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Multi-population mortality forecasting has become an increasingly important area in
actuarial science and demography, as a means to avoid long-run divergence in mortality
projections. This paper aims to establish a unified state-space Bayesian framework
to model, estimate, and forecast mortality rates in a multi-population context. In
this regard, we reformulate the augmented common factor model to account for
structural/trend changes in the mortality indexes. We conduct a Bayesian analysis to
make inferences and generate forecasts so that process and parameter uncertainties
can be considered simultaneously and appropriately. We illustrate the efficiency of our
methodology through two case studies. Both point and probabilistic forecast evaluations
are considered in the empirical analysis. The derived results support the fact that the
incorporation of stochastic drifts mitigates the impact of the structural changes in the
time indexes on mortality projections.
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1. Introduction

Worldwide mortality rates are consistently in decline
across all age groups and have in particular been so during
the last two decades. Although this decrease in mor-
tality rates is undoubtedly seen as a great achievement
of contemporary society, it may impose an inherently
disproportionate risk on the liability of public pension
schemes and the insurance industry if the characteris-
tics around the mortality improvement are not precisely
captured in modelling and forecasting.

A considerable amount of literature has been pub-
lished on mortality forecasting since the seminal work
of Lee and Carter (1992). Their celebrated Lee—Carter (LC)
model decomposes the age-time matrix of mortality rates
into the age factors and a time index based on princi-
pal component analysis, and then extrapolates the mo-
tion of the time index to generate age-specific mortality
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forecasts. Compared with the deterministic approach to
forecasting mortality, the LC model, which comprises so-
called stochastic mortality modelling, produces not only a
single point estimate but also probabilistic credible inter-
vals to quantify the degree of uncertainty underlying the
mortality evolution, which is useful in risk management,
such as in value-at-risk and hedge-ratio calculations; see
for example (Leung et al., 2018, 2021). The LC model has
inspired numerous modifications, variations, and exten-
sions. Examples encompass adding additional age-time
components (Renshaw & Haberman, 2003), modelling co-
hort effects (Renshaw & Haberman, 2006), proposing al-
ternative estimation approaches (Brouhns et al., 2002;
Czado et al., 2005; Pedroza, 2006), and incorporating cli-
mate and economic changes (Boonen & Li, 2017; Dutton
et al., 2020; Hanewald, 2011; Hanewald et al., 2011; Niu
& Melenberg, 2014; Seklecka et al., 2019, 2017). All of the
above models concentrate on mortality forecasting for a
single population.

However, mortality improvements across different
populations—e.g., both genders in a country, or national
populations possessing similar characteristics—are intrin-
sically correlated. For instance, the spread of COVID-19
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poses a threat to health worldwide, while the break-
through in a vaccine against the virus will reduce the
infection and hence the fatality rates across countries.
The goal of capturing the cross-population dependence in
mortality forecasting has led to a proliferation of stud-
ies. Cairns et al. (2011) extend the Cairns-Blake-Dowd
(CBD) model (Cairns et al., 2006) to a two-population
setting to avoid the crossing-over or divergence of joint
mortality trends in an unrealistic way. Hyndman et al.
(2013) utilise the product-ratio approach to generate co-
herent forecasts for multiple populations. In a recent
paper, to enhance the forecast credibility with the hope of
improving the prediction accuracy, Huynh and Ludkovski
(2020) propose multi-output Gaussian process models to
joint model mortality data, as the mortality experience
of a certain group of populations may be a better guide
to their future than their own histories would be. Finally,
multi-population models can help researchers and end-
users gauge the population basis risk (Coughlan et al,,
2011), which is defined as the discrepancy between the
mortality experience of the exposed population (e.g., the
members or small population groups of a specific pen-
sion plan) and that of the hedging population (e.g., the
national population that determines the time indexes).
This enables us to securitise and hedge longevity risks
correlated with more than one population or smaller
groups of the population where their mortality forecasts
should be consistent with those of the national or larger
population; see, for example, Li and Hardy (2011), Liu and
Li (2016), Pantelous and Zimbidis (2008) and Yang and
Wang (2013).

As one of the most popular multi-population mortal-
ity models, the augmented common factor (ACF) model
proposed by Li and Lee (2005) has been extensively con-
sidered in the literature (Antonio et al., 2015; Enchev
et al,, 2017; Kang et al., 2018; Kleinow, 2015; Li, 2013)
and used in practice. One important reason is that the
ACF model can be recognised as a natural generalisa-
tion of the LC model for multiple populations. Within
the ACF model setting, there is one common time index
and N population-specific time indexes that govern the
change in the mortality experience. Li and Lee (2005)
employ the random walk with a constant drift assuming
a linear correlation structure in the common time effects.
Further, they meticulously model the rest of the time
indexes using the mean-reverting process to avoid indefi-
nitely diverging projection results in the long run. Despite
its popularity in academia and industry, however, the
structural changes exhibited in the common time effects
violate the linear correlation assumption, which is so far
understudied.

To identify the structural changes in mortality projec-
tions for a single population, Van Berkum et al. (2016) use
the Bayesian information criterion to determine the num-
ber of changes in time indexes. Although they incorporate
the multiple trend changes into the mortality models
in the fitting period, their work makes “no reference
to possible future structural breaks” (see, O'Hare & Li,
2015) because the future trend is expected to remain the
same as the historical one after the last detected break-
point. The other main class of methods for dealing with
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structural change involves assigning more weight (see,
Hyndman et al,, 2013; Hyndman & Ullah, 2007) to the
most recent mortality data so that the forecasting results
will not be distorted by the historical data sets. However,
the methods in the above two categories neither acknowl-
edge the stochastic nature of the structural change nor
allow the mortality trend to change randomly in the fu-
ture. Therefore, the first contribution of this study is to
reformulate the ACF model to explicitly model the dy-
namic process of the drifts in the common time indexes,
and thus to examine the impact of the structural changes
on mortality projections.

