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ABSTRACT
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This paper proposes two new approaches to improve the estimation of the coefficients
of the multivariate HAR (MHAR) model with the primary purpose of improving forecast

HAR performance. A robust estimator of the covariance matrix is adopted to replace the

Portfolio allocation

Minimum covariance determinant
Multivariate regression
Least-trimmed squares estimator

realized covariance matrix while estimating the MHAR model. The robustness to outliers
of the new estimator makes the OLS estimation scheme for the MHAR model more
reliable. In addition, a robust estimation scheme is developed for the MHAR model,

which is based on the multivariate least-trimmed squares method. Both approaches
provide significant improvements in forecasting performance based on both statistical
loss and portfolio outcomes. The forecast performance of the multivariate HARQ model
can also be improved with the proposed approaches, as evidenced by robustness checks.
© 2023 International Institute of Forecasters. Published by Elsevier B.V. All rights reserved.

1. Introduction

Forecasting multivariate volatility has attracted much
attention in the literature, as forecasts of the covari-
ance matrix are important inputs in applications such as
portfolio allocation. A number of competing approaches
have been proposed for modeling the dynamics of mul-
tivariate financial volatility, including the widely used
multivariate GARCH model and its various extensions (re-
viewed in Bauwens et al., 2006), and multivariate stochas-
tic volatility models (see, for example, Harvey et al., 1994).
However, the parametric multivariate GARCH-type and
stochastic volatility models traditionally incorporated low-
frequency data and treated multivariate volatilities as
latent. In contrast, the emergence of high-frequency in-
traday data has stimulated the construction of realized
measures, which makes volatilities observable and moti-
vates methods that directly employ the realized measures
in forecasting models.
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Realized volatility (RV) is computed by summing in-
traday squared returns sampled at short intervals for a
particular trading day. Andersen et al. (2001) revealed
that RV is an unbiased ex post estimator of daily re-
turn volatility. Consequently, there has been an increas-
ing interest in modeling and forecasting RV. One of the
widely used models for forecasting RV is the heteroge-
neous autoregressive (HAR) model of Corsi (2009). The
simplicity of the HAR model, and its superior forecasting
performance, means it has become the workhorse in the
literature (see, for example, Bubak et al, 2011; Busch
et al,, 2011; Soucek & Todorova, 2013). In the context of
multivariate volatility, a realized covariance (RCov) matrix
of financial asset returns is constructed. Chiriac and Voev
(2011) extended the univariate HAR to the multivariate
case, namely multivariate HAR (MHAR), to model and
forecast RCov. As with the univariate HAR model, the
MHAR model has a simple and easy-to-implement struc-
ture and is often estimated using the method of ordinary
least squares (OLS). Due to the stylized features of RV
and RCov, the OLS estimator can become inefficient and
may lead to bias in the estimates of parameters in the
models. It is well known that RV exhibits large spikes and
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outliers and is non-Gaussian, which can make the OLS
estimator inefficient, as OLS is highly sensitive to (i.e. not
robust against) outliers and suboptimal in the presence of
non-normality. In this paper, we propose two approaches
to avoiding this issue. One is to adjust the underlying
covariance matrix estimate to mitigate the outliers. The
other is to employ an estimation scheme that is robust to
the existence of outliers.

Clements and Preve (2021) used the method of
weighted least squares (WLS) for estimating the univari-
ate HAR model. They showed that the predictive accuracy
of the HAR model improved by using the estimator of
WLS. The idea of using data transformation, such as the
square root and log transformations, has been widely
raised in the literature in the context of modeling RV (see,
for example, Corsi, 2009; Taylor, 2017a), which was mo-
tivated by the non-Gaussian feature of RV. Data transfor-
mations appear useful for reducing skewness, and hence
the possible effect of outliers and potential heteroskedas-
ticity in RV (Clements & Preve, 2021). Taylor (2017a)
showed that the forecast accuracy of RV can be improved
by applying transformations in the HAR model to deal
with these issues. In the context of the multivariate HAR
model, the forecasting method proposed by Bauer and
Vorkink (2011) used matrix logarithm transformations of
the covariance matrix to improve the accuracy of the RCov
forecast. Furthermore, apart from improving the estima-
tion scheme or transforming RV or RCov, there has been a
focus on dealing with the issue of measurement error to
get more accurate forecasting results. The HARQ model
of Bollerslev et al. (2016) and the multivariate HARQ
(MHARQ) model of Bollerslev et al. (2018) account for the
measurement errors in the original HAR and multivari-
ate HAR models, respectively, and hence provide better
forecasting performance. The HARQ-type models allow
for less (resp. more) weight to be placed on historical
values of RV or RCov when the measurement error is
higher (resp. lower). Cipollini et al. (2021) investigated the
correlation between the square root of realized quarticity
and realized variance. Based on this relationship, they
proposed an approach to capture the attenuation bias,
which reduces the need for the quarticity term in the
HARQ-type models. Recently, Quaedvlieg (2020) used pre-
shrunk realized quantities for modeling and forecasting
volatilities, which provides an alternative way to deal
with the measurement error in the realized measures.

In this paper, instead of directly dealing with the mea-
surement errors or transforming RCov when applying the
MHAR model, we propose two approaches that make the
estimation scheme more robust to outliers, resulting in
more accurate forecasts accordingly. Firstly, a new esti-
mate of the covariance matrix, which is more robust to
outliers, is proposed to replace the raw RCov while esti-
mating the parameters in the MHAR model. By employing
the robust estimate of RCov, the OLS estimator becomes
more reliable, improving parameter estimation and hence
forecast performance. The robust estimate of RCov is an
alternative approach for reducing the skewness in the in-
dividual elements of the RCov matrix. As discussed above,
reducing the skewness in RV leads to improvements in
forecast accuracy in the univariate setting. This may be
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due to a range of reasons. Reducing the skewness in
RV, whether by transformations or otherwise, reduces
the effects of the peaks in the series and increases its
persistence and hence predictability (see Ding & Granger,
1996; Ding et al., 1993; Proietti & Liitkepohl, 2013). As
pointed out by Taylor (2017b), some models may be bet-
ter suited to the properties of altered or transformed
data. Given that the HAR model is specifically designed
to parsimoniously capture the persistence in RV, the HAR
model may be better suited to a version of RV that is more
persistent. Opschoor and Lucas (2022) find that modeling
the skewness (along with its volatility) in RV is important
for forecasting the one-day-ahead density of RV and its as-
sociated tail risk. As opposed to the full density of RV, here
we are following a long line of research which focuses
on forecasting the mean level of RV or RCov within the
context of regression-type models. Within this context,
reducing the skewness (via a range of methods) in the
estimate of volatility has been found to be beneficial for
forecasting. Secondly, we employ the multivariate least-
trimmed squares (MLTS) method of Agullé et al. (2008) to
develop a more robust estimation scheme for the MHAR
model. With the presence of extreme values in RCov,
MLTS is more robust than the OLS estimation when using
standard RCov, leading to more accurate forecasts of RCov.

The merits of our proposed approaches are assessed by
undertaking a simulation study and an empirical analysis
of the performance of out-of-sample forecasts. In the em-
pirical analysis, we consider portfolios with five different
sizes. Based on the simulation and empirical studies, we
find significant gains, both statistically and economically,
using our proposed approaches. In addition, the forecast-
ing improvements of the MLTS approach increase with
the portfolio dimension in terms of the quasi-likelihood
(QLIKE) loss function. Moreover, robustness checks are
provided by applying the proposed approaches with other
existing approaches that produce more accurate forecasts
than the MHAR model with the OLS estimator. By utilizing
our proposed approaches to the MHARQ model, more
accurate forecasts can be generated compared to the ones
using the OLS estimator. Furthermore, price jumps are
taken into consideration, as the effect of jumps on the es-
timation of volatility is nontrivial (Bollerslev et al., 2020).
A jump-robust covariance estimate and truncated intra-
day returns with the removal of jumps are considered.
The benefits of the proposed approaches are confirmed
even after mitigating the effect of jumps.

The paper is organized as follows. Section 2 intro-
duces the concept of RCov and the MHAR model. Sec-
tion 3 describes the robust estimator of the covariance
matrix and the MLTS framework for the MHAR model.
This section also explains how the resulting coefficient
estimates are used for making RCov forecasts, along with
the approaches for evaluating forecasting performance.
Section 4 describes the simulation study. Section 5 reports
the empirical results. Robustness checks are presented in
Section 6. Concluding remarks are provided in Section 7.

2. Realized covariance and the multivariate heteroge-
neous autoregressive (MHAR) model

Realized covariance (RCov) matrices are generated from
the high-frequency intraday prices of a set of financial
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assets. Suppose the N-dimensional log-price process P(t)
follows a continuous time diffusion process:

P(t):/ u(u)du+/ o(u)dW(u), (1)
0 0

where u(u) is a vector of drift components; o(u) is the
instantaneous volatility matrix, with the corresponding
spot covariance matrix X (u) = o(u)o(u); and W(u) is an
N-dimensional vector of independent Brownian motion.
The quantity of interest here is

Z’t=/ >(u)du, (2)
t—1

known as the integrated covariance of P(t) over day t. It
is a measure of the daily ex post covariation of P(t). The
latent integrated covariance X; can be approximated by
the realized covariance matrix S;, which is computed from
intraday returns sampled at equally spaced intervals.

