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The SARMA model is tailored for use with time series that assume values in (0, 1).
We generalize the model in which both the conditional mean and conditional precision
evolve over time. The standard BARMA model, in which precision is constant, is a par-
ticular case of our model. The more general model formulation includes a parsimonious
submodel for the precision parameter. We present the model conditional log-likelihood
function, the conditional score function, and the conditional Fisher information matrix.

We use the proposed model to forecast future levels of stored hydroelectric energy and
the useful volume of a water reservoir in the South of Brazil. Our results show that more
accurate forecasts are typically obtained by allowing the precision parameter to evolve

over time.
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1. Introduction

There is often interest in modeling and predicting fu-
ture values of time series that assume values in the stan-
dard unit interval, (0, 1). Forecasts must be restricted to
such an interval. Some authors have focused on the case
where the interest lies in forecasting compositional time
series, that is, a set of time series that assume values
in (0, 1) and that, at each instant of time, sum to one.
For example, AL-Dhurafi, Masseran, and Zamzuri (2018)
propose to apply the additive logistic transformation to
the data and then model the transformed data using a
vector autoregressive model and Snyder, Ord, Koehler,
McLaren, and Beaumont (2017) use state space models
on log-ratio transformed shares. Zheng and Chen (2017)
introduce the class of Dirichlet autoregressive moving
average (DARMA) models for use with compositional data.
For more details on compositional time series modeling,
see Brunsdon, Smith, and T (1998) and Mills (2010).

There are situations, however, where the interest lies
in modeling an individual time series that assumes values
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in (0, 1). For example, modeling the time-series behav-
ior of income concentration indices, rates, and propor-
tions is typically desirable. For instance, Lu and Meyer
(2020) use a dynamic formulation of the beta regression
model introduced by Ferrari and Cribari-Neto (2004) to
investigate the usefulness of the endemic-epidemic beta
model as a forecasting tool. Using this and competing
models, they predict the United States’ short-term and
seasonal flu activity. Melchior, Zanini, Guerra, and Rock-
enbach (2021) use different approaches to model and
forecast mortality rates due to occupational accidents in
southern Brazil. The authors use a conventional time se-
ries model and two models that consider the fractional
nature of the data; the latter two are based on the beta
and Kumaraswamy laws. In their analysis, the former
displays superior performance. It is known in the litera-
ture as the beta autoregressive moving average (SARMA)
model.

The BARMA model was introduced by
Rocha and Cribari-Neto (2009) and Rocha and Cribari-
Neto (2017) as a dynamic extension of the class of beta
regression models proposed by Ferrari and Cribari-Neto
(2004); see Cribari-Neto and Zeileis (2010) and Douma
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Fig. 1. Beta densities for different values of (i, ¢).

and Weedon (2019). Both models are tailored for use with
double-bounded random variables, i.e., random variables
that assume values in (a, b), where a and b are known
and finite. Focus is typically placed on random variables
that assume values in the standard unit interval, (0, 1),
since when a # 0 and/or b # 1, one can subtract a from
the variable of interest and then divide that by b — a to
obtain a random variable with support in the standard
unit interval. The BARMA model is useful for modeling the
behavior of double bounded random variables that evolve
over time and predicting their future levels. It incorpo-
rates autoregressive and moving average dynamics and
allows for the inclusion of fixed covariates. A novel feature
of the model is that it will never yield improper forecasts,
i.e., forecasts that lie outside (0, 1). We note that a model
for count time series with a dynamic structure similar
to that of the BARMA process was recently introduced
by Sales, Alencar, and Ho (2022).

In the BARMA model, it is assumed that the variable of
interest follows the beta law parameterized in terms of its
mean, w, and a precision parameter, ¢; see the expression
for the beta density in Ferrari and Cribari-Neto (2004),
Equation (4). The beta distribution is quite flexible since
its density can assume many shapes depending on the
parameter values. The uniform distribution is a special
case obtained with . = 0.5 and ¢ = 2. The two panels in
Fig. 1 contain plots of beta densities for different (i, ¢)
values. The density is symmetric when © = 0.5 and
asymmetric otherwise. It can be J-shaped and inverted
J-shaped. It can also be skewed to the right or the left.
Additionally, since the beta variance is u(1 — w)/(1 + ¢)
and the mean parameter evolves over time, the SARMA
model is naturally heteroskedastic. The density shape and
the distribution variance change over time, thus making
the model quite flexible.

BARMA diagnostic analysis was developed by Scher,
Cribari-Neto, Pumi, and Bayer (2020). The authors intro-
duce a portmanteau test statistic, Q4, that works well to
test whether a fitted BARMA model is correctly specified.
The test statistic uses partial residual autocorrelations,
and rejection of the null hypothesis is taken as evidence of
model misspecification. The authors prove that, under the
null hypothesis of correct model specification, the limiting
distribution of their test statistic is X,ﬁ_p_q, where m is the

number of lags (number of partial autocorrelations), and p
and q are the autoregressive and moving average orders,
respectively.

Model selection was investigated by
Cribari-Neto, Scher, and Bayer (2023). They consider dif-
ferent BARMA model selection strategies, including using
information criteria and forecasting accuracy measures
such as that proposed by Poler and Mula (2011). Their
results indicate that the best strategy employs an infor-
mation criterion based on data (bootstrap) resampling.
The authors also present an empirical analysis in which
the main goal is to model the proportion of stored hy-
droelectric energy in South Brazil. They show that more
accurate model selection typically translates into more
accurate forecasts. Bayesian model selection for beta au-
toregressive processes was developed by Casarin, Valle,
and Leisen (2012). Aknouche and Dimitrakopoulos (2023)
develop a multiplicative autoregressive conditional pro-
portion model for time series that assume values in (0, 1)
in the spirit of generalized autoregressive conditional
heteroskedastic and autoregressive conditional duration
models. A dynamic beta model with an iteration of a
map that can present chaotic behavior was proposed
by Pumi, Prass, and Souza (2021). Guolo and Varin (2014)
introduce a dynamic beta regression model in which
the serial dependence is modeled by a Gaussian copula,
with a correlation matrix corresponding to a stationary
autoregressive and moving average process. A dynamic
model for double bounded random variables based on
the Kumaraswamy law was introduced by Bayer, Bayer,
and Pumi (2017). Like the BARMA model, it incorporates
autoregressive and moving average dynamics.