This paper also contributes to the Bayesian mortal-
ity forecasting literature. Bayesian statistics provides an
excellent framework for accounting for all sources of
uncertainty, including uncertainty from the stochastic
process itself, parameter uncertainty, and model risks,
when generating probabilistic forecasts (see e.g., Alex-
opoulos et al.,, 2019; Antonio et al., 2015; Czado et al,,
2005; Dellaportas et al., 2001; Hunt & Blake, 2020a; Pe-
droza, 2006; Wisniowski et al., 2015; Wong et al., 2018).
Hence, the computing approach we employ here yields
a full uncertainty quantification. Bayesian inference is
conducted to obtain parameter estimates and generate
mortality forecasts. Particularly, we utilise the square-
root-form Kalman Filter to boost robustness in sampling
the latent states, consisting of the joint distribution of
time indexes with stochastic drifts. To illuminate the ex-
istence of structural changes in the mortality indexes, we
conduct two case studies: one for Australian two-gender
mortality projection, and the other to project age-specific
mortality for males in selected eurozone countries. In the
second case study, we perform exploratory data analysis
to categorise the eurozone countries so that the mortal-
ity forecast will not be distorted by other populations
with marked dissimilarities. Although the model pro-
posed by Liu and Li (2017) permits time-varying drifts
to model structural changes in time indexes in the CBD
model, the difference between our model and theirs is
twofold. Firstly, we work under the ACF model setting for
multiple populations. Secondly, in addition to using point
forecasts for model comparisons, with the advantage of
Bayesian statistics, we demonstrate probabilistic forecast
comparisons. The empirical analysis conducted with real
data clearly supports the fact that the incorporation of
stochastic drifts mitigates the impact of the structural
change in the time indexes on the mortality projection.

The outline of this paper is as follows. We firstly for-
mulate the ACF model and its variant in the state-space
modelling framework. Next, we explain the methodology
for inference and forecasting in detail. We present two
case studies to elaborate the application of the models.
Finally, we compare the proposed ACF model with the
conventional model. We conclude the paper in the last
section.

2. Model formulation
2.1. Definitions and notation

The observed central mortality rates for an x-year-old
from population i in year t, denoted by f  ;, is calculated



P. Wang, A.A. Pantelous and F. Vahid

as

QU

A X,t,0
My¢i= )

€x.t,i
where dy;; is the observed number of deaths in popu-
lation i occurring at age x last birthday in year t, and
ex.¢.i is the corresponding exposure to risk, i.e., the average
population i aged x during calendar year t.

Vectors and matrices are written in bold throughout
the rest of the paper. log denotes the natural logarithm
unless otherwise stated. All other variables, parameters,
distributions, and notations presented below are defined
accordingly.

2.2. Augmented common factor model

Let yx¢; = logniy, ;. The augmented common factor
(ACF) model proposed by Li and Lee (2005) assumes that

2
Yati = Qui + Buckee + Brike,i + €xtir  €xti ™ N(O, Ug,i),

(1)

for age groups x = X1, Xz, ..., Xp, time periods t = ty +
1,to+2,...,to+n, and populationsi =1, ..., N, where
N(-, -) denotes the Gaussian distribution. All the sets of
parameters in the ACF model have interpretable mean-
ings: o ; denotes the baseline shape of y, ; ; over time t for
population i; B, . represents the age-specific sensitivity
with respect to changes in the common mortality index
k¢, for all sub-populations; «; ; measures the population-
specific change in mortality deviating from «; ; and By ;
denotes the sensitivity of yy  ; to a change in «; ;. The error
term, €, is assumed to be normally distributed with
zero mean and variance aii for all ages in population i.
Furthermore, we assume that & ; is independent across
different populations, ages, and years.

In Li and Lee (2005), the first-order singular value
decomposition (SVD) approach is applied to estimate the
parameters. The evolution of «;. is then extrapolated
using a random walk with a constant drift, namely

wee ~ N0, 02 ), (2)

where 1. is the drift term for the common time-specific
factor.

To achieve coherence in the projection, the first-order
autoregressive (AR(1)) model is employed to forecast «; ;:

Kte = Me + Ke—1,c + Wt c,

o i~ N(0,02 ), (3)

where w; is the static drift term for population i, and &; is
a constant, with |§| < 1.

It is assumed that the error terms w;. and w;; are
independent, since the former is the random effect for
the group, and the latter that for the specific population i.
Moreover, w; ; for the N populations in the group is mutu-
ally independent because each error term represents the
stochastic innovation in the respective populations. The
conventional ACF model specified in (1) is not identifi-
able until we impose the following parameter constraints:
Z?:x] Bre = 1, ZESH ke = 0, Ziixl Bxi = 1, and

to+n _
t=tg+1 Kt.i = 0.

Kei = Wi+ &ike—1,i + @i,
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It is straightforward to reformulate the ACF model
specified by Eqgs. (1)-(3) in a state-space representation,
which generally includes two components: a state equa-
tion that describes the dynamics of the latent states
through a Markov process, and a measurement equa-
tion that shows the connection between the observations
and latent states. Let y, = [y/,,...,y/,]", where T
denotes the transpose of the matrix/vector, with y,; =
Wxp.tis - - - Vxpeil” for population i, and k; = [ki.c, k.1,
..., ken1T. Then,

{Kt =D+ Ckiq+ o, @ ~ Nyp(0, W), (4)

Y=o+ Br: + €, € ™~ -/\/;)XN(()’ V),

where the static parameter vector @ = {D,C, W, «, 8, V}
includes D = [ic, p1, ..., pun]", € = diag(1, &1, &, ...,

gN‘), and W = diag(c , 03“, SOl = e, ... af]”
with a; = [Ofxl,i’ ceey axp,i]Tv ﬁc = [ﬂxl,c’ ey ﬂxp,c]T-
ﬁi = [IBXN‘, ey ﬂxp,i]r and

B. By 0 - 0

ﬂc 0 ﬂZ e 0

ﬁc 0 0 ﬂN

here 0 indicates a column vector with p rows, and V
diag(Vq, V5, ..., Vy)isablock diagonal matrix with V;
021, and 1, is a p-dimensional identity matrix.