Suppose 1 ; is the ith period intraday return of these
N assets, which is computed as

rei = P_1yia — P—1pi-na, i=1,2,..., M, (3)

for day t with M equidistant intervals of length A. Assum-
ing intraday returns have a mean of zero, then the RCov
S; is given by

M
Se= Y rirls (4)
i=1

which converges to the true covariance X; as M ap-
proaches infinity (Andersen et al., 2003).

Chiriac and Voev (2011) extended the widely used het-
erogeneous autoregressive (HAR) model of Corsi (2009),
originally designed for forecasting univariate RV, to a
simple-to-implement multivariate version. Let s; = vech S;
denote the N* = N(N + 1)/2 dimensional vectorized ver-
sion of the realized covariance matrix. The scalar version
of the multivariate HAR (MHAR) model can be expressed
as

St = O + 01St—1 + 028t —1)t—5 + 03Si—1jr—22 + U, (5)

where $;_q;—, = ,% Zle s;_; denotes the vectorized ver-
sion of the k-day realized covariance matrix, u, is an error
term, 6y is an N* x 1 parameter vector, and 6y, 6,, and 63
are scalar parameters.

3. Methodology

Since outliers are often present in realized measures
of volatility, standard OLS estimation may lead to biases
in the estimates of parameters of the MHAR model. We
aim to address these issues from two perspectives. First,
a more robust covariance matrix estimator is proposed to
replace the sample covariance matrix RCov while using
OLS to estimate the MHAR coefficients. The minimum
covariance determinant (MCD) method of Rousseeuw and
Driessen (1999) is employed to obtain a robust estimator
of the covariance matrix, the so-called MCD covariance.
Here, the OLS estimation scheme remains unchanged, but
the raw RCov is replaced by MCD covariance. Second, a
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more robust estimation scheme relative to OLS is con-
sidered. The multivariate least-trimmed squares (MLTS)
method of Agullé et al. (2008) is adopted to develop a
more robust estimator for the MHAR model.

In this section, we first consider a replacement of the
MCD covariance matrix for the raw RCov to estimate the
coefficients of the MHAR model via the OLS estimation
scheme. Next, instead of replacing the RCov, we change
the OLS estimator to the MLTS estimation scheme, which
is more robust to outliers. Moreover, we combine these
two approaches to estimating the MHAR model with the
MCD covariance matrix via MLTS.

3.1. Minimum covariance determinant estimator

For a large-dimensional multivariate dataset, it is chal-
lenging to detect outliers by visual inspection. The MCD
method of Rousseeuw (1985) employed in this work
provides a robust estimator of the multivariate location
and covariance matrix. The MCD method is based on the
computation of the ellipsoid with the smallest covariance
determinant that would contain at least half of the data
points (see Rousseeuw, 1985; Rousseeuw & Driessen,
1999 for details). Consider a set of intraday returns of N
assetsry = {r;;i=1, ..., M} for any trading day with M
equidistant intervals. Let H C {1, ..., M} where the size
of Hish > M/2, and ry = {r;;i € H} is a subset of ry.
The objective of MCD is to find an optimal subset with
h observations (out of M), Ty, whose covariance matrix
has the smallest determinant. Then the MCD estimate of
location is the mean of these h observations:

1 A
l:EZri, I ETy. (6)
1
The covariance estimate is given by

1 n
czalazHZ(n—bx(ri—w, i € ty, (7)

1

where a; is a consistency factor, and a, is a small-sample
correction factor (Rousseeuw et al., 2004). Since the RCov
defined in Eq. (4) is an approximation of the integrated
covariance, C in Eq. (7) needs to be scaled by the sam-
ple size h to generate an integrated covariance estimate
RbsC =h x C.

According to Rousseeuw and Driessen (1999), the MCD
method is based on the fact that starting from any ap-
proximation to the MCD, another approximation with
a lower determinant can be computed until the newer
approximation is the MCD matrix, which has been proven
by Rousseeuw and Driessen (1999). The step for finding
the matrix with the lowest determinant is called the C-
step. Consider an initial h-subset H; C {1,..., M} that
contains intraday returns {r;;i € H;} and the mean u;
calculated by (6). Compute X = } D i, (Ti— 1 )(ri— 1)
and the relative distance d;(i) = /(i — 1) 2 ~1(ri — 1)
fori = 1,...,M. Then the C-step works as follows in
algorithmic terms:

e Sort the distances d(i) for i = 1,..., M, which
yields a permutation 7z for which d{((1)) < d1((2))
< < di(m(M))
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Fig. 1. Fifteen-asset portfolio: The series of variance of one stock and the series of covariance of two assets.

e Set Hy = {m(1), (2), ..., m(h)}
e Compute u; and X, based on H,

Then iterate the above C-steps until det(X,w) = 0 or
det(Xpew) = det(Xoq). The C-step is also a crucial step
for the MLTS approach, and the details for implementing
the C-step in MLTS are provided in Section 3.2.

An exact MCD algorithm can be computationally ex-
pensive, especially when the dataset is of high dimension
(i.e. when the number of assets N is large). Rousseeuw and
Driessen (1999) proposed a fast algorithm for computing
the MCD estimator (FAST-MCD), which is available via
the Matlab function “robustcov”. We choose h = 0.75M,
which provides a good balance between breakdown value
and statistical efficiency as suggested by Rousseeuw and
Driessen (1999). Fig. 1 plots a series of daily realized vari-
ances in the first row and a series of realized covariances
of two assets in the second row. The assets are selected
from the 15-asset portfolio in Table 22. The realized vari-
ance is for stock MRK, and the realized covariance is for
JNJ and MSFT. The left panel shows elements of the raw
Rcov, and the right panel provides elements of the RbsC.
It is evident that the elements from RbsC contain smaller
spikes relative to RCov, with the dynamics of the RbsC
series remaining consistent with the overall movement
level in RCov. The skewnesses of the 120 unique elements
of the RCov and MCD covariance matrices for the 15-asset
portfolio are provided in Fig. 2. Lower skewness exhibited
by most elements in RbsC reflects much fewer outliers in
the robust estimator.

As RbsC can mitigate the effect of extreme intraday
returns, it is used to generate forecasts from the MHAR
model in two approaches. Firstly, the coefficients of the
MHAR model in Eq. (5) are obtained from

rbs __ prbs rbs .rbs rbs .rbs rbs .rbs
s =05 +0775 21+ 0575 15+ 05750 + Ur, (8)

where s/ = vech RbsC; denotes the N* = N(N + 1)/2
dimensional vectorized version of the MCD covariance

. k .
matrix, and s, = + Y, s{”; denotes the vectorized

version of the k-day MCD covariance matrix.

After obtaining the MHAR coefficient estimates from
Eq. (8) that are robust to the outliers in the raw covariance
matrix estimates, the forecasts of RCov can be generated
in two ways as follows.

5= 7§orbs +/9\1rb55t—1 +/9\2rb55r—1\t—5 +/9§b55[—1\t—22» (9)
where the lags of the vectorized version of RCov are used
together with the coefficient estimates of Eq. (8). The
other approach includes the MCD covariance in the MHAR
model but still targets the RCov forecasts:

-~ __ prbs | prbs.rbs “Arbs .rbs “Arbs .rbs
St =0y + 077521+ 63 St s + 03 St q1e_0n- (10)

Both the approaches of Egs. (9) and (10) are implemented
in the empirical analysis, and the resulting forecasts are
compared.

3.2. Multivariate least-trimmed squares estimator

Under the MCD approach, the variables are trimmed
before implementing the OLS regression. An alternative
is to leave the covariance matrix unchanged but trim
the covariance matrix of the residuals to ensure that the
parameter estimation is robust to outliers. We employ the
MLTS approach of Agullé et al. (2008), which aims to find
an optimal subset of h observations yielding the mini-
mum determinant of the covariance matrix of its residuals
from the OLS fitting. The interrelationship among differ-
ent components of the error term is considered by taking
the determinant. Agull6 et al. (2008) proved that the MLTS
estimator is Fisher-consistent.

Let the collection of all subsets of size h be denoted
asH = {H C {1,..., M}|#H = h}, where M is the
size of the RCov observations. Let 0qs(H) be the OLS
coefficient estimates for the model in Eq. (5) based on
the observations sy = {s;;t € H} with the dimension
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Fig. 2. Fifteen-asset portfolio: The skewness of 120 unique elements of the RCov and MCD covariance matrices (RbsC).

of N* x h. The covariance matrix of the residuals of this
subset is given by

(11)

(Su —Su) (Su —Su)",

~ 1
Zows(H) = b

where p is the number of parameters, and Sy is the fore-
casts of sy based on 0o s(H). Then the MLTS estimator is
given by

aMLTs(SM) = 70\01_5(1:1) where IA'I € arg min det EOLS(H),
HeH

(12)
and the covariance matrix of the errors is estimated by
Swirs(sa1) = aoZors(H), (13)

where ap is a consistent factor (Agullo et al., 2008). The
MLTS estimator has an equivalent characterization with
the estimator based on the squared Mahalanobis distance
of the residuals. For parameters # € RP*? and a positive
definite and symmetric matrix of size q, X, the squared
distance is given by

= (s—8)" 27" (s=3). (14)

The MLTS estimator algorithm for the MHAR model is
as follows:

1. Draw m random (p + q)-subsets J,, from the vector-
ized version of M RCov observations.

2. For each subset, compute the corresponding OLS
estimates ois(Jm) and sample covariance matrix
ZowsUm) of its residuals. If the determinant of
Yows(Jm) is zero, then draw additional points until
the determinant is greater than zero or #J,;, = h.

3. Compute the squared residual distances defined in
Eq. (14) for all M observations based on the OLS
estimates and denote H; as the subset correspond-
ing to the h observations with the smallest squared
residual distances.

