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by factor augmented regressions when the latent factors are estimated by cross-sectional
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1. Introduction

Factor augmented regressions are widely used to produce out-of-sample forecasts of macroeconomic and financial time
series. For a given target variable, they consist of a forecasting equation in which one or more predictor is latent, and it is
estimated from a large panel of observable variables. Stock and Watson (2002a), and Bai and Ng (2006) provide seminal
methodological contributions when the latent factors are estimated by asymptotic principal components, as studied in
Bai and Ng (2002), and Bai (2003). On the empirical side, Stock and Watson (2002b), and Forni et al. (2018) employ
factor augmented regressions to forecast macroeconomic variables; Ludvigson and Ng (2007), and Giovannelli et al. (2021)
consider stock returns; Ludvigson and Ng (2009) look at bond risk premia.

The contributions above work under the maintained assumption that the factor model and the forecasting equation are
stable over time. However, the assumption of structural stability may not be realistic in practice. Stock and Watson (1996)
find instabilities in macroeconomic time series. Pastor and Stambaugh (2001), and Timmermann (2001) show similar
results for stock returns. Paye and Timmermann (2006), and Rapach and Wohar (2006) employ the procedure developed
in Bai and Perron (1998) and document the presence of structural breaks in return prediction models. Timmermann
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(2008) argues that structural breaks in the data generating process of stock returns generate “pockets” of predictability,
which are further analyzed in Farmer et al. (2022).

Given the existing evidence of breaks in the data generating process of macroeconomic and financial time series, a
large body of literature has addressed the problem of forecasting under structural breaks: see Rossi (2021) for a general
overview of the literature, and Timmermann (2018) for a specific focus on financial asset returns. However, to the very
best of our knowledge, all existing contributions assume that the predictors of the target variable are either observable or,
if latent, they are estimated from a large panel of variables exhibiting a factor structure assumed to be stable over time.
For example, in the case of stock returns, observable predictors are provided in Welch and Goyal (2008), whereas Neely
et al. (2014), Baetje and Menkhoff (2016), Cakmakli and van Dijk (2016), and Gongalves et al. (2017) study predictions
based on latent factors under the maintained assumption that the underlying factor model is not subject to structural
instability.

Estimation and inference in factor augmented regressions in which either the factor model or the forecasting equation
(or both) are subject to breaks have been studied within an in-sample framework. Corradi and Swanson (2014) develop
a test for the joint hypothesis of structural stability of both factor loadings, and factor augmented forecasting model
regression coefficients. Massacci (2019) considers estimating the factor augmented regression under structural instability
and proposes a break test. However, to our knowledge, the literature is silent regarding the consequence of structural
instability on the out-of-sample forecasting performance of factor augmented regressions. This is an empirically relevant
problem. For example, Chen et al. (2018) argue that aggregate liquidity conditions provide valuable information for out-
of-sample stock return forecasting. The aggregate measures they consider are constructed from firm-level counterparts
by taking cross-sectional averages under the assumption of an underlying factor structure. This implies that stock return
forecasting with liquidity proxies can be implemented using factor augmented regressions. However, liquidity measures
have been affected by the minimum tick-size reduction which took place in the New York Stock Exchange in 1997
and 2001. These tick-size reductions may have induced a structural break in the factor model, or the factor augmented
regression (or both). This is exactly the problem we are addressing in this paper.

We fill a gap in the literature by studying the problem of out-of-sample forecasting in factor augmented regressions
when either the factor model or the forecasting equation (or both) are subject to structural instability. In particular, we
focus on the situation in which the information stemming from the breaks is ignored, and a misspecified linear model
is used. Following Giacomini and White (2006), we focus on the forecasting method, which includes the model itself, as
well as other choices made by the forecaster, such as the estimator for the model’s unknown parameters, and the related
length of the estimation window. In terms of estimation, we follow Pesaran (2006) and consider cross-sectional averages
estimation for the latent factors: this is appealing as it uses only the cross-sectional dimension, which is not affected
by the break. In terms of estimation window, we ask ourselves whether we should use a conditional approach based
on post-break observations only, or an unconditional approach that implements an expanding or a rolling window. The
choice of the estimation window is addressed in Pesaran and Timmermann (2004), who, however, do not include latent
factors and only consider observable predictors. Our work also complements Pesaran and Timmermann (2007), who study
forecast combinations across estimation windows as a tool to mitigate the effect of structural instability on out-of-sample
forecasts.

We study the simple yet informative setup of a factor augmented regression with a single latent factor and one break
in the factor model and the forecasting equation. We obtain two results. First, we derive a closed form expression for the
covariance between the realization and the forecast of the variable of interest. We show how this covariance depends on
the choice of the estimation window in relation to the location of the breaks: when the estimation window begins after
the break in the factor model, this does not affect the forecast; when the reverse occurs, the break in the factor model
has an impact on the produced forecast due to rotational indeterminacy typical of latent factor models. Second, through
a set of numerical results, we show that when the break in the factor model does not have an impact on the produced
forecast, the post-break estimation window is likely to outperform the forecasts obtained by using the exponential and the
rolling estimation windows. However, when the break in the factor model affects the produced forecast, the post-break
estimation window may still have an edge, but this may depend on the sign and the magnitude of the breaks.

Finally, we illustrate the relevance of our results by studying the out-of-sample stock return forecasting ability of the
liquidity measures considered in Chen et al. (2018) after the break induced by the tick-size reduction that occurred in
2001. Our empirical findings show that, on this occasion, the expanding window estimation scheme generally produces
the most accurate predictions. However, if the forecasts are produced shortly after the break and for a limited time, then
the post-break estimation scheme tends to be preferable.

