more than 100 times faster than the
standard Kalman filter, as can be seen from the ‘‘Ratio’’
column.

4. Understanding RWDAR with the Theta: Comparing
forecasting performance

4.1. Monte Carlo evidence

This section illustrates the results of a Monte Carlo
simulation designed for comparing the forecasting perfor-
mance of RWDAR relative to simple exponential smooth-
ing with drift, referred to as the Theta–forecast adaptation
model, as in Hyndman and Billah (2003) (or HB Theta–
forecast adaptation model).6 The same framework already

6 As stated above, this equivalence is valid only in the specific case
in which the Theta method is applied, assuming a theta line with
Θ = 0 and a theta line with Θ = 2. Forecasts from simple exponential
smoothing with drift are produced by using the ‘‘thetaf’’ function of the
R forecast package.
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Table 1
Execution times (in seconds).
Sample size Standard ML Approximate ML Ratio

n=30 0.793 0.007 117.0
n=90 2.079 0.017 121.1
n=150 3.453 0.027 127.0
n=300 6.314 0.065 122.2

adopted in the previous section is used. The simulation is
implemented using R software and the R forecast package
(Hyndman et al., 2020; Hyndman & Khandakar, 2008). The
computer code is available from the authors upon request.

The first DGP is a random walk with drift plus au-
toregressive term in a multiple-error-source framework,
as in (1). For each replication, parameters are randomly
generated. More specifically, the ϵt noise is independently
sampled from a Gaussian distribution with zero mean and
variance drawn from Uniform(0.10, 5.10). The ηt noise
is instead independently sampled from Gaussian density
with zero mean and variance drawn from Uniform(5, 10),
yielding a signal-to-noise ratio q =

σ2
ϵ

σ2
η
that is positive and

usually smaller than one. The drift parameter τ is sampled
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rom a uniform distribution over the interval [0.01, 0.11],
hile the first-order autoregressive parameter φ assumes
he following values: 0.1, 0.3, 0.5, 0.7, and 0.9, so that
e can appreciate the influence of different intensities of
he persistence parameter. The number of replications is
et to 5000. The number of observations in each sample
s 300. For each generated sample, the RWDAR and the
heta models are first estimated in-sample, and then one-
o six-step-ahead forecasts are produced out-of-sample.

The forecasting results are presented in Table 2 using
he root mean squared scaled error (RMSSE); see Hynd-
an and Koehler (2006). Specifically, each cell in Table 2
ontains the ratio of the Theta’s RMSSE relative to that
f RWDAR. Results in the table indicate that, when the
R parameter φ = 0.1 and φ = 0.3, both models have
lmost identical RMSSEs, no matter the forecast horizon
onsidered. This is expected since the AR has very little
ersistence (mimicking white noise) and the model tends
o a random walk with drift plus noise (see Hyndman &
illah, 2003). When increasing the process persistence,
WDAR tends to perform slightly better than the Theta
odel, particularly when φ = 0.5 and φ = 0.7. This is
lso expected, since, contrary to the Theta model, RWDAR
s able to detect the additional AR component. Overall,
927
he RWDAR and Theta models have rather similar fore-
asting performance for different values of the persistence
arameter, regardless the forecast horizon used, with no
odel clearly outperforming its competitor. Thus, in such
non-stationary setting, these simulation results appear

o be in line with previous findings of Thomakos and
ikolopoulos (2014), and shed further light on the AR
arameter’s influence on the forecast accuracy of the two
odels under comparison.
So far we have considered a DGP with a stochas-

ic trend in the form of a unit root. It is also interest-
ng to examine the case of stationary time series being
lose to non-stationary (nearly unit-root) series. There-
ore, we consider a second DGP consisting of an AR(1) plus
onstant, where the AR gets close to a unit-root process:

yt = λt−1 + βt−1,

λt = τ ,

t = φβt−1 + ηt

he ηt noise is sampled as specified above, with the
irst DGP. The autoregressive parameter φ assumes three
alues (0.85, 0.9, and 0.95), pointing to an increasingly
igh degree of persistence, which appears to be realistic
n many economic and financial time series.
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Table 2
Out-of-sample root mean squared scaled error (RMSSE) of Theta vs.
RWDAR (non-stationary DGP).
No. steps ahead φ = 0.1 φ = 0.3 φ = 0.5 φ = 0.7 φ = 0.9

h = 1 0.998 1.005 1.018 1.022 1.011
h = 2 0.998 1.006 1.021 1.026 1.013
h = 3 0.998 1.006 1.023 1.029 1.014
h = 4 0.997 1.005 1.022 1.029 1.014
h = 5 0.996 1.004 1.021 1.027 1.011
h = 6 0.995 1.004 1.020 1.023 1.006

Average 0.997 1.005 1.021 1.026 1.012

Notes. For h = 1, 2, 3, 4, 5, 6 (number of steps ahead) and five different
alues of the AR parameter φ, each cell contains the ratio of the
heta’s RMSSE relative to the RWDAR’s RMSSE; values greater than
ne, for instance, indicate that the RMSSE of Theta is larger than that
f RWDAR.

Table 3
Out-of-sample root mean squared scaled error (RMSSE) of Theta vs.
RWDAR (stationary DGP).
No. steps ahead φ = 0.85 φ = 0.9 φ = 0.95

h = 1 1.055 1.033 1.013
h = 2 1.072 1.043 1.017
h = 3 1.082 1.050 1.019
h = 4 1.087 1.053 1.019
h = 5 1.089 1.053 1.017
h = 6 1.086 1.050 1.014

Average 1.078 1.047 1.017

Notes. For h = 1, 2, 3, 4, 5, 6 (number of steps ahead) and two different
alues of the AR parameter φ, each cell contains the ratio of the
heta’s RMSSE relative to the RWDAR’s RMSSE; values greater than
ne, for instance, indicate that the RMSSE of Theta is larger than that
f RWDAR.