2.3. Augmented common factor model with stochastic drifts

Several researchers (Li et al., 2011; Li & Wong, 2020;
O’Hare & Li, 2015; Van Berkum et al., 2016) suggest that
there are permanent structural/trend changes presenting
in common time effects, which suggests that the random
walk with a constant drift may not capture the non-
linearity in k¢ .. It may result in highly significant bias
in mortality projections in the long run if we linearly
extrapolate the mortality index from the fitting period to
the future. Models allowing for the structural changes in
the mortality index can be divided into two categories.
The first involves identifying the presence of structural
breaks in the latent time indexes, and presuming the fu-
ture morality trend to be fixed after the last break occurs.
The second category consists of assigning more weight
to the more recent observations of mortality rates. By
doing this, researchers can reduce the sensitivity of the
parameter estimates to the choice of initial year of the
calibration window so that the projection results will be
more in line with the most recently observed trends. The
question underlying the second way is that it might not be
straightforward to optimise the weights based on a rigor-
ous statistical criterion. Besides, neither method acknowl-
edges the stochastic nature of the structural changes nor
allows the mortality trend to change randomly in the
future.

As it is observed, advances in medicine and a con-
tinually improving healthcare system have a significant
impact on the speed at which mortality improves. There-
fore, it is essential in what follows to model structural
changes in common time effects by waiving the random
walk assumption with a constant drift. Motivated by the
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local-level trend model (Durbin & Koopman, 2012; Petris
et al,, 2009), we incorporate a time-varying slope in «¢ .
with all the other model setup unchanged in the original
ACF model:

2
Ktc = Me—1,c T Ke—1,c + Ot e, @pc ™ N(O, aw,c)!

Mee = Me—1,c + Ve, Vee ™ N(O, O‘)Z’C).

This model specification has several attractive features.
The latent dynamic process x;. can be interpreted as
an integrated random walk process. In this regard, we
consider that oy . and v in the integrated random walk
process, k¢, will not be perfectly identified, as the main
interest is to gauge the compound effects of the random
variations, ¢ . and v ¢, on the dynamics of common time
effects.! Thus, the structural changes in the mortality
indexes are modelled in a stochastic framework, which
provides more realistic forecasts than the original ACF
model does, in which the assumption of the constant drift
is not justifiable. The new model offers another advan-
tage, as it avoids discarding the mortality data in the more
distant past, which can help forecasters minimise sam-
pling errors and information loss due to a small data size.
Last but not least, the proposed model is able to generate
coherent predictions, as the ACF model does, when «; ;
is a mean-reverting process, for i € {1,2,...,N}. The
proposed model can be represented as a state-space form
with

b
Y

where k; = [kt ¢, Kt15 -5 KeNS Mt’cf,}hqparameter vec-
tor in the proposed model @ = {D,C, W, «, B, V} with
~T

(3)

=D+ Ef(t—l + @, @ ~ Ny2(0, W),

- 6
= o+ i + €, € ~ Npxn(0, V), ®

D =10, u1,...,un, 0l W = diag(o2 ., 02,,..., 02y,
2
o)
1 O 0 1
_lo & .0
C= ,
: . .0
0o ... 0 & O
0o --- --- 0 1

and B = [B, 0], where 0 is a column vector with dimen-
sion Np x 1.

To be consistent with the conventions of the ACF
model, we adopt the parameter constraints scheme under
the state-space formulation. However, our preliminary
simulation results show that the constraints proposed
by Li and Lee (2005) will lead to numerical instability
when sampling S ;. A possible explanation for this might
be that By; can be less than zero for some age groups,
and when we impose Y \» « Pri = 1 on the series of
parameters, the simulation results are no longer limited
to a particular range (see, also Hunt & Blake, 2020b). To
circumvent this numerical issue, we instead propose that
the constraint for S, ; is given by

*p
> 1Bl =1,

X=X1

1 See the estimation algorithm procedure discussed in Section 3.
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which has been used in practice, for example, in Hunt and
Blake (2015). The above parameter constraints imposed in
both the classical model and the updated one do not affect
the models’ fit and mortality prediction.

At this point, we should report that the stochastic
drifts can also be modelled by combining a Bernoulli ran-
dom variable, which indicates whether the trend change
occurs, with a Gaussian random variable, which denotes
the magnitude of the trend change. As far as we are
concerned, it is a suitable choice for capturing the transi-
tory change in time effects arising from short-term catas-
trophic mortality events.

3. Bayesian inference and forecasting

Bayesian approaches are adopted in the relevant liter-
ature to perform parameter inference and mortality fore-
casting. A key benefit is that when generating forecasting
results they take into consideration all sources of risk,
encompassing uncertainties arising from the underlying
stochastic processes, those due to model parameters, and,
of course, those due to the model itself. In this section, we
discuss a block-based Gibbs sampler for model estimation,
together with details regarding Bayesian forecasting.

Within the Bayesian regime, we aim at determining
the joint posterior density p(key:tg+ns @Y ¢yt1:60+n) ID the
ACF model with the initial distribution ke, ~ Nyyq1(my,,
Cto )‘ where Kty:tg+n = {Kt07 Ktg+15 -+ 5 Kfo+n}v y[0+11[‘0+n =
Vig+1s - - - s ¥ey+n)- Correspondingly, in the proposed ACF
model, we need to determine the distribution of interest
P(Kty:t-+n» 9|J’t0+1;t0+n) with iy ~ NN+2(ﬁ1to’ C:,), where
Ky, denotes the collective latent states involving the
stochastic drifts gy 4n = {ltg.cs Keg+1.co - - - » Htgtnc)-

3.1. Sampling for latent states

In this section, we present the sampling algorithm for
the latent states in the ACF model without stochastic
drift, which is extended in a straightforward manner
to its variant that considers structural changes in time
effects. The sampling approaches based on the Metropolis-
Hastings algorithm for the latent states may lead to com-
puting inefficiency; see Antonio et al. (2015) and Czado
et al. (2005). Thus, following Carter and Kohn (1994) and
Frithwirth-Schnatter (1994), we obtain samples of the la-
tent states as a block using the forward filtering backward
smoothing (FFBS) algorithm.

