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a b s t r a c t

Real-time state estimation and forecasting are critical for the efficient operation of power
grids. In this paper, a physics-informed Gaussian process regression (PhI-GPR) method is
presented and used for forecasting and estimating the phase angle, angular speed, and
wind mechanical power of a three-generator power grid system using sparse measure-
ments. In standard data-driven Gaussian process regression (GPR), parameterized models
for the prior statistics are fit by maximizing the marginal likelihood of observed data.
In the PhI-GPR method, we propose to compute the prior statistics offline by solving
stochastic differential equations (SDEs) governing the power grid dynamics. The short-
term forecast of a power grid system dominated by wind generation is complicated
by the stochastic nature of the wind and the resulting uncertainty in wind mechanical
power. Here, we assume that the power grid dynamics are governed by swing equations,
with the wind mechanical power fluctuating randomly in time. We solve these equations
for the mean and covariances of the power grid states using the Monte Carlo simulation
method.

We demonstrate that the proposed PhI-GPR method can accurately forecast and
estimate observed and unobserved states. For the considered problem, PhI-GPR has
computational advantages over the ensemble Kalman filter (EnKF) method: In PhI-GPR,
ensembles are computed offline and independently of the data acquisition process,
whereas for EnFK, ensembles are computed online with data acquisition, rendering real-
time forecast more challenging. We also demonstrate that the PhI-GPR forecast is more
accurate than the EnKF forecast when the random mechanical wind power is non-
Markovian. In contrast, the two methods produce similar forecasts for the Markovian
mechanical wind power.

For observed states, we show that PhI-GPR provides a forecast comparable to the
standard data-driven GPR; both forecasts are significantly more accurate than the
autoregressive integrated moving average (ARIMA) forecast. We also show that the
ARIMA forecast is more sensitive to observation frequency and measurement errors than
the PhI-GPR forecast.
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1. Introduction

Real-time monitoring and short-term forecasting of
power grid states are important for control and plan-
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detection. Other applications requiring real-time monitor-
ing and short-term forecasting include efficient operation
of controllers and the determination of necessary cor-
rective actions against possible failures in power grid
systems (Huang, Werner, Huang, Kashyap, & Gupta, 2012).
Although modern power grids are heavily instrumented,
it remains a challenge to measure all the power grid
states due to the inherent high-frequency oscillations of
the power grid dynamics and increasing penetration of re-
newable energy sources. Hence, it is necessary to develop
new algorithms for immediate forecasting of observed
and unobserved states so that power grid systems can
operate efficiently and safely.

Here, we distinguish between forecasting (extrapola-
ion) and state estimation, which, for this work, we de-
ine as computing unobserved states in the (recent) past
rom the values of observed states. There are two general
ypes of forecasting methods, including machine learning
ML) forecasting techniques (e.g., fuzzy regression mod-
ls (Hong & Wang, 2014; Song, Baek, Hong, & Jang, 2005),
upport vector machine (Fentis et al., 2016), deep neural
etworks (Grant, Eltoukhy, & Asfour, 2014; Thiyagarajan
Kumar, 2016; Yeung, Kundu, & Hodas, 2017), gradient
oosting machines (Huang & Perry, 2016; Landry, Erlinger,
atschke, & Varrichio, 2016; Lloyd, 2014; Taieb & Hyn-
man, 2014; Xenochristou, Hutton, Hofman, & Kapelan,
020), and Gaussian process regression (GPR) (Cai et al.,
020; Quiñonero-Candela & Rasmussen, 2005; Snelson &
hahramani, 2006; Williams & Rasmussen, 2006)), and
tatistical techniques (e.g., Markov chains (Yoder, Hering,
avidi, & Larson, 2014), data mining (Ahmad & Chen,
018; Kusiak, Zheng, & Song, 2009), multiple linear re-
ression models (Charlton & Singleton, 2014; Hong, 2012;
ong, Wilson, & Xie, 2013; Luo, Hong, & Fang, 2018;
obhani, Hong, & Martin, 2020; Wang, Liu, & Hong, 2016),
emi-parametric additive models (Fan & Hyndman, 2011;
oude, Nedellec, & Kong, 2013; Hyndman & Fan, 2009;
edellec, Cugliari, & Goude, 2014), auto-regressive in-
egrated moving average (ARIMA) models (Brockwell &
avis, 2016; de Oliveira & Oliveira, 2018; Hyndman &
thanasopoulos, 2018; Singh, Mohapatra, et al., 2019),
nd exponential smoothing models (Gardner, 2006; Hong,
inson, & Fan, 2014; Hyndman & Athanasopoulos, 2018)).
arious hybrid approaches combine some elements of ML
nd statistics (Catalao, Pousinho, & Mendes, 2011; Dantas
Oliveira, 2018; Liu, Shi, Yang, & Lee, 2012; Smyl, 2020).
ll ML and statistics methods work better for interpo-
ation than extrapolation. Therefore, forecasting (which
s an extrapolation problem) is more challenging than
arameter estimation for ML or statistical models.
If fully known, physics-based models should be able

o accurately forecast the dynamics of complex systems
ecause the conservation laws on which these models are
ased hold both in the past and future. However, physics-
ased models are not fully known for complex systems
uch as power grid systems. For example, in a model of
n electrical grid dominated by wind energy, the wind
echanical power is uncertain and, in general, impossible

o predict in the future with absolute certainty. Therefore,
hysics-based models alone cannot be used for accurate
eterministic forecasting of the states of the power grid.
968
This work proposes a physics-informed GPR (PhI-GPR)
method for real-time forecast and estimation of power
grid states. In GPR, a state of the power grid is represented
as a linear combination of measured values of this state.
The coefficients are found as a function of this state’s
prior mean and covariance functions. In standard ‘‘data-
driven’’ GPR, prior statistics are chosen by fitting param-
eterized models. The hyperparameters of these models
are found by maximizing a pseudo-likelihood function
of the observations (Genton & Kleiber, 2015; Williams
& Rasmussen, 2006). In PhI-GPR, we assume that the
power grid dynamics are governed by a known set of
equations (e.g., swing equations), and we treat the un-
known forcing terms (e.g., the wind mechanical power) in
these equations as a random process, which turns these
equations into stochastic differential equations (SDEs).
We solve these equations for the mean and covariance of
the power grid’s state using the Monte Carlo (MC) simu-
lation method. We demonstrate that for the considered
power grids with states oscillating around equilibrium
due to random wind power fluctuations, PhI-GPR can
accurately estimate and forecast unobserved states.

We note that our approach is different from the GPR
methods, where the physics is enforced by requiring
the covariance kernels to satisfy a set of deterministic
equations (Chen, Chen, Zhang, & Wu, 2020; Raissi & Kar-
niadakis, 2018; Swiler, Gulian, Frankel, Safta, & Jakeman,
2020). In general, such equations can be obtained in
closed form for linear problems or problems that allow
accurate linearization. The proposed approach is more
general as it will enable estimating the kernel for any
highly non-linear system if its accurate mathematical
model is available.