The results are presented in Table 3. The message
ere is clear: the less the persistence of the AR pro-
ess, the better the RWDAR performance. However, the
dge of RWDAR over Theta vanishes when the AR pa-
ameter approaches 1. This is again expected, and per-
ectly coherent with previous results from several other
tudies (Nikolopoulos & Thomakos, 2019; Thomakos &
ikolopoulos, 2014). In summary, when stationary series
re considered, the RWDAR outperforms the Theta model.
n the other hand, when non-stationarity is present, as
ften happens in business, economics, and finance, the
orecasting performance of the two models become very
imilar.

.2. Selected time series

Having examined the forecasting performance of the
WDAR model with simulated data, this section further
nvestigates this issue by using some selected macroe-
onomic time series. Specifically, the focus is on US real
ross domestic product (billions of US dollars, quarterly
requency, seasonally adjusted annual rate) and the US
onsumer Price Index for all urban consumers (index,
982–1984=100, monthly frequency, seasonally adjusted),
wo very important macroeconomic variables for the
nited States. GDP data are available from 1947:Q1 throug
021:Q3 (299 observations), while CPI is available from
947:01 through 2021:11 (899 observations). All data are
928
obtained from the Federal Reserve Bank of Saint Louis
database (FRED).

For each of these two series, four different transfor-
mations of the data are considered: the levels of the
data, their logarithms, the first differences of the loga-
rithms, and the seasonal differences of the logarithms
(lag-4 differences for quarterly GDP and lag-12 differences
for monthly CPI). As in the previous section, RWDAR is
compared to simple exponential smoothing with drift,
referred to as Theta–forecast adaptation model (Hynd-
man & Billah, 2003). These two models are first esti-
mated in-sample, and then forecasts are produced out-of-
sample. For both series, the sample is split into in-sample
and out-of-sample portions, by letting two-thirds of the
data points in the in-sample and the remaining third
of the data values in the out-of-sample. In order to ap-
preciate whether the choice of the estimation window
size affects the model’s forecast accuracy, both rolling-
and recursive-window estimation schemes are considered
in the analysis. One-step-ahead through four-step-ahead
predictions are computed to assess whether the models’
forecast accuracy changes at different forecast horizons.

Results are presented in Table 4. For simplicity, as in
the previous tables, for each series (GDP and CPI), forecast
transformation (levels, logs, y-o-y growth rate, and q-o-
q/m-o-m growth rate), forecast scheme (recursive and
rolling), and forecast horizon (h = 1, 2, 3, 4), the ratio of
the RMSSE of Theta relative to that of RWDAR is reported
in each cell. Thus, values larger than one indicate that the
RMSSE of Theta is higher than the RMSSE of RWDAR.

The upper part of Table 4 refers to US real GDP, whose
plots after the four different transformations have been
applied are presented in Fig. 3 (upper charts). By focusing
on the GDP in levels, it appears that the RWDAR model
significantly outperforms the Theta, and improves on this
later for all forecast horizons considered, no matter the
scheme (recursive or rolling) used. The estimated RW-
DAR parameters are such that the signal-to-noise ratio
approaches 0, and the values of the AR parameters are
close to 1. That is, the RWDAR combines a persistent
AR process with the addition of deterministic drift. The
inclusion of the AR term allows for tracking the slowly
changing cyclical component of the GDP in levels, and this
delivers more accurate forecasts compared to the Theta.
Most importantly, since the first differences of the GDP in
levels have a unit root, the drift of the Theta model is not
appropriate and this explains its results.

A different picture emerges when considering the GDP
in log levels. In this case, the Theta model outperforms
the RWDAR by a large extent, no matter the horizon
and estimation scheme. A visual inspection of the log of
GDP shows that it follows a random walk with a slowly
changing growth rate. Indeed, after taking first differ-
ences, it turns out that the growth rate of GDP fluctuates
very little around its average, which is nicely captured
by the drift term of the Theta model. On the contrary,
the estimated signal-to-noise ratio of the RWDAR model
is in most cases very volatile (ranging between 0 and
15), while the estimated AR parameter is close to 1. The
volatility of the signal-to-noise ratio clearly indicates that
the RWDAR model fails to identify whether the random
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Table 4
Out-of-sample root mean squared scaled error (RMSSE) of Theta vs. RWDAR (US real GDP and CPI).
No. steps ahead GDP in levels Log of GDP

Recursive Rolling Recursive Rolling

h = 1 1.168 1.192 0.823 0.819
h = 2 1.188 1.220 0.773 0.769
h = 3 1.201 1.242 0.744 0.739
h = 4 1.206 1.252 0.714 0.707

GDP growth (y-o-y rate) GDP growth (q-o-q rate)

Recursive Rolling Recursive Rolling

h = 1 1.038 1.006 1.048 1.026
h = 2 1.040 0.996 1.036 1.023
h = 3 1.059 1.005 1.054 1.029
h = 4 1.078 1.008 1.064 1.023

CPI in levels Log of CPI

Recursive Rolling Recursive Rolling

h = 1 1.101 1.109 0.873 0.830
h = 2 1.132 1.141 0.860 0.810
h = 3 1.158 1.175 0.834 0.776
h = 4 1.179 1.200 0.808 0.743

CPI growth (y-o-y rate) CPI growth (m-o-m rate)

Recursive Rolling Recursive Rolling

h = 1 1.018 1.016 1.073 1.075
h = 2 1.038 1.034 1.052 1.054
h = 3 1.058 1.053 1.043 1.041
h = 4 1.072 1.067 1.039 1.037

Notes. For h = 1, 2, 3, 4 (number of steps ahead), each cell contains the ratio of the Theta’s RMSSE
relative to the RWDAR’s RMSSE; values greater than one, for instance, indicate that the RMSSE of Theta
is larger than that of RWDAR.
Fig. 3. Time series plots of US GDP in real terms (1947:Q1–2021:Q3) and of US CPI (1947:01–2021:11, 1982–1984=100): four different
ransformations.
alk component dominates the AR term or vice versa.
his has a detrimental impact on its forecast accuracy.
Focusing on the GDP y-o-y growth rate (i.e., the growth

ate over the previous year), the RWDAR model features
n estimated signal-to-noise ratio close to zero and an
929
estimated AR parameter fluctuating around 0.9. Visually,
the y-o-y growth rate series looks like a persistent AR
process plus a constant term. In this context, the RWDAR
model performs as well as Theta in forecasting, even if
it is slightly more accurate than Theta when recursive
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Table 5
Types of M3 series per frequency and domain.
Frequency Micro Industry Macro Finance Demographic Other Total