4. Construct a new subset H, that is more concen-
trated than H; where det(Xy,) < det(Xy,) using
the approach described next. Compute OLS esti-
mates fos(H1) and sample covariance matrix
Yois(Hyp) of the residuals based on the subset Hj.
Then repeat Step 3 based on the OLS estimates from
H; to get a new subset H, with h smallest residual
distances. By doing this, Agullo et al. (2008) argued
that det(Xy,) < det(Zy,) WiLh equality if End only
if Oos(Ha) = Oors(H1) and Xois(Hy) = Zois(Hy).
This step is called the C-step. Two or three C-steps
are applied to reduce the value of the objective
function.

5. After completing the above steps for all m subsets,
10 subsets with the lowest determinant are se-
lected, and further C-steps are carried out until con-
vergence. Then the final solution is the subsample
with the lowest determinant among these 10.

The number of the initial random subsets h should be
large enough, and Agull6 et al. (2008) suggested that using
m = 1000 is usually sufficient.

The MLTS estimator is originally designed for a full-
sized multivariate model, where the dimension of param-
eters is the multiplication of dimensions of responses and
regressors p x q. It is worth noting that even though
the number of scale parameters is three in the MHAR
model, the parameter matrix can be transformed to a
p x q matrix similar to the one in the full version of the
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MHAR model when implementing the MLTS estimator.
However, unlike the one in the full MHAR model, the
transformed coefficient parameters matrix contains some
zero elements, as shown below:

0 02 ... 6]
66 0 ... 0
0 6 ... 0
0 0 61
6 0 ... 0
(pxq) . - .
0 0 6>
65 0 0
0 6 0
0 0 65

where 0y, 6,, and 65 are scalar parameters, ¢ = N*, and p
is the number of regressors.

After obtaining the MLTS estimates, the RCov forecasts
can be generated from the MHAR model as follows:

S = é(l)\ALTS-Féi\ALTSStq-l-é%vlmszfmfs +9§ALTSS[71\t722~ (16)
3.3. Combined method

We also consider the combination of the two ap-
proaches above by using MLTS to estimate the MHAR
model with RbsC data. The coefficients are produced from

rbs __ HCMB CMB _rbs CMB _rbs CMB .rbs
S =0 +07 s S 0, Dy s F 037 gy gp U
(17)

After generating the estimated coefficients for Eq. (17)
via MLTS, the forecasts of RCov can be generated using
either raw realized covariances or MCD covariances as
covariates, as follows:

2 ACMB | ACMB ACMB ACMB

St =0y +07 s+ 0y S 1j—5 + 03 Se—1j0—22, (18)
or

A _ HCMB HCMB .rbs ACMB _rbs NCMB .rbs

Se =05 + 01 sio1 07 s 2 is H 03 S22z (19)
3.4. Forecast evaluation

Two statistical loss functions, the Frobenius distance
and the empirical quasi-likelihood (QLIKE) loss are used
for forecast evaluation. Let F; denote the one-step-ahead
forecast of the ex post realized covariance RCov;. The
Frobenius norm that measures the distance between two
matrices is given by

LF = \/Tr[(F; — RCov;)(F; — RCov,)T]. (20)

The QLIKE measure used in this work is the so-called
James-Stein loss, which is usually referred to as the mul-
tivariate quasi-likelihood loss function (see, for exam-
ple, Luo & Chen, 2020; Quaedvlieg, 2020). The QLIKE
measure is expressed as

L = Tr(F,'RCov;) — log |[F, 'RCov;| — N. (21)
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The sums of Lf and L[Q over the out-of-sample period T
will be reported, which are IF = Y/_, IF and 12 =
Zfﬂ L9, respectively.

In order to detect whether the forecasts from different
approaches differ significantly, the model confidence set
(MCS) of Hansen et al. (2011) is employed. The MCS
approach identifies the best forecasting model or models
among all candidates with (1—«) confidence based on the
loss functions. The reported results in this work consider
both the range and squared statistics proposed in Hansen
et al. (2003).

Following Bollerslev et al. (2018), in addition to the
statistical measures, we consider the economic evalua-
tions based on the construction of global minimum vari-
ance (GMV) portfolios. Suppose N risky assets comprise a
portfolio and the assets are allocated based on the fore-
casts of daily covariance matrix F; ;. The optimal GMV
portfolio allocation weights minimizing the conditional
volatility can be obtained by solving

T

Weq = argminw/

F[+]wt+1, s.t. w[THt = ], (22)
where ¢ is an N x 1 vector of ones, and the solution is

Fle
t+1 (23)

71 .
;
F

We41 =

Lower portfolio turnover is preferred, as this reduces
the transaction costs of implementing trading strategies
based on a forecast. According to Bollerslev et al. (2018),
the total portfolio turnover from day t to t + 1 can be
measured by

N d(n)
141,
10, = 3 uf®, 1T (24)
(n) |’
— 14+ wirl"

where w{™ is the weight of the nth asset, and r™™ is the

daily return on the nth asset. In addition, we report the
portfolio variance based on the raw RCov to assess the
stability of a portfolio. The portfolio variance is computed
as

vpf = w; RCov; wy. (25)

Moreover, we report the portfolio concentration that mea-
sures the extremeness in the portfolio allocation weights:

N 1/2
Co, = (Z wt"ﬂ) ) (26)
n=1

Finally, the total amount of the following short positions
is reported:

N
SP; = Z win)ﬂwﬁ”ko' (27)
n=1

Since implementing short positions is usually more ex-
pensive than long positions, fewer short positions are
generally preferred.

4. Simulation study

In the simulation study, we simulate daily covariances
for a portfolio with 15 assets to evaluate the forecasting
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Table 1
Summary of forecasting approaches.
Variables Estimator
Estimation Forecast
Freov:Rcov RCov RCov OLS
FMCD:RCOV RbsC RCov OLS
Fmcp;Mcp RbsC RbsC OLS
FMLTS RCov RCov MLTS
FemB:Rcov RbsC RCov MLTS
FCMB:MCD RbsC RbsC MLTS

performance of the proposed approaches. Following the
simulation design of Bollerslev et al. (2018), 4193 daily
multivariate kernel (MK) covariance (Barndorff-Nielsen
et al.,, 2011) estimates are obtained for the 15 U.S. stocks
in Table 22. This 15-asset portfolio is also analyzed empir-
ically in Section 5, where the data are discussed in more
detail. We then treat the MK estimate as the integrated
covariance matrix for each day and simulate one-second
returns based on the MK covariance estimate for that
day. A standard Euler scheme is adopted to generate
simulations from the following process:

dP(u) = S(u)"?dw(u),
S(u) = oq(u) X, (28)
oa(u) = C + Ae™% 4 Be~ P11,

where o4(u) is a diurnal “U”-shaped function. The param-
eter values of o4(u) are set to A = 0.75, B = 0.25, C =
0.88929198, and a = b = 10, following Andersen et al.
(2012). We then generate five-minute returns (M = 78)
based on 23,400 one-second returns simulated from the
process in (28). A rolling window scheme with a window
size of 2000 is adopted to estimate models, and one-step-
ahead forecasts are generated accordingly. By testing on
an Intel(R) Core(TM) i7-8665U CPU with the Windows 10
Enterprise operating system and MATLAB R2021b, using
the OLS estimator and one core, the computation time
for the 15-asset portfolio with a 2000 sample size is 3
seconds. The computation time for computing RbsC for
2000 days is 4 minutes, and the time for running MLTS
is about 1.5 hours.

Table 1 provides a summary of the approaches to fore-
casting RCov. Freov:rcov denotes that both the estimation
and forecasting are based on RCov. Fycp:rcov denotes that
the estimation is based on the MCD covariance matrices
and the forecasts are based on RCov. Similarly, Fycp:mcp
indicates that both the estimation and forecasting use
MCD covariance matrices. All of these approaches are
based on estimation under OLS. Fy1s relates to the es-
timation using the MLTS estimator with forecasts from
Eq. (16). Fcmp:rcov denotes that the estimations are based
on the combined method and the forecasts are based on
RCov. Feovp:mcp denotes that the estimations are based on
the combined method and the forecasts are based on MCD
covariance matrices.

Given the nature of the simulation design, the true
values of the parameters of the MHAR model are un-
known. Therefore, the accuracy of coefficient estimates in
isolation cannot be assessed. Given the true integrated co-
variance matrix provided for simulation, and the primary
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Table 2
Out-of-sample forecast results: Ratios of loss scores (15-asset portfolio
simulation).

f ° v, TO Sp co

Froovkcoy 1000 1000 1000  1.000 1.000 1.000
Fucocoy 1004 0.997* 0997 0916 0966  0.993
Fucomep 1000 1.000 0999 0930 0984 0997
Futs 0.947* 0.996* 0.962* 0559 0452 0.855
Fowprcov  0.949* 0999  0.962 0531 0.428 0.849
Fovemep  0.950*  1.002 0963 0538 0433 0850

Notes: Bold indicates member(s) of the MCS with the range statistics
at 5%. * indicates member(s) of the MCS with the squared statistics at
5%. Shaded cells indicate the lowest value in each column.

focus of producing more accurate forecasts, we compare
the forecasting performance of each candidate approach.