The rest of the paper is organized as follows. Section 2 sets up the problem. Section 3 derives analytical results
that quantify the costs of ignoring breaks when using factor augmented regressions for forecasting purposes. Section 4
provides numerical results. Section 5 studies the predictive power of aggregate illiquidity for stock returns under structural
instability. Section 6 concludes. Mathematical proofs are provided in Appendix.

2. Setup

We consider the model

X =1(t <T)Afe +I(t > T Aof +&, t=1,....T, 1<T]<T, (1)
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Ve =1t ST yife +1(t > T)) vafe + €041, t=1,....T, 1<T)<T, (2)

where I (-) is the indicator function and T denotes the time series dimension. Starting from (1), X; = (X, ..., Xn:)’ € RY
is the N x 1 vector of observable dependent variables; f; is the latent factor such that E (f;) = 0; e; = (e, ..., en;) € RY
is the N x 1 vector of idiosyncratic components; Aj, = (ijl, el )»ij), is the N x 1 vector of factor loadings in state
Jjx =1, 2, whose ith element is A;,;, fori=1,...,N; T? is the break date in the data generating process of x,. Moving to
(2), yt+1 € R is the dependent variable; f; is the same factor entering (1); &1 is the error term; yj, is the slope coefficient
associated to f; in state j, = 1, 2; Tyo is the break date, which is not constrained to be the same as T.

The model in (1) and (2) is a factor augmented regression with structural instability. For ease of tractability, the model
has one zero-mean factor and one break both in the factor model in (1) and in the forecasting model in (2). We aim to
out-of-sample forecast yr,1 given the information available at time T when the breaks hit the data generating processes
of X, and y; at T and T}, respectively, before the forecast is made, so that T) < T and T} < T. In particular, we are
interested in the situation in which the two breaks occur close to the end of the sample, and enough observations after
the breaks are not available to consistently estimate the model. This means we study the case where the time dimension
T is fixed and does not tend to infinity.

It is customary in the literature to estimate linear factor augmented regressions using a two-step procedure, which
first estimates the latent factors from a large panel of variables by asymptotic principal components. Then it imputes the
estimated factors into the forecasting model: see Bai . While this procedure is valid in a linear setting, it may encounter
problems when the model faces structural instability. In particular, asymptotic principal components estimation requires
N,T — oo at the same rate to achieve consistency (up to a rotation). Since T is fixed in our setting, the principal
components estimator for the factor f; in (1) would not, in general, be consistent. To overcome this issue, we follow
an alternative route and estimate f; using cross-sectional averages of the elements of X, as originally proposed in Pesaran
(2006). Cross-sectional averaging is appealing in the kind of problem we are facing since it only employs the cross-
sectional dimension and thus requires N — oo only for consistency (up to a rotation), whereas the time series dimension
T can be kept fixed.

3. Analytical results

To keep the analysis simple, we assume the number of latent factors (namely, one) in (1) is known. Following Pesaran
and Timmermann (2004), we assume that also T}f’ in (2) is known. Further, in (2) we let T; be the pre-estimation window,
with 1 < T; < TyO : the number of pre-break and post-break observations is Tyo —T; and T — (TJE) + 1), respectively; the total
number of observations to estimate the model is T — (Tye + l). Specification of the pre-estimation window Ty is required as
the forecasting model in (2) is estimated along the time series dimension. On the other hand, we do not need to specify a
pre-estimation window for the factor model in (1) since the latent factor f; is estimated using the cross-sectional averages
estimator, which only requires N — oo to achieve consistency (up to a rotation).

In what follows, we assess the cost of ignoring the breaks occurring in T,? and T}E) along two complementary
perspectives, namely their effect on the estimator for ), in (2) and on the point forecast of yr,: these are covered in
Sections 3.1 and 3.2, respectively. Section 3.3 provides a discussion of factor loadings, which play a role in the results in
Sections 3.1 and 3.2. Section 3.4 details the rotational indeterminacy problem. Section 3.5 discusses the consequences of
factor heteroskedasticity.

3.1. Cross-sectional average estimation

Following Pesaran (2006), the cross-sectional average estimator ft for f;, and the least squares estimator 7, (Tye) for y3,
are

N T-1 “1rr-
f[z;(thZU)iXit,];z (T;)Z [ZH({>T;) A[f[} [ZH(t>T;)ﬁyt+]}, tzl,,T, (3)
i=1 t=1

t=1

respectively, where {w,-}f’=l is a sequence of weights. Let diag (-) denote a diagonal matrix of suitable dimension and
Iy be the N x N identity matrix. The following proposition characterizes the expected value of (T;’) as
N — oo.