This paper aims to introduce a generalized, more flex-
ible formulation of the BARMA model. In the standard
formulation of the model, the beta law mean (condi-
tional on previous information) evolves over time, and
the precision parameter is assumed to be globally fixed.
By contrast, in the generalized formulation of the model,
both the conditional mean and the conditional precision
are allowed to evolve dynamically. The generalized model
contains two submodels, one for the mean and another
for the precision. We use a parsimonious formulation for
the dynamic structure that drives the precision over time.
Notably, the proposed model has an additional layer of
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flexibility since it allows the beta density shape to evolve
more freely over time.

We use the generalized BARMA model to obtain out-
of-sample forecasts of the time series modeled by Cribari-
Neto et al. (2023) and an updated series that includes
more recent data. Out-of-sample forecasts are also pro-
duced from models fitted to subsets of the data that range
from 45 to 255 data points in steps of five observations,
totaling 43 sample sizes. We compare such forecasts to
those yielded by standard, fixed precision SARMA models.
The results show that the generalized model’s forecasts
are typically more accurate than those from the standard
BARMA model. Additionally, we use different criteria to
evaluate short-term probabilistic forecasts obtained from
the generalized and standard SARMA models. All criteria
favor the former. We also model the useful volume (ex-
pressed as a proportion) of an accumulation reservoir in
the South of Brazil. This time series displays more vari-
ability than those of stored energy. Again, the generalized
model yields more accurate forecasts. Indeed, its one-
step-ahead forecast is nearly 22% more accurate than that
obtained under fixed precision.

The remainder of the paper is structured as follows. In
Section 2, we introduce the generalized SARMA model,
and in Section 3 we develop conditional maximum likeli-
hood inference for the model’s parameters. In particular,
we present the conditional log-likelihood function, the
conditional score function, and the conditional Fisher in-
formation matrix. Section 4 contains two empirical anal-
yses in which we model and forecast the future levels of
stored hydroelectric energy and the useful volume of a
water reservoir using generalized and standard SARMA
models. The results show that out-of-sample forecasts
obtained by allowing for varying precision are typically
more accurate than those obtained under the assumption
of fixed precision. Also, the generalized model is favored
by information criteria relative to the standard model, and
testing inferences indicate the existence of varying preci-
sion at the usual significance levels. Concluding remarks
are offered in Section 5.

2. The generalized SARMA model

The BARMA model proposed by Rocha and Cribari-
Neto (2009) and Rocha and Cribari-Neto (2017) is a dy-
namic time series model for use with double bounded
random variables, notably with variables that assume val-
ues in (0, 1), such as rates and proportions. In the follow-
ing, we will introduce a generalization of the model. The
new model comprises two sub-models, one for the con-
ditional mean of the process and one for the conditional
precision.

Lety = (y1,...,¥s)' be an n-vector of time series
random variables such that each y;, t = 1, ..., n, condi-
tionally on the set of previous information F;_1, follows
the beta law with mean u, and precision ¢;. Here, 7;_1 is
the smallest o -algebra such that the variables y1, ..., y;_1
are measurable. The conditional density of y;, given F;_1,
is

r
f e e, G| Feoq) = (¢¢)

T(ped ) (1 — pe)pe)
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0 <y < 1,0 < ur < 1and ¢, > 0, where I'(-)
is the gamma function. The conditional mean and the
conditional variance of y, are, respectively, E(y|F—1) =
we and var(ye|Fe—1) = pe(1 — pe)/(1 + ).

Let gy : (0,1) — R be a strictly increasing and
twice differentiable link function, such as the logit, probit,
cauchit, log-log, and complementary log-log functions. In
the BARMA model, the dynamic structure for pu; is

p q
gilu) = o +x B+ ei[@yei) —xLB]+ O,
j=1

i=1
(1)

where «; € R and p, ¢ € N are the autoregressive and
moving average orders. Here, 8, € R® is a set of non-
random covariates at time t and 8 = (81, ..., 8:)' € RS
is a vector of parameters. Also, r; is an error term that
can be specified in the original scale, y; — u, or in the
predictor scale, g1(y:) — g1(u¢); in what follows, we will
consider the latter. The dynamic formulation in Eq. (1)
is similar to that used in the class of generalized au-
toregressive moving average (GARMA) models introduced
by Benjamim, Rigby, and Stasinopoulos (2003).

In the standard formulation of the BARMA model, the
precision parameter is assumed to be constant for all
observations, i.e., ¢ = ¢ Vt. We generalize the model
by allowing the precision parameter to evolve over time.
To that end, we postulate a simple and parsimonious
dynamic structure for the precision parameter. The main
idea we use is that the precision at time t is impacted by
a variable that approximates the variance of the process
at time t — 1. Recall that such a variance increases with
Me—1(1— pee—1). We use y;_1(1 —y¢_1), which is known at
time t conditional of 7;_4, as a proxy for w¢—1(1 — p¢—1).
Let g : Ry +— R be a strictly increasing and twice-
differentiable link function, such as the logarithm func-
tion. Following Cribari-Neto and Zeileis (2010), we also
consider the square root and identity functions. The dy-
namic submodel for the precision parameter is specified
as

82(¢) = az + 08z, (2)

where o € R, 8§ € R and zz = y¢(1 — y;). The tth
precision is ¢, = exp(ay + 8z;—1), ¢ = (a2 + 8z;—1)* and
¢¢ = ay + 8z;_1 for the log, square root and identity link
functions, respectively. The standard SARMA model is a
particular case of our model when g, is the identity link
and § = 0.

