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a b s t r a c t

Most economic applications rely on a large number of time series, which typically have
a remarkable clustering structure and they are available over different spans. To handle
these databases, we combined the expectation–maximization (EM) algorithm outlined
by Stock and Watson (JBES, 2002) and the estimation algorithm for large factor models
with an unknown number of group structures and unknown membership described by
Ando and Bai (JAE, 2016; JASA, 2017) . Several Monte Carlo experiments demonstrated
the good performance of the proposed method at determining the correct number of
clusters, providing the appropriate number of group-specific factors, identifying error-
free group membership, and obtaining accurate estimates of unobserved missing data.
In addition, we found that our proposed method performed substantially better than
the standard EM algorithm when the data had a grouped factor structure. Using the
Federal Reserve Economic Data FRED-QD, our method detected two distinct groups of
macroeconomic indicators comprising the real activity indicators and nominal indicators.
Thus, we demonstrated the usefulness of our group-specific factor model for studies of
business cycle chronology and for forecasting purposes.

© 2022 The Authors. Published by Elsevier B.V. on behalf of International Institute of
Forecasters. This is an open access article under the CC BY-NC-ND license

(http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Most economic empirical analyses are based on un-
sual data structures. Improvements in information tech-
ology allow empirical economists to deal with data sets
ontaining hundreds of economic indicators, which can
requently lead to information overload without a clear
ethod for organizing the data. These data are usually
ighly collinear, so factor analysis has become one of
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the most appealing econometric approaches for managing
these large dimensional data sets because they condense
the common dynamics of the time series into a relatively
small number of unobserved factors. This class of models
has been successfully applied in economics, as shown
in surveys by Bai and Ng (2008) and Stock and Watson
(2011).

A second characteristic of economic data sets is that
they are usually collected with incomplete statistical in-
formation. In these data sets, some time series are avail-
able over a diminished time span and observations may
be missing at the beginning of the sample because data
collection from their sources started on different dates.
This so-called ragged edge problem also arises at the end
of the sample due to differences in the publication lags
among the variables characterizing the flow of economic
information in real time.

Stock and Watson (2002) introduced an important
computational method for handling unbalanced panels by
national Institute of Forecasters. This is an open access article under

https://doi.org/10.1016/j.ijforecast.2022.05.012
https://www.elsevier.com/locate/ijforecast
http://www.elsevier.com/locate/ijforecast
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijforecast.2022.05.012&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:mcamacho@um.es
mailto:glopez@ucam.es
https://doi.org/10.1016/j.ijforecast.2022.05.012
http://creativecommons.org/licenses/by-nc-nd/4.0/


M. Camacho and G. Lopez-Buenache International Journal of Forecasting 39 (2023) 1205–1220
extending the factor model with an iterative expectation–
maximization (EM) algorithm. Briefly, the algorithm is
initialized with an estimate of the factors from a bal-
anced panel where missing data are replaced by initial
guesses. The factors are then used to provide estimates
of the missing observations. The process is iterated until
the estimates do not change substantially. In practice,
the EM algorithm can also handle outliers if they are
replaced by missing values in the data set. In empirical
applications, Bernanke and Boivin (2003), Angelini et al.
(2006), Schumacher and Breitung (2008), and Marcellino
and Schumacher (2010) dealt satisfactorily with missing
observations by applying an EM algorithm in a principal
components framework.1

The final characteristic of the economic data sets is
that they typically have a remarkable clustering structure.
For example, group structures appear in macroeconomic
indicators because they usually either contain sectoral
splits of different categories or they are classified into
real and nominal data. Group structures also appear in
international data sets, which usually contain country
region-specific data that exhibit strong cross-correlation
among series in the same region and they are separated
from the cross-correlations observed in other regions.

Within this framework, it is reasonable to consider
that a model that uses group-specific factors will de-
scribe group co-movements better than a model that
only uses global common factors. Factor models with
block structures were first studied based on data sets
organized into blocks using a priori information. Typi-
cally, these methods consider a panel of variables with
a set of common pervasive factors that affect all of the
variables in all groups, and group-specific pervasive fac-
tors that only affect the variables in a specific group.
Examples of these methods were proposed by Gregory
et al. (1997), Kose et al. (2003), Crucini et al. (2011),
Hallin and Liška (2011), Ando and Bai (2015), Breitung
and Eickmeier (2016), Rodriguez-Caballero and Ergemen
(2017), and Choi et al. (2018). However, Ando and Bai
(2016) developed a new procedure designed to explore
group structures in large factor models with distinctive
features comprising endogenously assigning variables to
groups, determining the number of groups, and esti-
mating the group-specific factors.2 Ando and Bai (2017)
extended their method to include global common factors
and group-specific factors.3

Despite the development of new methods for han-
dling economic data sets mentioned above, a compre-
hensive approach is not available for dealing with large
panels with group structures, unknown membership, and

1 In recent studies, McCracken and Ng (2021), and Jin et al. (2021)
proposed extensions of the EM algorithm based on principal compo-
nent frameworks. Comparisons of these approaches with the method
described by Stock and Watson (2002) are left for further research.
2 The method proposed by Ando and Bai (2016) does not consider

common factors that affect all of the variables. However, their method
permits a large number of potential observable factors.
3 Alonso et al. (2020) proposed an alternative procedure for building

dynamic factor models with a cluster structure that considers common
global factors and group-specific factors, but this method was not
investigated in the present study.
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missing observations, which is the norm rather than the
exception in empirical applications. This deficiency con-
siderably limits the potential use of factor models for
characterizing the co-movement of economic variables.
However, considering the missing observations in stan-
dard factor models by using an EM algorithm, as described
by Stock and Watson (2002), suggests that the iterative
updated estimates of the missing observations for a vari-
able i that belongs to group g are provided by the expec-
tation conditional only on global factors, which is clearly
misleading under the premise of group heterogeneity.