There are some similarities between PhI-GPR and the
ensemble Kalman filter (EnKF) method (Gillijns et al.,
2006; Takeda, Tamura, & Sato, 2016). Both methods use
physics-based models to construct distributions in the
form of ensembles and construct forecasts of observed
and unobserved states in the form of distributions condi-
tioned on the measurements of observed states. However,
there are two significant differences between the two
methods. In PhI-GPR, the physics-based model is used
to compute the prior distribution of the states (i.e., the
distribution that is not conditioned on data) and can be
done offline, that is, separate from the data acquisition
process. The online component of the PhI-GPR forecast
only involves regression, which is computationally less
expensive than the ensemble generation. In EnKF, the
conditional ensembles are computed in real-time with
data acquisition. It uses the latest measurements of states
to construct initial conditions for solving the physics-
based equations. This gives EnKF some advantage as the
EnKF statistical model is better centered on data than
the one in Ph-GPR. However, in our proposed method,
the conditioning is directly performed using all historical
observations of the observed states. In EnKF, the condi-
tioning is directly done only on the latest observations of
the observed states (past observations are indirectly re-
flected on the prior statistics). The numerical experiments
presented in this work show that the PhI-GPR forecast
is more accurate than the EnKF forecast for the consid-
ered power grid driven by a non-Markovian process. For
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a Markovian driver, we expect the difference between
the two conditioning methods on past data to be less
pronounced. Indeed, we find that both methods provide
a comparable forecast.

For observed states, we find that the accuracy of the
hI-GPR forecast is comparable to the accuracy of the
tandard ‘‘data-driven’’ GPR forecast. We also compare the
hI-GPR method against the ARIMA method, a commonly
sed forecasting technique for forecasting observed vari-
bles. We find that ARIMA is sensitive to observation
requency and measurement noise. We show that PhI-
PR and ARIMA have comparable accuracy for forecast-
ng observed states with noiseless observations and short
imes between observations. Nevertheless, in the pres-
nce of noise and/or large times between observations,
he accuracy of ARIMA deteriorates faster than that of PhI-
PR. Most importantly, the PhI-GPR method can forecast
nd estimate both observed and unobserved states, while
ata-driven GPR and ARIMA can only be used for forecast-
ng and estimation of observed states as the observation
ata are needed to ‘‘train’’ these methods.
This paper is organized as follows. We introduce the

hI-GPR method in Section 2 and the stochastic model of
he power grid in Section 3. In Section 4, we apply the
hI-GPR method to the forecasting and state estimation of
synthetic system and compare it to the GPR method. In
ections 5 and 6, we compare the PhI-GPR method with
he ARIMA and EnKF methods, respectively. Conclusions
re presented in Section 7.

. PhI-GPR method

This section presents the PhI-GPR method for forecast-
ng observed and unobserved states of dynamical systems.
he formulation of multivariate GPR for forecasting is
escribed in Section 2.1. In Subection 2.2, we describe
ow the physics-based priors for multivariate GPR and
hI-GPR are evaluated.

.1. Multivariate GPR for forecasting observed and unob-
erved states

We assume that the system is composed of N observed
states, xi(t) (i = 1, . . . ,N), and M unobserved states
yi(t), (i = 1, . . . ,M), and that there are measurements
i,j of the observed states at the Nto discrete times toj
j = 1, . . . ,Nto ) over the observation window [0, T o

],
contaminated by observation noise. We assume that the
observation errors are normal, identically distributed, and
uncorrelated across times and states; therefore, we model
the observations as

xi,j = xi(toj ) + ϵi,j, ϵi,j ∼ N (0, σn),

where σn is the standard deviation of the observation
errors ϵi,j. We organize these observations into the vector

Xo
= [x1,1, x1,2, . . . , x1,Nto , . . . , xN,1, xN,2, . . . , xN,Nto ]

⊤.

First, we are interested in forecasting the observed
states for the discrete times t f (j = 1, . . . ,N ) over the
j t f

969
forecast window (T o, T f
]; that is, we want to estimate the

vector of values

X f
= [x1(t

f
1), . . . , x1(t

f
Ntf

), . . . , xN (t
f
1), . . . , xN (t

f
Ntf

)]⊤.

For this purpose, we employ multivariate GPR regression,
in which we model the vectors Xo and X f as realizations of
the random vector [(Xo)⊤, (X f )⊤]

⊤ with the distribution[
Xo

X f

]
∼ N

([
X̄o

X̄ f

]
,

[
KXoXo KXoX f

K T
XoX f KX f X f

])
, (1)

where X̄o and X̄ f are the so-called prior (or unconditional)
means of Xo and X f , respectively, and KXoXo , KXoX f , and
KX f X f are the prior covariance matrices between Xo and
Xo, Xo and X f , and X f and X f , respectively. The covariance
matrix KXoX f has the block structure

KXoX f =

⎡⎢⎣Kx1,x1 (t
o, t f ) · · · Kx1,xN (t

o, t f )
...

. . .
...

KxN ,x1 (t
o, t f ) · · · KxN ,xN (t

o, t f )

⎤⎥⎦ , (2)

where each component Kxi,xj (t
o, t f ) is given by

Kxi,xj (t
a, tb) =

⎡⎢⎢⎣
⟨xi(ta1 )xj(t

b
1 )⟩ · · · ⟨xi(ta1 )xj(t

b
Ntb

)⟩
...

. . .
...

⟨xi(taNta
)xj(tb1 )⟩ · · · ⟨xi(taNta

)xj(tbNtb
)⟩

⎤⎥⎥⎦ ,
(3)

with a = o and b = f , and where ⟨·⟩ denotes the
expectation operator. The covariance matrix KX f X f has a
similar structure, with blocks given by (3) with a = f
and b = f . Finally, the covariance matrix KXoXo has the
structure

KXoXo =

⎡⎢⎣Kx1,x1 (t
o, to) · · · Kx1,xN (t

o, to)
...

. . .
...

KxN ,x1 (t
o, to) · · · KxN ,xN (t

o, to)

⎤⎥⎦ + σ 2
n I, (4)

where I denotes the (NtoN) × (NtoN) identity matrix,
and σn is again the standard deviation of the observa-
tion noise. The addition of the term σ 2

n I accounts for
observation noise.

Given the state observations, the prior mean vectors,
and the covariance matrices, the conditional (or posterior)
estimate of the forecast vector X f is given by

X̂ f
= X̄ f

+ K T
XoX f K−1

XoXo

(
Xo

− X̄o) , (5)

and its posterior covariance is given by

K̂X f X f = KX f X f − K T
XoX f K−1

XoXoKXoX f . (6)

he posterior covariance provides a measure of uncer-
ainty or credibility for the forecast of (5).

We now consider the forecasting of the unobserved
tates yi(t). Our goal is to estimate these states over the
bservation window [0, T o

] and to forecast them over
he forecast window (T o, T f

]. For simplicity, we consider
orecasting unobserved states at the discrete times t fj ,
= 1, . . . ,Nt f over the time window (T o, T f

], which we
perform again using multivariate GPR. For this purpose,
we introduce the vector

Y f
= [y (t f ), y (t f ), . . . , y (t f ), . . . , y (t f ), y (t f ), . . . , y (t f )]⊤
1 1 1 2 1 Ntf

N 1 N 2 N Ntf
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and the random vector [(Xo)⊤, (Y f )⊤]
⊤ with the distribu-

tion[
Xo

Y f

]
∼ N

([
X̄o

Ȳ f

]
,

[
KXoXo KXoY f

K T
XoY f KY f Y f

])
, (7)

where X̄o and Ȳ f are the prior mean vectors of Xo and
Y f , respectively, and KXoXo , KXoY f , and KY f Y f are the prior
covariance matrices between Xo and Xo, Xo and Y f , and

f and Y f , respectively. Here, KXoXo is given by (4). The
emaining covariances, KXoY f and KY f Y f , have the struc-
ure of (2) but with blocks Kxi,yj (t

o, t f ) and Kyi,yj (t
f , t f )

iven by (3). The posterior estimate and covariance of the
orecast vector Y f are then given by

Ŷ f
= Ȳ f

+ K T
XoY f K−1

XoXo

(
Xo

− X̄o) ,
ˆ
Y f Y f = KY f Y f − K T

XoY f K−1
XoXoKXoY f .