Proposition 3.1. Given the model in (1) and (2), let &, ~ 1ID (0, oly) and (f;, 1)’ ~ DA [0, diag (o7, 02) ]. Consider
72 (T¢) as defined in (3), where the sequence of weights {w}i, satisfies w; = O (N~') and SN wi =1 Let YN | wikj —
3



D. Massacci and G. Kapetanios International Journal of Forecasting xxx (XXxx) Xxx

Awje 7 0, for jyx = 1,2. Then

i B[ (1)

I(1=T <T;)
—_ ﬁ T_ TO -l TO—Te —
C e | HI(<T =T 1) _(’:+)+ Y w2
T—(Tg+1)  T—(T5+1) hw
Y —T¢
nr ==
+ — 0 . 0 Oy ) 0 o .-
T, — T., T O, 70V T
e S X W
T—(Tg+1) T—(Te+1)  Aw

Proposition 3.1 is informative about the asymptotic bias of 7, (T;) as N — oo: this is consistent with the analysis we
are conducting, which assumes that the time series dimension T is fixed. The stringent assumption on e; is imposed for
expositional purposes only: Proposition 3.1 would still hold under suitable weaker conditions of time-series and cross-
sectional dependence. To interpret Proposition 3.1, we consider three mutually exclusive cases: (i) 1 < T,? < T;’; (ii)
Ty <T)<T—1land T) <T?; (iii) Ty <T) <T—1and T, > T}.

If1<T? < T, the break in the factor model occurs before the beginning of the estimation window in the forecasting
equation and

i E[7 ()] = = 12+ 01— 20 @
im = — + — — |
. V2 i Y2 Y1— V2 T_ (Ty‘? n ])
Since the factor f; in (1) is only identified up to a rotation, for y; = y,, namely when the forecasting equation in (2) is not
subject to structural instability, the right-hand side of (4) is equal to the rotation of j;, induced by kv’v; (namely, )Lv’v; 12).
For y; # y», the asymptotic bias of 7, (Tye) depends on the magnitude of the break, as measured by |y; — [, and by the
ratio between the number of pre-break observations (T} — T¢) and the size of the estimation window [T — (T¢ + 1)].
Notice that if f; was observable and did not have to be estimated, then $, (T¢) and limy_ o E[72 (T¢)] in (3) and (4),
respectively, would simplify to

T-1 T—1
72 (T;)z |:Z]I(t>T;)ftf[:| |:Z I t>T ﬁyt+1]
t=1 =T

t 1

and
T Te

") )

E[72(T)) ] =v2+(n — Vz)
respectively, where the analytical expression for E [)?2 (T;’)] in (5) is identical to the analogous result in Pesaran and

Timmermann (2004).!

If Ty < T9<T—-1and T? < T}? then T < T < TyO < T — 1: the estimation window begins before the break in the

factor model, which precedes the break in the forecasting equation. The result in Proposition 3.1 simplifies to
T— (T2 +1 O —-T¢ X
lim E[7, (T})] = RN (T2 +1) 4 x v fw
N—oo Mg |[T—(Tg+1)  T—(Te+1) 4
Yi— V2 TyO_T:? n T)?_T; )_‘lz
Az [ T—(Te4+1)  T—(T¢+1) w

(6)
+

In the absence of a break in the forecasting model (i.e., ; = y,) the result in (6) reduces to

_W[T—(TSH) -1 sz}

1 E
m EL72 (1 T ) T )

N—o0 - )_\‘WZ

and the rotation induced around y, depends on the frequency of observations of X, before and after the break date Y,
as given by [T — (T + 1)] /[T — (T¢ + 1)] and (T? — T¢) /[T — (T¢ + 1)], respectively, and it is captured by Awa /Aw :
when Awi = Az, then limy_.o E[72 (T¢)] = y2 /Awz, which is the same as in the case with no break in the factor model.

1 See the Proof of Proposition 1 in Appendix A in Pesaran and Timmermann (2004).

4
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Finally, if T¢ < TY < T —1and T? > T? then T¢ < T}? < T? < T — 1: the estimation window starts before the break in
the forecasting model, which happens before the ereak in the factor model. The result stated in Proposition 3.1 simplifies

to
V2 T_(T)?+1)+ T)?_Tye )_‘lz Y1— V2 TyO_T; @
T—(Te+1)  T—(T¢+1) km T—(T¢+1) hw |

y
and considerations analogous to those made in the previous case apply.

In conclusion, according to Proposition 3.1 , limy_. E[75 (T¢)] depends on the magnitude of the break in the
forecasting equation as measured by |y; — y»|. An additional source of bias is due to f; being latent, so that it has to
be estimated from a large panel of variables that exhibit a factor structure. This extra source of bias persists even if
the forecasting equation does not experience a break and follows from rotational indeterminacy typical of latent factor
models: in particular, this bias depends on the relative position of T,?, T}? and Tye. Interestingly, rotational indeterminacy

produces biases 7, (Tye) only if w1 # Awa-

(7)

Jm B[ (1)) =5 - -

3.2. Point forecasts

Given the regression model in (2), the forecast of yr,; at time T is Jr11 (Tf) = 72 (T;’)fr where 7, (T¢) and fr are
defined in (3). Under the assumptions of Proposition 3.1, E (yr41) = limy_ » E [}7”1 (Tye)] = 0.2 We thus assess the effect
induced by structural instability on jir; (T¢) through the covariance between yr,1 and yryq (TF).

Proposition 3.2. Given the model in (1) and (2), let the assumptions of Proposition 3.1 hold. Then
. A 2_ . A
Jim B[y (19)] = vaofioa { im (72 1)1
where limy_ o E [ (Tye)] is given in Proposition 3.1.

Proposition 3.2 derives the analytical expression for the asymptotic covariance between yr,; and its forecast yr 4 (T;)
as N — oo. As in the case of Proposition 3.1, we interpret Proposition 3.2 by considering the same mutually exclusive
cases, namely: () 1 <T) <Tg; (i) Ty <T) <T—1land T < T; (ii)) Ty < T <T —1and T{ > T).