In addition, the algorithms proposed by Ando and Bai
(2016, 2017) require data sets where all of the panel
members are observed in every time period. Thus, consid-
ering group membership implies removing observations
without a full set of data, thereby leading to the compu-
tation of inferences based on shorter cross sections (when
complete columns are removed from the panel) and/or
shorter time series (when complete rows are removed
from the panel). This approach could potentially lead to
high costs due to a loss of efficiency when omitting data
with highly valuable information, or due to bias when
the data are not missing at random. In addition, han-
dling missing data is particularly challenging for real-time
forecasters because real-time data routinely exhibit end-
of-sample ragged edge problems as some variables are
observed with longer delays than others.

Due to these limitations, we aimed to improve fac-
tor models by integrating the two approaches described
above. In particular, we developed an algorithm for deal-
ing with unbalanced panels of data with cluster struc-
tures and potentially containing outliers. Our proposed
method uses the Stock–Watson EM algorithm to consider
missing data while the Ando–Bai algorithm automatically
determines the number of groups, group membership,
number of global factors, and number of group-specific
factors. Our method only applies a CP -type criterion for
model selection, which is minimized by implementing a
recursive algorithm for endogenously dealing with miss-
ing data by using a group-specific EM algorithm. Based
on this criterion, our method selects from three factor
model alternatives: only global factors, as in the method
of Stock and Watson (2002), global and group-specific
factors, as in the method of Ando and Bai (2017), and only
group-specific factors, as in the method of Ando and Bai
(2016).

In Monte Carlo experiments designed to capture some
basic data problems that characterize economic data sets,
we evaluated the ability of the proposed algorithm for
selecting models with the most appropriate number of
groups, true number of group-specific factors, convenient
group membership, and suitable inference of the missing
data. Among the data generating processes, our method
includes non-homoskedastic errors with cross-sectional
dependence, errors with some serial correlations, and fac-
tors with temporal dependence. Overall, our results indi-
cate that despite the inclusion of missing observations to
simulate unbalanced data sets, no significant differences
were found between the clustering abilities of our pro-
posed method and the group factor models of Ando and
Bai (2016, 2017), which require balanced data sets. In ad-
dition, we found that our group-specific inference method
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for missing data performed better than the imputation
of missing data conditional on the full set of common
factors in the standard EM algorithm described by Stock
and Watson (2002).

Furthermore, we implemented an empirical applica-
ion to illustrate how our proposed method can be used
y practitioners to identify a model for an unbalanced
arge set of observed variables in terms of a smaller num-
er of underlying latent factors characterized by group
tructures and unknown membership. We employed the
ovel quarterly Federal Reserve Economic Data FRED-QD
ata set described by McCracken and Ng (2021), which
omprises a set of 248 economic indicators from the
nited States. This data set provides researchers with
ccess to a regularly updated version of the data used
y Stock and Watson (2012), which comprise the quar-
erly version of the monthly data set used by Stock and
atson (2002). McCracken and Ng (2021) acknowledged

hat the data set contains missing values in 38 out of 248
ases, and thus about 15% of the indicators are incom-
lete because their samples started late. In addition, Mc-
racken and Ng (2021) noted that 30 outliers are present
n the FRED-QD data set, mostly among the bank reserves
ariables.
Our results indicated that the quarterly FRED-QD data

et could be characterized better by a factor model that
dmits only group-specific factors rather than by factor
odels that also include some pervasive factors common

o all variables or by a factor model with only common
actors. In particular, we identified two distinctive groups
f economic indicators, which we interpreted as the real
ctivity group and the nominal group. The selected factors
xplained 50 percent and almost 40 percent of the vari-
nce in the indicators that belonged to the real activity
roup and nominal group, respectively. We demonstrated
he high empirical reliability of the group-specific EM
lgorithm at filling in the gaps in missing observations for
oth the nominal and real activity indicators. In addition,
ur results suggest a very promising role for the estimated
actors in studies of the US business cycle chronology.

Finally, we evaluated the forecasting performance of
he proposed method based on an out-of-sample
orecasting exercise from 2006:1 to 2019:4. In this exper-
ment, the group-specific factor model obtained meaning-
ul forecasting improvements compared with the
tock–Watson factor model. The improvements were uni-
ormly observed over the forecasts for 248 economic
ndicators and they were substantially large for many
eal economic activity indicators. These out-of-sample
esults are promising but they do not allow data revisions;
owever, the forecasting performance could be reassessed
n the future as more real-time data sets become available
nd real-time assessments become feasible.
The remainder of this paper is organized as follows. In

ection 2, we describe the model selection algorithm and
stimation process. In Section 3, we provide a description
f the Monte Carlo experiments conducted to analyze
he ability of the proposed method to select the correct
umber of groups, group membership, and number of
actors, and to conduct inference based on missing data.
n Section 4, we present the results of studies conducted
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to examine the ability of the new algorithm to transform
the information content in the FRED-QD data set into a
smaller number of group-specific factors, which could be
used for business cycle inference and to perform forecasts.
In Section 5, we give our conclusions and suggestions for
future research.

2. Grouped factor models with missing data

2.1. Model formulation

Let t = 1, . . . , T be the time index, S is the number
f groups, N1, . . . ,NS is the number of indicators in each
roup observed for a sample of T observations, and N =
S
s=1 Ns is the total number of indicators. Let us assume

hat the number of groups is finite and independent of
and T , and that each group contains a proportion of

ndicators, ps = Ns/N , with s = 1, . . . , S, which is
ounded between a minimum pmin and a maximum pmax.
The value of the ith indicator xit observed at time

belonging to group gi ∈ {1, . . . , S} from a collection
f stationary time series data {xit}i=1,...,N that admits a
rouped factor representation is expressed as follows

it = f ′

ctλci + f ′

gitλgii + ϵit . (1)