The rationale for the proposed extension of the SARMA
model is as follows. As noted above, for a given preci-
sion value, the variance of y; increases with (1 — u¢),
being maximal at u; = 0.5 and approaching zero as
¢ approaches zero or one. The precision submodel of
the generalized BARMA model includes y;_1(1 — y;—1) as
an explanatory variable. When its value increases, there
is evidence of a variability increase in the previous pe-
riod, and the model responds by decreasing the value
of the current precision. It is expected that o, > 0
and § < 0. The intercept («;) determines the maximal
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precision level, which is given by gz’](cxz), and 8z;_q de-
termines how the individual precisions fluctuate below
it. Notice that § < O implies ¢ < g, () Vt. Con-
sider, e.g., (i) y;—1 = 0.5 and (ii) y;_1 = 0.05 or 0.95;
then, z,_; = 0.25 and 0.0475, respectively. As long as
8 < 0, the current precision decreases whenever the
previous value of the process moves towards the middle
of the standard unit interval and increases otherwise. The
value of § determines the magnitude of the changes in
the precision levels between consecutive time periods.
As an example, suppose a; = 20, § = —39 and the
link function is identity. (These values are close to the
estimates obtained in the next section for one of the time
series we model.) When y,_; = 0.6, we get ¢, = 10.64,
whereas when y;_; = 0.95 we obtain ¢; = 18.1475. The
current precision is higher in the latter case, i.e., when the
previous value of the process is close to one.

Finally, in the standard BARMA model, changes to the
beta density shape over time are only driven by changes
in u¢. In contrast, in the more general formulation of
the model, they follow from changes in x; and ¢;. Thus,
the generalized SARMA framework has greater flexibility
since the beta density shape may evolve more freely over
time.

3. Parameter estimation

Parameter estimation for the generalized SARMA
model given in (1) and (2) is performed by conditional
maximum likelihood. The model can be expressed more
concisely as gi(u:) = n1: and g(¢) = 0y, Where 1y,
and 7, are, respectively, the mean and precision linear
predictors. Let v = (a1, ¢',0",B8", a2, 8)" be the k-
dimensional parameter vector, where ¢ = (¢, ..., %)T_
0= (61,...,0)" and B = (B1, ..., Bc)", with k = p +
g+c+3 < n. The total conditional log-likelihood function
for the parameter vector v, given the first a = max{p, q}
observations, is

0= Lle, ) = Z L,

t=a+1
where £; = £(ue, ¢c) = 10gf (Ve; we, PelFeo1), ie.,

(e, d) =log (I'(¢r)) — log (I'(pepe))
— log (I"((1 — pe)r))
+ (uegpe — 1)log(ye)
+ [(1— pe)pe — 1]log(1 — ye).

The conditional maximum likelihood estimators of the
model parameters cannot be expressed in closed form.
Point estimates can be obtained by numerically maxi-
mizing ¢ using a Newton or quasi-Newton optimization
algorithm. In what follows, we will use the BFGS quasi-
Newton algorithm with analytical first derivatives; for
details, see Nocedal and Wright (2006). When the model
has moving average components, it is necessary to ac-
count for the recursive structure of the derivatives of ¢;
see Rocha and Cribari-Neto (2017).

We will present closed-form expressions for the con-
ditional score function and the conditional expected in-
formation matrix in the following. The latter is useful,
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for instance, for obtaining standard errors for the maxi-
mum likelihood point estimates, interval estimation, and
hypothesis testing inferences.

Let U = (Uy,.U,. Uy . Ug, Uy, Us)" be the condi-
tional score vector. To obtain a closed-form expression,
we need to obtain the derivatives of ¢ with respect to each
parameter. Using the results presented in Appendix A, the
elements of the score vector U can be expressed in matrix
form as

Uy, =s'@Ti(y* — %), Up=MTOTy(y* — p*),
U, =P OTy(y* — u*), Uy =R'OTy(y* — p*),
Uy, = 1,HT,1,, and Us = @ HT>1,.

The conditional maximum likelihood estimator of v
is obtained as the solution to the system of equations
for U = 0, where 0, is the k x 1 vector of zeros.
As noted earlier, it cannot be expressed in closed form,
and estimates can be obtained by numerically maximizing
the conditional log-likelihood function. Starting values for
the parameters can be selected as follows: (i) all moving
average parameters are set equal to zero, (ii) the values
for the autoregressive parameters and «; are selected by
regressing gi(y) on a constant and g1(y¢—1), . .., 81(Vr—p)
using ordinary least squares, (iii) § is set equal to zero, and
(iv) o is set equal to g, '(¢°), where ¢° is computed as
described on page 805 of Ferrari and Cribari-Neto (2004).

We need to compute the expected values of the second
order log-likelihood derivatives to obtain the conditional
Fisher information matrix. Using the results presented
in Appendix B, the joint conditional Fisher information
matrix can be expressed as

Kow, Kaip Karp Koo Kuray, Koo
Koy Kgp Kpp Kpo Koy Ky
Koy Kog Koo Koo Kpay Kos
Kow, Kog Koy Koo Koo
Kapa: Kap Ko Koo Keray Kays
Ksoy Ksp  Kso Kso  Ksoy Kss

K=K)=

where Ky,o, = S'Wis, Ky p = 1<,3Ta1 = MTW;s, Koy =
1@1 = PTWis, Kyyp = KaTa1 = R'Wis, Kyyoy = KJZ .
s'Wsly, Kups = K, = s W30, Kgg = MTW;M, Kg,
1<¢T = MTW/P, Kgg = KeTﬂ = MTWiR, Kgo, = Igz 5=
M W31y, Kgs = Ky = MTW30, Koy = PTW1P, Kpp =
1@, = RTW1P, Kpo, = K, = PTWsly, Ky = K, =
PTW;0, Kgg = RTWiR, Kooy = K p = RTW3ly, Kgs =
Kgy = RTW30, Kopay, = 1, Waly, Kops = quz =w' W1,
and K(;(; = a)TWZw.