In the filtering phase of FFBS, we derive p(«¢|y;y41.)
from p(ii_1|Yy110-1) for t =to+ 1,to +2,....to + n.
Let ke—1Yiyr1:0—1 ~ N(m;_1, C;_1). The predicted distri-
butions of «; and y,, given all the observations up to t —1,
are provided by

(7)

ke lYigr1:0-1 ~ NMu1(ae, Re),
with
a=D+Cm_; and R, =CC._;C" +W,

2 However, this direction is beyond of the scope of this paper, as
the main target of it is to examine the impact of permanent trend
changes on the future mortality experience. Modelling transitory trend
changes in time effects under the Bayesian paradigm will be the focus
of a follow-up paper.
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and

Ve |.Vr0+1:t—1 ~ Npxn(fe, Qp),
with
,=a+pa;, and Q,=BRB + V.

We recognise that the filtering density can be factorised
as

plKe |yt0+l:t) o< p(y; e )p(kce |yt0+1:t—1)v

where p(y,|k;) is regarded as the likelihood function and
p(kelYiy11:—1) as the prior. Hence, the posterior
plke |y y11:) is @ multivariate normal with mean m; = a,+
R:8"Q,'(y. —f,) and covariance C; = R, —R: 8" Q' BR;.
Moving on to the smoothing phase, we note that the
full conditional density of «y.;,+n given all other static
parameters and observations can be decomposed as

Pty @vyt0+l:to+n)

to+n—1
= |: 1_[ plke |J’t0+1:r0+na Kty+1:tg+n> 9):|

t=ty

X plkeg+nlYip41:09+n> ©)

to+n—1
= |: 1_[ P(’Cr|.1’t0+1;r,lft+1, @)]

t=ty
X plkeg+nlYios1:t9+ns ©)-

Eq. (9) provides an alternative way to calculate the full
conditional density of the time effects directly. Once we
have determined the filtering density of k4, we can
draw samples for k. +n—1, moving backwards via the
smoothing density function, p(k;|y 1., ket1)- For t =
t0+n—l,to+n—2,...,to,

plre |y[0+‘1:t7 K1) o< pliceslice )p(ke |J’[0+1:t)7

where kepqlier ~ Ny1(D + Cre, W) and kelY 41
Nys1(mg, Cy). Therefore, it is straightforward to show that

ke |Yigres Ker1 ~ Nyg1(he, He) (10)

with b, = m; + C.C'R_},
C.C'R;},CC..

Direct programming of the above algorithm may lead
to numerical instability, since the floating error may yield
non-symmetric and non-positive-definite covariance ma-
trices. Thus, we exploit the square-root form of the Kalman
filter and smoother based on SVD (Wang et al., 1992;
Zhang & Li, 1996) to compute the filtering and smoothing
covariance matrices. The square-root form of the Kalman
filter and smoother can be found in Appendix A in the
online supplementary materials.

(ket1 — @r41) and Hy = C; —

3.2. Sampling for static parameters

3.2.1. Prior assumptions

We exploit the Metropolis-within-Gibbs method to
sample from the conditional density of the static parame-
ters given the latent states and observations. We assume
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Table 1
Prior assumptions for the static parameters of the
ACF model and its variant.

Parameter Prior distributions
Ay i N(0, 10)

B N(0, 10)

By N(0, 10)

o2, inv-1"(2.1,0.1)

e N(0, 10)

Hi N(0, 10)

& N(0, 10) truncated to [—1, 1]
02, inv-I"(2.1,0.1)
o5 inv-I"(2.1,0.1)
o2, inv-1(2.1,0.1)

the same conjugate priors for the common static parame-
ters in the ACF model and its variant, which are ay; ~
N(laa,h 6’(3,1)1 ﬂx,c ~ N(llﬁ.m 5§’C). ﬂx,i ~ N(ﬁﬁ.ia &g,i)'
o2, ~ inv-I' (@, bei) & ~ Ntz i, Z;) truncated to the
interval (—1,1), 02, ~ inv-I"(d,.c, by.), and o2, ~
inv-I"(d,., bs.;), where inv-I"(.,.) denotes the inverse-
Gamma distribution.>. The conjugate normal priors are
employed for the fixed drifts in the ACF model, u. ~
N(fte, 62) and p; ~ N(fi, 67). Meanwhile, for the addi-
tional parameter in the ACF model with stochastic drifts,
we propose using ovz.c ~ inv-I"(ayc, by ). All priors are
assumed to be independent with each other.

There are two more remarks to be specified. Firstly, we
would like the mortality data to determine the projection
results; therefore, weakly informative priors are used for
the parameters (see Table 1 concerning hyperparameter
settings). Secondly, the conjugate and independent priors
are exploited mostly for illustrative purposes.

3.2.2. Posterior distributions and sampling

There are analytical forms of posterior distributions
for all of the time-fixed parameters except fx. for x €
{x1,...,Xp}. Therefore, we need to insert a Metropolis
sub-step into the Gibbs sampling method to draw samples
for By . The sampling algorithm for gy . can be found in
Appendix B in the online supplementary materials.

3.3. Bayesian forecasting

The h-step-ahead forecast of the mortality rate in the
original ACF model, given the available data, can be de-
rived from

p(yt0+n+h|yt0+1:t0+n) = /p(.yt0+n+h|’ct0+n+h7 0)

X p(KgrnthlKigrnth—1, ©)
X X P(th+n, @lyt0+1:t0+n)

X th0+n:to+n+hd@-

(11)

Hence, for h > 1, we can recursively obtain the posterior
predictive distributions of y yn4n giVEN Yy t1:p+n USING
the original ACF model, as shown in Algorithm 1. The

3 The probability density function of the inverse Gamma ran-
dom variable with shape a > 0 and scale b > 0 is f(x|a,b)
x~%Vexp(—b/x).
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forecasting distribution in the proposed ACF model with
stochastic drifts can be derived accordingly.

Algorithm 1 Bayesian forecast of mortality rates (in

logarithm) using the original ACF model.