Table 2 reports the ratios of statistical and economic
loss scores of forecasts generated from the proposed ap-
proaches to that of the existing OLS approach. The ap-
proaches of Fuirs, Foms:rcovs and Fevp:mcp are selected
by MCS based on L, and the forecasts of Fycp.rcov and
Fuvits are included in the MCS based on the loss func-
tion L. All of the proposed approaches produce lower
portfolio variance than Fgrcov:rcov, With Fyprs being the
only member of the MCS. We can see that the approach
based solely on MLTS is always included in the MCS
based on the loss measures of LF, L2, and V,. In terms
of the economic measures TO, SP, and CO, the combined
approach Feup:reov is preferred, where the corresponding
portfolio produces the lowest portfolio turnover, the low-
est extremeness, and the smallest short position. Overall,
the simulation study demonstrates that using MCD and
MLTS provides benefits to portfolios in terms of forecast-
ing performance under both statistical and economic loss
functions. The superiority of the proposed approaches is
empirically explored in the next section.

In addition to the above simulation setup that is com-
monly adopted in the literature, another simulation ex-
ercise is provided, which allows the comparison of the
true parameters of the data generating process (DGP) and
parameter estimates from the OLS and MLTS estimation
schemes. In this simulation, the OLS parameter estimates
of the MHAR model based on 3022 daily realized covari-
ance matrices of the 15 U.S. stocks in Table 22 starting
from July 22, 2002 are taking as the true parameters for
the simulation exercise. The first 22 realized covariance
matrices, along with the 3000 daily residuals from the
OLS estimation, are used to construct the simulated RCov
series. The simulation process involves three steps. First,
each simulation uses the first 22 realized covariance ma-
trices as starting values for the MHAR model. Next, the
MHAR OLS coefficients are used to generate a one-day-
ahead conditional mean. Finally, a residual u;, from the
OLS estimation of the MHAR model in Eq. (5) is randomly
selected, and then combined with the conditional mean
to generate a simulated one-day-ahead value of RCov. This
process is repeated to generate a simulated series of RCov
of length 3000.

We generate 500 simulated time series of RCov and
employ the OLS and MLTS approaches for estimation. The
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parameter estimates are compared with true parameters
by the following mean squared error (MSE) loss:

1 Ns N*43
MSE __ i piy2
P =D D 0 =), (29)
j=1 i=1
where Ns = 500 is the number of simulated samples,

N* 4+ 3 = 123 is the number of total parameters in the
DGP of a 15-asset portfolio, ' is the true ith parameter,
and 9]’ is the ith parameter estimate for simulated dataset
j. The MSE for parameters estimates obtained by MLTS
is LM = 0.00004, while the MSE obtained by the OLS
approach is [¥f = 0.00133, which indicates that the
estimates obtained by the MLTS approach are closer to the
true values.

5. Empirical analysis
5.1. Data

The empirical analysis is based on 26 large U.S. stocks.
The names and ticker symbols for each of the stocks are
provided in Table 19 in Appendix A. Portfolios of five
different sizes are constructed, with 5, 10, 15, 20, and
26 stocks. The stocks included in each portfolio are pro-
vided in Tables 19 to 23. The high-frequency data used to
construct the covariance matrices are five-minute returns
over the period from July 22, 2002 to June 27, 2019,
representing a total of 4193 daily observations. Since the
MHAR model of Eq. (5) requires initial conditions of s;_1,
St—1jt—5, and S¢_q;;—2, the first response variable is set to
be the realized covariance on day t = 23. Ultimately, the
full sample size is 4171.

Three estimation and forecasting schemes are selected
to compare the forecasting performance of the proposed
approaches. Firstly, we adopt a fixed window scheme
where we split the sample into an in-sample part for
estimation only and an out-of-sample part for predic-
tion and forecast evaluation, with an in-sample period
of 2000. In addition, an expanding window approach is
employed. With a starting in-sample size of 2000, the
next 250 out-of-sample forecasts Fyqo1.2250 are produced
based on the in-sample estimation. Then a further 250
forecasts F»351.2500 are generated based on the first 2250
observations, and so on. A rolling window scheme with a
fixed window size of 2000 is also used to estimate the
MHAR model. The forecasts at day t + 1 are based on
observations from t + 1 — W to t, for W = 2000 and
W <t < 4170.

5.2. Forecasting results

This section presents the out-of-sample forecasts for
the five different dimensions from the multivariate HAR
models. The forecast comparisons are based on the sta-
tistical and economic measures introduced in Section 3.4.
Tables 3, 5 and 7 present the forecasting results based on
the statistical loss functions of LF and L2 for the three
different estimation and forecasting schemes, together
with the corresponding MCS results. Forecasting results
for the portfolio-based economic loss measures for the
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Table 3
Out-of-sample forecast results: Ratios of statistical measures (fixed
window scheme).

95% MCS (Range & Squared)
5 Assets 10 Assets 15 Assets 20 Assets 26 Assets

LF IF LF IF LF
Freov:Rcov  1.000 1.000 1.000 1.000 1.000
Fucprcov 0981 0.972 0.987 0.984 0.987
Fuco:mep  0.917* 0.919* 0.941 0.932* 0.933*
Fuwrs 0.936 0.939 0.944 0.951 0.956
Femproov  0.904*  0.918* 0.927* 0.927* 0.932*
Femg:mep  0.932 0.974 0.968 0.946* 0.924*

e L@ e 2 Lo
Freov:Rcov  1.000%  1.000* 1.000* 1.000 1.000
Fucpircov 0.994*  1.001* 1.021 1.016 1.019
Fvco:mep 1.336 1.401 1.381 1.272 1.163
Fuwrs 0.999*  1.007* 0.995* 0.990* 0.992*
Fempircov  0.998*  1.026 1.021 1.008 1.002
Femp:mep  1.369 1.419 1.316 1.215 1.111

Notes: Bold indicates member(s) of the MCS with the range statistics
at 5%. * indicates member(s) of the MCS with the squared statistics
at 5%. Shaded rows indicate that the approach is favored by all five
portfolios.

three estimation and forecasting schemes are provided in
Tables 4, 6 and 8. The MCS results based on the portfolio
variance V), are also presented. The economic evaluations
are based on the GMV portfolios where the portfolio
weights only depend on the covariance matrix of returns.

Here, we focus on a daily investment horizon, and the
loss ratios of proposed approaches relative to the bench-
mark of Frcov:rcov are provided. In all the cases of the fixed
window scheme and expanding window scheme, Feyp:rcov
is always a member of the MCS based on the loss function
LF, and Fyrs is always included in the MCS based on the
loss function L2, as shown in Tables 3 and 5. In terms of
economic loss, TO, SP, and CO, the approach solely based
on MLTS exhibits the best performance for all instances,
as shown in Tables 4 and 6. Based on the forecasts of Fyts,
all portfolios produce the lowest portfolio turnover, which
implies more stable covariance matrix forecasts, less ex-
treme portfolio positions, and the smallest short positions.
For the expanding window scheme, the portfolio variance
from Femp:reov 1S Significantly lower for the portfolios with
a lower dimension, as indicated by the MCS results in
Table 6, along with the resulting loss ratios always being
lower than 1. The portfolio variance based on Fyrs is
contained in the MCS and provides the lowest variance in
many cases. In particular, when the portfolio dimension is
high, only Fyy1s is selected by MCS, as shown in the cases
of the 20-asset and 26-asset portfolios in Table 6.

It is worth mentioning that although Fyy1s is not al-
ways selected by MCS based on LF, the MLTS approach
still outperforms the vanilla OLS approach, given that the
ratios of L are always lower than 1. Such improvements
are enhanced further by incorporating the MCD covari-
ance matrices into the MLTS approach, which is shown
by the fact that the forecast Feyp:rcov iS always chosen by
MCS, as indicated by the shaded rows in the upper panel
of Tables 3 and 5.

For the rolling window scheme, both Fycp.mcp and
Fome:rcov are selected by MCS based on LF in all cases,
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Table 4
Out-of-sample forecast results: Ratios of economic measures (fixed window scheme).
5 Assets 10 Assets 15 Assets
TO sp Cco Vp TO sp co Vp TO sp Cco Vp
Freov:kcov 1.000 1.000 1.000 1.000* 1.000 1.000 1.000 1.000* 1.000 1.000 1.000 1.000
Fumcp:rcov 0946 1,162 1.018 1.001* 1.125 1.155 1.018 1.002 0.973 1.146 1.027 1.005
Fuco:mep 0926 1.737  1.043  1.006 1.159 1508 1.089 1.013 0969 1.624 1.110 1.025
Fuits 0.870 0.652 0.996 1.004 0.748 0.649 0.933 1.001 0.646 0.516 0.884 0.995
Fempreov 1.061  0.771 0.996 1.001* 0.891 0.765 0.950 0.999* 0.867 0.655 0.913 0.993*
Femp:mep  0.958 0957  1.011  1.006 0.819 0.877 0.978 1.005 0.788 0.854 0.953 1.003
20 Assets 26 Assets
TO SP co Vy TO SP co Vp
Frcov:rcoy  1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000
Fmcp:rcov 1.018  1.089  1.022 1.004 1.074 1.102 1.029 1.006
Fuco:mep 1037 1414 1.111 1.025 1.086 1325 1.111 1.028
Fuits 0.658 0.678 0.889 0.993* 0.883 0.757 0.903 0.996*
Femp:rcov 0922 0.800 0.924 0.994 1.043 0.894 0.945 0.998
Fempmep  0.869  0.983 0973 1.004 1.007 1061 1.000 1.013

Notes: Bold indicates member(s) of the MCS with the range statistics

at 5%. * indicates member(s) of the MCS with

the squared statistics at 5%. Shaded cells indicate the lowest value in each column.

Table 5
Out-of-sample forecast results: Ratios of statistical measures (expand-
ing window scheme).