The r × 1 vector λci collects the factor loadings that mea-
sure the unknown sensitivity of xi to the unobservable
common factors r factors collected in the r × 1 vector
fct , which affect all indicators in all groups. The rgi × 1
vector λgi i collects the factor loadings that measure the
unknown sensitivity of xi to the unobservable group-
specific rgi factors collected in the rgi ×1 vector fgit , which
only affect the indicators for group gi.4 As suggested by
Choi et al. (2018), we assume that the common factors
and group-specific factors are orthogonal, but correlations
between factors in different groups are allowed, although
they cannot be perfectly correlated. In this expression, ϵit
is the unit-specific error, which is independent of fct and
fgit for all i and t . First, we assume that E(ϵit ) = 0 and
var(ϵit ) = σ 2

i , and that it is independent over i and t .5
The group membership is unknown but the time series

are labeled through the unobservable state indicator gi in
the whole sequence of realizations, which are collected in
G = (g1, . . . , gN). For example, gi = s indicates that the
time series xi belongs to group s. It is useful to represent
the conditional factor representation of the T observations
of this ith indicator in matrix notation

xi = Fcλci + Fsλsi + ϵi, (2)

where xi = (xi1, xi2, . . . , xiT )′; Fc = (fc1, fc2, . . . , fcT )′ and
λci =

(
λ1
ci, λ

2
ci, . . . , λ

r
ci

)′ are the T × r matrix of common
factors and the r × 1 vector of common factor loadings;
Fs = (fs1, fs2, . . . , fsT )′ and λsi =

(
λ1
si, λ

2
si, . . . , λ

rs
si

)′ are
the T × rs matrix of group-specific factors and the rs × 1

4 To eliminate scale effects, the time indicators are standardized
with zero mean and unit variance.
5 In the simulations, we examined the potential effects of cross-

sectional dependent and serially correlated errors as well as the effects
of serially correlated factors.
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vector of group-specific factor loadings for group s; and
ϵi = (ϵi1, ϵi2, . . . , ϵiT )

′.
Given the group membership G and common factor

tructures Fcλci, we define the variable zsi = xi − Fcλci for
each group s = 1, . . . , S. If we collect the Ns variables
zsi that belong to group s in the T × Ns matrix Zs =(
z1, . . . , zNs

)
, we can obtain the estimates based on the

principal components for the group-specific factors, F̂s,
subject to the normalization F ′

sFs/T = Irs , as
√
T times the

eigenvectors corresponding to the rs largest eigenvalues
f the T × T matrix ZsZ ′

s . If we collect the group-specific
actor loadings of this group in the rs × Ns matrix Λs =(
λs1, . . . , λsNs

)
, the estimates of the factor loadings can be

obtained as Λ̂s = F̂ ′
sZs/T . In addition, given the group

membership G and group-specific factor structures Fsλsi,
e define the variable zci = xi − Fsλsi for each group s =

1, . . . , S. If we collect the N variables zci in the T ×N ma-
trix Zc = (z1, . . . , zN), we can obtain the estimates based
on the principal components for the common factors, F̂c ,
subject to the normalization F ′

cFc/T = Ir , as
√
T times the

igenvectors corresponding to the r largest eigenvalues of
he T × T matrix ZcZ ′

c . If we collect the common factor
oadings in the r × N matrix Λc = (λc1, . . . , λcN), the
stimates of the factor loadings can be obtained as Λ̂c =

ˆ ′
cZc/T .
To consider missing values in the data, we assume that

ot all the observations are available in xi. Then, we define
xobsi as the T obs

× 1 vector that contains the observations
available for variable i, which is only a subset of xi when
T > T obs. As shown in the following, a key step during
the EM iterations is mapping from the full set xi to the
observed data xobsi . For a known T obs

× T matrix Ai, this
relationship is defined by

xobsi = Aixi, (3)

where Ai is the identity matrix of size T with the T −

T obs rows corresponding to the missing observations in
xi removed. When xi is fully observed, Ai is simply the
identity matrix.

2.2. Model estimation

In this section, we present an estimation method for
the model by combining the EM algorithm proposed by
Stock and Watson (2002) to deal with missing obser-
vations and the algorithm described by Ando and Bai
(2017) for identifying group membership and estimating
common and group-specific factors.6 Given the number
of groups, S, the number of common factors, r , and the
number of group-specific factors, rs, with s = 1, . . . , S,
the least squares estimator of F = {Fc, F1, . . . , FS} and
Λ = {Λc, Λ1, . . . , ΛS} is defined as the minimizer of the
objective function:

V (F , Λ) =

N∑
i=1

T∑
t=1

Iit
(
xit − f ′

ctλci − f ′

gitλgi i
)2

, (4)

6 It should be noted that in contrast to Ando and Bai (2017), we do
not allow observed factors.
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where Iit = 1 if xit is observable at t , but 0 otherwise.

Algorithm 1 Model estimation: minimization of V (F , Λ)

Set S, r , {rs}Ss=1 and a naive guess of the missing values

Initialization x(0)it , G(0), {F (0)
c , Λ

(0)
c }, and {F (0)

s , Λ
(0)
s }

S
s=1

while m ≤ M do (*)

Update membership G(m) given x(m−1)
it ,

{F (m−1)
c , Λ

(m−1)
c } and {F (m−1)

s , Λ
(m−1)
s }

S
s=1 using (5)

for j ≤ J do (*)

Expectation of x(m)
it given G(m), {F (m−1)

c , Λ
(m−1)
c } and

{F (m−1)
s , Λ

(m−1)
s }

S
s=1 using (6)

Maximization 1 PC of {F (m)
c , Λ

(m)
c } given G(m), x(m)

it

and {F (m−1)
s , Λ

(m−1)
s }

S
s=1

Maximization 2 PC of {F (m)
s , Λ

(m)
s }

S
s=1 given G(m),

x(m)
it and {F (m)

c , Λ
(m)
c }

end for
end while
(*) Stop when convergence is achieved. PC denotes the
principal components.

Our algorithm is described in Algorithm 1. The first
step requires initial (naive) guesses of the missing obser-
vations.7 These guesses together with the available data
comprise a balanced data set for estimating the initial fac-
tors and loadings using standard principal components for
a fixed number of common factors. The standard version
of the EM algorithm can then be applied to the balanced
panel to provide initial estimates of the missing values
in the time series and a first guess of the balanced data
set x(0) while ignoring the group-specific factor structures.
Next, we require an initialization of the group member-
ship G. For the sake of simplicity, we use the K -means
algorithm, which separates the data set into S clusters and
provides an initial membership G(0)

=

(
g (0)
1 , . . . , g (0)

N

)
.