1: fortin1,...,hdo

2. for min 1,..., M, where M is the number of
simulations after burn-in and thinning do

3: Draw k), y, ~ N(D™ + C™i™ W),
4: Draw y(t;"lnﬁ ~ N(a™ + ﬂ(m)x(tgﬂ)rnﬁ, v,

5. end for

6: end for

4. Case studies

In this section, we provide a comprehensive illustra-
tion using two mortality data sets. The first one contains
female and male mortality data from Australia, while the
second consists of data from different national popula-
tions.

4.1. Australian two-gender mortality projection

4.1.1. Data

In our first case study, we use crude mortality rates
for the Australian population (i = 1 for males and i = 2
for females) from the (Human Mortality Database, 2019)
(HMD). The data set covers a period of n = 60 years from
to+1 = 1951 to tp + n = 2010 and p = 90 age groups
ranging fromx; = 0,x, = 1,...,x, = 89. We excluded
age groups above 89 in the following empirical analysis
due to large sampling errors in senior age groups. The data
were accessed in December 2019.

4.1.2. Simulation results

We collect 200,000 sample sets from the joint poste-
rior distribution of the latent states and static parameters.
We discard the first half of the simulations, which is
treated as the “burn-in”, and keep every 100 values after
this, to reduce auto-correlation in the simulated samples.
We further perform a convergence diagnostic check on
the simulated parameters, consisting of trace plots, au-
tocorrelation plots, and Geweke’s convergence diagnostic.
There is no significant evidence that the designed Markov
sampler does not reach convergence.

Figs. 1-4 present the posterior distributions of time
effects, age effects, and stochastic drifts from our pro-
posed ACF model, in which structural changes in the time
effects are considered, using the Australian two-gender
mortality data. Each plot depicts the posterior median
(solid line) as well as the equal-tail 95% credible interval
(black dashed lines). The width of each credible interval
indicates the level of parameter uncertainty entailed. As
there are no distinguishable discrepancies between the
posterior distributions of time and age effects generated
from the original ACF model and from its variant, we
display the figures from the latter model for brevity.

As we can see from the top-left corner in Fig. 1, the
common hidden states exhibit a downward trend, which
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means that there is an overall decrease in mortality for
Australians within the fitted period. However, the dynam-
ics of ;. are not perfectly linear, as there is an observed
decrease in the slope around the 1970s, demonstrating
an accelerating mortality improvement. In other words,
the rate of mortality improvement is not uniform across
the calibration window. This finding is further confirmed
by Fig. 2, which demonstrates the considerable decline
in the drift of the prior model for «; .. Compared with
the proposed ACF model, the posterior median of u. is
constant over time, and biased higher than the posterior
median of p; c.

The pattern of the posterior distributions of «; and
oy (Fig. 3) for both genders coincides with the overall
mortality experience concerning age. Moreover, the av-
erage male mortality across ages is slightly higher than
that for females, and the mortality hump for young 20-
year-old males is more pronounced than that of young
females. From the top-left plot in Fig. 4, we can see that
there is a more rapid decrease in mortality for infants and
people around 60 years of age in contrast to the other age
groups, while the sensitivity of mortality decline reaches
a low point at approximately 26 years old. However, Fig. 4
shows apparent jaggedness in the Bayesian estimation
of B.,B;, and B, which is highly likely to lead to an
unsmoothed mortality projection. The jagged pattern in
the posterior estimate is due to our exploitation of the
observed mortality rate as the true, unknown value. We
argue that the jagged pattern is not reasonable, since we
expect that the mortality rate will evolve at a similar
speed in adjacent age groups. In the current study, we
assume the priors of the age parameters to be indepen-
dent across age groups. However, this does not allow for
smoothness across ages, which results in a jagged pattern
in the mortality forecasts and prevents the use of our
proposed methods in practice. Further research could be
carried out to embody our prior beliefs in mortality data
and thereby determine the impact of prior information on
the forecasts. Another remark here is that we can incorpo-
rate a common age-sensitivity effect (Kleinow, 2015) into
our model in future work, as the two genders are seen
to share similar age-specific sensitivity in the remaining
two figures in Fig. 4, and this may help improve parameter
parsimony.

4.1.3. Forecasts

Fig. 5 depicts the posterior median of time effects (rep-
resented by the solid line) in the fitted period. We present
the posterior predictive distribution with the predictive
median of 60-year-ahead forecasts and 95% forecast in-
tervals respectively using solid and dashed lines.

The differences between the dynamics of time effects
are highlighted in Fig. 5, which demonstrates the follow-
ing aspects:

1. The two models yield similar inference results, but
highly different predictive distributions, especially
for the common time effects. The projection of «¢ .
in the original ACF model is slightly biased such
that it is higher than that in the updated model,
which is due to the constant drift being larger than
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Fig. 1. Posterior distributions of time effects in the ACF model with stochastic drift given Australian two-gender mortality data. The solid lines

represent posterior medians, and the dashed lines are 95% credible intervals.
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Fig. 2. Posterior distributions of the stochastic drift in the proposed ACF model given Australian two-gender mortality data. The solid lines represent
posterior medians, and the dashed lines are 95% credible intervals. The red horizontal solid lines show the corresponding posterior medians of fixed
drift in the ACF model.

2.

the forecasted values of stochastic drift. In other
words, we expect to see a significant acceleration
in the rate of mortality improvement based on the
projection results when using the updated model.
The choice of the time series model for population-
specific time effects means that «;; will fluctuate
around w;/(1 — &) in the future, for t — oo and
i € {1,2,...,N}. Therefore, the evolution of the
predictive mortality rates will be dominated by the
common time effects in the long run. It allows us

to produce coherent mortality projections for all
populations.

3. The third one revealed by Fig. 5 is the level of

uncertainty. It is apparent that the updated model
results in much wider prediction intervals for «; ,
since stochastic drifts are permitted. The random-
ness from w, . contributes to the width of the fore-
casting intervals.