Yearly 146 102 83 58 245 11 645
Quarterly 204 83 336 76 57 0 756
Monthly 474 334 312 145 111 52 1428
Other 4 0 0 29 0 141 174

Total 828 519 731 308 413 204 3003
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forecasts are produced. The results change when examin-
ing the GDP q-o-q growth rate (i.e., the growth rate over
the previous quarter). This transformation leads to a sta-
tionary time series, whose pattern is correctly identified
by the RWDAR model, with an estimated AR parameter
fluctuating around 0.4. In this case, the RWDAR model de-
livers more accurate forecasts than Theta, both for rolling
and recursive schemes, and particularly for short forecast
horizons. This is in line with the Monte Carlo findings
presented in Section 4.1.

The bottom part of Table 4 refers to US CPI. The time
eries plots of the four different transformations are pre-
ented in Fig. 3 (lower charts). Overall, the results are
roadly in line with those obtained when working with
eal GDP. The RWDAR model is more accurate at fore-
asting than Theta when considering the series in levels,
hile the opposite holds true when the log transforma-
ion is used. When focusing on seasonal growth rates,
he RWDAR forecasts lead on average to lower RMSSE
alues. These results are robust across forecast horizons
nd estimation schemes considered.

. Application to the M3 competition

This section examines the out-of-sample forecast per-
ormance of the RWDAR model using the M3 competi-
ion dataset (Makridakis & Hibon, 2000). In this database
here are 3003 time series belonging to the following
omains: micro, industry, macro, finance, demographic,
ther sectors. The time series have different frequencies
yearly, quarterly, monthly, and other); see Table 5, taken
rom Makridakis and Hibon (2000).

Each time series is divided into a training part, on
hich models are estimated, and a holdout period, on
hich forecasts are produced. Due to space constraints,
he focus is on yearly and quarterly data. The forecast
orizon is six for the yearly series and eight for the
uarterly series.
Four competing models are considered, in addition to

he RWDAR. The first one is the ETS, which is the expo-
ential smoothing state-space model proposed by Hyn-
man, Koehler, Snyder, and Grose (2002). The second is
imple exponential smoothing with drift, referred to as
he Theta–forecast adaptation model (Hyndman & Bil-
ah, 2003), akin to the Theta model introduced by Assi-
akopoulos and Nikolopoulos (2000), which performed
ery well in the M3 competition. The third model is
he automatic ARIMA modeling algorithm (auto-ARIMA),
hich corresponds to the best ARIMA model automat-

cally selected using information criteria; see Hyndman
nd Khandakar (2008). Lastly, the fourth model is EAT,
hich is a combination of an ETS model, an ARIMA model,
930
and the Theta method with equal weights. Forecasts pro-
duced by the RWDAR are compared against the predic-
tions delivered by the other four methods, obtained with
the R forecast package (Hyndman et al., 2020; Hyndman
& Khandakar, 2008).

Two scale-independent error measures are employed
in the forecast evaluation, namely, the symmetric mean
absolute percentage error (or sMAPE, introduced by Makri-
dakis (1993)) and the mean absolute scaled error (or
MASE, proposed by Hyndman & Koehler, 2006):

MASE =
1
h

∑n+h
t=n+1 |yt − ŷt |

1
n−m

∑n
t=m+1 |yt − yt−m|

MAPE =
2
h

n+h∑
t=n+1

|yt − ŷt |
|yt | + |ŷt |

× 100, (10)

here yt is the observed value of the series at time t , ŷt
s the forecast made at time t , h is the forecast horizon,
is the number of data points in-sample, and m is the

requency of the data (e.g., m = 1 for yearly data, m = 4
or quarterly, etc.). These two performance measures for
oint forecasts were used in the M4 competition (Makri-
akis, Spiliotis, & Assimakopoulos, 2020) and therefore
re also applied in this paper.
A full description of the M3 results is provided in the

equel. The results are discussed separately for yearly and
uarterly data.7

.1. Yearly M3 series

Results for yearly (non-seasonal) M3 series are pre-
ented in Table 6.
In order to improve the readability of the table, the

esults are presented in terms of the MASE and sMAPE
atios instead of the individual MASE and sMAPE values.
hus, each cell in the top part of the table displays the
atio of the average MASE value for RWDAR relative to
he average MASE values for the competing models: ETS,
heta, auto-ARIMA, and EAT.
Each cell in the bottom part of the table contains the

atio of the average sMAPE value for RWDAR relative
o the average sMAPE values for the competing mod-
ls. Values smaller than one indicate that the average
ASE or sMAPE value for RWDAR is smaller than the
orresponding average for any of the competing models.
When focusing on mean ratios, the RWDAR model has

maller MASE and sMAPE values overall than the ETS,

7 Results for monthly data are available from the authors upon
request.
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Table 6
Out-of-sample forecast comparison using yearly M3 series.
No. Mean Mean Mean Mean Med. Med. Med. Med.
steps ratio ratio ratio ratio ratio ratio ratio ratio
ahead RWDAR RWDAR RWDAR RWDAR RWDAR RWDAR RWDAR RWDAR

vs. vs. vs. vs. vs. vs. vs. vs.
ETS Theta ARIMA EAT ETS Theta ARIMA EAT

MASE

h = 1 0.951 0.922 0.931 0.988 1.006 0.904 1.042 1.047
h = 2 0.939 0.918 0.917 0.987 0.941 0.841 0.990 0.956
h = 3 0.938 0.927 0.911 0.983 0.970 0.850 0.984 0.979
h = 4 0.927 0.936 0.900 0.977 0.991 0.886 1.041 0.999
h = 5 0.921 0.943 0.892 0.976 0.994 0.912 1.044 1.075
h = 6 0.919 0.947 0.889 0.977 0.979 0.941 1.002 1.019