Finally, we obtain starting values of {F (0)
c , Λ

(0)
c } based on

the principal components on xit , and {F (0)
s , Λ

(0)
s } for s =

1, . . . , S based on the group-specific principal compo-
nents on xit − Fcλci.

In a given iteration (m), the second step involves pro-
viding an optimal assignment for each indicator G(m)

=(
g (m)
1 , . . . , g (m)

N

)
given the common and group-specific

factor structure of the previous iteration, {F (m−1)
c , Λ

(m−1)
c }

and {F (m−1)
s , Λ

(m−1)
s } for s = 1, . . . , S. For this purpose, we

assign each indicator to the group with the best in-sample

7 Initially, we replace missing observations by random draws from
the standard normal distribution.
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g (m)
i = argmin

s∈{1,...,S}

∑N
i=1

∑T
t=1

(
xit − f ′(m−1)

ct λ
(m−1)
ci

− f ′(m−1)
st λ

(m−1)
si

)2
,

(5)

which implies that the time series xi is assigned to group
s if it minimizes the sum of squared residuals among the
S possible groups.

In the third step, given the group membership G(m),
the common factor structures, {F (m)

c , Λ
(m)
c }, and group-

specific factor structures, {F (m)
s , Λ

(m)
s } for s = 1, . . . , S,

are updated with an iterative group-specific EM algo-
rithm by alternating the expectation of x(m)

i with respect
to {F (m)

c , Λ
(m)
c } and {F (m)

s , Λ
(m)
s } and the optimization of

{F (m)
c , Λ

(m)
c } and {F (m)

s , Λ
(m)
s } given x(m)

i . In the expecta-
tion step of the jth iteration, missing observations for
each variable are updated by the expectation of xit condi-
tional on the observations available for i and the common
and group-specific factors and loadings from the previous
iteration. If we define Fλ

(m(j−1))
i = F (m(j−1))

c λ
(m(j−1))
ci +

F (m(j−1))
s λ

(m(j−1))
si , the missing observations are updated by

using

x(mj)
i = Fλ

(m(j−1))
i + A′

i(AiA′

i)
−1

(
Xobs
i − AiFλ

(m(j−1))
i

)
, (6)

where s = 1, . . . , S. Then, the elements of the estimated
balanced panel are constructed as x̂(mj)

it = xit if xit is
observed, but x̂(mj)

it = f ′(m(j−1))
ct λ

(m(j−1))
ci + f ′(m(j−1))

git λ
(m(j−1))
gii

otherwise.
After obtaining the updated balanced data set, the

maximization step involves re-estimating the common
factors and loadings, {F (mj)

c , λ
(mj)
ci }, based on the principal

components on x̂(mj)
it − f ′(m(j−1))

git λ
(m(j−1))
gi i

. In addition, the
maximization step re-estimates the group-specific factor
and loadings, {F (mj)

s , λ
(mj)
si } based on the principal compo-

nents on x̂(mj)
it − f ′(mj)

ct λ
(mj)
ci for each group s = 1, . . . , S.

The expectation and maximization steps are iterated until
the maximum percentage changes in the estimates of the
variables are smaller than a convergence tolerance δEM .
This algorithm provides estimates of the missing values
in the time series and estimates of the common and
group-specific factors and loadings.

To obtain the minimizer of V (F , Λ), we iterate the
second and third steps until convergence. In practical
implementations, we stop the iterations once

100 ∗
(
V (F (m), Λ(m)) − V (F (m−1), Λ(m−1))

)
/V (F (m−1),

Λ(m−1)) < δV (7)

for some absolute convergence tolerance δV .
Although we do not consider observed factors, this

multi-level factor structure that admits common and group
specific factors generalizes the method of Ando and Bai
(2017) to deal with missing observations. In a similar
manner, our proposed method can be readily simplified to
generalize the method of Ando and Bai (2016), who advo-
cated a model with completely separated group-specific
factor structures in different clusters without pervasive
factors common to all variables. In this simplified algo-
rithm, which we call Algorithm 1′, the term F λ does
c ci i
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not appear in expression (4). In addition, the estimation
method outlined in Algorithm 1 is still valid, although
Algorithm 1′ does not include {Fc, Λc} or maximization
step 1.

2.3. Model selection

We assume that the number of groups S, number of
common factors, r , and number of group-specific factors,
{r1, . . . , rS}, are known, but in practice, we are faced with
the problem of estimating these quantities from the data.
Thus, we adapt the approach proposed by Ando and Bai
(2017) to deal with this model specification uncertainty.

Based on the method described by Ando and Bai (2017),
we propose selecting these unknown parameters as min-
imizers for the panel information criterion (PIC)

PIC(s, r, r1, . . . , rs) =
1
TN

N∑
i=1

T∑
t=1

Iit
(
xit − f ′

ctλci − f ′

gitλgi i
)2

+ σ 2r
(
T + N
TN

)
log(TN)

+ σ 2
S∑

s=1

rs

(
Ns

N

)(
T + Ns

TNs

)
log(TNs).

(8)

Thus, model selection involves choosing minimizers of
the distances between the actual data and factor estima-
tion measured based on the sum squared error over the
observed data, V (F , Λ), which is penalized by redundant
model flexibility. In particular, the second and third terms
penalize overestimations of the number of common and
group-specific factors, where σ 2 provides the scaling for
he penalty term.8

In practice, the number of groups, number of com-
on factors, and number of group-specific factors can be
etermined with the model search algorithm described
y Algorithm 2. The first step requires fixing a maxi-
um number of groups, Smax, maximum number of com-
on factors, rmax, and maximum number of group-specific

actors, rmax,j. Thus, the potential number of groups is
S1, . . . , Smax}, the potential number of common factors is
r1, . . . , rmax}, and the potential number of group-specific
actors for group s is {r1,s, . . . , rmax,s}, with s = 1, . . . , S
nd S = S1, . . . , Smax.9 For the first value of the number
f groups, S1, we optimize the number of common and
roup-specific factors by minimizing PIC . Next, we repeat

the second step for {S2, . . . , Smax} and choose the number
of groups (and its corresponding number of common and
group-specific factors) that minimizes the value of PIC .