95% MCS (Range & Squared)

5 Assets 10 Assets 15 Assets 20 Assets 26 Assets

IF IF IF IF IF
Frcov:rcov  1.000 1.000 1.000 1.000 1.000
Fucp:rcov 0.989 0.980 0.992 0.989 0.992
Fuep:mep 0.938 0.940* 0.953 0.944* 0.942*
Fuits 0.933 0.942* 0.949 0.952 0.950
Femp.rcov  0.915% 0.935* 0.941* 0.940* 0.940*
Femp:vep 0.970 1.011 0.995 0.978 0.949*

I 2 LQ IQ 2
Frcov:kcov ~ 1.000* 1.000* 1.000* 1.000 1.000
Fuvcp:rcov 1.009* 1.014 1.030 1.024 1.026
Fyep:mep  1.465 1.518 1.461 1.336 1.210
Furrs 1.007* 1.005* 0.999* 0.989* 0.984*
Fempircov 1.050 1.077 1.081 1.049 1.020
Femp:mep  1.598 1.633 1.520 1.340 1.177

Notes: Bold indicates member(s) of the MCS with the range statistics
at 5%. * indicates member(s) of the MCS with the squared statistics
at 5%. Shaded rows indicate that the approach is favored by all five
portfolios.

as shown in Table 7. As with the forecasting results
under the fixed and expanding window schemes, the LF
ratios between Fyrs and Freov:rcov are lower than 1 in
all instances under the rolling window scheme. From
the lower panel of Table 7, we can see that none of
the candidates are included in the MCS in every case,
though MLTS is most frequently included. The forecasting
performance of the MLTS approach improves relative to
the competing methods as the portfolio size grows. For
the portfolio with 26 assets, the standard OLS estimation
approach is rejected by the MCS, but the forecast of Fyyts
is still a member of MCS. Furthermore, the approach of
Fuirs is preferred under the economics measures in all
cases except the TO measure of the five-asset portfolio, as
reported in Table 8. The portfolio variance based on the
forecasts of Fyts is significantly low for all the portfolios,
and as with the expanding scheme, Fyys is the only one
included in MCS when the portfolio increases.

The results show that the MLTS robust estimation
scheme and the robust covariance estimates can lead
to significant improvements in forecasting performance.
Overall, the pure MLTS estimator seems to be the best
performer. The results show that Fy;rs leads to portfolios
with the most appealing characteristics in terms of low
turnover, lower concentration, smaller short positions,
and low portfolio variance, especially when the number of
assets in the portfolio is large. For the 26-asset portfolio,
Fuits is the only member of MCS based on L2. Although
Fuirs is not always selected by MCS based on the loss
function LF, its loss ratios are always smaller than 1.

We argue that the combined approach Fevp:rcov PIO-
vides the second-best performance. It is a member of the
MCS based on LF for all five portfolios, regardless of which
estimation or forecasting scheme is used. It also provides
reasonable improvements in some of the portfolio char-
acteristics, such as lower short positions, less extreme
weights, and lower portfolio variance compared with the
original OLS approach. Overall, the empirical results are
consistent with the simulation results, where the pro-
posed approaches provide some benefits over the original
OLS approach in terms of forecasting performance.

Furthermore, we investigate the statistical gains or
losses based on the root mean square error (RMSE) loss
adopted in Luo and Chen (2020) for realized variances
and realized covariances of RCov, separately. The loss
function of RMSE fora t+1, ..., T out-of-sample forecast
is computed by:

T
JRMSE _ ﬁ Z Z |€n,-|2

n=t+1 i

) (30)

where e, is the difference between the ith realized vari-
ance (or realized covariance) at time n, an element of
RCov,, and the corresponding forecast.

Table 9 reports the L®¥SE for realized variance and
realized covariance. The gains in forecast performance for
the full RCov discussed above can be attributed to im-
provements in both variances and covariances under most
approaches. The only exception is the Fcyp:mcp, where
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Table 6
Out-of-sample forecast results: Ratios of economic measures (expanding window scheme).
5 Assets 10 Assets 15 Assets
TO Ng co Vp TO N co Vp TO Ng co Vp
Freov:kcov 1.000  1.000 1.000 1.000* 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Fyep;rcov 0944 1148 1.017  1.001 1.111 1.134 1.019 1.002 0990 1.144 1.028 1.005
Fucp:mep 0938 1758 1.044  1.005 1.165 1492 1.088 1.012 1.008 1617 1.113 1.025
Fuirs 0.893 0.651 0.976 1.002 0.712 0.637 0.929 0.998* 0.667 0.500 0.884 0.994*
Fempreov 1.002 0.774 0985 1.000* 0.858 0.756 0.947 0.997* 0953 0.731 0.938 0.995*
Femp:mep 0918 0986 0.998  1.003 0.802 0.864 0.975 1.002 0.887 0.948 0.982 1.006
20 Assets 26 Assets
T0 SP co Vi TO SP co Vi
Frcov:kcoy  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Fmcp:rcov 1.019 1.092  1.024 1.004 1.069 1.102 1.030 1.006
Fuyco:mep 1060 1425 1115 1.025 1100 1328 1.114 1.027
Fuirs 0.644 0.615 0.880 0.991* 0.749 0.686 0.886 0.991*
Femp:rcov 0.880 0759 0.927 0.994 0.958 0.819 0.934 0.995
Fovpmep 0825 0928 0976 1.004 0917 0963 0.988 1.008

Notes: Bold indicates member(s) of the MCS with the range statistics at 5%. * indicates member(s) of the MCS with
the squared statistics at 5%. Shaded cells indicate the lowest value in each column.

Table 7
Out-of-sample forecast results: Ratios of statistical measures (rolling
window scheme; window size: 2000).

95% MCS (Range & Squared)

5 Assets 10 Assets 15 Assets 20 Assets 26 Assets

IF IF IF IF IF
Frcov:rcov  1.000 1.000 1.000 1.000 1.000
Fucp:rcov 0.990 0.981 0.993 0.989 0.992
Fyep:mep  0.943* 0.943* 0.955* 0.945* 0.943*
Fuits 0.929* 0.942* 0.951* 0.953 0.953
Femp.rcov  0.925* 0.945* 0.946* 0.944* 0.942*
Fempmep 0.992 1.030 1.002 0.983 0.955

I 2 LQ IQ 2
Frcov:rcov  1.000% 1.000* 1.000* 1.000* 1.000
Fucp:rcov 1.012 1.016 1.031 1.024 1.027
Fuep:mep 1495 1.535 1.470 1.343 1.215
Futs 1.023 1.016* 1.010* 0.995* 0.988*
Femp.rcov  1.126 1.147 1.127 1.081 1.042
Fempvep 1.807 1.838 1.651 1.429 1.236

Notes: Bold indicates member(s) of the MCS with the range statistics
at 5%. * indicates member(s) of the MCS with the squared statistics
at 5%. Shaded rows indicate that the approach is favored by all five
portfolios.

the improvement for RCov is mainly from realized co-
variances. From the upper panel of Table 9, we can see
that the combined approach Feyp:rcov provides the lowest
RMSE for realized variances in most cases, whereas the
lowest loss for realized covariances comes from Fyicp:mcp
for most portfolios, as shown in the lower panel of Ta-
ble 9. Practitioners interested in specific elements of RCov
can be guided by analyzing the decomposed effects of
different estimation and forecast approaches.

5.3. Longer forecast horizons

In addition to the daily investment horizon, we con-
sider longer weekly and monthly horizons where portfo-
lios are constructed or re-balanced less frequently. For the
longer-horizon forecasts, a direct forecasting approach is
used, where we replace the one-day-ahead vectorized re-
alized covariance matrix, the left-hand side of the MHAR

model in Eq. (5), with an average over the desired horizon,
as shown below:

St.e+hje = B0 + 01St—1 + 62Sc—11t—5 + O3Sr—1jr—22 + Ur, (31)

where S ¢t %Z?:o Sii and h 4 and 21 for
the weekly and monthly horizons. We compare the per-
formance of forecasts resulting from the vanilla OLS ap-
proach with proposed approaches, to investigate the ro-
bustness of the outperformance of these approaches for
longer investment periods.

Table 10 reports the statistical loss ratios for both
weekly and monthly forecasts. The forecasting evaluation
results of economic measures reported in Tables 11 and
12 are based on GMV portfolios constructed with weekly
Fi14r and monthly Fi,,;; covariance forecasts, respec-
tively. The loss ratios based on statistical measures in
Table 10 show strong evidence to support the superior
forecasting performance of Fyirs and Feyp:rcov- In both
the weekly and monthly cases, the combined approach
of Fems:rcov 1S always included in the MCS based on the
loss function LF, except for the monthly forecast of the
26-asset portfolio. The MLTS approach is contained in the
MCS in all cases based on the L2 loss function. More-
over, compared to the results obtained over the daily
horizon, the improvements of forecasting accuracy based
on Feyvp:rcov and Fyirs become larger over the long hori-
zons, as indicated by the lower loss ratios. At the longer
horizon, the robust approaches perform even better, as
evidenced by the lower loss ratios in Table 10 for the
monthly forecasts relative to the weekly ones.