The parameter vectors A and y are not orthogonal
(i.e., Fisher’s information matrix is not block diagonal).
When n is large, b, the conditional maximum likelihood
estimator of v, is approximately distributed as
Ni(v, K~1(v)).

4. Out-of-sample forecasting evaluation

The generalized SARMA model adds an additional
layer of flexibility to the standard formulation of the
model since it allows the precision parameter to evolve



V.T. Scher, F. Cribari-Neto and F.M. Bayer

over time. To what extent such additional flexibility trans-
lates into more accurate short-term out-of-sample
forecasts? We will answer this question using the data
analyzed by Cribari-Neto et al. (2023) and an updated
version of the time series. The interest lies in modeling
and forecasting stored hydroelectric energy, and their
focus was on (fixed precision) SARMA model selection.
Their results indicate that model selection based on an
Empirical Information Criterion (EIC), which uses para-
metric bootstrap resampling, typically outperforms model
identification based on alternative strategies. We will also
model and forecast a different time series: the useful
volume of a water reservoir used for hydroelectric power
generation. In both cases, the source of the data is the
Brazilian National Electric System Operator (Operador
Nacional do Sistema Elétrico - ONS, http://www.ons.org.
br).

4.1. Stored hydroelectric energy

At the outset, our interest lies in modeling and fore-
casting the proportion of stored hydroelectric energy in
South Brazil. Stored energy is the energy value of the
accumulated water, i.e., how much energy (in Megawatt
monthly) can be generated from the stored volume of
water expressed as a proportion of the total hydroelectric
power plant capacity. Our analysis is structured in four
parts: (i) we use the monthly averages of stored energy
from July 2000 to April 2018, totaling 214 observations,
with the final six observations reserved for forecasts eval-
uation; the complete data contain n = 208 observations
corresponding to the July 2000 to October 2017 period;
(ii) we use data from July 2000 to May 2022, totaling
263 observations, with the final six data points reserved
for forecasts evaluation, hence n = 257; (iii) we use
43 sample sizes in a sequential forecasting analysis; the
sample sizes are n € {45, 50, ..., 255}; (iv) we consider
211 samples of sizes n € {45, 46, ..., 255}. The latter
part is devoted to the evaluation of probabilistic fore-
casts. The data in the first part of our forecasting exercise
are the same as used by Cribari-Neto et al. (2023). In
the second, third, and fourth parts of the analysis, we
work with an updated version of the time series. In all
cases, our goal is to perform a comparative analysis be-
tween standard (fixed precision) and generalized (variable
precision) BARMA forecasts. All estimations, descriptive
analyses, and graphical analyses were carried out using
the R statistical computing environment (R Core Team,
2023).

In all empirical analyses that follow, model selection
was performed using three information criteria, namely
AIC (Akaike), SIC (Schwarz), and EIC (empirical, bootstrap-
based). For details on the former two criteria, see Burn-
ham and Anderson (2004) and Choi (1992); for more
information on the EIC, see Cavanaugh and Shumway
(1997) and Cribari-Neto et al. (2023). EIC-based model
selection was performed using 1,000 bootstrap replica-
tions. We search for the best model by considering all
combinations of p and q, such as p,q = 0, ..., 4, except
for the (0, 0) model. The Q4 portmanteau test proposed
by Scher et al. (2020) was performed using the residuals

International Journal of Forecasting xxx (xXxx) Xxx

Table 1

Descriptive statistics, stored hydroelectric energy in South Brazil.
n min max median mean variance skewness kurtosis
214 030 0.99 0.73 0.70 0.04 —0.27 —-1.22
263 0.15 0.99 0.64 0.66 0.05 —0.19 —1.04

from the selected model. Following Cribari-Neto et al.
(2023), models for which the correct model specification
is rejected by the Q4 test at the 5% significance level are
discarded. When that happens, the next best fitting model
is selected according to the model selection criterion. In
all fitted models, g; is the logit link, and in all fitted
generalized BARMA models, g, is the identity link. We
also considered the log and square root precision link
functions; these results will not be shown for brevity.
Slightly more accurate forecasts were obtained using the
identity precision link.

Table 1 presents descriptive statistics for the two time
series (n = 214 and n = 263). We report the maximal
and minimal values and the means, medians, variances,
coefficients of skewness, and coefficients of excess kur-
tosis. The longer time series displays the smaller minimal
value, mean, and median. It also shows less skewness and
excess kurtosis.

In the first part of our study, we follow Cribari-Neto
et al. (2023) and split the series into three subsets of
distinct sample sizes, namely n = 75 (Sample I), n =
150 (Sample II), and n = 208 (Sample III). The Q4 test
statistic was computed using 9, 13, and 14 lags for 75, 150,
and 208 observations, respectively. We performed model
selection for the generalized SARMA model. When n = 75
(Sample 1), the EIC selected the SAR(3) model whereas
the AIC and SIC selected the BARMA(1, 1) model. When
n = 150 (Sample II), the EIC selected the SBAR(3) model,
and the BARMA(1, 1) model was selected by the other in-
formation criteria; the latter differs from the SARMA(2, 1)
model selected by the same criteria under fixed precision
in Cribari-Neto et al. (2023). Finally, when n = 208,
the BSARMA(2, 3) model was selected by the EIC, whereas
the remaining criteria selected the SARMA(1, 1) model.
Table 2 presents the values of the AIC, SIC, and EIC for
the BSARMA models with fixed and variable precision (de-
noted by ¢ and ¢, respectively) selected by these criteria.
The smallest values for each criterion are denoted in
boldface. Notably, the three model selection criteria favor
the generalized models over the standard models in all
three samples.