This algorithm generalizes the model selection algo-
rithm proposed by Ando and Bai (2017) to deal with
missing observations. Our proposed algorithm can also be

8 In practical implementations, σ 2 can be obtained as the mean
squared error based on the maximum number of groups and the
maximum number of common and group-specific factors.
9 In the applications developed in this study, we set S1 = 1, which

mplies that S ∈ {1, 2, . . . , S }.
max
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Algorithm 2 Model selection: minimization of
PIC(s, r, r1, . . . , rs)
Set Smax, rmax, {rmax,s}

S
s=1 for S = S1, . . . , Smax

while S ≤ Smax do

for r ≤ rmax and rs ≤ rmax,s do

Run Algorithm 1

end for
Select r∗ and {r∗

s }
S
s=1 that minimize (8). Store the

resulting PICs for each S ≤ Smax
end while
Choose S∗ that minimizes the stored PICs

readily simplified to generalize the model selection algo-
rithm described by Ando and Bai (2016), which was de-
signed for a factor model that admits only group-specific
factors. The simplified algorithm, which we call Algorithm
2′, omits the second term in the right-hand side of expres-
sion (8) and expressions rmax and r∗ are dropped from the
algorithm.

In empirical applications, the framework described
above is useful for choosing among three alternative fac-
tor structures: only common factors as described by Stock
and Watson (2002), common and group-specific factors as
described by Ando and Bai (2017), or only group specific-
factors as described by Ando and Bai (2016). For a given
data set, the discrimination method involves running Al-
gorithm 1 and Algorithm 2 to estimate a factor model
that admits common and group-specific factors, thereby
leading to an optimal value of the model selection cri-
terion, PICc(S∗

c , r
∗
c , r∗

c1, . . . , r
∗

cS∗
c
). In addition, the method

involves running the modifications of Algorithm 1′ and
Algorithm 2′, which do not allow for common factors,
thereby obtaining an optimal value of the model selection
criterion, PICg (S∗

g , r
∗

g1, . . . , r
∗

gS∗
g
).

If the optimal number of groups is S∗
c = 1, then we can

infer that the data generation process does not admit a
grouped factor structure because the factors are common
to all o the time series. If S∗

c > 1, then we can infer
that the data generation process admits common and
group-specific factors when PICc(S∗

c , r
∗
c , r∗

c1, . . . , r
∗

cS∗
c
) <

PICg (S∗
g , r

∗

g1, . . . , r
∗

gS∗
g
). However, we propose a factor struc-

ture with factors that are common only within some clus-
ters of variables and excluding pervasive factors common
to all variables when PICg (S∗

g , r
∗

g1, . . . , r
∗

gS∗
g
) < PICc(S∗

c , r
∗
c ,

r∗

c1, . . . , r
∗

cS∗
c
).

3. Simulation experiments

We conducted several Monte Carlo experiments to
examine the small sample performance of our proposed
method at determining the correct number of clusters,
providing the appropriate number of common and group-
specific factors, achieving error-free group membership,
and producing accurate estimates of unobserved missing
data compared with the Stock and Watson (2002) EM
algorithm. To facilitate comparisons, we designed the data
1210
generation processes according to Ando and Bai (2016,
2017).

In our simulation experiments, we generated a total of
500 sets of Ns idiosyncratic components ϵi of length T in
each group s = 1, 2, . . . , S. According to Ando and Bai
(2017), we set the number of groups S = 3, only one
ommon factor, r = 1, the same number of group-specific
actors in each group, r1 = r2 = r3 = 3, and the same
umber of time series in each group, N1 = N2 = N3 = N .

The common factor fct was drawn from a uniform dis-
tribution on [0,1] and each element of the factor-loading
matrix Λc followed the uniform distribution [−2,2]. Each
element of the rs × 1 group-specific factors fst was drawn
rom N(0, 1), and in order to generate group heterogene-
ty, each element of the rs × 1 vector of group-specific
actor loadings λsi was drawn from N(0.5 × s, 1), for s =

, 2, 3.
To examine the relative performance of the model

according to the number of variables and number of ob-
servations, we generated times series with a grouped
factor structure xi = Fcλci +Fsλsi +ϵi for several combina-
tions of (N, T ): (50, 150), (100, 150), (50, 250), (100, 250).
These settings are similar to the standard data sets used
in economics and they include combinations similar to the
cross-section and time-series dimensions of our empirical
application.

First, we generated the data according to the processes
described above but we replaced a specific fraction of the
data with missing values. To examine the effect of the
magnitude of these missing values on the model’s per-
formance, we considered that fractions of the time series
comprising P = 10% and P = 20% had a certain amount
of missing data. For these time series, we set amounts
of M = 50 and M = 83 missing data (out of a total
of T observations).10 Again, these settings replicated the
standard situations in economic applications, including
our empirical example.