Average 0.932 0.932 0.906 0.980 0.976 0.889 1.017 1.012

sMAPE

h = 1 0.906 0.919 0.907 0.954 0.935 0.825 0.960 0.928
h = 2 0.918 0.923 0.922 0.972 0.945 0.915 0.975 1.022
h = 3 0.923 0.924 0.922 0.974 0.943 0.865 0.932 0.967
h = 4 0.922 0.926 0.919 0.975 0.958 0.930 0.939 0.977
h = 5 0.920 0.929 0.914 0.974 0.941 0.957 0.951 1.015
h = 6 0.919 0.933 0.914 0.975 0.993 0.990 0.971 1.048

Average 0.918 0.926 0.916 0.971 0.952 0.914 0.955 0.993

Notes. Columns ‘‘Mean ratio’’ and ‘‘Med. ratio’’ report, for each forecast horizon (number of steps ahead),
Mean RWDAR
Mean ETS , Mean RWDAR

Mean Theta , Mean RWDAR
Mean ARIMA , Mean RWDAR

Mean EAT and Median RWDAR
Median ETS , Median RWDAR

Median Theta , Median RWDAR
Median ARIMA , Median RWDAR

Median EAT ,
respectively, of the corresponding MASEs (top half of the table) and sMAPEs (bottom half of the table).
Theta, auto-ARIMA, and EAT methods. The general mes-
sage is consistent across the two error measures. While
the RWDAR model scores better than ETS, Theta, and
auto-ARIMA, the differences are less pronounced between
the RWDAR and the ensemble EAT method. The better
performance of RWDAR compared to the Theta model
might be explained by the fact that most of the yearly
series used in the M3 and M4 competitions are in levels
(and not in logs), in line with the results presented in
Section 4.2.

When examining the median ratios, the picture is
broadly unchanged, even though the differences across
models are less discernible in some cases. However, the
RWDAR model appears to be more accurate than the
other competing methods most of the time, with very
few exceptions. The second best performing model is
EAT. Overall, the RWDAR model turns out to be the most
accurate forecasting method, with very good performance
in the case under analysis.

5.2. Quarterly M3 series

This section examines the quarterly M3 series. In this
case, seasonality has to be taken into account and ad-
justed for if it is present. The RWDAR model is not suitable
in the presence of a seasonal component. One can include
seasonality by using a dummy or a trigonometric variable,
as described in Casals, Garcia-Hiernaux, Jerez, Sotoca, and
Trindade (2018). However, in this case one cannot use
the results with Propositions 1 and 2, given the lack of
algebraic mapping, and the full Kalman filter must be run.

Another approach relies on an ‘‘external’’ seasonal
adjusting procedure, as in the Theta method of Assi-

makopoulos and Nikolopoulos (2000), and seasonality is
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removed by performing multiplicative classical decom-
position (Fiorucci et al., 2016).8 This approach is also
used for the RWDAR model and allows our results with
Propositions 1 and 2 to be applied. Specifically, whenever
seasonality is detected,9 RWDAR is estimated on a sea-
sonally adjusted (or deseasonalized) time series. Seasonal
adjustment is achieved through the following multiplica-
tive decomposition (see Harvey, 1989): defining s as the
seasons, and assuming s is even, the smoothed series is
given by y∗

t =
∑ s

2
j=−

s
2
wjyt−j with t =

s
2 +1, . . . , n−

s
2 −1

where wj =
1
s for j = 0, ±1, . . . ,±( s

2 − 1) and w−j =

wj =
1
2s for j = ±

s
2 . The ratios yt

y∗t
are then averaged

over each season to give a set of seasonal factors. Dividing
the original series by these seasonal factors gives the
seasonally adjusted series. The RWDAR forecasts made
on the deseasonalized series are finally multiplied by the
seasonal factors to obtain the seasonal forecasts.

The results for quarterly M3 series are presented in
Table 7. When looking at mean ratios, the RWDAR model
usually has smaller MASE and sMAPE values than ETS,
Theta, and auto-ARIMA, except for very short forecast
horizons (h = 1, 2, 3). However, it is outperformed by
the EAT method, which—being a combination of an ETS
model, an auto-ARIMA model, and the Theta method—is a
very strong benchmark. These results hold true according
to both the MASE and sMAPE measures.

8 See Nikolopoulos and Thomakos (2019), p. 10, for additional
details on the steps to be followed for creating forecasts from the basic
Theta model.
9 An ETS model is fitted using the ‘‘ets’’ function in R, and if the

chosen model has a seasonal component, then the data are considered
to be seasonal and seasonality is removed as described above. For
additional details, see https://robjhyndman.com/hyndsight/detecting-
seasonality/.

https://robjhyndman.com/hyndsight/detecting-seasonality/
https://robjhyndman.com/hyndsight/detecting-seasonality/
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Table 7
Out-of-sample forecast comparison using quarterly M3 series.
No. Mean Mean Mean Mean Med. Med. Med. Med.
steps ratio ratio ratio ratio ratio ratio ratio ratio
ahead RWDAR RWDAR RWDAR RWDAR RWDAR RWDAR RWDAR RWDAR

vs. vs. vs. vs. vs. vs. vs. vs.
ETS Theta ARIMA EAT ETS Theta ARIMA EAT

MASE

h = 1 1.059 0.961 1.021 1.103 1.142 0.942 1.123 1.231
h = 2 1.040 0.987 1.028 1.099 1.112 1.029 1.054 1.194
h = 3 1.020 0.988 0.994 1.081 1.060 1.029 0.985 1.127
h = 4 0.992 0.978 0.964 1.055 1.040 1.001 0.979 1.127
h = 5 0.976 0.979 0.947 1.052 1.021 1.011 0.990 1.111
h = 6 0.962 0.976 0.939 1.045 0.977 0.991 0.982 1.089
h = 7 0.945 0.977 0.925 1.035 1.009 1.022 1.021 1.108
h = 8 0.928 0.972 0.913 1.021 0.946 0.973 0.975 1.047