When 1 < T,? < Tye, taking into account (4), Proposition 3.2 simplifies to

0 _ Te
lim E i1 (T)] = y20? | 12 + (1 — o) —L—2L— |,
Jim [yre1drs1 ()] = yaof |:V2 1 —72) T ()
which is identical to the homologous finding stated in Proposition 1 in Pesaran and Timmermann (2004). Unlike the result
in (4), in this case the asymptotic (as N — o0o) covariance between yr,1 and yr44 (T;) does not suffer from the rotational
indeterminacy problem induced by the latent factor model.
When Tf < TQ < T —1and T < T, from (6) the result in Proposition 3.2 becomes

|:T—(T,?+]) Y - T¢ sz}
Y2

+ =
T—(Te+1) T—(T¢+1) Aw

lim E Jri1(T})] = r20f 2
Jim [yraidri (T))] = va07 T) — T R-T )‘WZ:|

+ - + —
RAEC) ko (Te+1) " T—(T¢+1)
In this case, the source of dependence between yr; and jir41 (T¢) induced by Awz /Aw: arises. The ratio Aw /Aw1 plays a
role because T; < T2 < T — 1, namely because the break in the factor model occurs after the beginning of the estimation
window, and the effects induced by rotational indeterminacy before and after the break do not cancel each other out
(unless Aw1 = Awz)-
Finally, for T < T < T — 1 and T > Ty, from (7) the result in Proposition 3.2 simplifies to

T— (T2 +1) TP —T  w T — T Az
lim E J141 (TO)] = 1202 X Xy w2 _ _y Ty fw
aim v (T))] = 07 {VZ[T—(T;+1)+T—(T;+1)AW1 O T e ) i ||

and a component in the comovement between yr,; and yr (Tye) driven by Awz /Aw1 persists.
2 Under the assumptions of Proposition 3.1, 7, (T;) and fT are independent random variables and

N
i () = g e (2 ne ) =0

i=1
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In conclusion, the comovement between yr, and yr,q (T;) as measured by their asymptotic covariance as N — oo
depends on the magnitude of the break as captured by |y; — y»|. When the break in the factor model occurs after the
beginning of the estimation window in the forecasting model, the comovement between yr,1 and yr,4 (T;) also depends

upon the ratio Ay / Aw1, which is induced by rotational indeterminacy since the estimator ﬁ for f; in general experiences
different rotations around f; because of the structural break in the factor model.

3.3. Factor loadings

In Sections 3.1 and 3.2 we analytically showed that the condition T * Awi plays a role in determining the bias of the
estimator for y,, and the covariance between yr, ¢ and its forecast, respectively, as N — oo. It is, therefore, informative
to discuss how relevant the condition Ay, # Ay iS in practice.

To this purpose, we consider the problem of out-of-sample stock return forecasting with aggregate liquidity proxies
already mentioned in the introductory Section 1. Following Chen et al. (2018), let us focus on the minimum tick-size
reduction that took place on January 29, 2001. Assuming monthly data, it is legitimate to conjecture that from February
2002 onward, this tick-size reduction determined a sizeable reduction in the response of firm-level illiquidity measures
with respect to the underlying latent factor. In terms of the factor model in (1), it is likely that *wz < Awi and more
generally that Ay, # Awi. It follows that w1 and Ay, do play a role as discussed in Sections 3.1 and 3.2.

3.4. Rotational indeterminacy

In Sections 3.1 and 3.2 we discussed how rotational indeterminacy, induced by the fact that both the factor and the
loadings are latent, affects the results stated in Propositions 3.1 and 3.2, respectively. We now further describe what
rotational indeterminacy specifically entails in a one-factor model such as the one we are considering.

G3iver1 the model in (1) and the assumptions of Proposition 3.1, from (3) we have that the estimator f; for f; is such
that

Jo B (e < T) hwafe +1(t > T9) Awaff. (8)

Therefore, in the specific case of a single-factor model with one break, rotational indeterminacy takes the form of a
regime-specific rescaling of the latent factor f;.

3.5. Factor heteroskedasticity

For ease of exposition, in Propositions 3.1 and 3.2 we assume f; ~ [IDA (0, ofz) and, in particular, that f; has constant

variance equal to afz. Under this simplifying assumption we can map changes in the variance of the estimator ft for f; to
changes in the average loadings. Formally, from (8) we have

Var (f0) = 1(6 = T¢) 2207 +1 (¢ > T3) Fanof

which means that the variance of ﬁ before and after the break is equal to A and )\2 af , respectively. Therefore, under

factor homoskedasticity, any change in the variance of ﬁ is proportional to the change in the average factor loadings.*
However, in the more realistic scenario in which f; is heteroskedastic, such a mapping is no longer possible: in this case,
a change in the variance of f; may be due a change in the average value of the loadings or to a change in the variance of
f; (or both).

4. Numerical results

Out-of-sample forecasts are typically analyzed via the (root) mean squared forecast error. In our setup, as N — oo,
this is defined as

MSFE = NILHC}OE H)’T+1 — Y41 (T;)]z] =E(yf) -2 NILH;OE [yredre ()] + NILH(}OE [[j’ﬂ—] (T;)]z] .
Given the assumptions of Proposition 3.1, E (yf, ;) = y70f + o2, and limy_. E [yr19741 (T§)] is as in Proposition 3.2.