Table 3 contains the conditional maximum likelihood
estimates (standard errors in parentheses) of the param-
eters that index the selected generalized SARMA models.
For each sample, the models above and below the hor-
izontal line are those selected by the EIC and AIC/SIC,
respectively. As expected, for all models @, > 0and § < 0.

Next, we test the null hypothesis of constant precision
versus the alternative hypothesis of variable precision,
i.e, we test Hy : 8§ = O against H; : § # 0. The
likelihood ratio test p-values for the selected generalized
BARMA models in the three sample sizes are presented
in Table 4. All p-values are expressed as percentages. In
all cases, fixed precision is rejected at the 5% significance
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Table 2
Model selection criteria values for the selected standard and
generalized models.

Sample Criterion ¢ b
AIC —113.81 —118.42
1 SIC —104.54 —106.83
EIC —124.00 —129.90
AIC —247.53 —255.62
Il SIC —235.49 —240.57
EIC —260.16 —267.27
AIC —322.41 —332.09
111 SIC —309.06 —315.40
EIC —340.03 —349.99

level, and in some cases, rejection takes place at 1%. There
is thus evidence in favor of variable dispersion.

We will now move to forecasting accuracy evaluation.
Using the selected fixed and variable precision models,
we produced, for each sample, forecasts of y,.p, h €
{1,...,6}. That is, we produced forecasts for the next
six observations. Table 5 contains the mean absolute
prediction errors &MAPES) of the forecasts computed as
MAPE(h) = h™! i1 ns —y20)|, with y,(j) denoting the
forecast of y,;; made at time n. All figures are multiplied
by 100, and the best result for each forecasting horizon is
displayed in boldface.

The figures in Table 5 convey important information.
First, more accurate forecasts are obtained using the gen-
eralized BARMA model in all three samples. Second, in
Samples I and II, the models selected by the EIC yield the
best results. In Sample III, the best results for h € {1, 2, 3}
are obtained using the EIC for generalized SARMA model
selection, whereas the most accurate forecasts for h €
{4,5, 6} are yielded by the variable precision model se-
lected by the AIC and SIC. Third, in some cases, the gains
in forecasting accuracy achieved by allowing variable pre-
cision are large. Consider, e.g., Sample [, h = 2 and BAR(3)
(model selected by the EIC). The MAPE of the forecasts
from the generalized model is over 30% smaller than that
of the standard model’s forecasts; in Sample III, h = 1 and
BARMA(2, 3), the gain in MAPE is nearly 58%.

We will now move to the second part of our empirical
investigation, in which more recent data are used. Here,
the data range from July 2000 to May 2022, totaling 263
observations, and the final six observations are reserved
for forecasting accuracy evaluation. Thus, the effective
sample size is n = 257. The Q4 portmanteau test statistic
used to assess model misspecification employs 16 lags.
The BARMA(1, 1) model was selected by all three cri-
teria under fixed precision, with AIC = —391.81, SIC
= —377.62 and EIC = —392.63. Considering variable
precision, the SAR(3) model was selected by AIC, SIC, and
EIC, with values —397.95, —378.66, and —399.25, respec-
tively. The three criteria favor the generalized SARMA
model. The p-values of the likelihood ratio test of Hy : § =
0 for the BARMA(1, 1) and BAR(3) models are 0.19% and
1.98%, respectively. We thus reject the null hypothesis of
fixed precision. We only report precision estimates (stan-
dard errors in parentheses) for brevity. For the standard
model, ¢ = 10.96 (0.95). For the generalized model, &, =
19.70 (3.78) and § = —36.73 (17.94); again, as expected,
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these estimates are positive and negative, respectively.
Fig. 2 contains the index plot of ¢, with a dashed horizon-
tal line at the precision parameter estimate from the fitted
standard model (10.96). The generalized model’s minimal
and maximal estimated precisions are 10.52 and 19.20,
respectively, with the average estimated precision being
13.18. As expected, the largest estimated precisions are
associated with observations that are close to an endpoint
of the standard unit interval. For instance, there are 56
estimated precisions in excess of 16, and they all coincide
with observations that are somewhat close to one; the
minimum value of these 56 data points is 0.89.

As noted earlier, changes in the beta density shape
across observations are only driven by u; in the stan-
dard BARMA model; by contrast, in the more general
formulation of the model, they are driven by u; and ¢.
The generalized model thus has an additional layer of
flexibility since it allows the beta density shape to evolve
more freely over time. To exemplify that, we present in
Fig. 3 the beta density functions evaluated at the mean
and precision estimates obtained from the two models
(fir and ¢, for the generalized model and /i, and ¢ for
the standard model) for observations 48 (left panels), 49
(middle panels) and 50 (right panels). The top row pan-
els are for the BARMA(1, 1) model, and the bottom row
panels are for the BAR(3) model. The former was selected
under fixed precision and the latter under variable preci-
sion. Each model was fitted assuming fixed and variable
precision. Note that the shape of the beta density changes
more intensely over the three time periods when we
consider the mean and precision estimates obtained from
the generalized model. In particular, notice that the fitted
densities drawn in solid lines (generalized model) peak
more intensely than those drawn in dashed lines (stan-
dard model) in the two middle panels (observation 49)
while transitioning between two less skewed densities
(which correspond to observations 48 and 50).

Again, forecasts of y,,, for h € {1,...,6} were pro-
duced using the generalized and standard SARMA models.
The MAPEs (x 100) are presented in Table 6. The forecasts
obtained under variable precision are more accurate for
all forecasting horizons. When h = 1, the gain in accuracy
from using the generalized model exceeds 12%.