Average 0.990 0.977 0.967 1.061 1.038 0.999 1.013 1.129

sMAPE

h = 1 1.022 0.986 1.003 1.066 1.130 0.957 1.116 1.147
h = 2 1.029 1.009 1.007 1.072 1.119 1.032 1.083 1.172
h = 3 1.019 1.005 0.973 1.055 1.061 1.071 0.990 1.127
h = 4 0.998 1.004 0.954 1.039 0.971 1.012 0.948 1.081
h = 5 0.984 1.002 0.941 1.036 0.952 1.006 0.917 1.076
h = 6 0.971 0.998 0.929 1.029 0.970 1.011 0.912 1.100
h = 7 0.956 0.994 0.918 1.020 0.994 1.029 0.940 1.056
h = 8 0.938 0.987 0.909 1.008 0.914 0.965 0.922 1.008

Average 0.989 0.998 0.954 1.041 1.014 1.011 0.978 1.096

Notes. Columns ‘‘Mean ratio’’ and ‘‘Med. ratio’’ report, for each forecast horizon (number of steps ahead),
Mean RWDAR
Mean ETS , Mean RWDAR

Mean Theta , Mean RWDAR
Mean ARIMA , Mean RWDAR

Mean EAT and Median RWDAR
Median ETS , Median RWDAR

Median Theta , Median RWDAR
Median ARIMA , Median RWDAR

Median EAT ,
respectively, of the corresponding MASEs (top half of the table) and sMAPEs (bottom half of the table).
Table 8
Types of M4 series per frequency and domain.
Frequency Micro Industry Macro Finance Demographic Other Total

Yearly 6538 3716 3903 6519 1088 1,236 23,000
Quarterly 6020 4637 5315 5305 1858 865 24,000
Monthly 10,975 10,017 10,016 10,987 5728 277 48,000
Weekly 112 6 41 164 24 12 359
Daily 1,476 422 127 1559 10 633 4,227
Hourly 0 0 0 0 0 414 414

Total 25,121 18,798 19,402 24,534 8708 3437 100,000
)

Considering the median ratios, the RWDARmodel again
performs rather well, and tends to be as accurate as the
ETS, Theta, and auto-ARIMA methods, while it is over-
come by the EAT ensemble method. Also, in this case
no significant differences emerge according to the two
metrics of forecast accuracy used (MASE and sMAPE).

6. Application to the M4 competition

This section explores the out-of-sample predictive per-
formance of the RWDAR model using the M4 competition
database (Makridakis et al., 2020). The M4 competition
dataset increases the sample size to 100,000 series. In
addition, besides yearly, quarterly, and monthly series,
even higher-frequency data are included, in the form of
weekly, daily, and hourly data. The number of forecasting
methods is expanded, and prediction intervals, as well as
point forecasts, are incorporated in the evaluation process
in order to address the issue of forecast uncertainty. The
time series belong to six different domains (see Table 8)
taken from Makridakis et al. (2020).
932
As for the M3 dataset, each time series is divided
into a training part, on which models are estimated, and
a holdout period, on which forecasts are produced and
prediction errors computed. Yearly and quarterly data are
examined. The forecast horizon is six for yearly series and
eight for quarterly ones. As in the previous application,
two scale-independent error measures are employed in
the forecast evaluation: the sMAPE and the MASE.

A detailed description and a discussion of the M4 re-
sults is provided in what follows, separately for each time
frequency (yearly and quarterly).10

6.1. Yearly M4 series

The focus is initially on the 23,000 yearly (non-seasonal
series. Results are presented in Table 9.

When focusing on mean ratios, the RWDAR model has
overall smaller MASE and sMAPE values than the ETS,
Theta, auto-ARIMA, and EAT methods. Specifically, the

10 Results for monthly data are available from the authors upon
request.



G. Sbrana and A. Silvestrini International Journal of Forecasting 39 (2023) 922–937

R
A
T
T
i

d
e
t
b
i
o

6

T
p
m
o
b
a
b

m
e
i
o
s
d
w

7

f
A

Table 9
Out-of-sample forecast comparison using yearly M4 series.
No. Mean Mean Mean Mean Med. Med. Med. Med.
steps ratio ratio ratio ratio ratio ratio ratio ratio
ahead RWDAR RWDAR RWDAR RWDAR RWDAR RWDAR RWDAR RWDAR

vs. vs. vs. vs. vs. vs. vs. vs.
ETS Theta ARIMA EAT ETS Theta ARIMA EAT

MASE

h = 1 0.948 0.989 0.931 1.002 0.966 0.982 0.957 1.020
h = 2 0.925 0.976 0.909 0.987 0.930 0.983 0.921 0.984
h = 3 0.916 0.950 0.909 0.983 0.914 0.958 0.910 0.969
h = 4 0.907 0.929 0.908 0.980 0.902 0.921 0.900 0.962
h = 5 0.896 0.917 0.902 0.973 0.897 0.911 0.897 0.953
h = 6 0.888 0.906 0.900 0.971 0.892 0.898 0.897 0.954

Average 0.913 0.944 0.909 0.982 0.917 0.942 0.914 0.974

sMAPE

h = 1 0.952 0.994 0.931 1.001 0.954 0.985 0.946 1.016
h = 2 0.937 0.992 0.916 0.992 0.920 0.958 0.908 0.981
h = 3 0.924 0.975 0.913 0.988 0.917 0.928 0.914 0.979
h = 4 0.912 0.961 0.912 0.982 0.905 0.904 0.907 0.972
h = 5 0.900 0.950 0.906 0.975 0.906 0.887 0.907 0.966
h = 6 0.891 0.940 0.903 0.971 0.903 0.877 0.911 0.968

Average 0.920 0.970 0.913 0.985 0.917 0.923 0.916 0.980

Notes. Columns ‘‘Mean ratio’’ and ‘‘Med. ratio’’ report, for each forecast horizon (number of steps ahead),
Mean RWDAR
Mean ETS , Mean RWDAR

Mean Theta , Mean RWDAR
Mean ARIMA , Mean RWDAR

Mean EAT and Median RWDAR
Median ETS , Median RWDAR

Median Theta , Median RWDAR
Median ARIMA , Median RWDAR

Median EAT , respectively,
of the corresponding MASEs (top half of the table) and sMAPEs (bottom half of the table).
A:
WDAR model clearly outperforms both ETS and auto-
RIMA, while differences are smaller compared to the
heta and EAT methods. Thus, the performance of the
heta method seems to improve in the case under exam-
nation compared to the M3 dataset.