Finally, we note that multivariate GPR can be used
to estimate ‘‘missing’’ observations in incomplete time
series, which is a standard regression or interpolation
task. This can be accomplished by adding the time of
the missing observation tej ∈ [0, T o

] (j = 1, . . . ,Nte )
to the vector of forecast values X f defined above, where
Nte is the number of missing observation instances to be
estimated.

2.2. Prior statistics for the PhI-GPR method

Selecting prior statistics (prior mean and covariance)
for the multivariate GP model (1) is one of the main
challenges in GPR. In standard data-driven GPR, prior
statistics are often selected from parametric models by
maximizing the so-called marginal likelihood of the ob-
servations Xo (Williams & Rasmussen, 2006). For the case
of forecasting observed states, this approach consists of
assuming parametric models for X̄o, X̄ f , and for the block
components Kxi,xj (t

a, tb) of KXoXo , KXoX f and KX f X f , with
yperparameters γ . A point estimate of these hyperpa-
ameters, γ ∗, is computed as the value that maximizes the
arginal likelihood of the observations, that is,

∗
= argmax

γ

−
1
2
(Xo

− X̄o)
T
K−1
XoXo (Xo

− X̄o)

−
1
2
log det KXoXo −

Nto

2
log 2π, (8)

while assuring that the covariance of the joint process
[(Xo)⊤, (X f )⊤]

⊤ is positive definite. For a review of prior
models for multivariate GPR, see Genton and Kleiber
(2015).

This data-driven GPR approach cannot be employed
when no observations are available for a subset of states
to be forecasted. This is because the marginal likelihood
of (8) does not include block terms of the form Kxiyj (·, ·)
or Kyiyj (·, ·). Therefore, marginal likelihood maximization
cannot estimate the covariance of unobserved states and
the cross-covariance between observed and unobserved
states.

To address this challenge, in PhI-GPR we assume that
Xo are the observations of the stochastic processes xi(t;ψ)
(i = 1, . . . ,N) and yi(t;ψ) (i = 1, . . . ,M) (ψ is a
coordinate in the outcome space) that are governed by
970
a known stochastic model (such as stochastic difference
equations, stochastic differential equations, etc.).

In PhI-GPR, we employ this stochastic model to com-
pute the prior statistics for multivariate GPR via simple
MC simulation. For the multivariate GP models (1) and (7),
the MC estimates of X̄o, X̄ f , and Ȳ f are given by

X̄o
= [x̄1(to1 ), . . . , x̄1(t

o
Nto

), . . . , x̄N (to1 ), . . . , x̄N (t
o
Nto

)]⊤,

¯ f
= [x̄1(t

f
1), . . . , x̄1(t

f
Ntf

), . . . , x̄N (t
f
1), . . . , x̄N (t

f
Ntf

)]⊤,

¯ f
= [ȳ1(t

f
1), . . . , ȳ1(t

f
Ntf

), . . . , ȳN (t
f
1), . . . , ȳN (t

f
Ntf

)]⊤,

ith each component given by the MC estimate

¯ (t) =
1

NMC

NMC∑
n=1

α(t;ψ (n)),

here α(t, ψ (n)) denotes the nth simulated realization of
he state α and NMC is the number of random simulations
f the stochastic model. Similarly, the components of the
ovariance matrices in the multivariate GP models (1) and
7) are estimated using the MC estimate

α(t)β(τ )⟩ =
1

NMC − 1

×

NMC∑
n=1

{
[α(t;ψ (n)) − ᾱ(t)][β(τ ;ψ (n)) − β̄(τ )]

}
. (9)

where α(t) and β(τ ) are any two states of the system at
imes t and τ ((t, τ ) ∈ [0, Tf ]), respectively.

Suppose the stochastic model is biased with respect to
ata (i.e., there is a bias in the MC estimate of X̄o and
he data X0). In that case, this bias can be removed by
odeling the difference X̄o and X0 with a data-driven GPR
odel (Yang, Barajas-Solano, Tartakovsky, & Tartakovsky,
019). In this work, we assume that the stochastic model
s correct (unbiased) by considering the synthetic case
here data is generated as a realization of the solution
f the stochastic model, as described in the following
ection.

. Power grid model

We consider a power transmission network with power
enerators modeled as classical generators driven by wind
echanical power. We assume that the dynamics of the
ystem can be fully described by swing equations for
ach generator in the network, together with a constant
mpedance model for the loads (Nishikawa & Motter,
015). Furthermore, we assume that wind mechanical
ower is not known deterministically but follows a
angevin equation.
In this work, we consider the dynamics of the network

hown in Fig. 1, consisting of three classical generators
riven by wind mechanical power and one load, described
y the equations (Wang et al., 2015)

θ̇k = ωB(ωk − ωs), k = 1, 2, 3, (10)

Hkω̇k = −Dk(ωk − ωs) − Pe
k (θ) + Pm

k , (11)

Pe
k (θ ) =

N∑
EkEi [Gki cos(θk − θi) + Bki sin(θk − θi)] . (12)
i=1
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Fig. 1. Schematic of a power system composed of three synchronous
enerators and four buses (3 generator buses and 1 load bus). Wind
echanical power driving synchronous generators indicated by Pm

k ,
∈ [1, 3].

ere, ωk and θk are the angular velocity [rad s−1] and
angle [rad] of the kth generator, Hk [s] and Dk [p.u.] are the
generators’ inertia and damping constants, ωB [rad s−1] is
the base speed, ωs [rad s−1] is the synchronization speed,
Ek is the phasor internal electromotive force (emf) of the
kth generator [p.u.], and Gki [p.u.], Bki [p.u.], and k, i ∈

1, 3] are the transfer conductances and susceptances,
espectively. Finally, Pe

k [p.u.] and Pm
k [p.u.] are the active

enerated power and wind mechanical power injection of
he kth generator, respectively.

Unless mentioned otherwise, we assume that we have
requent (every 0.05 s) measurements of ωk and θk, and
hat neither measurements nor an accurate deterministic
odel of Pm

k are available. Given the available observa-
ions, we are interested in forecasting the grid’s dynamics
ubject to the initial conditions θk(0) = θk,0 and ωk(0) =

k,0, k ∈ [1, 3]. Since Pm
k (t) is an unknown function of

time, without additional data or assumption about the
wind power, Eqs. (10) to (12) cannot be used to forecast
the power grid states.

In PhI-GPR, we treat Pm
k (t) as a stochastic process,

which turns Eqs. (10)–(12) into SDEs. Then, we use these
stochastic equations to estimate the mean and covari-
ances of the power grid states and wind mechanical
power injections. These means and covariances are em-
ployed as the prior statistics in the GPR Eqs. (5) and
(6).