In the third part of our empirical analysis, we consider
43 sample sizes that range from n = 45 to n = 255 in
steps of five observations (i.e., n € {45, 50, ..., 255}). For
each sample size, a generalized and a standard SARMA
model are selected using the EIC; as before, the Q4 port-
manteau test of the correct model specification is per-
formed on the residuals from both models. For each
sample size, forecasts of the next six observations (h
€ {1,...,6}) are produced using each model, MAPEs
are computed for each set of forecasts, and the ratios
between the MAPEs of the forecasts from the generalized
and standard models are computed. That is, we compute,
for each n, MAPE,(h) = MAPE;(h)/MAPE(h), where the
subscripts ‘g’ and ‘s’ stand for ‘generalized’ and ‘standard,’
respectively. Values of MAPE,(h) smaller than one (greater
than one) favor the generalized (standard) model. Overall,
the results favor the generalized model, especially when
the interest lies in short-term forecasting. For instance,
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Table 3
Parameter estimates (standard errors in parentheses), generalized models.
Sample Model 5{1 @1 @2 @3 é] éz é3 &2 8
BAR(3) 0.19 0.93 —-0.37 0.20 - - - 2241  —5151
| (0.11) (0.10) (0.13)  (0.09) - - - (6.88) (33.95)
0.40 0.56 - - 0.40 - - 2226  —54.73
BARMACLD (015 (0.10) - . ©11) - . 651)  (31.11)
BAR(3) 0.21 0.96 —-033 0.11 - - - 2374  —52.16
I (0.07) (0.08) (0.10) (0.07) - - - (5.33) (25.29)
0.32 0.61 - - 0.35 - - 2450  —58.02
BARMACLD (010)  (0.07) - - 008) - - (5.32) (2471)
0.15 0.40 —-059 - —054 —-0.17 024 21.44 —47.76
. PARMAR.3)  (006) (0.15) (0.12) - (0.16)  (0.09) (0.09) (4.15) (19.56)
0.35 0.58 - - 0.31 - - 20.11 —43.84
PARMA(1, 1) (0.08) (0.06) - - (0.07) - - (3.78) (17.70)
<&

T
100

T T T
150 200 250

time

Fig. 2. Estimated precisions from the generalized model (solid line) and fixed precision estimate from the standard model (dashed line).
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Fig. 3. Fitted beta densities for observations 48 (left panels), 49 (center panels), 50 (right panels) from the generalized (solid lines) and standard

(dashed lines) BARMA(1, 1) (top row) and SAR(3) (bottom row) models.

for h 1 (h 2) [h 3], the ratio mentioned
above was smaller than one in 79.07% (76.04%) [74.42%]
of the 43 sample sizes. In Fig. 4, we present, in six panels,
plots of MAPE,(h) against the sample size, each panel
corresponding to a forecasting horizon. Points that lie
below (above) the horizontal line drawn at 1.0 indicate

better (worse) forecasting accuracy of the generalized
BARMA model relative to the standard model. The former
outperforms the latter, especially for h € {1, 2, 3}.

We also computed the mean values of MAPE,(h) (i.e.,
average over the 43 sample sizes) for each h. The figure for
h=1(h=2)[h=3]is 0.83(0.85) [0.88]. It is thus clear
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Table 4
p-values (%) of the likelihood ratio test of constant precision
(’Hg 8= 0)
Sample Model p-value
I BAR(3) 4.63%
BARMA(1, 1) 1.35%
I BAR(3) 2.26%
BARMA(1, 1) 0.02%
- BARMA(2, 3) 0.02%
BARMA(1, 1) <0.01%

that the generalized model yielded forecasts that were, on
average, considerably more accurate than those from the
standard model. It also outperformed the standard model
for larger forecasting horizons (h € {4,5,6}), but by
smaller margins; e.g., the mean MAPE ratio forh = 4 (h =
5) [h = 6] is 0.93 (0.96) [0.97]. It is natural for the gains
in forecasting accuracy achieved by the generalized model
to be more pronounced for small forecasting horizons
since the two sets of forecasts (generalized and standard)
converge to y, the average value of y;’s, as h increases.

The generalized model is favored by the AIC, SIC, and
EIC in nearly all 43 samples used in the analysis above. In
42 (38) [40] out of the 43 samples, the EIC (AIC) [SIC] of
the selected generalized model is smaller than that of the
selected standard model.

The fourth part of our empirical analysis focuses on
probabilistic forecasting; see, e.g., Gneiting and Katzfuss

(2014). A probabilistic forecast is a predictive probabil-
ity distribution over future quantities or events of inter-
est. We consider 211 sample sizes that range from n =
45 to n = 255 in steps of one observation (i.e., n €
{45, 46, ..., 255}). We select a generalized and standard
model for each sample size based on the EIC with 500
bootstrap replications. Again, the Q4 portmanteau test is
carried out on the residuals from the two models. For
each sample, one-step-ahead forecasts are obtained from
the two competing models. At the outset, we note that
the generalized BARMA forecasts correlate more strongly
with the observed values than those obtained from the
standard model: 0.84 vs. 0.80. Both sets of forecasts are
used to compute the probabilities of occurrence of three
events related to the next value of the series: (i) yp4+1 <
0.2, (ii) 0.2 < yu1 < 0.8, and (iii) ypy1 > 0.8.
Such probabilities are computed using beta distributions
with parameters (finy1, $ny1) and (finy1, @) according to
the generalized and standard models, respectively. Using
these probabilities and the realized values of the series
(Y46, - - - Y256), We constructed receiver operating char-
acteristic (ROC) plots for the three events of interest.
They are presented in Fig. 5. The left, middle, and right
panels are, respectively, for low (y,»1 < 0.2), normal
(0.2 < yny1 < 0.8), and high (y;+1 > 0.8) levels of
stored hydroelectric energy. The black and red curves are
for predicted probabilities obtained from the generalized
and standard models. We also include in the plots the
corresponding figures for the areas under the curve (AUC).