Figs. 6 and 7 demonstrate the 60-year-ahead fore-
casts of central mortality rates (in logarithm) at ages
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Fig. 3. Posterior distributions of the age-specific mortality profile in the ACF model with stochastic drift given Australian two-gender mortality data.
The solid lines represent posterior medians, and the dashed lines are 95% credible intervals.
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Fig. 4. Posterior distributions of age-specific sensitivity to the change of mortality in the ACF model with stochastic drift given Australian two-gender
mortality data. The solid lines represent posterior medians, and the dashed lines are 95% credible intervals.

0, 10, 20, ..., 80 years, which are respectively generated are also depicted in Figs. 6 and 7. We can observe the
by the ACF model (red) and the ACF model with stochastic following from the two plots:

drift (green). The 95% prediction intervals (dashed lines) 1. The median forecast of the age-specific mortality
are displayed in each panel with the posterior median rate has improved, along with the dynamics of the
forecasts (solid lines) in the middle of the prediction inter- common time effects, at all ages, regardless of gen-
vals. The observed historical mortality data (solid points) der.
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Fig. 5. Predictive distributions of time effects given Australian two-gender mortality data. Panel A shows common time effects ., Panel B shows
K¢,m,» and Panel C shows «; ;. The solid lines in the fitting period (1951-2010) are posterior medians of hidden states. The 95% predictive intervals
(dashed lines) with the posterior predictive medians (solid lines) are depicted in the forecasting period (2011-2070).

2. Although the gradient of the central prediction pro-
duced from the two models is close to that of the
line joining the solid points, particularly for the
advanced age groups, our proposed model is able to
generate a projection that is more consistent with
historical mortality experience than the classical
ACF model does.

3. The widths of the prediction intervals are in line
with the existence of the stochastic drifts. The pre-
diction intervals generated by the proposed model
seem to be adequate with regard to the variation in
the historical observed values, but this is not true
for the classical ACF model.
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4.2. Mortality forecasts for eurozone countries

4.2.1. Data

We use a male mortality data set with a total length of
n = 50 years, from tp+1 = 1959 to tp+n = 2008 and p =
90 age groups from x; = 0 to x, = 89 from five eurozone
countries, namely, France (FRA), (West) Germany (DE),
Belgium (BEL), Italy (ITA), and Spain (ESP), as a robustness
check to show the proposed model’s efficacy.

4.2.2. Exploratory data analysis: Population clustering
One important objective in multi-population models
is—by taking commonalities of the historical mortality
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Fig. 6. Mortality forecasts for the central death rates (in logarithm) of Australian males at ages (a) O years, (b) 10 years, (c) 20 years, (d) 30 years,
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(green). 95% prediction intervals (dashed lines) with the posterior median forecast (solid lines) are depicted in each sub-plot. Solid circles represent
historical mortality experience. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this

article.)

dynamics, namely mortality data integration—to obtain
an improvement in predictive credibilities and accuracy.
Mortality data fusion in the multi-population models is
indeed related to the data selection process. However, it
is less clear how to define a group of populations with
similar characteristics in their mortality experience so
that the modelling and forecasting for a sub-population
of the group will not be distorted.
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Cluster analysis is a reasonable approach to use to sep-
arate populations into homogeneous groups with similar
mortality profiles. The mortality profile is depicted by the
mortality surface, which is a function of time and age.
Borrowing the idea from image recognition,* we propose

4 We are aware that pixels in image recognition are independent
of each other. The inter-independence does not apply to time-series
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article.)

a heuristic method for identifying the differences in mor-
tality experience patterns based on hierarchical clustering

data such as mortality, as time-series data have high inner dependence.
However, establishing a novel clustering method for classifying homo-
geneous populations with dependence of mortality data is beyond the
scope of our paper, and can be left for future research.
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using principal components (PCs). Population clustering
can be conducted as follows:

1. We vectorise the mortality surface of population
ie€{1,2,...,N}, which is represented by a matrix
with dimensions given by period length n and the
number of age groups p, into a row vector, denoted
as ‘Mortality Vec;’, with length np. We can then put
all the mortality surfaces of N populations together
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Fig. 8. Dendrogram of the hierarchical clustering of the selected eurozone male mortality profiles. The clustering result is based on mortality data
sets for people aged 0-89 years in the period from 1959-2008. Belgium, (West) Germany, and France are classified within Cluster I, while Italy and

Spain are within Cluster II.

in one large mortality matrix,

Mortality Vec,

Mortality Vec,
Mortality Matrix = .

Mortality Vecy

2. We perform principal component analysis (PCA)
on the above mortality matrix. The number of PCs
included in the clustering analysis is dependent on
the cumulative percentage of explained variance.
The criterion used here is to consider all those PCs
up to a predetermined total variance, say 95%.

3. Using the squared Euclidean distance as the metric,
and Ward'’s criterion as the linkage criterion, we
perform hierarchical agglomerative clustering on
the PCs of each country.

We can utilise the function HCPC in the package Fac-
toMineR (see, Husson et al., 2010, for details) to imple-
ment the hierarchical clustering on the PCs. The result
of the clustering is presented in Fig. 8. We can see that
the five countries can be separated into two groups ac-
cording to their distinguishable mortality evolution, albeit
all of the countries are within the same monetary union.
Cluster I includes Belgium, (West) Germany, and France;
the other two countries, Italy and Spain, are classified
into the second group. One possible way to explain the
dendrogram is through the impact of socioeconomic sta-
tus on mortality experience. The states in Cluster I have
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experienced long-term economic development; particu-
larly, significant growth in gross domestic product (GDP)
can be seen after the adoption of the euro in 1999. Al-
though there is an increasing trend in GDP initially, due
to the growing debt and economic vulnerability in the two
southern European countries, Italy and Spain struggled
from low GDP growth. Our clustering result also coincides
with (Seklecka et al., 2019), who illuminate the discrep-
ancies between and categorise the above five countries
based on GDP.”

Parameter estimation and projection results can be
fully retrieved from the online supplementary materials
(see Appendix C).