However, although it is mathematically possible to obtain the closed form expression for limy_, o E I[jirﬂ (Ty‘*)]Z] is

3 See Eq. (10) in Appendix.

4 This intuition underlies the tests for structural stability in large dimensional factor models developed in Chen et al. (2014), and Han and Inoue
(2015), according to which structural shifts in factor loadings can be inferred from the covariance structure of the estimated factors provided that
the true latent factors are homoskedastic.

5 This more realistic scenario, in which factor heteroskedasticity is allowed, is accounted for in the test for regime changes developed in Massacci
(2021).
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difficult to interpret.® For this reason, we analyze the root mean squared forecast error by Monte Carlo simulations. In
what follows, Section 4.1 presents the data generating process, while Section 4.2 discusses the results.

4.1. Data generating process

We consider the data generating process
X, =1(t <T) Aff +1(t > T Aaff +¢€,, i=1,...,N, t=1,...,T,

where s denotes the replication, for s = 1,...,2000. We consider N = 100 and T = 201, sothat T — 1 = 200.7
Define 8x; = Ay — Ao, fori = 1,...,N. We fix Ay; and Ay, and thus 8y, throughout the replications. We generate
A2 ~ N (1,1), and define Ay; = Ay + 8xi. We control for the magnitude of the break by implementing the following
scenarios: in Experiment 1 we set §x; = 0.00, 1.50, 3.00 fori = 1, ..., N /2, and correspondingly éx; = 0.00, —1.50, —3.00
fori = N/2 4+ 1,...,N; in Experiment 2a we look at dy; = 8 = 0.00, 1.50, 3.00; in Experiment 2b we consider
Sxi = 0x = 0.00, —1.50, —3.00. Experiment 1 implies that the condition Ay, /Awl = 1 in Proposition 3.2 is met, and
the break in the factor model should not affect the produced forecasts. Experiment 2a and Experiment 2b imply that
0 < Aw2 /Awl < 1 in Proposition 3.2 and this allows us to assess the impact of the break in the factor model on the
forecasts. We further control for the break date by setting T = 100, 190. The factor is generated as f§ ~ IIDA (0, 1).
The idiosyncratic components are generated as e}, = ai}/z €5 i With o ~ x* (1) and €, ~ NIDA (0, 1), with oy fixed
throughout the replications.

The data generating process for the target variable is

Vi =L =T nff +1(t >T)) woff +ef,y. t=1,....T.
The slope coefficients y; and y, are fixed throughout the replications, with ¥, = 1 and y; = ¥, + §,. We control for the
magnitude of the break by setting §, = 0.00, 1.00, 2.00, 3.00, and for the location of the break by fixing Tf = 100, 190.
The error term &, is generated as &}, ~ IIDAV/ (0, 1).

We consider three estimation windows: post-break, with T} = Tf; expanding, with T} = 0; rolling, with Ty = T—1—-w
and w = 50, so that Ty"’ = 150. From the discussion in Section 3.2, a necessary condition for Ay /le to have an effect
on the produced forecast is that Tj < T2 < T — 1. Given our data generating process, w2 / Awi will always impact the
forecast in the case of the expanding estimation window, provided that A, / Jwi # 1.1In the case of post-break and
rolling estimation windows, the effect induced by Aw; / *w1 depends on the position of T; relative to T,?. Also, since we
keep XA, and y, constant, fori = 1, ..., N, the forecasts produced using the post-break window are independent of the
break size in both the factor model and in the factor augmented regression for Tyo > TP

We evaluate the produced forecasts in terms of the root mean squared forecast error defined as

_ Zf:] [ysr+1 — Vet (T;)]Z
S ,

RMSFE; k = post-break, expanding, rolling, (9)

where 3 1, (Tye) is the forecast made by method k within replication s.
4.2. Results

The results from Experiment 1 and collected in Table 1 are consistent with Proposition 3.2. When Awg /)_nm =1,
the produced forecast is independent of the size of the break in the factor model as measured by |éx|. As expected,
when 8, = 0, the expanding window always produces the most accurate forecasts since it correctly uses all available
information. As §, increases, the post-break estimation window takes the lead. In contrast, the expanding window becomes
the worst performer, as it is the method that employs the highest amount of wrong information stemming from the
observations before the break. Notice that all forecasts deteriorate as T, increases from T,) = 100 to T’ = 190 since fewer
observations become available in the post-break window, and the expanding and rolling windows use more pre-break
observations to estimate the forecasting model.

Table 2a and Table 2b collect results from Experiments 2a and 2b, respectively, and show a different picture compared
to Table 1. In both cases, the magnitude of the ratio Aw / Jw1 declines in 84, and the estimator for the factor before the
break becomes less precise due to the increased bias induced by rotational indeterminacy. In some cases, the conclusions
drawn from Experiment 1 are reversed. When §, > 0 and 6 > 0, the post-break estimation window is often dominated by
the expanding window (see Table 2a). However, this is not the case for §x < 0, when in some instances, the rolling window
produces the most accurate forecasts (see Table 2b). Therefore, when 0 < Ay / Awt < 1, the post-break window still has

6 Technical details are available upon request.

7 Within a given replication s, consistent estimation of the factor f7 (up to a rotation) requires N — oo. In our Monte Carlo setup, N = 100
cross-sectional observations are sufficient to estimate the factor accurately. In practice, empirical researchers may encounter situations where N is
much larger. For example, in the empirical analysis conducted in Section 5, the number of firms is likely to be in the order of thousands.
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Table 1 B _
Experiment 1, RMSFE, Awz /Awi = 1.