V.T. Scher, F. Cribari-Neto and F.M. Bayer

International Journal of Forecasting xxx (xXxx) Xxx

Table 5
Mean absolute prediction errors (x 100), first empirical analysis.
Sample  Model Precision =~ MAPE
h=1 h=2 h=3 h=4 h=5 h=6
b 7.73 6.53 4.92 4.65 5.38 7.37
I PAR(3) ¢ 9.90 9.39 8.01 6.21 6.11 7.61
[ 12.02 12.61 11.97 1027 823 8.48
PARMA(1, 1) ) 12.96 13.39 12.22 9.95 8.53 9.30
b 1.40 6.69 5.68 4.61 5.59 7.27
I PAR(3) ¢ 2.54 8.36 5.91 5.42 6.66 7.88
BARMA(1,1) ¢ 2.48 8.23 5.83 5.49 6.80 7.91
BARMA(2,1) ¢ 3.16 8.41 6.47 5.47 6.42 7.92
o 0.27 1.33 7.09 7.13 5.75 5.94
" PARMA(2, 3) ¢ 0.64 2.28 7.38 7.34 6.04 5.85
bt 0.51 3.70 7.50 7.01 5.67 5.68
PARMA(1, 1) ¢ 0.88 3.69 7.75 7.48 6.21 5.86
Table 6
Mean absolute prediction errors (x100), second empirical analysis.
Sample Model Precision =~ MAPE
h=1 h=2 h=3 =4 h= h=6
n =257 BAR(3) o 11.72 1690 21.82 2037 17.17 18.85
- BARMA(1,1) ¢ 1332 1865 2342 2179 18.19  19.65
1.0
0.81
o 0.67
a
£ 0.4+
0.21 0.2 0.21
= AUC (gen) = 0.993 = AUC (gen) = 0.841 == AUC (gen) = 0.901
0.0 . == AUC (std) = 0.993 0.04 " = AUC (std) = 0.819 0.04 - = AUC (std) = 0.878

00 02 04 06 08 1.0

false alarm rate

00 02 04 06 08 10

false alarm rate

00 02 04 06 08 1.0

false alarm rate

Fig. 5. ROC curves obtained using one-step ahead forecasts from the generalized (black curve) and standard (red curve) models; the left, middle,
and right panels correspond, respectively, to the events y ;1 < 0.2, 0.2 < y,41 < 0.8, and y,,1 > 0.8. (For interpretation of the references to colour

in this figure legend, the reader is referred to the web version of this article.)

The higher the curve and the larger the AUC value, the
more accurate the forecasts. For details on ROC curves and
AUC measures, see Marzban (2004). Fig. 5 shows that the
two models yield accurate detection of next-period low
stored energy, with AUC equal to 0.99 for both sets of
forecasts. The generalized model is the best performer for
the other two events (normal and high stored energy in
the next time period). For instance, in the right panel, the
AUC values for the generalized and standard models are
0.90 and 0.88, respectively.

Using one-step ahead forecasts obtained from the fit-
ted models, we obtain the corresponding predicted proba-
bility distributions and use them to construct a reliability
diagram; see Hsu and Murphy (1986). It is presented in
Fig. 6. Overall, there is better agreement between forecast
probabilities and observed frequencies for the generalized
model. The agreement is excellent for forecast probabili-
ties in (0, 0.2) and (0.8, 1). The agreement is reasonably
good even in the middle range of probabilities, where

there is more discrepancy between the observed frequen-
cies and forecast probabilities. For instance, when the
forecast probability is 0.5, the corresponding observed
frequency is 0.57. Notably, the curve that relates observed
frequencies and forecast probabilities for the standard
model is S-shaped.

Using the one-step ahead probabilistic predictions and
the observed values, we compute the continuous ranked
probability scores (CRPSs) of the forecasts yielded by the
generalized and standard models. For details on such
scores, see Gneiting and Raftery (2007) and Gneiting and
Katzfuss (2014). We use the expression for the CRPS of
beta predictive distributions given in Taillardat, Mestre,
Zamo, and Naveau (2016). We obtained the following
CRPS score values (x 100) for the forecasts from the gen-
eralized and standard models, respectively: 6.74 and 8.89.
This result favors the generalized model. The skill score of
the generalized model relative to the standard model is
(CRPS; — CRPS,)/CRPS; = 0.24. The generalized model is
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Fig. 6. Reliability diagram for one-step ahead forecasts obtained from the generalized (circles and dashed line) and standard (triangles and dotted

line) models.

thus 24% better than the standard model when it comes
to short-run forecasting.

4.2. Useful volume of a water reservoir

Our next empirical analysis also deals with hydro-
logical data related to power generation. Hydropower
plants cannot utilize all the water stored in their reser-
voirs for power generation. The ‘useful volume’ represents
the volume of water (in m?) in the reservoir that can
be effectively used for power generation. The reservoir’s
useful volume is typically expressed as the ratio between
(i) the current level of the reservoir and (ii) the differ-
ence between maximum and minimum normal operating
levels.

In what follows, we will use data on the useful volume
(expressed as proportions) of an accumulation reservoir
of the Iguacu basin, which accounts for 51.19% of the
power generation in the Southern region of Brazil. More
specifically, we focus on the Governador Bento Munhoz
da Rocha Netto reservoir, located in the Pinhdo county
(the state of Parand). The data cover the period from
July 2000 to May 2022, totaling 263 observations, with
the last six data points reserved for forecasting accuracy
evaluation. Thus, n 257. Table 7 presents descriptive
statistics on the monthly useful volume series. (The exact
figure for the maximal useful volume is 0.9971.) Notably,
the time series sample variance is nearly 60% larger than
that of the stored energy series for the same time period.