5. Model comparison

In this section, we compare the original ACF model
with its variant using the Bayesian state-space approach
in terms of two aspects: in-sample goodness of fit and
out-of-sample forecasting performance. Particularly, we
treat the forecasting results from the (Lee & Carter, 1992)
model for a single population as a benchmark in out-
of-sampling validation. The LC model without structural

5 The clustering method presented here can be regarded as an ex-
ploratory data analysis prior to mortality modelling and projection. One
promising research direction is to encapsulate population clustering
within modelling and forecasting.
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change involved is fitted using Pedroza’s methodology (Pe-
droza, 2006), except we adopt the same prior specification
as in the proposed model to facilitate comparison later
on. Rather than choosing the optimal model, we aim
to demonstrate the reasonable forecasts generated by
the proposed model. Simultaneously, we attempt to jus-
tify whether the incorporation of the stochastic drift can
improve model fitting and projection in our empirical
analysis.

We evaluate the forecasting performance of the two
models based on the Australian two-gender mortality
data as follows. We first perform Bayesian inference using
the 11 training sets separately, which cover the first s
years in the data set with starting year to + 1 = 1951,
s = {30, 31, ..., 40}. Then, the two models generate the
h-step-ahead ‘forecast’ of the observed crude mortality
rate in the testing sets, with h = 26 in the first empirical
study as it covers the most recently available Australian
mortality data from the HMD. A similar validation proce-
dure can be conducted for the eurozone male mortality
data sets, with to + 1 = 1959, s = {20, 21, ..., 30}, and
h = 28.

5.1. In-sample fitting

To assess the model fit to the historical data with a
penalty for model complexity, we employ the deviance
information criterion (DIC) as the Bayesian measure of
model complexity and fit. The DIC is defined as

DIC := E[D(ﬂ)|yt0+1:[0+n] ~+ Pp,
where

e ¥ is a collection of latent states and static parame-
ters;
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o the deviance is defined as
D(#) := —210gp(¥ 1y +1:t9+nF) + 2108 h(¥ ¢y 11010 ):

o E[D(D)|Y;+1:0+n] €valuates the goodness of fit;

e and pp = E[D(")|yr0+1:ro+n] - D(E[ﬂ|yr0+1:ro+n]) is
the number of effective parameters, and penalises
over-fitting issues.

There is no need to consider h(y;1.,,) since it is noth-
ing but a constant, which will be cancelled out in the
model comparison. The lower the DIC, the better the
model fit. The resulting DIC values are shown in Table 2. It
is interesting to find that, in most of the training periods,
the conventional ACF model performs better than the
model with stochastic drifts in terms of in-sample model
fit, which is because of model parsimony. However, in-
sample fitting does not provide us a piece of evidence
regarding which model will outperform in out-of-sample
prediction.

5.2. Out-of-sample forecasting

5.2.1. Evaluation of point forecast

We evaluate the predictive accuracy for the age-specific
mortality rates in logarithm form using the h-step root
mean squared forecast error (RMSFE), which is defined as

Z Z
2
(yx.[ +s+h,i .me +S+h,i)
npns 0 0

X S

RMSFE(h) =

for the forecast of the mortality rate for population i,
where ng is the length of the period in each training
set, and Y ry4s1h,i iS the posterior median of the h-step-
ahead posterior predictive distribution of the observed
Yx,to+s+h,i given the absolute error loss function employed.
The model with smaller RMSFE(h) is preferred. Figs. 9, 10,
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and 11 display the root mean squared prediction error
generated by the two models as well as the LC model.

5.2.2. Evaluation of probabilistic forecast

It is acknowledged that the point forecast does not
take the full uncertainty over yy ,+s+s,i into account, al-
though it is straightforward to compute and, more im-
portantly, to understand. In contrast to most of the ex-
isting literature on mortality projection, we exploit the
two measures of the predictive accuracy of probabilistic
forecasting so as to assess the model performance with
more detailed uncertainty quantification. The measures
employed here are (proper) scoring rules; see Gneiting
and Raftery (2007).
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Definition 1 (Proper Scoring Rule). Let y € R be the obser-
vations of the quantity of interest, Y, and F € F be the
corresponding probabilistic forecast. A scoring rule is a
function that assigns a numerical score S(F, y) to each pair
(F,y). Furthermore, we say that a scoring rule is proper
if the expectation of the scoring rule is optimised when
quoting the true distribution as the forecast distribution,
namely

Ey~c[S(G, Y)] < Ey~g[S(F, Y)I.

The scoring rule is strictly proper only if the above equal-
ity holds when F = G.

The logarithmic score (LOGS) and continuous ranked
probability score (CRPS) are widely used proper scoring
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Table 2

Deviance information criterion for the assessment of the original ACF model and the ACF model with stochastic drift, using data over

different calibration windows.

Training period Australian two-gender case

Training period

Eurozone male case

Cluster [ Cluster II
ACF ACF-SD ACF ACF-SD ACF ACF-SD
1951-1980 —9828.09 —9810.56 1959-1978 —14075.16 —14042.72 —10418.87 —10413.34
1951-1981 —10125.09 —10106.59 1959-1979 —14814.55 —14779.37 —10943.22 —10941.09
1951-1982 —10475.81 —10520.13 1959-1980 —15454.66 —15425.03 —11391.65 —11370.56
1951-1983 —10810.68 —10796.05 1959-1981 —16198.36 —16138.6 —11870.12 —11865.46
1951-1984 —11131.04 —11113.63 1959-1982 —16906.53 —16838.62 —12333.77 —12311.32
1951-1985 —11454.75 —11443.55 1959-1983 —17575.04 —17528.15 —12782.56 —12778.03
1951-1986 —11670.39 —11646.12 1959-1984 —18231.95 —18184.74 —13239.92 —13223.25
1951-1987 —11985.73 —11969.55 1959-1985 —18838.82 —18817.81 —13742.54 —13724.54
1951-1988 —12266.7 —12262.83 1959-1986 —18788.65 —18701.31 —14182.44 —14174.13
1951-1989 —12476.55 —12468.74 1959-1987 —19962.74 —19373.09 —14512.86 —14503.84
1951-1990 —12670.17 —12649.89 1959-1988 —20487.79 —20452.08 —14846.01 —14844.62

Note: Smaller DIC values indicate a better model fit.

rules for evaluating probabilistic forecast performance.
The formal definitions are as follows.