For the sets of simulations with different data gen-
eration processes, we applied the grouped factor model
with missing data described in this study by allowing for
a maximum number of four groups and a maximum num-
ber of eight common factors and eight group-specific fac-
tors. The iterative method for computing successive ap-
proximations to the final model estimates stopped when
the magnitude of the percentage difference between two
consecutive values of V (F , Λ) was below the convergence
tolerance δV = 10−3. Similarly, the group-specific EM al-
gorithm stopped when the maximum percentage change
in the estimates of the variables was smaller than δEM =

10−3.
Our Monte Carlo experiments were designed to focus

on the effects of heteroskedasticity, cross-correlated and

10 In the (N, T , P,M) combinations (50, 150, 10, 50), (100, 150,
10, 50), (50, 250, 10, 83), and (100, 250, 10, 83), the missing data rep-
resented 3.3% of the total data. This percentage increased to 6.7% in
the combinations (50, 150, 20, 50), (100, 150, 20, 50), (50, 250, 20, 83),
and (100, 250, 20, 83). Following a reviewer’s suggestion, we enlarged
the proportion of missing values and found a slight deterioration with
up to 20% missing values and a moderate deterioration with 25%
missing values. The detailed results are available from the authors upon
request.
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Table 1
Simulation: accuracy of the model.
N T P M S r r1 r2 r3 N1 N2 N3

U C U C U C U C U C U O U O U O

Panel A: Errors are homoskedastic and serially uncorrelated

50 150 10 50 5.8 86.8 0 100 0 82.2 0 84.8 0 82.0 1.4 1.3 1.2 1.3 1.4 1.3
50 150 20 50 6.5 84.8 0 100 0 81.8 0 83.0 0 77.4 2.0 2.1 1.8 2.0 2.1 1.8
100 150 10 50 1.6 94.2 0 100 0 92.8 0 92.4 0 93.4 0.8 0.9 0.7 0.7 0.8 0.7
100 150 20 50 2.2 93.2 0 100 0 91.2 0 90.4 0 90.4 1.3 1.1 1.2 1.3 1.0 1.2
50 250 10 84 6.8 84.8 0 100 0 89.1 0 83.2 0 81.8 1.9 1.7 2.1 1.5 1.9 1.7
50 250 20 84 8.6 82.2 0 100 0 80.1 0 80.6 0 80.1 2.1 2.2 2.0 1.9 2.2 2.1
100 250 10 84 1.8 93.2 0 100 0 93.8 0 92.8 0 91.8 0.9 0.9 0.8 0.8 0.9 0.8
100 250 20 84 3.2 91.0 0 100 0 89.4 0 90.2 0 90.0 1.2 1.2 1.2 1.2 1.1 1.3

Panel B: Errors are nonhomoskedastic and cross-sectionally correlated

50 150 10 50 6.8 81.6 0 100 0 81.8 0 80.6 0 80.6 1.8 1.7 2.2 2.1 1.9 1.8
50 150 20 50 7.2 80.2 0 100 0 80.4 0 78.8 0 80.1 1.9 2.1 2.1 1.9 2.1 1.9
100 150 10 50 2.8 90.6 0 100 0 91.6 0 91.8 0 90.2 1.2 0.9 0.8 1.1 0.9 1.1
100 150 20 50 3.2 89.4 0 100 0 89.4 0 89.6 0 89.8 1.6 1.1 1.3 1.5 1.2 1.3
50 250 10 84 7.1 79.8 0 100 0 80.1 0 80.6 0 80.1 1.9 1.8 2.1 2.1 1.9 1.9
50 250 20 84 8.6 76.8 0 100 0 76.4 0 78.6 0 78.8 2.1 2.1 1.9 2.1 2.1 1.9
100 250 10 84 4.6 87.8 0 100 0 89.6 0 90.2 0 89.6 1.3 1.2 1.1 0.8 1.1 0.2
100 250 20 84 6.2 84.8 0 100 0 87.8 0 88.6 0 86.8 1.3 1.3 1.2 1.9 1.3 1.6

Panel C: Errors have some serial and cross-sectional correlations

50 150 10 50 7.2 79.8 0 100 0 80.8 0 78.8 0 80.1 1.9 1.9 2.1 2.2 1.9 2.0
50 150 20 50 8.1 77.8 0 100 0 78.6 0 78.2 0 77.5 2.1 2.2 2.3 2.1 2.2 1.9
100 150 10 50 3.6 87.2 0 100 0 90.1 0 90.4 0 90.6 1.1 1.1 0.9 0.8 1.2 1.1
100 150 20 50 4.1 83.4 0 100 0 87.6 0 88.2 0 90.2 1.3 1.2 1.4 1.5 1.1 1.4
50 250 10 84 8.6 78.8 0 100 0 78.8 0 81.2 0 80.2 1.9 2.0 2.0 2.1 2.1 1.9
50 250 20 84 9.4 72.8 0 100 0 75.2 0 74.8 0 76.2 2.2 2.1 2.0 2.2 1.9 2.1
100 250 10 84 5.2 83.6 0 100 0 90.1 0 89.2 0 89.8 1.2 1.1 1.2 0.9 1.9 1.1
100 250 20 84 6.4 81.2 0 100 0 86.8 0 88.6 0 84.6 1.4 1.4 1.1 1.1 1.4 1.8

Panel D: Dynamic factors

50 150 10 50 7.8 79.4 0 100 0 80.2 0 79.4 0 80.0 1.8 2.1 2.0 2.1 1.9 1.9
50 150 20 50 8.2 76.4 0 100 0 77.8 0 77.2 0 77.4 2.2 2.1 2.4 2.2 2.1 2.0
100 150 10 50 3.8 86.8 0 100 0 90.4 0 90.4 0 90.6 0.9 1.2 1.8 0.9 1.3 1.0
100 150 20 50 4.2 82.2 0 100 0 87.6 0 89.4 0 87.2 1.2 1.4 1.5 1.6 1.2 1.3
50 250 10 84 8.6 78.6 0 100 0 80.2 0 80.1 0 80.0 1.8 2.1 2.1 1.9 1.9 1.9
50 250 20 84 9.6 72.4 0 100 0 77.2 0 74.2 0 74.6 2.3 2.2 2.1 1.9 1.8 2.1
100 250 10 84 5.8 82.2 0 100 0 89.6 0 88.2 0 88.8 1.1 1.3 1.3 1.2 0.9 1.3
100 250 20 84 6.2 80.6 0 100 0 87.2 0 87.2 0 87.6 1.5 1.6 1.2 1.1 1.3 1.4

Notes. In the first four columns, N is the number of time series in each group, T is the time dimension, P is the percentage of time series with
issing data, and M is the number of missing data in each series. In the next eight columns, the figures refer to the percentages of under- (U) or
orrect (C) identification of the number of groups (S) and the number of common (r) and group-specific factors (ri , i = 1, 2, 3). The last six columns
efer to underclassification (U) or overclassification (O) rates.
o
c

t
t

erially correlated errors, and the effects of allowing for
ynamic changes in the factors. However, for comparative
urposes, the noise term was homoskedastic and serially
ncorrelated in the first data generation process. Thus,
ach element ϵit was drawn independently from a normal
istribution with mean 0 and variance σ 2

= 1. Panel A
n Table 1 shows the results of the simulations for the
ombinations of (N, T , P,M), which are presented in the
irst four columns.