Due to the stochastic nature of wind, we model Pm
k (t)

as the random process (Rosenthal, Tartakovsky, & Huang,
2018)

Pm
k (t) = P

m
k (t) + P ′m

k (t), (13)

ith the mean P
m
k (t) > 0 and zero-mean Gaussian fluctu-

ations P ′m
k (t) with the covariance⟨

P ′m
k (t)P ′m

k (s)
⟩
= σ 2

k exp
(

−
|t − s|
λk

)
, (14)⟨

P ′m
k (t)P ′m

l (s)
⟩
= 0 k ̸= l, (15)

here σ 2
k and λk are the variance and correlation time

f the fluctuations, respectively. We assume that the
ind prior mean and variance are known (e.g., from
971
meteorological observations). Following Rosenthal et al.
(2018), we model the fluctuations P ′m

k (t) as the Ornstein–
Uhlenbeck (O-U) process (Arnold, 1974)

dP ′m
k = −

1
λk

P ′m
k dt +

√
2
λk
σkdWk, (16)

subject to the initial condition

P ′m
k (0) = P ′m

k,0, (17)

where Wk is the standard Wiener process, and P ′m
k,0 is

the random initial condition drawn from the stationary
distribution of P ′m

k . We employ a second-order strong
Runge–Kutta scheme (Milshtein & Tret’yakov, 1994) for
integrating the system of Eqs. (10)–(12) and (16). This
scheme, including all parameters and the time step, is
described in Appendix.

4. Numerical experiments

We consider the 3-generator system shown in Fig. 1,
with generators 1 and 2 powered by wind and generator
3 by traditional power with known constant mechanical
power Pm

3 . To compute covariances in the PhI-GPR fore-
cast model, we treat Pm

1 and Pm
2 as random processes. The

3-generator system parameters used in our simulations
are shown in Table A.7.

We compute 104 MC realizations over the simulation
domain [0, 25] s with time step h = 0.0025 s. The initial
conditions for angular velocities are set to ω1,0 = ω2,0 =

ω3,0 = 0. A power grid described by Eqs. (10) to (12)
has several stable equilibrium points, each corresponding
to possible safe operating conditions (e.g., the system
remains stable against sufficiently small fluctuations in
wind) and each with its basin of attraction (Hasegawa &
Ueda, 1999). We have numerically determined that the
system considered here with the initial condition for θi
in the interval [0, 0.5] operates in the same basin of
attraction. Therefore, we set the initial conditions for θi to
θ1,0 = 0.0431, θ2,0 = 0.4584, θ3,0 = 0.2372 by drawing
them randomly from the uniform distribution with the 0
and 0.5 bounds. Due to the angular indeterminacy of the
classical model with constant impedance, we only present
phase angles and angular velocities relative to those of the
first generator.

The mean and standard deviation of θ2(t) − θ1(t),
θ3(t) − θ1(t), ω2(t) − ω1(t), and ω3(t) − ω1(t), com-
puted from MC simulation, are shown in Fig. 2, which
demonstrates that these states converge to a statistical
steady state after approximately 15 s. In this work, we
focus on the forecast of states for times less than 15
s, i.e., the forecast of states with non-stationary statis-
tics. Such predictions are especially challenging for the
standard GPR, which often relies on the assumption of
stationary statistics for covariance estimation. Specifically,
we set T0 to 8.3375 s and Tf to 12.5 s.

In Section 4.1, we assume that measurements are only
available for θk (k = 1, 2, 3) and in Section 4.2 we assume
that only ωk (k = 1, 2, 3) measurements are available. In
both cases, we forecast all states θ2(t)−θ1(t), θ3(t)−θ1(t),

′m ′m
ω2(t)−ω1(t), ω3(t)−ω1(t), P1 (t) and P2 (t). In Section 4.3,
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Fig. 2. Mean (left) and standard deviation (right) of θ2(t) − θ1(t), θ3(t) − θ1(t), ω2(t) − ω1(t), ω3(t) − ω1(t).
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we compare the physics-informed GPR and the standard
data-driven GPR when measurements of both θk and ωk
(k = 1, 2, 3) are available. In Section 5, we compare the
PhI-GPR and ARIMA forecasts of θk and ωk using both
noiseless and noisy measurements of θk and ωk. Finally,
in Section 6 we compare the PhI-GPR and EnKF forecasts.

4.1. PhI-GPR state estimation and forecasting using mea-
surements of θk (k = 1, 2, 3)

In this case, we assume that measurements of θk (k =

1, 2, 3) are available for t < 8.3375 s every 0.05 s. Our
goal is to forecast θ2(t)−θ1(t), θ3(t)−θ1(t) for t > 8.3375
s and ω2(t) − ω1(t), ω3(t) − ω1(t), P ′m

1 (t) and P ′m
2 (t) for

the entire time interval t ∈ [0, 12.5] s. The measurements
are taken from the ground truth solution for t < 8.3375
s. The ground truth solution is also used to validate the
PhI-GPR forecast of θ2(t) − θ1(t) and θ3(t) − θ1(t) for
t > 8.3375 s and ω2(t) − ω1(t), ω3(t) − ω1(t), P ′m

1 (t), and
P ′m
2 (t) for t ∈ [0, 12.5] s. In the PhI-GPR forecast, the prior

mean and covariance of states are computed as described
in Section 2.2 using the stochastic model presented in
Section 3. Of the 104 realizations of the stochastic model,
one is employed as the ground truth, while the remaining
104

− 1 realizations are used to compute the prior mean
and covariances.

In Table 1, we give the log predictive probabilities for
the states θ2(t)− θ1(t), θ3(t)− θ1(t), ω2(t)−ω1(t), ω3(t)−
ω1(t), P ′m

1 (t) and P ′m
2 (t). The log predictive probability

(lpp) is a quantitative measure of the accuracy of predic-
tions from statistical models, which corresponds to the
sum of the pointwise log probabilities of reference values
being observed given the statistical model (Williams &
Rasmussen, 2006). For a certain estimated or forecasted
state α(t), the lpp is given by

lpp = −

N f /e∑
k=1

{
[µf /e(tk) − α(tk) ]

2

2 [σ f /e(tk) ]2
+

1
2
log 2π [σ f /e(tk) ]

2
}
,

where N f /e denotes the number of forecast or estimation
times, µf /e(tk) and σ f /e(tk) are the posterior mean and
standard deviation of the forecast or estimation at time
t , respectively, and α(t ) is the reference value at time
k k
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Table 1
Log predictive probabilities for θ2(t)− θ1(t), θ3(t)− θ1(t), ω2(t)−ω1(t),
ω3(t)−ω1(t), P ′m

1 (t), and P ′m
2 (t) when measurements of θk (k = 1, 2, 3)

are available for t < T0 = 8.3375 s every 0.05 s.
k θk − θ1 ωk − ω1 P ′m

k

t < T0 t > T0 t < T0 t > T0 t < T0 t > T0
1 NA NA NA NA 663.302 136.435
2 NA 194.642 1359.04 550.43 690.176 124.035
3 NA 247.571 1359.29 573.736 NA NA

tk. The larger the lpp, the more accurate is the model
stimation or forecast.
Fig. 3 shows the states estimation and forecast results,

ogether with the associated uncertainties (two posterior
tandard deviations corresponding to 95% credibility in-
ervals). The forecast of θ2(t) − θ1(t) and ω2(t) − ω1(t)
for t ∈ [8.3, 12.5] s is satisfactory, with the ground truth
staying within two standard deviations of the forecast.
For the first two seconds, the forecasts closely match the
ground truth. The forecast of P ′m

1 is less satisfactory, but
the ground truth still mostly stays within two standard
deviations of the forecast. The challenges with forecasting
P ′m
k are to be expected due to its stochastic nature. The

estimation of the unobserved states ω2(t)−ω1(t) and P ′m
1

or t < 8.3 s is very accurate, indicating that there is a
very strong correlation between the observed and unob-
served states. Another outcome of the strong correlation
is that the uncertainty (posterior standard deviation) for
parameter estimation (for t < 8.3 s) is much smaller
than that for forecasting (for t > 8.3 s). The forecast and
estimation performance for the remaining states shows
similar behavior and is summarized in Table 1.