Definition 2 (Logarithmic Score).The logarithmic score is
defined in terms of f, the associated probability density
function of F, as

LogS(F,y) := —logf(y).

Definition 3 (Continuous Ranked Probability Score). The
continuous ranked probability score can be defined as

CRPS(F, y) = /

R

(F(2) = Ly<z)dz,

where 1 is the indicator function.

In practice, we cannot know the predictive density
f, since the parameters in the density are not known.
Moreover, the forecast distribution F may not be analyt-
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ical either. For these reasons, we need to compute the
values of the scoring rules based on the Markov chain
Monte Carlo (MCMC) output. The first probabilistic mea-
sure of the out-of-sample performance of the mortality
rate using the logarithmic score is the h-step-ahead mean
logarithmic score,

1
———log 1_[ l_[ ppost(Yx.to+s+h,i)
npng X s

1
35 108 [ Pl
TlpTls . B
X P(3Y g4 1:0040)d7
1 1 ¢

Npi
where Ppost(Vx,to+s+h,i) i the predictive density for the
observed mortality rate in the out-of-sample data set

LogS; ()
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legend, the reader is referred to the web version of this article.)

induced by the posterior distribution p(#y ;41 +n )» given
the sequence of simulations of the parameters {#™}_..
To derive the second measure using CRPS, we need the
empirical cumulative density function (CDF) to approxi-
mate the predictive CDF, which is

M

A 1
FECDF(y — 1 i
w0 M Z {yE(r,T;())Jrerh.iSy}

m=1
where {y&fﬁiﬂth’i}x:] is a group of posterior forecast-
ing samples. The h-step-ahead mean CRPS of the mortality
rate can be written as

1 1
CRPSy(h) = — Z Z < — Z yitr:;ﬂ_,_hq,- — Yx.tg+s+h.i
nyns — = M —
] Mom
(mq) (m3)
T oOM2 Z Z yx,té+s+h$i_yx,t(2)+s+h,i )
my=1my=1

(m)
|: (yx¢to+s+h,i - yx,t0+s+h.i>

m
X M]l{y _(m) }—m+05 .
X, tg+s+h,i <yx.r0+s+h,i
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reader is referred to the web version of this article.)
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Fig. 14. Comparisons of out-of-sample probabilistic forecasts of central mortality rates for eurozone males in Cluster II, using the classical ACF model
(red), the ACF model with stochastic drifts (green), and the LC model (blue). (For interpretation of the references to colour in this figure legend, the

reader is referred to the web version of this article.)

The final remark regarding the scoring rule is that the
rules we consider in our work are negatively oriented, so a
model with a lower mean LOGS and CRPS will be judged
to be better. Fig. 12 shows the scores for the Australian
population, while the following two plots (Figs. 13 and 14)
show the scores for the selected eurozone countries.

5.3. Discussion

A comparison of the two models and the (Lee & Carter,
1992) model for a single population in terms of in-sample
fitting and out-of-sample forecasting performance reveals
the following aspects:

467

1. There is no doubt that the incorporation of stochas-
tic effects, which may mitigate the impact of the
structural change in latent states on mortality pro-
jection, will add complexity to statistical inference.
However, it is somewhat surprising that the model
assessment results using the data in the training
period are comparable, illustrated by the indistin-
guishable DIC values generated by the two models
(see Table 2 for reference), although the original
ACF model dominates the updated one when us-
ing the vast training periods in our two empirical
studies. This indicates that the increasing model
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complexity due to the introduction of stochastic
drifts does not cause a substantial over-fitting issue.

2. The point predictive accuracy comparison is given
by Fig. 9 for the Australian mortality data and
Figs. 10 and 11 for eurozone males. Firstly, the orig-
inal ACF and the updated model generate compara-
ble predictive accuracy, as measured by RMSFE(h),
although the latter performs better in most cases.
The key underlying point here is that the stochastic
drifts in the time effects account for the risk in
the change of the mortality improvement rate. An-
other interesting finding emerging from the analy-
sis is that, as time goes by, the domination of the
proposed model becomes more and more notice-
able, which means that our model can be expected
to generate more precise point forecasts than the
original ACF model in the long run.

3. The probabilistic forecast evaluation provides us
with a more consistent result, showing that our
proposed model with stochastic drifts outperforms
the original model based on the LOGS and CRPS
scores, in both the Australian two-gender case
(Fig. 12) and the grouped eurozone male case
(Figs. 13 and 14). This empirical result again con-
firms the value of considering stochastic drifts
within the ACF model to enhance the forecasting
results.

6. Concluding remarks

The main goal of the present research was to incor-
porate structural changes into multi-population mortality
modelling and forecasting, based on the conventional ACF
model. To achieve our goal, we re-formulated the mod-
els as the state-space form and implemented Bayesian
methodology throughout the paper. The Bayesian state-
space method not only combines modelling, estimation,
and forecasting but also integrates various sources of
uncertainties in natural manners through the computa-
tion of joint posterior distributions. This is our second
contribution to Bayesian mortality modelling and fore-
casting. Two case studies identified that our proposed
model generates a significant and non-linear mortality
improvement in contrast to the original ACF model, es-
pecially in the long run, with the incorporation of the
concept of structural changes in mortality forecasting.
The empirical findings from the comparison of the ACF
model to the proposed model provide a new understand-
ing of the risk associated with the trend in mortality
improvement, which influences the mortality dynamics
dramatically in the long term. This study laid the ground-
work for future research into the impact of structural
changes in mortality indexes on mortality projection.

A natural progression of this study would be to investi-
gate how to impose the stochastic drifts in other mortality
models (Cairns et al., 2006; Kleinow, 2015) for multiple
populations. The present paper should also stimulate con-
siderably more work in the field of pricing, reserving, and
mortality/longevity risk management.
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Appendix A. Supplementary materials

Supplementary material related to this article can be
found online at https://doi.org/10.1016/j.ijforecast.2021.
12.008.
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