The next two columns in Table 1 show the percentages
f under- (U) and correct (C) identification of the number
f groups. The figures reported in Table 1 indicate that
he clustering ability of the panel data model with a
actor structure did not deteriorate substantially when
he data sets contained missing observations because the
igh percentages of times that the model determined the
orrect number of clusters was comparable with the re-
ults obtained by Ando and Bai (2016, 2017). Remarkably,
he accuracy of the model decreased only slightly when
he number of missing data increased from 3.3% to 6.7%
1211
f the total observations, although the proposed method
ontinued to provide very good results.
The figures in the next six columns in Table 1 show

he percentages of under- and correct identification of the
rue number of factors, rs, with s = 1, 2, 3, which were
calculated under the condition that the number of groups
was selected correctly. As shown in Table 1, the proposed
method provided accurate results by selecting the true
numbers of common and group-specific factors when ob-
servations were missing. Again, we found only a small
deterioration when the percentage of time series with
missing data increased, but the results showed that the
true number of group-specific factors was still estimated
very well.11

11 Following a reviewer’s suggestion, we also tested the performance
of the method when missing data were placed randomly and we
found that the results were robust. These results are available from
the authors upon request.
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The last six columns in Table 1 show the accuracy
f the model at correctly classifying the generated time
eries into the three groups. The metric used to assess
he effectiveness of the model was the proportion of time
eries for each group classified incorrectly. Thus, for a
iven group, we computed the over (under) classifica-
ion rate as 100 times the number of time series that
xceeded (were lower than) the correct number of series
or this group throughout the 500 simulations over the
otal number of time series generated for this group. The
esults in Table 1 indicate that all of the misclassification
ates were within a very narrow range from 0.7% to 2.2%,
hereby demonstrating that our method identified group
embership with high accuracy.
Before investigating more complex data generation

rocesses, we assessed the performance of our proposed
odel estimation and model selection algorithms at

nferring from data when the data generation process ad-
itted common and group-specific factors or only group-
pecific factors. We set S = 3 and generated 500 data
ets from xi = Fcλci + Fsλsi + ϵi and 500 data sets
from xi = Fsλsi + ϵi. For these two groups of data
sets, we implemented the two pairs of algorithms, Al-
gorithm 1 and Algorithm 2 (common and group-specific
factors), and Algorithm 1′ and Algorithm 2′ (only group-
specific factors), as described in Section 2. We found
that PICc(3, r∗

c , r∗

c1, r
∗

c2, r
∗

c3) < PICg (3, r∗

g1, r
∗

g2, r
∗

g3), thereby
showing that we selected a factor model with common
and group-specific factors in 91% of the simulations that
allowed for common and group-specific factors. In addi-
tion, for all of the data generation processes that allowed
for factor models with only group-specific factors, we
obtained PICg (3, r∗

g1, r
∗

g2, r
∗

g3) < PICc(3, r∗
c , r∗

c1, r
∗

c2, r
∗

c3),
which implies that we selected a factor model with only
group-specific factors. These results suggest that our pro-
cedure could select the true data generation process from
the observed data with very high accuracy.

Next, we investigated the performance of our proposed
method when the noise term was non-homoskedastic
and cross-sectionally correlated. In this case, the data
generation process for the errors was defined as follows:
ϵit = 0.9e1it + δt0.9e2it , where δt = 1 if t is odd and zero
f t is even. The N × 1 vectors e1t = (e1it , . . . , e

1
Nt )

′ and
e2t = (e2it , . . . , e

2
Nt )

′ were independent and followed mul-
tivariate normal distributions N(0, Σ), with σij = 0.3|i−j|.
he figures shown in Panel B in Table 1 suggest that non-
omoskedastic errors and cross-sectional correlations led
o some deterioration in performance for all combinations
N, T , P,M), although the performance losses were not
significant, especially with reasonably large numbers of
time series.

The third data generation process involved idiosyn-
ratic errors with some serial and cross-sectional corre-
ations. The noise term was generated as: ϵit = eit +

0.2ϵit−1, where t = 1, . . . , T . The N × 1 vector et =

(eit , . . . , eNt )′ followed a multivariate normal distribution
N(0, Σ), with σij = 0.3|i−j|. Panel C in Table 1 shows that
the performance also deteriorated slightly, although the
results in the table confirmed that our method continued
to perform well regardless of whether we focused on
1212
determining the number of groups, factor extraction, or
group membership.

The fourth data generation process focused on allow-
ing for the temporal dependence of factors. In particular,
the common factor was assumed to be an autoregressive
process of order one, fct = φfct−1 + ut , where ut is
an independent Gaussian error term with mean 0 and
variance 1. In addition, each element of the rs × 1 group-
pecific factors was assumed to follow an autoregressive
rocesses of order one, f jst = φf jst−1 + uj

st , where uj
t is

an independent Gaussian error term with mean 0 and
variance 1, and j = 1, . . . , rs. In the simulations, we
set φ = 0.3. The results in Panel D in Table 1 suggest
that serially correlated factors led to slight finite-sample
performance deterioration in a similar manner to the
idiosyncratic errors with serial correlations.12

In summary, these results suggest that our proposed
method for dealing with unbalanced panels of data sets
with a group factor structure was robust to the data
problems that typically occur in empirical applications,
especially for reasonably large data sets.