4.2. PhI-GPR forecasting using measurements of ωk (k =

1, 2, 3)

Here, we assume that measurements of ωk (k = 1, 2, 3)
are available for t < 8.3375 s every 0.05 s. Our goal is to
predict ω2(t) − ω1(t), ω3(t) − ω1(t) for t > 8.3375 s and
θ2(t) − θ1(t), θ3(t) − θ1(t), P ′m

1 (t) and P ′m
2 (t) for the entire

time interval t ∈ [0, 12.5] s. As before, the ground truth
solution provides measurements of observed states and
is used to validate forecasted and estimated states. The
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t

Fig. 3. Forecast of θ2(t) − θ1(t) (top left), ω2(t) − ω1(t) (top right), and P ′m

1 (t) (bottom) when measurements of θk (k = 1, 2, 3) are available for
< 8.3375 s every 0.05 s. Grey areas indicate the 95% credibility intervals.
Fig. 4. Forecast of θ2(t) − θ1(t) (top left), ω2(t) − ω1(t) (top right), and P ′m
1 (t) (bottom) when measurements of ωk (k = 1, 2, 3) are available for

t < 8.3375 s every 0.05 s. Grey areas indicate the 95% credibility intervals.
log predictive probabilities for θ2(t) − θ1(t), θ3(t) − θ1(t),
ω2(t)−ω1(t), ω3(t)−ω1(t), P ′m

1 (t) and P ′m
2 (t) are given in

Table 2.
973
Fig. 4 shows the states estimation and forecast results,
together with the associated uncertainties (two poste-
rior standard deviations, corresponding to 95% credibility
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Fig. 5. Covariance matrices KP ′m,θ (left) and KP ′m,ω (right) for the case shown in Fig. 4.
Fig. 6. PhI-GPR (left) and data-driven GPR (right) forecast of θ2(t) − θ1(t) with θk and ωk (k = 1, 2, 3) measurements available for t < 8.3375 s
very 0.05 s.
c
r

ntervals). It can be seen that the estimation and fore-
asting of θ2 − θ1 and ω2 − ω1 for t < 8.3375 s is
ery accurate, with the ground truth laying between two
osterior standard deviations from the predictions. It can
lso be seen that the estimation of P ′m

1 (t) for t < 8.3375 s,
ased on ωk observations, is not as good as the one based
n θk (Section 4.1). This is because P ′m

1 (t) is more strongly
orrelated to θk than to ωk. To illustrate the correlation
etween P ′m

1 (t) and θ1 and ω1, in Fig. 5 we present the
ovariance matrices KP ′m

1 ,θ1 and KP ′m
1 ,ω1 . The KP ′m

1 ,θ1 matrix
as negative diagonal terms and the absolute values of
hese terms are much larger than the absolute values of
he off-diagonal terms that indicates a strong (negative)
orrelation between P

′m
1 and θ1. On the other hand, we do

ot see any significant correlation between P
′m
1 and ω1 as

he diagonal and off-diagonal terms in the corresponding
atrix are of the same order.
The accuracy of P ′m

1 (t) forecasting for t > 8.3375 s,
ased on ωk measurements is approximately the same
s the one based on θk measurements, with the ground
ruth being within two posterior standard deviations of
he PhI-GPR prediction.

.3. Comparison between physics-informed and data-driven
PR methods

In this section we present a comparison between PhI-
PR and standard data-driven GPR for a case where the
easurements of both θk and ωk (k = 1, 2, 3) are available

for t < 8.3375 s every 0.05 s. Here, our goal is to predict

θ2(t)−θ1(t), θ3(t)−θ1(t), ω2(t)−ω1(t) and ω3(t)−ω1(t) for
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Table 2
Log predictive probabilities for θ2(t)− θ1(t), θ3(t)− θ1(t), ω2(t)−ω1(t),
ω3(t)−ω1(t), P ′m

1 (t), and P ′m
2 (t) when measurements of ωk (k = 1, 2, 3)

are available for t < To = 8.3375 s every 0.05 s.
k θk − θ1 ωk − ω1 P ′m

k

t < T0 t > T0 t < T0 t > T0 t < T0 t > T0
1 NA NA NA NA 463.01 140.327
2 624.416 183.523 NA 549.362 489.118 115.266
3 735.93 240.512 NA 570.322 NA NA

t > 8.3375 s. For standard data-driven GPR, we employ
covariance models given by a combination of a squared
exponential function, rational quadratic function, periodic
function, and Kronecker delta function as follows:

Kαα(t, τ ) = γ 2
1 exp

[
−

(t − τ )2

2γ 2
2

]
+ γ 2

3

[
1 +

(t − τ )2

2γ4γ 2
5

]−γ4

+γ 2
6 exp

{
−

2 sin2 [
π
24 (t − τ )

]
γ 2
7

}
+ γ 2

8 δ(t − τ ).

The means ωo(t) = ωf (t) and θ
o
(t) = θ

f
(t) and pa-

rameters γi (i = 1, . . . , 8) are determined by mini-
mizing the negative marginal likelihood of the observed
data (Williams & Rasmussen, 2006), as described in Sec-
tion 2.2.

The log predictive probabilities for the forecast of
θ2(t)− θ1(t), θ3(t)− θ1(t), ω2(t)−ω1(t) and ω3(t)−ω1(t),
omputed via PhI-GPR and data-driven GPR, are summa-
ized in Table 3. Fig. 6 presents the forecast of θ (t)−θ (t)
2 1
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Table 3
Log predictive probabilities for the forecast of θ2(t)−θ1(t), θ3(t)−θ1(t),
ω2(t)−ω1(t), and ω3(t)−ω1(t) for t < T0 = 8.3375 s, computed using
oth PhI-GPR and data-driven GPR when measurements of θk and ωk

(k = 1, 2, 3) are available for t < T0 = 8.3375 s every 0.05 s.
k θk − θ1 ωk − ω1

PhI-GPR GPR PhI-GPR GPR

2 198.858 211.542 551.258 555.884
3 246.031 261.263 565.729 515.667

using both PhI-GPR and data-driven GPR, respectively.
The log predictive probabilities of the data-driven GPR
forecast are slightly larger (less than 10%) than those of
the PhI-GPR forecast. However, Fig. 6 clearly shows that
the PhI-GPR forecast is significantly more accurate than
the data-driven GPR forecast for the first 2 s. The PhI-GPR
forecast closely matches the ground truth for approxi-
mately 2 s, after which the ground truth stays within
two posterior standard deviations from the forecast. The
data-driven GPR forecast deviates from the exact forecast
after approximately 1 s but stays within two standard
deviations of the ground truth. We also note that the
data-driven GPR results in a less certain forecast, i.e., the
data-driven GPR produces a larger standard deviation of
forecasted variables than PhI-GPR.