The results for the economic loss functions TO, SP, and
CO, reported in Tables 11 and 12, show that the MLTS ap-
proach outperforms the others in all cases, with the only
exception being the monthly forecasts of the five-asset
portfolio. As with the one-day-ahead case, the volatility
of the GMV portfolio resulting from Fy; s is significantly
lower in many cases, and the MLTS approach is the only
one included in the MCS when the portfolio’s dimen-
sion is high. In addition, the combined approach Fcup:rcov
provides improvements in the portfolio characteristics in
many cases relative to the OLS.
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Table 8
Out-of-sample forecast results: Ratios of economic measures (rolling window scheme; window size: 2000).
5 Assets 10 Assets 15 Assets
TO Ng co Vp TO N co Vp TO Ng co Vp
Freov:kcov 1.000  1.000 1.000 1.000* 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Fumcp:rcov 0939 1142 1.016 1.001* 1.109 1.127 1.018 1.002 0.990 1.143 1.029 1.005
Fucp:mep 0.938 1768 1.045  1.005 1.167 1490 1.088 1.013 1.011 1617 1.113 1.025
Fuirs 0.970 0.690 0.968 1.000* 0.751 0.665 0.929 0.997* 0.742 0.556 0.913 0.995*
Fempreov 1.143 0.827 0981 1.000* 0912 0.786 0.952 0.997* 1.042 0.820 0.964 0.998
Femp:mep  1.058  1.068  0.989 1.001* 0.860 0.897 0.980 1.001 0980 1.063 1.014 1.011
20 Assets 26 Assets
T0 SP co Vi TO SP co Vi
Freov:Rcov 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Fucp:rcov 1.018  1.090 1.024 1.004 1.067 1.099 1.030 1.006
Fueo:mep  1.059 1414 1.114  1.025 1.101 1326 1.114 1.028
Fumirs 0.744 0.657 0.912 0.993* 0.842 0.713 0.916 0.993*
Fempireov 0957 0.824  0.954 0.996 1.001 0.851 0.956 0.997
Femgmep 0910 0993 1.009 1.007 0970 0.991 1.015 1.012

Notes: Bold indicates member(s) of the MCS with the range statistics at 5%. * indicates member(s) of the MCS with
the squared statistics at 5%. Shaded cells indicate the lowest value in each column.

Table 9
Out-of-sample forecast results: Decomposition of ratios of statistical
measures for one-day-ahead RCov forecasts (rolling window scheme;
window size: 2000).

95% MCS (Loss Measure: RMSE)

10 Assets 15 Assets 20 Assets 26 Assets

5 Assets

Realized Variances (diagonal elements of RCov)

Freov:rcov  1.000 1.000 1.000 1.000 1.000
FMmcp:Rcov 0.985 0.973 0.985 0.982 0.986
Fumcp:mcp 0.944 0.975 0.986 0.972 0.950
Futs 0.919 0.939 0.948 0.951 0.954
FcmB:RCov 0.917 0.950 0.947 0.944 0.938
Femp:mcp 1.030 1.113 1.089 1.063 1.008
Realized Covariances (off-diagonal elements of RCov)
FRrcov:RCov 1.000 1.000 1.000 1.000 1.000
Fucp:Rcov 0.995 0.983 0.994 0.990 0.993
Fuomep 0933 0.918 0.935 0.931 0.936
Futs 0.937 0.941 0.950 0.952 0.952
FemB:Rcov 0.931 0.940 0.942 0.941 0.941
Femp:mcp 0.948 0.983 0.961 0.954 0.939

Notes: Bold indicates the lowest value in each column.

Overall, the results in this section highlight that the
benefits of adopting the proposed approaches still apply
in the case of longer horizons, especially for the MLTS
estimation scheme and the combined method Femg:rcov
based on robust covariance matrices. In fact, the benefit
may be somewhat larger under some of the loss functions
at these longer horizons.

6. Robustness checks

We examine the robustness of the benefits of outlier-
robust methods along a number of dimensions. First, the
section considers the relative performance during differ-
ent market conditions over time. Next, other benchmark
HAR models are considered. Finally, the robustness of
the benefits in relation to the effect of price jumps is
considered.

6.1. Relative performance over time

Fig. 3 presents the difference in the cumulative loss
scores between the Frcov:rcov and outlier-robust methods
for the 26-asset portfolio. The top panel presents the
difference between the Frcov:rcov @aNd Femp:rcovs given that
the combined approach provides the best forecast perfor-
mance based on LF. The second panel shows the difference
between the Freov:rcov and Fyyrs for L9. The final panel
shows the realized variance of AXP, an asset within the
26-asset portfolio, treated as an indicator of the general
market conditions.

The most obvious pattern is that the outlier-robust
methods generate broadly consistent gains through the
entire sample under both loss functions. Even during pe-
riods of consistently high volatility, such as late 2011, late
2015, early 2016, and early 2018, the outlier-robust meth-
ods on average provide superior performance, though
sometimes associated with variability. Overall, the pro-
posed approaches provide benefits under the vast major-
ity of market conditions.

6.2. MHARQ model

In addition to the standard MHAR model, we apply
the proposed outlier-robust approaches to the MHARQ
model, which takes into account the measurement errors
in RCov and can outperform the MHAR model in terms of
forecasting. The MHARQ model of Bollerslev et al. (2018)
takes the following form:

St =00+ 01t 081 + 02Sc_1jt—5 + O3Sc_1)e—22 + U, (32)

01, = 61t + 1o/ -1,

where o denotes the Hadamard product, 6; and 6o are
scalar parameters, ¢ is an N(N + 1)/2 dimensional vector
of ones, and I7; is the estimate of measurement errors in
the s; = vechS; vector, which can be estimated by using
realized quarticity (Bollerslev et al., 2018).

In addition to the six approaches shown in Table 1,
we use the raw RCov as the dependent variable in Eq. (8)
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Table 10
Long-horizon forecasts: Ratios of statistical measures (expanding window scheme).
Weekly Forecasts (95% MCS) Monthly Forecasts (95% MCS)

5 Assets 10 Assets 15 Assets 20 Assets 26 Assets 5 Assets 10 Assets 15 Assets 20 Assets 26 Assets

f If If f IF f IF f IF f
Freov:rcov ~ 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Fucp:rcov 0.957 0.947 0.960 0.959 0.968 0.868 0.850 0.873 0.886 0.902
Fvco:mcp  0.880 0.872* 0.885 0.875* 0.885* 0.752 0.730 0.773 0.776 0.805
Fuits 0.888 0.876* 0.877* 0.881 0.887 0.758 0.735 0.765 0.771 0.803
Fempircov ~ 0.855* 0.861* 0.867* 0.863* 0.867* 0.713* 0.700* 0.738* 0.736* 0.750
Fuix:mcp 0.924 0.960 0.941 0.908 0.873* 0.772 0.771 0.790 0.756* 0.726*

2 2 2 2 2 2 2 2 2 2
Freov:kcoy  1.000* 1.000* 1.000* 1.000 1.000 1.000* 1.000 1.000 1.000 1.000
Fumcp:rcov ~ 0.991* 1.008* 1.060 1.048 1.049 0.854* 0.873* 0.968* 0.969 0.953*
Fucp:mep  1.646 1.807 1.867 1.639 1.402 1.203 1.450 1.730 1.541 1.238
Fuirs 0.993* 0.986* 0.981* 0.973* 0.966* 0.846* 0.861* 0.912* 0.905* 0.907*
FemB:rcov  1.044* 1.104 1.127 1.082 1.029 0.932* 1.026 1.125 1.066 0.970*
Fumtix;mcp 1.894 2.133 2.003 1.716 1.392 1.805 2.134 2.098 1.832 1.440

Notes: Bold indicates member(s) of the MCS with the range statistics at 5%. * indicates member(s) of the MCS with the squared statistics at
5%. Shaded cells indicate the lowest value in each column.

Table 11
Weekly forecasts: Ratios of economic measures (expanding window scheme).
5 Assets 10 Assets 15 Assets
TO Ng co Vp TO Nd co Vp TO SP co Vp
Frcov:kcoy  1.000 1.000 1.000 1.000* 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Fvmcp:rcov 1117 1.252° 1.022  1.001* 1.140 1.184 1.019 1.002 1322 1226 1.036 1.006
Fyep;mep 1.081  1.819  1.046  1.007 1.141 1552 1.090 1.013 1.326 1773 1.124 1.027
Fuirs 0.710 0.629 0.987 1.002* 0.697 0.661 0.935 0.998* 0.623 0.497 0.890 0.994*
Fempireov 0.882 0.841  1.001  1.000* 0.830 0.833 0.958 0.997* 0.896 0.757 0.944 0.995*
Fvixmco 0791 1.020 1.019 1.005 0.762 0.974 0.991 1.002 0.814 1.036 0.993 1.005
20 Assets 26 Assets
TO SP co vy TO N co Vp
Frcov:rcoy  1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000
Fucp:rcov 1.184  1.130  1.029 1.005 1.155 1.123 1.031 1.006
Fucomep 1,192 1510 1.125  1.027 1.161 1378 1.121 1.027
Fuits 0.635 0.630 0.887 0.992* 0.689 0.700 0.891 0.991*
Fempireov 0.867  0.797  0.935 0.994 0.869 0.837 0.935 0.994
Fuvix:mco  0.801  1.013 0.991 1.005 0.819 1.018 0.997 1.006

Notes: Bold indicates member(s) of the MCS with the range statistics at 5%. * indicates member(s) of the MCS with
the squared statistics at 5%. Shaded cells indicate the lowest value in each column.