Panel A: T) = 100
T2 = 100 T2 = 190
Post-break Expanding Rolling Post-break Expanding Rolling

3y [8x|
0.00 1.0614 1.0560 1.0796 1.0614 1.0560 1.0796
0.00 1.50 1.0614 1.0560 1.0796 1.0614 1.0560 1.0796
3.00 1.0614 1.0560 1.0796 1.0614 1.0560 1.0796
0.00 1.0614 1.2858 1.0796 1.0614 1.2858 1.0796
1.00 1.50 1.0614 1.2858 1.0796 1.0614 1.2858 1.0796
3.00 1.0614 1.2858 1.0796 1.0614 1.2858 1.0796
0.00 1.0614 2.0268 1.0796 1.0614 2.0268 1.0796
2.00 1.50 1.0614 2.0268 1.0796 1.0614 2.0268 1.0796
3.00 1.0614 2.0268 1.0796 1.0614 2.0268 1.0796
0.00 1.0614 3.2791 1.0796 1.0614 3.2791 1.0796
3.00 1.50 1.0614 3.2791 1.0796 1.0614 3.2791 1.0796
3.00 1.0614 3.2791 1.0796 1.0614 3.2791 1.0796

Panel B: T? = 190
T2 = 100 T2 = 190
Post-break Expanding Rolling Post-break Expanding Rolling

3y [8x|
0.00 1.2193 1.0560 1.0796 1.2193 1.0560 1.0796
0.00 1.50 1.2193 1.0560 1.0796 1.2193 1.0560 1.0796
3.00 1.2193 1.0560 1.0796 1.2193 1.0560 1.0796
0.00 1.2193 1.9312 1.7342 1.2193 1.9312 1.7342
1.00 1.50 1.2193 1.9312 1.7342 1.2193 1.9312 1.7342
3.00 1.2193 1.9312 1.7342 1.2193 1.9312 1.7342
0.00 1.2193 4.6567 3.7817 1.2193 4.6567 3.7817
2.00 1.50 1.2193 4.6567 3.7817 1.2193 4.6567 3.7817
3.00 1.2193 4.6567 3.7817 1.2193 4.6567 3.7817
0.00 1.2193 9.2327 7.2220 1.2193 9.2327 7.2220
3.00 150 1.2193 9.2327 7.2220 1.2193 9.2327 7.2220
3.00 1.2193 9.2327 7.2220 1.2193 9.2327 7.2220

This table displays the RMSFE as defined in (9) for Experiment 1, whose data generating process and
results are described in Section 4.1 and in Section 4.2, respectively.

an overall edge with respect to expanding and rolling window estimation methods, although the actual performance needs
to be evaluated on a case-by-case basis. In particular, the advantage in terms of forecasting performance the post-break
window has when Awz /w1 = 1 no longer uniformly holds when Awy /Aw1 # 1.In this case, the relative performance of
the estimation window depends on the interaction between the breaks in the forecasting equation and the factor model.

5. Predicting stock returns with aggregate illiquidity

Chen et al. (2018) show that aggregate illiquidity contains valuable information for out-of-sample forecasting of equity
returns. In particular, they argue that the tick-size reduction occurring in 2001 affected the predictive content of illiquidity
measures as it induced a structural break in illiquidity proxies. We investigate the consequences of such a break on
the stock return out-of-sample forecasting performance of illiquidity measures under post-break, expanding, and rolling
window estimation schemes. In what follows, Section 5.1 describes the data and the model specification, while Section 5.2
discusses the results.

5.1. Data, model specification and forecasting method

Based on the specification in (1) and (2), we model stock returns in excess of the risk-free rate through the
factor-augmented predictive regression

illige = 1(t < T9) Aife +1(t > T9) Aaify + eie.

i=1,....,N, t=1,...,T, 1<TT0<T,
rt+1:H(thyO)Vlft‘HI(t>T39)V2ft+€t+1, ‘ xoy
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Table 2a ~ ~
Experiment 2a, RMSFE, 0 < Ayp /Am < 1, 8x = 0.00, 1.50, 3.00.

Panel A: T) = 100

=100 T = 190

Post-break Expanding Rolling Post-break Expanding Rolling

3y Ox
0.00 1.0614 1.0560 1.0796 1.0614 1.0560 1.0796
0.00 1.50 1.0614 1.3194 1.0796 1.4061 1.4108 1.3963
3.00 1.0614 1.5550 1.0796 1.6190 1.6222 1.6111
0.00 1.0614 1.2858 1.0796 1.0614 1.2858 1.0796
1.00 1.50 1.0614 1.0746 1.0796 1.4061 1.1957 1.3963
3.00 1.0614 1.2625 1.0796 1.6190 14313 1.6111
0.00 1.0614 2.0268 1.0796 1.0614 2.0268 1.0796
2.00 1.50 1.0614 1.0857 1.0796 1.4061 1.0766 1.3963
3.00 1.0614 1.0930 1.0796 1.6190 1.2790 1.6111
0.00 1.0614 3.2791 1.0796 1.0614 3.2791 1.0796
3.00 1.50 1.0614 1.3526 1.0796 1.4061 1.0536 1.3963
3.00 1.0614 1.0467 1.0796 1.6190 1.1655 1.6111