5. Comparison with the ARIMA method

In this section, we compare PhI-GPR against the uni-
ariate ARIMA method. Unlike PhI-GPR, the univariate
RIMA only allows for forecasting observed variables,
.g., θk measurements are needed for forecasting θk. As

in GPR, the ARIMA forecast of θ fk and ωf
k is given as a

linear combination of the No measurements of θ ok and ωo
k ,

respectively. Using the notation introduced in Section 2.1,
the ARIMA forecast can be expressed as

ω
f
k(tNo+1) − αk,Noω

o
k(tNo ) − · · · − αk,p1ω

o
k(tNo−p1 )

= ek,No+1 + βk,Noek,No + · · · + βk,No−q1ek,No−q1 (18)

θ
f
k (tNo+1) − γk,Noθ

o
k (tNo ) − · · · − γk,p2θ

o
k (tNo−p2 )

= ϵk,No+1 + λk,Noϵk,No + · · · + λk,No−q2ϵk,No−q2 (19)

where ωf
k(tNo+1) and θ fk (tNo+1) are the forecasted values

of ωk and θk, and p1, p2, q1, q2, αk,i, βk,i, γk,i, λk,i, ek,i and
ϵk,i are the parameters of ARIMA. Non-seasonal ARIMA
models are generally denoted as ARIMA(p, d, q), where d
is the degree of differencing used to remove a trend in
data. We assume that the data does not have a trend and
set d to zero. The order parameters are selected using
Akaike’s information criterion (Hyndman & Athanasopou-
los, 2018).

As before, we assume that the measurements of θk,
ωk (k = 1, 2, 3) are available for t < 8.3375 s and our
objective is to forecast these states for t > 8.3375 s.
We test the performance of PhI-GPR and ARIMA for three
cases when the data are collected every 0.05 s, 0.125 s,
and 0.25 s, respectively. The ARIMA model for forecasting
is ARIMA(15, 0, 1) for all three cases.
975
Fig. 7 compares ARIMA and PhI-GPR performance when
data is available every δt = 0.05, 0.125, and 0.25 s. We
can see that the ARIMA forecast is sensitive to δt , while
PhI-GPR prediction is practically independent of δt for the
considered values of δt . We also note that the accuracy of
the ARIMA forecast increases with decreasing δt . For the
smallest tested δt , we find that the accuracy of PhI-GPR
is higher than ARIMA for the first two seconds and then
comparable with ARIMA.

The observed superior performance of the Phi-GPR
method in the considered examples is attributed to the
following factors. The accuracy of the GPR method de-
pends on the accuracy of the estimated covariance kernel
and δt . The dependence on δt is weaker for δt smaller
than the correlation time of the system λ. For a Markov
process (as one considered in this section), the forecasting
is only dependent on the last measurement of the state. In
PhI-GPR, the covariance is estimated from the stochastic
swing equations. Therefore, the accuracy of the covariance
estimation does not depend on δt . For state estimation
(i.e., estimating states at time t < 8.3375 s), we observe
a very small dependence of GPR results on δt because
the correlation time of the system λ = 1.8 s (in our
case, the correlation time of the system is defined by
the correlation time of P

′,m) is larger than the considered
values of δt . We also note that the ARIMA’s predictions
start deteriorating even for δt ≪ λ.

Finally, we consider the effect of measurement noise
on the PhI-GPR and ARIMA forecasting. We study two
cases where we add 1% and 5% noise to ωk and θk mea-
surements. We assume that (noisy) measurements of θk
and ωk are available for t < 8.3375 s every 0.25 s.
The ARIMA models for θ2(t) − θ1(t) and ω2(t) − ω1(t)
forecasting are both ARIMA(15, 0, 1). The PhI-GPR and
ARIMA forecasts of θ2(t) − θ1(t) and ω2(t) − ω1(t) based
on data with 1% and 5% noise are shown in Figs. 8 and 9,
respectively. These figures also show the PhI-GPR states
estimation every 0.025 s for t < 8.3375 s. We can see that
the PhI-GPR forecast is more accurate than ARIMA, espe-
cially for the first two seconds. Also, the PhI-GPR forecast
is considerably less sensitive to the measurement noise
than the ARIMA forecast, which significantly worsens as
the noise increases. The PhI-GPR estimation of θ2(t)−θ1(t)
and ω2(t) − ω1(t) for t < 8.3375 s is in good agreement
with the ground truth for both noise levels.

6. Comparison with the EnKF method

In the EnKF method (Gillijns et al., 2006; Takeda et al.,
2016) and other ensemble forecasting approaches, the
forecast is given as a distribution (or its mean and stan-
dard deviation) computed from an ensemble of simula-
tions with the initial condition computed from the last
measurement of the system of interest, with unknown pa-
rameters (driving forces, boundary conditions, etc.) treated
as random variables. With application to the forecasting
of the 3-generator power grid for time t > 8.3375 given
noiseless measurements at t = 8.3375, such an ensemble
approach is realized by solving the swing equations with
the initial condition given by the measurements of states
and P ′m(t) at t = 8.3375 and treating P ′m(t) for t >
i i
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Fig. 7. Forecasting of θ2(t) − θ1(t) using PhI-GPR and ARIMA when measurements of θk , ωk (k = 1, 2, 3) are available for t < 8.3375 s.
Fig. 8. Forecasting of θ2(t) − θ1(t) (left) and ω2(t) −ω1(t) (right) using GPR and ARIMA when measurements of θk , ωk (k = 1, 2, 3) are available for
< 8.3375 s every 0.25 s with 1% measurement noise.
Fig. 9. Forecasting of θ2(t) − θ1(t) (left) and ω2(t) −ω1(t) (right) using GPR and ARIMA when measurements of θk , ωk (k = 1, 2, 3) are available for
< 8.3375 s every 0.25 s with 5% measurement noise.
.3375 as a random process. The resulting distribution
f power grid states is a distribution conditioned on the
easurements of states at t = 8.3375. In comparison,

he PhI-GPR approach gives the distribution of states
onditioned on the multiple measurements of states at
imes t ≤ 8.3375.

It should be noted that if the states of the power
rid form a multivariate Markov process (for the consid-
976
ered system, the states are a Markov process if P ′m
i (t)

are modeled as a Markov process), then the conditional
distribution of these states will depend only on the last
measurement. Therefore, the ensemble forecasting de-
scribed above will be optimal for a Markov process, as
conditioning on historic measurements other than the
last measurements would not produce additional infor-
mation. However, for non-Markovian P ′m

1 (t), the states of
the power grid will be non-Markovian. Conversely, for
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Fig. 10. Forecasting of Markovian θ2(t) − θ1(t) (left) and ω2(t) − ω1(t) (right), using PhI-GPR and EnKF, when noiseless measurements of θk and ωk
(k = 1, 2, 3), P ′m

k (k = 1, 2) are available for t < 8.3375 s every 0.05 s.
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non-Markovian systems, the conditional distribution de-
pends on past measurements (at least within several cor-
relation times range). We expect the PhI-GPR approach
proposed here to be more accurate than EnKF. We also
reiterate that the PhI-GPR approach (as any GPR-based
approach) assumes that the considered system is Gaus-
sian, which is not true for systems described by non-
linear ODEs. Therefore, the PhI-GPR approach only gives
an approximation of the conditional distribution of the
states.