The results are overall consistent when looking at me-
ian ratios. Also, in this case the RWDAR model is in gen-
ral more accurate than the other competing methods;
he second best performing model is again the ensem-
le EAT method, while the third best performing model
s the Theta method. This evidence confirms the results
btained with the yearly M3 series in Section 5.1.

.2. Quarterly M4 series

The results for quarterly M4 series are presented in
able 10. When working with quarterly data, the RWDAR
erforms slightly better than the Theta method based on
ean MASE and sMAPE values. However, it tends to be
utperformed by the other methods, even if differences
etween the mean MASE values are rather small across
ll forecast horizons. Similar conclusions can be reached
y inspecting the median sMAPE values.
Overall, these results show that the forecast perfor-

ance is similar across all the individual methods consid-
red. This is largely expected, given that RWDAR does not
nclude seasonality and, as with the other methods, relies
n an ‘‘external’’ seasonal adjustment procedure. As a re-
ult, unlike with the yearly frequency, with quarterly data,
ifferences in the forecast performance across models are
iped out.

. Forecast combinations

We have seen that the RWDAR model often outper-
orms the individual counterparts (ETS, Theta, and auto-
RIMA), but not the combination of all of them (EAT).
933
This result is in line with the empirical literature on
forecast combinations, which have frequently been found
to produce on average more accurate predictions than
individual forecasting models (Timmermann, 2006). Thus,
according to this literature, one way to improve fore-
cast accuracy is through the combination of several fore-
casts of the same variable into a single forecast (Bates
& Granger, 1969). This section further elaborates on this
issue.11

Specifically, we investigate whether any gains in fore-
cast accuracy over RWDAR can be achieved by combining
RWDAR predictions with forecasts from the other indi-
vidual models under examination (ETS, Theta, and auto-
ARIMA). For the sake of simplicity, equally weighted fore-
cast combinations are considered. Yearly (non-seasonal)
data from the M3 and M4 competition datasets are used,
and forecasts are produced from one up to six steps ahead.
Average and median MASE and sMAPE values are again
employed as scoring measures.

Two forecasting models are assessed:

1. RWDAR;
2. The following forecast combination, which gives

equal weight to RWDAR and to the EAT ensemble
method; this latter, in turn, represents an equally
weighted combination of ETS, Theta, and auto-ARIM

COMB =
1
2
RWDAR +

1
2
EAT

=
1
2
RWDAR +

1
6
(ETS + Theta + ARIMA)

The results are presented in Table 11. Values larger
than one can be frequently inspected in the table, suggest-
ing a poorer performance of the RWDAR model compared

11 This experiment was suggested by an anonymous reviewer, to
whom we are grateful.
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Table 10
Out-of-sample forecast comparison using quarterly M4 series.
No. Mean Mean Mean Mean Med. Med. Med. Med.
steps ratio ratio ratio ratio ratio ratio ratio ratio
ahead RWDAR RWDAR RWDAR RWDAR RWDAR RWDAR RWDAR RWDAR

vs. vs. vs. vs. vs. vs. vs. vs.
ETS Theta ARIMA EAT ETS Theta ARIMA EAT

MASE

h = 1 1.047 0.984 1.055 1.078 1.095 0.960 1.087 1.104
h = 2 1.045 0.982 1.043 1.073 1.076 0.975 1.059 1.093
h = 3 1.046 0.979 1.040 1.071 1.061 0.965 1.053 1.080
h = 4 1.038 0.974 1.030 1.061 1.061 0.956 1.044 1.069
h = 5 1.033 0.970 1.024 1.056 1.051 0.952 1.039 1.067
h = 6 1.026 0.965 1.018 1.051 1.048 0.948 1.035 1.059
h = 7 1.020 0.960 1.014 1.048 1.041 0.945 1.028 1.053
h = 8 1.015 0.956 1.010 1.043 1.037 0.944 1.026 1.048

Average 1.034 0.971 1.029 1.060 1.059 0.956 1.046 1.072

sMAPE

h = 1 1.013 1.003 1.013 1.054 1.107 0.970 1.104 1.114
h = 2 1.019 1.009 1.004 1.056 1.090 0.971 1.066 1.097
h = 3 1.021 1.009 1.004 1.056 1.073 0.963 1.058 1.074
h = 4 1.019 1.009 1.000 1.051 1.072 0.965 1.053 1.075
h = 5 1.014 1.006 0.996 1.047 1.059 0.962 1.042 1.066
h = 6 1.008 1.003 0.992 1.044 1.043 0.956 1.032 1.057
h = 7 1.004 1.000 0.990 1.041 1.036 0.953 1.031 1.052
h = 8 1.000 0.997 0.988 1.038 1.022 0.945 1.018 1.044

Average 1.012 1.004 0.999 1.048 1.063 0.961 1.050 1.072

Notes. Columns ‘‘Mean ratio’’ and ‘‘Med. ratio’’ report, for each forecast horizon (number of steps ahead),
Mean RWDAR
Mean ETS , Mean RWDAR

Mean Theta , Mean RWDAR
Mean ARIMA , Mean RWDAR

Mean EAT and Median RWDAR
Median ETS , Median RWDAR

Median Theta , Median RWDAR
Median ARIMA , Median RWDAR

Median EAT ,
respectively, of the corresponding MASEs (top half of the table) and sMAPEs (bottom half of the table).
to the forecast combination (COMB). The results are quite
consistent across datasets and forecast horizons, with a
single exception (h = 1, M3, sMAPE). Focusing on the
3 dataset, gains from forecast combination tend to be
reater when considering median ratios; this is no longer
rue when examining the M4 dataset on the right-hand
ide of the table.
Even if gains arising from forecast combinations are

ot particularly large, it is clear from this simple em-
irical application that averaging across models produces
pooled forecast measure of the target variable that is
ore accurate than the predictions delivered by the single
odels. This is perfectly consistent with previous findings

rom the M3 competition dataset (Makridakis & Hibon,
000), which highlighted the benefits of the combination
f various forecast methods, often outperforming the in-
ividual methods being combined. In addition, it appears
vident from Table 11 that adding RWDAR in the set of
odels used to form the forecast combination leads to
n improvement in terms of forecast accuracy. This result
s noteworthy and might be usefully exploited in other
orecast competitions.