Panel B: T = 190

=100 T = 190

Post-break Expanding Rolling Post-break Expanding Rolling

3y Ox
0.00 1.2193 1.0560 1.0796 1.2193 1.0560 1.0796
0.00 1.50 1.2193 1.3194 1.0796 1.2193 1.4108 1.3963
3.00 1.2193 1.5550 1.0796 1.2193 1.6222 1.6111
0.00 1.2193 1.9312 1.7342 1.2193 1.9312 1.7342
1.00 1.50 1.2193 1.0492 1.7342 1.2193 1.0814 1.0860
3.00 1.2193 1.2102 1.7342 1.2193 1.2901 1.2871
0.00 1.2193 4.6567 3.7817 1.2193 4.6567 3.7817
2.00 1.50 1.2193 1.2689 3.7817 1.2193 1.0998 1.1040
3.00 1.2193 1.0556 3.7817 1.2193 1.1883 1.1886
0.00 1.2193 9.2327 7.2220 1.2193 9.2327 7.2220
3.00 1.50 1.2193 1.9784 7.2220 1.2193 1.4660 1.4504
3.00 1.2193 1.0913 7.2220 1.2193 1.0461 1.0497

This table displays the RMSFE as defined in (9) for Experiment 2a, whose data generating process and
results are described in Section 4.1 and in Section 4.2, respectively.

where the cross-sectional dimension N; is given by the number of firms in the sample at time ¢, and it is allowed to be
time-dependent.®

We consider data collected at a monthly frequency. The variable illig; is one of the following firm-level measures
considered in Chen et al. (2018): roll;; by Roll (1984); cs;; by Corwin and Schultz (2012); fht; by Fong et al. (2017); tick;
by Holden (2009) and Goyenko et al. (2009); zeros;; by Lesmond et al. (1999); ami; by Amihud (2002); amito; as in
Brennan et al. (2013); PS;; by Pastor and Stambaugh (2003); hm;; as in Hou and Moskowitz (2005). All quantities are
constructed in such a way that they provide a measure of illiquidity. For each time period ¢, the aggregate illiquidity
measure is the factor estimate ﬁ obtained as the equal-weighted cross-sectional average ﬁ N ZNfl illig;e.”

We assume T,? = Tyo, namely, the break in the factor model occurs at the same time as the break in the factor-
augmented regression. We make the common breakpoint be January 2001, which is the month at the end of which
the tick-size reduction was implemented.'? Consistently with our analytical and numerical results in Sections 3 and 4,
respectively, we study post-break, expanding, and rolling window estimation schemes. As in Timmermann (2008), the
expanding window estimation scheme uses an initial window of 120 monthly observations, and it begins in February
1991. In light of this choice, the rolling window scheme adopts an estimation window of fixed length equal to 120 monthly
observations.

8 Itis easy to show that the analytical and numerical results in Sections 3 and 4, respectively, remain valid when the cross-sectional dimension
of the factor model is time-dependent. Intuitively, this is because the cross-sectional average estimator of Pesaran (2006) does not use information
stemming from the time-series dimension of the underlying panel. Also, for internal consistency with the factor augmented regression in (2), we
consider a forecasting equation for r;,; that does not include an intercept. Adding an intercept would lead to qualitatively similar results and
analogous recommendations.

9 The aggregate illiquidity measures are kindly made publicly available at https://sites.google.com/site/yongchenfinance/.

0 The implementation date for the tick-size reduction we consider is January 29, 2001.
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Table 2b B ~
Experiment 2b, RMSFE, 0 < Aw> /Am < 1, 8x = 0.00, —1.50, —3.00.

Panel A: T) = 100

T? = 100 T2 = 190
Post-break Expanding Rolling Post-break Expanding Rolling
3y 3x
0.00 1.0614 1.0560 1.0796 1.0614 1.0560 1.0796
0.00 —1.50 1.0614 1.3413 1.0796 6.1589 8.4087 3.9456
—3.00 1.0614 2.5212 1.0796 3.3949 3.4676 3.2516
0.00 1.0614 1.2858 1.0796 1.0614 1.2858 1.0796
1.00 —1.50 1.0614 1.8546 1.0796 6.1589 14.7800 3.9456
—3.00 1.0614 3.7394 1.0796 3.3949 4.4453 3.2516
0.00 1.0614 2.0268 1.0796 1.0614 2.0268 1.0796
2.00 —1.50 1.0614 2.6258 1.0796 6.1589 23.1370 3.9456
—3.00 1.0614 5.3211 1.0796 3.3949 5.5895 3.2516
0.00 1.0614 3.2791 1.0796 1.0614 3.2791 1.0796
3.00 —1.50 1.0614 3.6550 1.0796 6.1589 334810 3.9456
—3.00 1.0614 7.2664 1.0796 3.3949 6.9002 3.2516

Panel B: T = 190

T2 = 100 T2 = 190
Post-break Expanding Rolling Post-break Expanding Rolling
3y Ox
0.00 1.2193 1.0560 1.0796 1.2193 1.0560 1.0796
0.00 —1.50 1.2193 1.3413 1.0796 1.2193 8.4087 3.9456
—3.00 1.2193 2.5212 1.0796 1.2193 3.4676 3.2516
0.00 1.2193 1.9312 1.7342 1.2193 1.9312 1.7342
1.00 —1.50 1.2193 1.0960 1.7342 1.2193 22.308 9.2407
—3.00 1.2193 3.0835 1.7342 1.2193 5.4797 5.0765
0.00 1.2193 4.6567 3.7817 1.2193 4.6567 3.7817
2.00 —1.50 1.2193 1.2314 3.7817 1.2193 43.416 17.260
—3.00 1.2193 3.7398 3.7817 1.2193 8.0949 7.4469
0.00 1.2193 9.2327 7.2220 1.2193 9.2327 7.2220
3.00 —1.50 1.2193 1.7475 7.2220 1.2193 71.735 28.003
—3.00 1.2193 4.4899 7.2220 1.2193 11.313 10.363

This table displays the RMSFE as defined in (9) for Experiment 2b, whose data generating process and
results are described in Section 4.1 and in Section 4.2, respectively.