Table 12
Monthly forecasts: Ratios of economic measures (expanding window scheme).
5 Assets 10 Assets 15 Assets
TO sp Cco Vp TO N Cco Vp TO sp co Vp
Frcov:rcov  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Fucp:rcov 1139 1.381  1.021 0.999* 1.138 1.331 1.019 1.001 1.284 1.234 1.029 1.003
Fuco:mep 1.023 1.681  1.044  1.009 1.042 1.708 1.093 1.014 1.170 1.812 1.120 1.024
Fumits 0.659 1.026 1.018 0.995* 0.699 0.756 0.934 0.994* 0.690 0.489 0.895 0.992*
Femireov 0822 1,169 1.030  0.995* 0.875 0.966 0.957 0.994* 1.007 0.763 0.947 0.994
Fuixxveo 0711 1287 1.051 1.002 0.764 1.125 0.990 1.001 0.843 1.056 0.996 1.004
20 Assets 26 Assets
TO sp Cco Vp TO sp Cco Vp
Freov:ikcoy 1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000
Fucprcoy 1169 1,141  1.028  1.004 1131 1.139 1.029 1.004
Fuco:mep 1.069 1545 1.124  1.028 1.041 1412 1.119 1.027
Fuirs 0.735 0.644 0.895 0.991* 0.893 0.784 0.916 0.991*
Fompreov  1.064  0.845 0951 0.995 1.128 0939 0.963 0.995
Fuix:mcp 0.922  1.094 1.012 1.008 1.025 1.165 1.033 1.012

Notes: Bold indicates member(s) of the MCS with the range statistics at 5%. * indicates member(s) of the MCS with
the squared statistics at 5%. Shaded cells indicate the lowest value in each column.
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Fig. 3. Twenty-six-asset portfolio: The difference of cumulative LF between Fcov:rcov and Fomp:rcov-

Table 13
Out-of-sample forecast results: Ratios of statistical measures (MHARQ
model; rolling window scheme).

95% MCS (Range & Squared)
5 Assets 10 Assets 15 Assets 20 Assets 26 Assets
F

I L I I I
Frcov:RCov 1.000  1.000 1.000 1.000 1.000
Fuico:rcov 0997  0.986 1.002 0.992 0.993
Fuicp:mcp 0.951* 0.947*  0.955 0.946*  0.943*
Faurs 0.942* 0.944" 0951 0.957 0.974
Femp:reov 0.937* 0.948*  0.943* 0.947*  0.954"*
Fems:mcp 1.004  1.031 0.997 0.982 0.942*
Fucp—roovircoy 1339 1332 1.288 1.22 1.149

@ 0 @ 0 @
Frcou:RCov 1.000* 1.000* 1.000*  1.000 1.000
Fuvcp: Rcov 1.016*  1.029 1.056 1.040 1.029
Faicp:Mcp 1563 1610 1551 1.397 1.247
Fars 1.009* 1.003* 0.991* 0.979* 0.976*
Fem:rcov 1118 1.127 1.094 1.056 1.009
Fenp:mcp 1792 1.796 1591 1392 1.185
Fucp_reovircoy 1355 1310 1.198 1.144 1.083

Notes: Bold indicates member(s) of the MCS with the range statistics
at 5%. * indicates member(s) of the MCS with the squared statistics
at 5%. Shaded rows indicate that the approach is favored by all five
portfolios.

for estimation and Eq. (9) for forecasting. We denote the
forecasts from this approach as Fycp—rcov:rcov- By doing
this, we reveal why the approach of MCD only works well
with RbsC when the estimation scheme is OLS. The results
of loss ratios relative to the MHARQ model presented in
Tables 13 and 14 are consistent with the ones of the
MHAR model in Tables 7 and 8. The combined approach
Fome:reov 1S always included in the MCS based on LF, as

shown in the upper panel of Table 13. From the lower
panel of Table 13, we can see that the MLTS approach
Furs is selected by the MCS in every case, and it is the
only member of MCS for portfolios with higher dimen-
sions. As reported in Table 14, the portfolio variance based
on forecasts of Fyrs is significantly lower for portfolios
with more than 15 assets. Furthermore, the approach of
Fuits is preferred by economic measures of TO, SP, and
CO in all cases. Overall, the superiority of the proposed
outlier-robust approaches is still observed in the context
of the MHARQ model. The forecasting performance of
Fumcp—rcov:Rcov 1S Worse than the vanilla OLS approach in
all instances in terms of higher loss ratios, as shown in
Table 13. With the raw RCov that contains outliers as the
dependent variable, it is difficult to get the best out of the
OLS estimator even if the independent variables are the
robust covariance estimate RbsC.

6.3. Jump-robust approaches

6.3.1. Jump-robust covariance estimate

We further investigate the robustness of the proposed
approaches by taking the effect of price jumps into con-
sideration. With the question of whether the benefits of
the proposed approaches are still retained after contain-
ing the effect of jumps, we adopt a jump-robust estimator
of the integrated covariance matrix, the realized bipower
covariation (RBPCov) proposed by Barndorff-Nielsen and
Shephard (2004a), to estimate the MHAR model. In this
case, we limit the application to the pure OLS and MLTS
estimation schemes, as the MCD approach cannot be ap-
plied to RBPCov since the MCD covariance is estimated
based on intraday returns, but the RBPCov is already a
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Table 14
Out-of-sample forecast results: Ratios of economic measures (MHARQ model; rolling window scheme).
5 Assets 10 Assets 15 Assets
Vp TO SP co Vp TO Ng co Vp TO Sp co
Frcov:kcov 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Fvep;rcov 0999 0.876  1.066 1.006 1.006 1.067 1.133 1.021 1.012 0985 1.162 1.032
Fueomep 1.012° 0922 1.742  1.046 1.022 1.143 1509 1.095 1.036 1.041 1.621 1.123
Fuirs 0991 0.719 0.624 0.948 0989 0.697 0.681 0.930 0.982* 0.650 0.551 0.900
Femp:reov 0.989*  0.785 0.644 0.956 0.986* 0.751 0.731 0.942 0986 0.824 0.745 0.940
Femp:mep 0997 0.779  0.974 0.970 0991 0.710 0.840 0.972 1.000 0.781 0.969 0.991
20 Assets 26 Assets
Vi T0 Sp co Vy T0 SP co
Freov:Rcov. 1.000  1.000  1.000 1.000 1.000 1.000 1.000 1.000
Fucpircov 1.011 1.017  1.121  1.031 1.008 0.987 1.092 1.026
Fvco:mep 1037 1.077 1451 1.128 1.033 1.044 1320 1.116
Furs 0.980* 0.690 0.663 0.904 0.984* 0.832 0.804 0.941
Fempireoy 0985 0.808  0.797 0.938 0992 0944 0.930 0.978
Fempmep 0999 0.772 0.975 0.996 1.014 0957 1.098 1.049

Notes: Bold indicates member(s) of the MCS with the range statistics at 5%. * indicates member(s) of the MCS with
the squared statistics at 5%. Shaded cells indicate the lowest value in each column.

Table 15
Out-of-sample forecast results: Ratios of statistical measures (RBPCov;
rolling window scheme).

5 Assets 10 Assets

15 Assets 20 Assets 26 Assets

If LF LF If IF
Frepcov:rBPCov  1.000  1.000 1.000 1.000 1.000
Fuirs:repcoy . 0962 0.971 0.978 0.979 0.968
Frepcovircov ~ 1.027  1.022 1.019 1.020 1.018
FMLTS: RCov 0.960  0.966 0.973 0.977 0.968

2 2 12 12 e
Frepcov:repcoy  1.000  1.000 1.000 1.000 1.000
Fwits:repcoy  1.077 1.022 1.014 0.979 0.961
Frepcovircov ~ 0.984  0.956 0.961 0.948 0.935
Furs:rcov 1.021  0.980 0.977 0.946 0.923

Notes: Bold indicates the lowest value in each column.

matrix. The k, g-th element of RBPCov is equal to

M
T I q K q
RBPCov[k, ql; = s 22: Il Iy i
1=

— It = el i =il ) (33)
where M is the number of intraday returns per trading
day and rt’fi is the ith period intraday return of asset k.
Tables 15 and 16 provide the loss ratios of statistical
and economic measures, respectively. The notation for
forecasts based on RBPCov follows that for the approaches
in Table 1. Frppcov:rBPcov denotes that both the estima-
tion and forecasting are based on RBPCov. Frppcov:Rcov
denotes that the estimation is based on the jump-robust
covariance matrix RBPCov and the forecasts are based
on RCov. Both approaches are based on estimation under
OLS. FMLTS;RBPCOV and FMLTS;RCOV relate to the estimation
using the MLTS estimator based on RBPCov, with forecasts
based on RBPCov and RCov, respectively. The benchmark
is the approach of Frgpcov:repcov. FOT the loss function LF,
the approaches based on MLTS always outperform the OLS
approaches, as shown in the upper panel of Table 15. In
terms of the loss function LY, Fyits:rcov Produces lower

loss scores for portfolios with 20 and 26 assets, while
Frepcov:Rcov Tesults in lower loss scores for the portfolio
with lower dimensions. In Table 16, the portfolio variance
V, yielding from Furs:rcov i the lowest for all the port-
folios. Moreover, in terms of the economic measures TO,
SP, and CO, the approach of Fyyrs:rcov provides the lowest
loss measures in all instances. Overall, we argue that
the proposed MLTS approach still provides extra benefits
beyond adopting a jump-robust covariance estimate.