In Section 3 we presented the power grid model with
Markovian P ′m

i (t), and in Sections 4 and 5 we presented
forecasts of the power grid driven by Markovian P ′m

i (t).
In the remainder of this section, we compare the PhI-GPR
and EnKF methods for forecasting the considered power
grid driven by Markovian and non-Markovian P ′m

i (t). Our
results, summarized in Figs. 10 and 11 and Tables 4 and
5, show that for the power grid with Markovian P ′m

i (t),
the EnKF and PhI-GPR methods have a comparable per-
formance, while PhI-GPR is more accurate than EnKF for
non-Markovian P ′m

i (t).
Finally, we note that both the PhI-GPR and EnKF meth-

ods require solving the power grid equation multiple
times. In the considered example, the EnKF ensemble is
constructed for t ∈ [8.33s, 12.5s] while in the PhI-GPR
method, the ensemble (to compute the covariances of
the power grid states) is computed for t ∈ [0, 12.5s]
(that is the time interval that includes both the obser-
vation and forecast windows). While the computational
cost of the PhI-GPR is higher than that of EnKF (because
the time domain on which ensembles are computed is
larger in PhI-GPR), the ensemble in PhI-GPR is computed
independently of measurements and, therefore, can be
constructed offline. As a result, the PhI-GPR forecast can
be produced faster than the EnKF forecast. Updating a
forecast after a new measurement is collected requires
recomputing the ensemble with the latest measurement
used as an initial condition. Also, the computational cost
of PhI-GPR could be reduced by only considering data that
are strongly correlated to the forecast values, i.e., data col-
lected within several (two to three) correlation times from
the beginning of the forecasting window. Data further
away from the forecasting window should not signifi-
cantly contribute to the forecast. This is because the com-
ponents of the covariance matrix KXoX f in the GPR Eq. (5)
977
Table 4
Log predictive probabilities for Markovian θ2(t) − θ1(t), θ3(t) − θ1(t),
ω2(t)−ω1(t), ω3(t)−ω1(t), P ′m

1 (t), and P ′m
2 (t), using PhI-GPR and EnKF,

when noiselss measurements of θk and ωk (k = 1, 2, 3), P ′m
k (k = 1, 2)

are available for t < T0 = 8.3375 s every 0.05 s.
Forecasted states PhI-GPR EnKF

θ2(t) − θ1(t) 181.032 194.112
θ3(t) − θ1(t) 240.272 175.847
ω2(t) − ω1(t) 548.604 555.03
ω3(t) − ω1(t) 568.349 579.122

Table 5
Log predictive probabilities for non-Markovian θ2(t)−θ1(t), θ3(t)−θ1(t),
ω2(t)−ω1(t), ω3(t)−ω1(t), P ′m

1 (t), and P ′m
2 (t), using PhI-GPR and EnKF,

when noiseless measurements of θk and ωk (k = 1, 2, 3), P ′m
k (k = 1, 2)

are available for t < T0 = 8.3375 s every 0.05 s.
Forecasted states PhI-GPR EnKF

θ2(t) − θ1(t) 423.09 306.863
θ3(t) − θ1(t) 416.776 320.461
ω2(t) − ω1(t) 616.979 604.035
ω3(t) − ω1(t) 621.11 603.621

corresponding to such ‘‘remote’’ data are much smaller
than those corresponding to the data in the vicinity of the
forecasting window.

Fig. 10 shows the forecast of Markovian θ2(t) − θ1(t)
nd ω2(t)−ω1(t), respectively, obtained with the PhI-GPR
nd EnKF methods. For the PhI-GPR forecast, measure-
ents are available every 0.05 s.
Table 4 lists the log predictive probabilities of the PhI-

PR and EnKF forecasts for Markovian θ2(t)−θ1(t), θ3(t)−
1(t), ω2(t)−ω1(t) and ω3(t)−ω1(t). For all states except
3(t)−θ1(t), the lpp of EnKF is higher than that of PhI-GPR
n average by 3%. For θ3(t) − θ1(t), the lpp of PhI-GPR is
arger by 36%.

Fig. 11 and Table 5 compare the PhI-GPR and EnKF
ethods for forecasting the states of the power grid
riven by non-Markovian P ′m

i (t). The non-Markovian pro-
esses P ′m

1 (t) and P ′m
2 (t) are generated as realizations of

he Gaussian distribution with the squared-exponential
orrelation function

⟨
P ′m
i (t)P ′m

i (s)
⟩
= σ 2

i exp
(

−
(t − s)2

2λ2i

)
, (20)⟨

P ′m
k (t)P ′m

l (s)
⟩
= 0 k ̸= l (21)
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Fig. 11. Forecasting of non-Markovian θ2(t)− θ1(t) (left) and ω2(t)−ω1(t) (right), using PhI-GPR and EnKF, when noiseless measurements of θk and
ωk (k = 1, 2, 3), P ′m

k (k = 1, 2) are available for t < 8.3375 s every 0.05 s.
Table 6
Statistics of log predictive probabilities for non-Markovian θ2(t)−θ1(t),
θ3(t)−θ1(t), ω2(t)−ω1(t), ω3(t)−ω1(t), P ′m

1 (t), and P ′m
2 (t), using PhI-GPR

and EnKF, when noiseless measurements of θk and ωk (k = 1, 2, 3), P ′m
k

(k = 1, 2) are available for t < T0 = 8.3375 s every 0.05 s.
Forecasted states Mean Standard deviation

PhI-GPR EnKF PhI-GPR EnKF

θ2 − θ1 420.9528 300.1570 10.8858 22.5248
θ3 − θ1 409.6049 323.8245 7.0277 20.8429
ω2 − ω1 611.8038 601.1384 11.7366 11.9252
ω3 − ω1 615.2695 608.8694 12.6511 10.1212

with the same values of the variance σi and the correla-
tion time λi as in the case of Markovian P ′m

i (t). Fig. 11
shows the forecasts of θ2(t) − θ1(t) and ω2(t) − ω1(t),
while the log predictive probabilities of the θ2(t) − θ1(t),
θ3(t) − θ1(t), ω2(t) − ω1(t), and ω3(t) − ω1(t) forecasts
are listed in Table 5. On average, PhI-GPR has an 18%
larger lpp than EnKF does. For the phase angles, the lpp
of PhI-GPR is higher than that of EnKF by more than 30%.

To verify that these conclusions are not specific to
this data set, we generate nine more synthetic data sets
with the initial conditions for θi randomly drawn from
the uniform distribution with the bounds 0 and 0.5 and
the rest of the initial conditions set as in the above cases.
Table 6 lists the means and variances of the log predictive
probabilities for the forecasted states. We can see that
PhI-GPR is, on average, more accurate than the EnKF
method for the forecast of all considered states.