We evaluate the out-of-sample forecasts through the root mean squared forecast error (RMSFE), whose performance is
studied numerically in Section 4. We consider four post-break evaluation windows: (i) between 10 and 20 months after
the break; (ii) between 10 and 60 months after the break; (iii) between 100 and 110 months after the break; (iv) between
100 and 150 months after the break. This combination of evaluation windows allows us to evaluate the out-of-sample
performance across estimation windows depending on the starting point after the break (namely, 10 and 100 months)
and the length of the window for a given starting point (namely, 10 and 50 months).

5.2. Empirical results

The empirical results are collected in Table 3, which displays the RMSFE (in percentage terms) for all estimation
windows, illiquidity measures, and evaluation windows we consider.

When the forecasts are evaluated for a short period after the break (namely, between 10 and 20 months after the
tick-size reduction), the post-break estimation scheme generally has the edge over the expanding and rolling window
counterparts, as it tends to have lower RMSFE. This is because only few observations are available after the break, and
both the expanding and the rolling window schemes include misleading information stemming from the pre-break period,
which biases the forecasts.

In all remaining post-break evaluation windows, the expanding window scheme tends to provide more accurate
forecasts than the other two forecasting methods. This could be due to two simultaneous effects: (i) enough post-break
observations are available, which reduces the bias of the forecasts; and (ii) the break induced by the tick-size reduction
is such that the pre-break observations reduce the variance of the forecasts.

In conclusion, expanding window estimation generally provides the most accurate forecasts, except for short periods
of time after the tick-size reduction, in which case the post-break scheme is preferable.

10
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Table 3
Out-of-sample stock return-forecasting, RMSFE(%).

Panel A: Post-break

Begin End roll cs fht tick zeros ami amito PS hm

10 20 5.332 5376 5377 5.375 5404  5.635 5.422 6.959 5.603
10 60 3.974 3.999 4.008 3.999 4.021 3.879 4.009 4956 4.143
100 110 4272 4278 4321 4310 4394 4216 4392 4.791 4.668

100 150 4.400 4.404 4.423 4.417 4.456 4.435 4.468 4613 4.599

Begin End roll cs fht tick zeros ami amito PS hm

10 20 5.908 5900 5942 5.935 5.942 5.680 5.851 5644 5813
10 60 3.836 3.834 3.852 3.847 3.864 3.897 3.829 4.052 3.845
100 110 3.950 3964  3.997 3979 4090  4.277 4.045 4537 4318

100 150 4.282 4.290 4.306 4.299 4.343 4.440 4.325 4.525 4.456

Begin End roll cs fht tick zeros ami amito PS hm

10 20 5.871 5864  5.893 5.892 5.872 5.671 5.816 5.651 5.731
10 60 3.837 3.836 3.853 3.848 3.865 3864  3.833 4.075 3.871
100 110 4284 4289 4328 4316 4398 4212 4386 4639 4676

100 150 4.370 4373 4.395 4.389 4.426 4.438 4418 4.556 4.574

This table displays the RMSFE (in percentage terms) for the out-of-sample forecasting analysis in
Section 5.

Our findings should be interpreted with a caveat. Given the purpose of our work, which studies the consequences of
neglecting structural instability when this occurs towards the end of the sample, the results collected in Table 3 rely only
on point estimates. However, no formal test for differences in forecasting performance could be conducted. This implies
that the relative advantages we have documented could be statistically insignificant in practice.

6. Conclusions

This paper studies out-of-sample forecasting in factor augmented regressions that experience structural instability in
the factor model or the forecasting regression (or both) when the latent factors are estimated by cross-sectional averages,
and the instability is neglected. We show that a post-break estimation window tends to produce more accurate forecasts
than the expanding or the rolling estimation windows, although the actual relative precision depends on the position and
the magnitude of the breaks in the factor model and the forecasting equation. This poses challenges as to how optimally
select the estimation window in the forecasting model.

Our work can be extended along several dimensions. We specifically focus on the case in which the forecasting equation
has one latent factor and does not include any observable predictor: the more general case with multiple latent factors and
observable predictors is an extension worth considering. Also, we estimated the latent factor by cross-sectional averages:
it would be interesting to compare this with the asymptotic principal components estimator commonly used in factor
augmented regressions. Finally, this paper uses an approach based on unsupervised learning and a comparison with a
supervised counterpart in the spirit of Bair et al. (2006) is worth considering. All these extensions will be conducted in
future research.
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Proof of Proposition 3.1. As N — oo,
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it follows that as N — oo
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which gives (4). Following analogous arguments, for T; < T,? < T}?,
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which is equal to (6). Finally, for T) < T) <T —1,
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which gives (7). The result stated in Proposition 3.1 then follows.

Proof of Proposition 3.2. Consider
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[J/szfTsz )]

lim E
N—oo

i= 1

= I\]ll_)l’lgo iyzf Z w; (Raifr + i) | 12 (Tye)
) Jim

= yE(ff) lim waz, Jim E[7, (17)]
= 1207 hwa lim E[f/z ()]

which completes the proof of Proposition 3.2.
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