6.3.2. Truncated intraday returns

In addition to directly applying MCD and MLTS to the
raw RCov, we consider a realized covariance estimate,
using truncated intraday returns with the effect of jumps
removed. We employ the time-of-day (TOD) estimator
of Bollerslev et al. (2013) to separate continuous price
movements from jumps. To compute the threshold for
separation, we first compute the realized variance (RV)
and bipower variation (BV) by

M
i P2
RV =Y Il (34)
i=1
M
BV] = 7 (ﬁ) 2 il als (35)
1=

where r{ ; is the ith period intraday return of asset j. BV,
proposed by Barndorff-Nielsen and Shephard (2004b), is
a jump-robust estimator of the integrated variance. Based
on RV and BV, we then estimate the TOD pattern for each

asset:
T P2 : o X X
0D MY I 1| < t™M~\/BV! ARVY)

i - . 2 . N ; 9
23:1 Zf; |rg,i| 1(Jr} ;| < t™M~\/BV] ARV])

(36)

where 1 denotes an indicator function. The constants t
and w are set to T = 3, and w = 0.49 by following Pelger
(2019). The truncation level a]u. for separating the realized
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Table 16
Out-of-sample forecast results: Ratios of economic measures (RBPCov model; rolling window scheme).
5 Assets 10 Assets 15 Assets
Vp TO Ng co Vp TO sp co Vp TO Sp co
FRBPCov: RBPCOV 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
FyLTs:RBPCOV 0.993 0.914 0.652 0.957 0.938 0.500 0.434 0.852 0.972 0.617 0.478 0.867
FRrBPCov:RCov 0.996 0.938 0.805 0.989 0.941 0.591 0.572 0.903 0.979 0.789 0.747 0.944
FMLTs:RCov 0.990 0.870 0.522 0.952 0.931 0.436 0.367 0.836 0.966 0.552 0.397 0.848
20 Assets 26 Assets
Vp TO Ng co Vp TO N co
FRrBpcov: RBPCov 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
FMLTS: RBPCOV 0.968 0.641 0.593 0.868 0.943 0.678 0.616 0.849
FRBPCov:RCov 0.973 0.770 0.774 0.934 0.942 0.654 0.716 0.894
Futs;Rcov 0.958 0.533 0.488 0.837 0.923 0.527 0.495 0.804

Notes: Bold indicates the lowest value in each column.

Table 17
Summary of forecasting approaches based on truncated returns.
Variables Estimator
Estimation Forecast
Frycov;Rjcov RJCov RJCov OLS
FMcp—Tr;Rjcov RbsTrC RJCov OLS
Fyvcp—Tr:McD—Tr RbsTrC RbsTrC OLS
Fuvits—rjcov RJCov RJCov MLTS
FemB—Tr:RjCov RbsTrC RJCov MLTS
FCMB—Tr:MCD—Tr RbsTrC RbsTrC MLTS

Note: RbsTrC represents the RbsC matrix generated based on truncated
intraday returns.

jumps from the continuous price moves is given by

o = e [V ARVl < TOD, @)

Then the high-frequency returns caused by continuous
movements are identified by the following condition:

Il <o, (38)

We denote the realized covariance matrix constructed
by using the intraday returns meeting the condition in
Eq. (38) as R]JCov. The procedure of utilizing the proposed
approaches to estimate the MHAR model and forecast
RCov based on the truncated intraday returns is the same
as the case of using raw intraday returns.

Table 17 explains the notation for the forecasting ap-
proaches based on truncated high-frequency returns.

Table 18 provides ratios of the statistical loss func-
tions relative to the benchmark Fgjcov;rjcov. The results
show that while the outlier-robust methods do not pro-
vide extra gains for L%, they do offer gains of 1%-2%
in performance relative to the benchmark for LF. When
the underlying intraday returns are available to construct
realized covariance matrices, the outlier-robust estimates
continue offering small benefits over truncating intraday
returns. However, if one is working with publicly available
realized covariance matrix data (without access to the
underlying intraday data), the MLTS would be the only
avenue for improving the forecast performance.

7. Conclusion

In this paper, we proposed two outlier-robust ap-
proaches for improving parameter estimation within the

MHAR model, so that more reliable forecasts of RCov may
be generated. We first replaced the raw RCov with the
outlier-robust MCD covariance matrix, with OLS applied
to estimating the parameters of the MHAR model. We
demonstrated that the elements of the proposed robust
covariance matrix contain smaller spikes when compared
to raw RCov, making the MCD matrix more amenable to
using OLS. We also employed the MLTS approach, as a
robust estimation scheme for the MHAR model, where
the covariance matrices of the OLS residuals are trimmed.
Furthermore, we considered an approach that combines
both MLTS estimation and the MCD covariance estimates.

The combined approach outperformed both MCD and
MLTS according to the Frobenius distance measure. The
pure MLTS approach was preferred under the QLIKE loss
function as the portfolio dimension increased. Most im-
portantly, in the context of portfolio allocation, the MLTS
approach provided improved portfolio outcomes based on
economic loss measures.

The approaches proposed here provide improvements
in the forecasting performance relative to both the MHAR
and MHARQ models. In addition, there are benefits rela-
tive to controlling the effect of jump activity on covari-
ance matrices. The results point to some similarities in
the effects of using MCD, MLTS, and truncating intra-
day returns when estimating covariance matrices. Gaining
a deeper understanding of the links between these ap-
proaches may represent an interesting avenue for future
research. Given the benefits of the outlier-robust covari-
ance matrices identified here, extending these approaches
to higher-dimensional portfolios, where the number of
stocks is greater than the number of intraday observa-
tions, with the use of regularized methods, is also an
interesting area for future work.
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Table 18
Out-of-sample forecast results: Ratios of statistical measures (truncated
high-frequency returns; rolling window scheme).
5 Assets 10 Assets 15 Assets 20 Assets 26 Assets

IF IF IF I I
FryCov:RiCov 1.000  1.000 1.000 1.000 1.000
Fuco-trRicoy  1.001  0.995 1.003 0.997 0.999

Fvco—trmeo—1r 1.004  0.997 0.997 0.984 0.980
FuiTs—RjCov 0.991  1.003 0.999 0.998 0.992

Fomp-trricov 1005 1.021 1.007 1.003 0.991
Fovp—trmco_tr  1.066  1.097 1.057 1.034 1.005
e e e e 12
Fricov:RiCov 1.000  1.000 1.000 1.000 1.000
Fuco_tregcor 1056 1.059 1.082 1.062 1.050
Fucp—tr:mco—1r 1580 1.635 1.546 1.381 1.255
FuLrs—Ricov 1.085  1.052 1.036 1.009 0.990
Fomp-tericov 1229 1220 1172 1111 1.056
Fovp-trmeo_1r 1839 1.855 1.640 1412 1.237

Notes: Shaded cells indicate the lowest value in each column.

Table 19 Table 20

Stock information. Five-asset portfolio.
Ticker Company name Ticker Company name
AAPL Apple Inc. AAPL Apple Inc.
AXP American Express AXP American Express
BA Boeing Co. BA Boeing Co.
CAT Caterpillar Inc. CAT Caterpillar Inc.
Csco Cisco Systems Inc. Csco Cisco Systems Inc.
CVX Chevron Corp.
DIS Walt Disney Co.
GS Goldman Sachs Group Inc.
HD Home Depot Inc.
IBM IBM Table 21
INTC Intel Corp. Ten-asset portfolio.
INJ Johnson & Johnson Ticker Company name
JPM JP Morgan Chase & Co. AAPL Apple Inc.
Ko Coca-Cola Co. AXP American Express
MCD McDonald’s Corp. BA Boeing Co.
MMM 3M Co. CAT Caterpillar Inc.
MRK Mgrck & Co. Inc. . Csco Cisco Systems Inc.
MSFT Mlcrosoft Corporation CVX Chevron Corp.
NKE N1'ke Inc. DIS Walt Disney Co.
PFE Pfizer Inc. GS Goldman Sachs Group Inc.
PG Procter & Gamble Co. HD Home Depot 1

. pot Inc.
UNH UnitedHealth Group Inc. IBM IBM
UTX United Technologies Corp.
VZ Verizon Communications Inc.
WMT Walmart Inc.
XOM Exxon Mobil Corporation
Table 22

Fifteen-asset portfolio.

Ticker Company name
improve the paper. The first author was supported by a N Johnson & Johnson
scholarship from the QUT Centre for Data Science and a JPM JP Morgan Chase & Co.
supervisor top-up scholarship from the School of Math- KO Coca-Cola Co.
ematical Sciences at QUT. Computational resources and MCD McDonald's Corp.
services used in this work were provided by the HPC Mgﬁv{ I%A’\é[rfli"& Co. Inc
and Research Support Group, Queensland University of MSFT Microsoft Corporation
Technology, Brisbane, Australia. NKE Nike Inc.

PFE Pfizer Inc.

. PG Procter & Gamble Co.
Appendix A UNH UnitedHealth Group Inc.
UTX United Technologies Corp.
See Table 19. vz Verizon Communications Inc.
WMT Walmart Inc.
XOM Exxon Mobil Corporation

Appendix B. Investigated portfolios

See Tables 20-23.
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Table 23
Twenty-asset portfolio.
Ticker Company name
DIS Walt Disney Co.
GS Goldman Sachs Group Inc.
HD Home Depot Inc.
IBM IBM
INTC Intel Corp.
JNJ Johnson & Johnson
JPM JP Morgan Chase & Co.
KO Coca-Cola Co.
MCD McDonald’s Corp.
MMM 3M Co.
MRK Merck & Co. Inc.
MSFT Microsoft Corporation
NKE Nike Inc.
PFE Pfizer Inc.
PG Procter & Gamble Co.
UNH UnitedHealth Group Inc.
UTX United Technologies Corp.
\"/4 Verizon Communications Inc.
WMT Walmart Inc.
XOM Exxon Mobil Corporation
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