. Conclusions

This paper presented a new state-space model for pro-
ucing time-series forecasts. The model features two sep-
rate components: a random walk with drift, akin to
he Theta method of Assimakopoulos and Nikolopoulos
2000); and a first-order autoregressive term, which helps
o model the stationary part of the series. This model is
alled Random Walk with Drift plus AutoRegressive (RW-
AR), and belongs to the class of unobserved components
934
Table 11
Out-of-sample forecast combination comparison using yearly M3 and
M4 series.

M3 M4

No. Mean Med. Mean Med.
steps ratio ratio ratio ratio
ahead RWDAR RWDAR RWDAR RWDAR

vs. vs. vs. vs.
COMB COMB COMB COMB

MASE MASE

h = 1 1.013 1.061 1.018 1.030
h = 2 1.018 1.012 1.012 1.015
h = 3 1.015 1.010 1.012 1.007
h = 4 1.012 1.033 1.012 1.005
h = 5 1.012 1.059 1.010 0.998
h = 6 1.015 1.031 1.010 1.001

Average 1.014 1.034 1.012 1.009

sMAPE sMAPE

h = 1 0.992 0.990 1.015 1.026
h = 2 1.008 1.120 1.012 1.006
h = 3 1.012 1.024 1.013 1.018
h = 4 1.015 1.017 1.013 1.022
h = 5 1.017 1.014 1.011 1.018
h = 6 1.021 1.036 1.011 1.015

Average 1.011 1.034 1.013 1.018

Notes. Columns ‘‘Mean ratio’’ and ‘‘Med. ratio’’ report, for each forecast
horizon (number of steps ahead) and each forecast competition (M3
and M4), Mean RWDAR

Mean COMB and Median RWDAR
Median COMB of the corresponding MASEs (top

half of the table) and sMAPEs (bottom half of the table).

models pioneered by Harvey (1986) and extensively dis-
cussed in Durbin and Koopman (2012) and Proietti (2021).
It can be easily estimated by implementing the estima-
tion method proposed in this paper, which hinges upon
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the analytical solution to the algebraic Riccati equation
for the covariance matrix of the state vector’s predic-
tion error. A Monte Carlo simulation study compared the
performance of the newly proposed estimator with that
of the standard likelihood maximization procedure based
on the Kalman filter, focusing on small and moderate-
sized samples. This comparison showed that both meth-
ods have similar performance, irrespective of the sample
size considered.

The out-of-sample forecast performance of the RW-
AR model was firstly assessed in a Monte Carlo ex-
eriment. The Monte Carlo study compared the forecast
erformance of RWDAR and simple exponential smooth-
ng with drift, referred to as the Theta–forecast adaptation
odel (Hyndman & Billah, 2003), and considered both
on-stationary and stationary (or nearly non-stationary)
ata-generating processes. Secondly, two empirical ap-
lications were presented and discussed. The first em-
irical application was based on the M3 competition
ataset (Makridakis & Hibon, 2000), and compared the
WDAR performance to that of several relevant compet-
ng methods (ETS, Theta, auto-ARIMA, and a combination
f these three methods, termed ‘‘EAT’’’). The second appli-
ation focused on the M4 competition dataset (Makridakis
t al., 2020), which extends the M3 database in terms
f the number of series used and forecasting methods
onsidered. The results were presented for different time
requencies (yearly and quarterly) and competing models.

As far as the empirical contribution of the paper is
oncerned, the results demonstrate that the forecasts pro-
uced by the RWDAR model are on average more accurate
han those obtained when using several traditional statis-
ical models, such as ETS and auto-ARIMA. Furthermore,
WDAR scored well even when compared to simple ex-
onential smoothing with drift. Additional gains were
ade by combining forecasts derived from RWDAR with
redictions delivered by the other methods considered in
his study. The good performance of RWDAR is probably
ue to the combination of the random walk plus drift with
he first-order autoregressive component, which provides
oth modeling adaptability and flexibility. Overall, these
esults suggest that the RWDAR model is well suited for
roducing forecasts for a large number of time series
ampled at different frequencies, and can thus be used
ffectively in a wide variety of forecasting problems.
Further research should explore additional datasets in

rder to appreciate whether the RWDAR model is suit-
ble to forecast time series in specific domains. Another
spect to be examined is whether we might enhance
he accuracy of the resulting forecasts by combining RW-
AR predictions with those produced by other time-series
odels not considered in this paper. All these issues are

eft for future work.

eclaration of competing interest

The authors declare that they have no known com-
eting financial interests or personal relationships that
ould have appeared to influence the work reported in
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Appendix A. Proof of Proposition 1

Proof. It is well known that a univariate model can be
reparameterized by concentrating out one parameter (see,
for instance, Harvey, 1989). This procedure reduces the
number of parameters to be estimated, therefore sim-
plifying the maximization of the log-likelihood function.
Following this route, let us consider the following repre-
sentation of the RWDAR model in (1):

yt = λt−1 + βt−1, t = 1, 2, . . . , n,

λt = τ + λt−1 + ϵt , ϵt ∼ NID(0, σ 2
η q), (A.1)

βt = φβt−1 + ηt , ηt ∼ NID(0, σ 2
η ),

with q =
σ2
ϵ

σ2
η
. Concentrating out σ 2

η , and imposing σ 2
η =

1, the number of parameters reduces from four to three
(φ ; τ ; q). The Kalman filter recursions for model
A.1) can then be written as before, with some small
hanges. In particular, the innovation variance becomes
c
t = zPc

t z′, where the superscript ‘‘c ’’ stands for ‘‘concen-
trated’’. Moreover, the last recursion (the equation for the
covariance matrix of the state vector’s prediction error)
becomes:

Pc
t = TPc

t−1T
′
− TPc

t−1z
′(f c)−1zPc

t−1T
′
+

[
q 0
0 1

]
Defining its steady-state matrix P̄c

=

[
p1 p2
p2 p3

]
, the

Riccati matrix equation for (A.1) is:⎡⎣ (p1+p2)2

p1+2p2+p3
− q p2(p3−(φ−2)p2)+p1(p2+φp3)

p1+2p2+p3

p2(p3−(φ−2)p2)+p1(p2+φp3)

p1+2p2+p3

(
p22−p1p3

)
φ2

p1+2p2+p3
+ p3 − 1

⎤⎦
=

[
0 0
0 0

]
(A.2)

Firstly, we demonstrate the existence of two analytic
solutions to the matrix Eq. (A.2). Secondly, we show that
only the solution in Proposition 1 allows P̄c to be positive-
definite, and therefore it is the unique legitimate solution.

Recalling Sylvester’s criterion in matrix algebra, there
are two necessary and sufficient conditions to guarantee
that P̄c is positive-definite. The first condition is that p1
must be strictly positive. The second condition is that the
determinant of P̄c must be positive.

Solving the upper-left equation of (A.2) with respect to
p2 and the extra-diagonal equation of (A.2) with respect
to p3, and rearranging, one finds (5) and (6), respectively.

Substituting the solutions for p2 and p3 in the bottom-
right equation, one obtains the following equation:
p1(φ − 1) (p1(φ − 1) − 3qφ + q) + q(2q(φ − 1)φ − 1)

q
= 0

This equation has two different solutions for p1. However,
it can be numerically shown that the only strictly positive
solution is (4).

In addition, substituting (4) in the expressions for p2
and p3, it can be shown numerically that (4), (5), and (6)
jointly guarantee that the determinant of P̄c is strictly
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f

positive. This, together with the positivity of p1, satis-
fies Sylvester’s criterion and therefore confirms that the
solution is legitimate. Finally, one can also show that
the remaining solution does not satisfy the conditions
of Sylvester’s criterion. This rules out the choice of this
alternative solution. Therefore, it can be concluded that
(4), (5), and (6) provide the only solution to the matrix
Eq. (A.2) allowing P̄c to be positive-definite. Finally, this
also implies that P̄ = σ 2

η × P̄c is positive-definite. This
concludes the proof of Proposition 1.12 □

Appendix B. Proof of Proposition 2

Proof.
As noted by Harvey (1989) and Durbin and Koopman

(2012), the knowledge of a steady-state solution such as
Proposition 1 leads to some computational savings, since
some of the Kalman filter recursions become redundant.
That is, the analytical expressions in (4), (5), and (6) also
provide the algebraic solutions for f and k.

Indeed, using the exact solution of the Riccati equation,
it follows immediately that the innovation variance f is:

= zP̄z′

= σ 2
η

(
1
2

(
−

√
q
√
q(φ + 1)2 + 4(φ − 1) + q

(
φ2

+ 1
)
+ 2

))
(B.1)

Moreover, the steady-state Kalman gain can be derived
as k = TP̄z′f −1. That is, using P̄, as in Proposition 1
and Eq. (B.1), one obtains the expression as in (9).

Therefore, the only Kalman recursions that need to be
run, once the steady state is achieved, are the updating
equation for the state vector and the innovation equation,
that is, Eqs. (7) and (8).

We now need to prove that the minimization of the
sum of squared innovations maximizes the concentrated
log-likelihood function. This has been already shown by
Harvey (1989), p. 129. This makes the estimation process
trivial. Indeed, given the data, the choice of (φ ; τ ; q)
directly determines the concentrated log-likelihood func-
tion, which can be maximized using standard optimiza-
tion routines (for example, for those using R, the function
‘‘optim’’). This procedure has also been recently employed
by Sbrana and Silvestrini (2019).

Noted that Harvey (1989) argued that the asymptotic
properties of an estimator minimizing

∑n
t v2

t are equiva-
lent to these of the maximum likelihood estimator. This
concludes the proof of Proposition 2. □

Appendix C. R code to estimate the RWDAR model as
in Proposition 2

This section presents the developed R code for esti-
mating the model as in Proposition 2. It is worth noting

12 All the results, as well as the numerical proofs, were derived using
Mathematica 9 by Wolfram. In order to reduce the algebra, the solutions
that do not satisfy Sylvester’s criterion are not provided. If needed,
these are available from the authors upon request.
936
that (p, co, q) stands for (φ, τ , q) as in Propositions 1 and
2. In addition, in order to ensure that 0 ≤ φ ≤ 1, the
transformation 1 − exp(−abs(x)) is used.

LogLikelihood <− function (Kg) {q<−abs (Kg [1 ] ) ;
p<−1−exp(−abs (Kg [2 ] ) ) ; co<−abs (Kg [3 ] )
mu <−beta <−v<−c ( )
v [1]=0; mu[1]=y [1 ] ; beta [1]<−0
k1<− −(2∗sqrt (q) ) / ( sqrt (q)∗(−1+p)−sqrt (4+q∗ (1+p)

^2) )
k2<−(p∗(2+q+q∗p−sqrt (q)∗sqrt (4+q ∗(1+p) ^2) ) ) / (2+2 ∗

q∗p)
for ( t in 2: ( obs ) ) {

v [ t ]<−y [ t]−mu[ t−1]−beta [ t−1]
mu[ t ]<−co+mu[ t−1]+k1∗v [ t ]
beta [ t ]<−p∗beta [ t−1]+k2∗v [ t ]

}
sum(v^2)
}
Estimation<−optim( c ( . 8 , . 4 , 2 ) , LogLikelihood )

In the above optimization stage (that is, in the ‘‘optim’’
function), the following starting values are employed:
phi = 1 − exp(−0.8), q = 0.4 and τ = 2. Please note
that ‘‘y’’ is the name to be assigned to the time series.
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