Under fixed precision, the AIC, SIC, and EIC select the
BARMA(1, 1) model, with corresponding values —251.98,
—237.78, and —259.62. Under variable precision, the

Table 7
Descriptive statistics, Iguagu basin useful volume.
min  max median mean variance skewness kurtosis
0.03 ~1.00 0.69 0.64 0.07 —0.26 -1.19
Table 8

Mean absolute prediction errors (x100), useful volume forecasting.

Model Precision MAPE
h=1 h=2 h=3 h=4 h=5 h=6
BAR(3) b 11.64 16.71 21.75 16.91 18.52 2147

BARMA(1,1) ¢ 14.85 1942 2384 18.38 19.64 22.39

BAR(3) model is selected by the three information cri-
teria, with values —253.99, —238.70, and —261.47, re-
spectively. It is important to note that all three criteria
favor the generalized model. The parameter estimates
(standard errors in parentheses) for the fixed precision

BARMA(1, 1) model are & = 0.29 (0.07), ¢; = 0.37
(0.04), 64 = 0.17 (0.05) and ¢ = 4.42 (0.37). For the
variable precision SAR(3) model, we obtain @; = 0.22
(0.07), ¢; = 0.57 (0.04), p; = —0.10 (0.04), 3 = 0.16

(0.04), @, = 5.87 (0.98) and § = —9.03 (3.09).

Table 8 contains the MAPEs (x 100) of the forecasts of
Ynen With h € {1, ..., 6}. The generalized model outper-
forms the standard model in all forecasting horizons. The
gains in forecasting accuracy from allowing for variable
precision are especially large for h = 1and h = 2 (21.62%
and 13.95%, respectively).
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5. Concluding remarks

The BARMA model proposed by Rocha and Cribari-
Neto (2009) and Rocha and Cribari-Neto (2017) is useful
for modeling random variables that assume values in
(0, 1) and evolve over time. The model extends the class
of beta regressions because it can be used with non-
independent, serially correlated random variables. Like
its regression counterpart, it accommodates distributional
asymmetries, accounts for heteroskedasticity, and does
not yield improper predictions. Both models are based
on the assumption that the variable of interest is beta-
distributed. In the dynamic model, such an assumption
is made for the variable of interest at each time period
conditional on the previous information set. As is well
known, the beta law is very flexible since its density can
assume many shapes depending on the parameter values.
Also, both models are based on the beta parametrization
proposed by Ferrari and Cribari-Neto (2004), according
to which the beta density is indexed by the distribution
mean and a precision parameter.

The standard formulation of the BARMA model allows
the mean parameter to evolve over time. Still, it im-
poses that the precision is globally fixed, i.e., the precision
parameter has the same value for all observations. In
this paper, we introduced a more general formulation of
the model, which allows the two parameters that index
the beta law (the conditional mean and the conditional
precision) to vary over time. We developed conditional
maximum likelihood inference on the proposed model’s
parameters. In particular, we presented closed-form ex-
pressions for the model’s conditional log-likelihood func-
tion, conditional score function, and conditional expected
information matrix.

The proposed model was used to forecast future levels
of stored hydroelectric energy in the South of Brazil. Dif-
ferent sample sizes were considered, and, for each sample
size, generalized and standard SARMA models were se-
lected using three different information criteria. One of
the model selection criteria we used employs bootstrap
resampling. In most configurations, more accurate out-of-
sample forecasts were obtained using the model’s more
general formulation. In some cases, the gains in forecast-
ing accuracy were large. Different criteria were used to
evaluate probabilistic forecasts obtained from the best fit-
ting generalized and standard models. They all favored the
former. We also predicted the future values of the useful
volume of a water reservoir used for hydroelectric power
generation located in the South region of Brazil. Again,
the general model proposed in this paper outperformed
the standard model. Notably, the generalized model was
favored over the standard model by the three model se-
lection criteria in nearly all empirical analyses presented
and discussed in the previous section. For instance, the
former was favored by the EIC (a bootstrap-based infor-
mation criterion) in 42 out of the 43 samples used in a
sequential analysis of stored energy data.

The general formulation of the model is more flexible
than the fixed precision model in that changes in the
beta density shape over time are driven by two param-
eters (mean and precision), not only by a single param-
eter (mean) like in the standard model formulation. We
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encourage practitioners who wish to model and fore-
cast double bounded time series to use the generalized
BARMA model proposed in this paper.
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Appendix A. Conditional score function

We will now derive the components of the conditional
score vector. The derivative of £ with respect to o is
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Additionally, for I € {1, ...,c},

, ¢n} and Ty = diag{1/g{(ta+1),




V.T. Scher, F. Cribari-Neto and F.M. Bayer

q
ar,
(- S $o22)
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function is used. Let
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Ua, = 1, HT,1,,
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where 1, is an (n — a) x 1 vector of ones. When g, is the
identity link, T, is the (n —a)-dimensional identity matrix,
and hence Uy, = lnTHln.

Finally,

% = Z [y = 1) + log(1 = y2)
t=a+1

= Y((1 = pe)pe) + Y(@e)l
1
X ——Zp
glo) "
Let w is the (n — a)-dimensional vector given by @ =
(za, ..., 2Z7—1)". Therefore,

Us = 0 HTx1,.

When the precision link function is identity, Us = ' H1,,.
Appendix B. Conditional information matrix

We will now derive the elements of the conditional
Fisher information matrix. To that end, we must obtain
closed-form expressions for the conditional log-likelihood
second-order derivatives. Let A = (a1, 8, ¢',0")T and
y = (a2, 8)". We have
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