7. Discussion and conclusions

The PhI-GPR method for short-term forecasting and
state estimation of the phase angle, angular speed, and
wind mechanical power of an N-generator power grid
system with partial measurements is presented. The stan-
dard data-driven GPR method estimates the prior mean
and covariance functions from measurements by maxi-
mizing a pseudo-likelihood function of the observations.
In contrast, in PhI-GPR, we compute the prior mean and
covariance from a stochastic swing equation describing
the power grid dynamics, where the deterministically
unknown variables (in our case, the mechanical wind
power) are treated as random processes. Therefore, un-
like data-driven GPR, the PhI-GPR method can be used
978
to estimate and forecast even unobserved variables. For
example, given observations of the angular velocity of
generators, PhI-GPR can forecast and estimate all system
states, including the angular velocity, phase angle, and
mechanical power of these generators. For the considered
power grid system consisting of two wind generators and
one traditional generator, we find that PhI-GPR provides
accurate estimation and forecast of the unobserved states
for times smaller than the correlation time of the system.
The PhI-GPR forecast stays within two standard deviations
of the ground truth for larger times.

The PhI-GPR method resembles the EnKF method, which
also uses ensemble statistics in its ability to forecast both
observed and unobserved variables. However, there is a
significant difference between the two methods. In the
case of EnKF with noiseless observations, the ensemble
statistics are conditioned on the latest measurements
only, while in PhI-GPR, the ensemble is conditioned on
all historical measurements. Because of this, PhI-GPR is
more accurate than EnKF for forecasting the states of
the considered power grid when wind mechanical power
is modeled as a non-Markovian process. The two meth-
ods give similar results for Markovian wind mechanical
power as the conditional distribution of Markov processes
depends only on the last measurement.

In both methods, the construction of ensembles in-
volves solving the power grid equations, which is the
main computational cost of these methods. In EnKF, these
calculations must be conducted online with data acquisi-
tion. On the other hand, in PhI-GPR, the ensemble calcu-
lation is performed separately from data acquisition, and
the forecast can be computed efficiently online with data
acquisition using GPR.

We also compare PhI-GPR and ARIMA, a standard fore-
casting method. For observed variables, we demonstrate
that the PhI-GPR is at least as accurate as ARIMA when
the time between observation δt is sufficiently small.
As δt increases, the accuracy of the ARIMA forecast de-
teriorates, while PhI-GPR remains accurate. While both
PhI-GPR and ARIMA forecasts deteriorate in the presence
of measurement noises, PhI-GPR remains more accurate
than ARIMA.

The accuracy of the PhI-GPR method depends on the
fidelity of the physics-based model used to compute the
covariance functions. In general, this is not a problem
for modeling power grids since the equations describing
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Table A.7
3-generator system parameters.
H1 [s] 13.64 H2 [s] 6.4 H3 3.01 ωB [rads−1

] 120
D1 [p.u.] 9.6 D2 [p.u.] 2.5 D3 [p.u.] 1.0 ωs [rads−1

] 0
E1 [p.u.] 1.0156 E2 [p.u.] 1.0359 E3 [p.u.] 1.0053 λ1 [s] 1.8
G11 [p.u.] 0.8815 G21 [p.u.] 0.3083 G31 [p.u.] 0.2258 λ2 [s] 1.8
G12 [p.u.] 0.3083 G22 [p.u.] 0.4357 G32 [p.u.] 0.2247 σ1 [p.u.] 0.05
G13 [p.u.] 0.2258 G23 [p.u.] 0.2247 G33 [p.u.] 0.2860 σ2 [p.u.] 0.05
B11 [p.u.] −3.0273 B21 [p.u.] 1.4904 B31 [p.u.] 1.2088 P̄m

1 [p.u.] 0.7195
B12 [p.u.] 1.4904 B22 [p.u.] −2.7397 B32 [p.u.] 1.0764 P̄m

2 [p.u.] 1.6300
B13 [p.u.] 1.2088 B23 [p.u.] 1.0764 B33 [p.u.] −2.3770 P̄m

3 [p.u.] 0.8500
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the power grid behavior are well established. The main
computational cost of the PhI-GPR is associated with com-
puting the covariance functions, which requires solving
the governing equations multiple times (for different re-
alizations of unknown parameters). In our future work,
we will investigate the use of linearized equations, which
allow deriving simple (deterministic) equations for co-
variance functions that could be solved at a reduced cost
compared to MC.

Declaration of competing interest

The authors declare that they have no known com-
eting financial interests or personal relationships that
ould have appeared to influence the work reported in
his paper.

cknowledgments

This work was partially supported by the U.S. De-
artment of Energy (DOE) Office of Science, Office of
dvanced Scientific Computing Research (ASCR) as part
f the Multifaceted Mathematics for Rare, Extreme Events
n Complex Energy and Environment Systems (MACSER)
roject. Pacific Northwest National Laboratory is oper-
ted by Battelle for the DOE under Contract DE-AC05-
6RL01830. A. Tartakovsky was also supported by the NSF
rant OIA 2033607.

ppendix. Simulation of the power grid stochastic
wing equations

To simulate the system of Eqs. (10)–(12) and (16), we
iscretize these equations in time using a second-order
trong Runge–Kutta scheme (Milshtein & Tret’yakov, 1994)
o simplify the notation, we introduce the vectors yk =

θk, ωk]
T and y = [y⊤

1 , y
⊤

2 , y
⊤

3 ]
⊤. Using this notation,

qs. (10), (11), and (16) read

dyk = fk(y)dt + gk(y)P ′m
k dt,

dP ′m
k = akP ′m

k dt + bkdW , k = 1, 2, 3,

here

k(y) =

[
ωB(ωk − ωs)

[P
m
k − Pe

k (θ) − Dk(ωk − ωs)]/2Hk

]
,

k(y) =

[
0

]
,
1/2Hk

979
ak = −
1
λk
, bk =

√
2
λk
σk, k = 1, 2, 3.

The Runge–Kutta discretization of these equations is
(Milshtein & Tret’yakov, 1994)

yk,i+1 = yk,i +
h
2
{(fk + gkP ′m

k )i + (fk + gkP ′m
k )ī}

+
1

√
12

gk,ibkh3/2ηi,

′m
k,i+1 = P ′m

k,i + bkξih1/2
+

h
2
ak(P ′m

k,i + P ′m
k,ī )

+
1

√
12

akbkh3/2ηi,

(A.1)

where h is the time step in the Runge–Kutta scheme
satisfying both the stability constraints in Milshtein and
Tret’yakov (1994) and the condition h = δ/m (δ is the
time between measurements and m is an integer) that
is needed to model the measurements, ξi and ηi are the
realizations of independent standard Gaussian random
variables ξ and η at time step i, fk,ī = fk(yī), gk,ī = gk(yī),
yk,ī = yk,i + (fk + gkP ′m

k )ih, and P ′m
k,ī

= P ′m
k,i + bkξih1/2

+

kP ′m
k,ih. In our simulations, we set δ = 0.0025m s, where

he integer m is defined in Section 4 for each case. To
atisfy the constraints for the time step and to allow for
nterpolation between successive measurements for m >

, in all simulations we set h = 0.0025 s.
As described in Section 2.2, we use simple Monte Carlo

o compute the prior mean and covariances of ωk, θk, and
m
k (k = 1, . . . , 3). Each of the NMC realizations of the dy-
amics is generated by sampling (A.1). Table A.7 presents
he stochastic swing equation parameters employed in
his work.
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