Finally, we conducted simulation experiments to as-
sess the performance of our proposed method at esti-
mating unobserved missing data. For each combination
(N, T , P,M), we used the data generation model with
homoskedastic and serially uncorrelated noise terms to
simulate data from a factor model with a group structure
and replacedM observations with missing values in a pro-
portion P of the series. We then imputed the unobserved
data using the standard EM method of Stock and Watson
(2002) and our proposed group-specific extension of the
EM algorithm. For each simulation, we computed the
mean squared differences between these two estimates
of the missing values and the true data removed before
the simulation.

For each combination (N, T , P,M), the last column in
Table 2 labeled as better shows the percentage of times
(among the total simulations) that Algorithm 1 and Al-
gorithm 2 obtained lower mean squared errors than the
standard EM algorithm of Stock and Watson (2002). These
results indicate that our proposed method performed sub-
stantially better than the standard EM algorithmwhen the
data had grouped factor structures. Thus, our algorithm
exploited the group similarity when imputing the values
of the unobserved data points.13

4. Empirical application

We assessed the effectiveness of our proposed method
at handling a data set of time series over different spans,

12 For reasonably larger values of φ that covered the standard
empirical applications, the method continued to perform well. Factors
with near to unit-root dynamics (φ = 0.9) are very rare in practice,
but we found that they resulted in some deterioration in performance,
as also shown by Stock and Watson (2002).
13 In this section, we focused on group factor models that allow for
common and group-specific factors. We repeated the analysis for group
factor models that only allow for group-specific factors and found that
the results were qualitatively similar. These results are available from
the authors upon request.
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Table 2
Comparison with the standard EM algorithm.
N T P M Better

50 150 10 50 88.2
50 150 20 50 82.4
100 150 10 50 96.8
100 150 20 50 95.4
50 250 10 84 85.4
50 250 20 84 81.2
100 250 10 84 94.7
100 250 20 84 92.8

Notes. See notes for Table 1. The last column shows the percentage of
times (out of the total simulations) that our grouped factor model with
the EM algorithm obtained a lower mean squared error compared with
the standard EM algorithm of Stock and Watson (2002) when filling
in missing data.

containing outliers, and with remarkable clustering struc-
tures. We focus on FRED-QD, which updates the data set
used by Stock and Watson (2012) in real time. The data
comprised 248 US quarterly economic indicators com-
piled in an easily downloadable manner by the Research
division of the Federal Reserve Bank of St Louis, which are
available from its website.14

4.1. In-sample analysis

The effective sample of the latest available vintage
ranged from the third quarter of 1959 to the last quar-
ter of 2019. However, 38 of the 248 indicators (15.3%)
were not available for the entire sample, thereby implying
2,102 missing observations out of 60,264 potential figures
(3.5%). In contrast to Ando and Bai (2016, 2017), we
did not remove indicators with missing observations or
shorten the sample period. In addition, McCracken and
Ng (2021) documented 30 outliers that we also treated
as missing.15

Before implementing the model, each series was trans-
formed by approximately integrating to order zero us-
ing the transformation codes provided by McCracken and
Ng (2021). In general, real activity variables were trans-
formed into growth rates, interest rates were transformed
into first differences, and prices were transformed into
first differences of rates of inflation. We then standardized
all of the series to zero mean and unit variance.

We applied the proposed model selection criteria in
the pairs of algorithms, Algorithm 1 and Algorithm 2,
and Algorithm 1′ and Algorithm 2′, to decide whether the
data admitted a standard factor structure, as described by
Stock and Watson (2002), a grouped factor with common
and group-specific factors, or a grouped factor with only
group-specific factors. In addition, the algorithms allowed
us to choose the number of groups from a maximum of
five groups and the number of factors from a maximum
of eight factors.

14 The data are available at https://research.stlouisfed.org/econ/
mccracken/fred-databases/
15 Similar to Stock and Watson (2002), and McCracken and Ng
(2021), we defined an outlier as an observation that deviated from
the sample median by more than ten interquartile ranges.
1213
Fig. 1 shows the behavior of PIC as a function of the
number of groups when the grouped factor model admit-
ted common and group-specific factors (red line, Algo-
rithm 1 and Algorithm 2), and when the grouped factor
model admitted only group-specific factors (black line, Al-
gorithm 1′ and Algorithm 2′). The two pairs of algorithms
showed that the model selection criterion was minimized
for only two groups. However, the minimum PIC obtained
for the model that admitted common and group-specific
factors was 0.797, whereas that for the model that ad-
mitted only group-specific factors was 0.785, thereby sug-
gesting that a factor model that allowed for only group-
specific factors was more suitable for FRED-QD than a
factor model that allowed for both common and group-
specific factors.

The numbers of time series in the two clusters were
103 and 145. The estimated number of group-specific fac-
tors was three for the first group and four for the second
group. In this context, it is standard practice to analyze
the extent to which the factors can capture the variability
in the original series using the estimated eigenvalues. In
our study, we found that the three factors estimated for
the first group accounted for almost 40 percent of the
variance in the indicators that belonged to that group. In
the second group, the four selected factors accounted for
more than 50 percent of the variance in the data.

To provide economic meaning to group membership,
it should be noted that McCracken and Ng (2021) classi-
fied the indicators into the following 14 categories: na-
tional income and product accounts (NIPA); industrial
production; employment and unemployment; housing;
inventories, orders, and sales; prices; earnings and pro-
ductivity; interest rates; money and credit; household
balance sheets; exchange rates; other; stock markets; and
non-household balance sheets. The classification of the
economic indicators into one of the two groups is clearly
shown in Fig. 2. The two membership groups are rep-
resented as floating dots on the ordinate axis against
the 248 economic indicators, which are grouped on the
abscissa axis by category and ordered as described in the
Appendix of the study by McCracken and Ng (2021).

Overall, our method classified categories 4, 6, 10, 11,
12, 13, and the monetary indicators in category 9 into
the first group. These categories were related to housing,
prices, household balance sheets, exchange rates, other,
and stock markets. According to this classification, we re-
ferred to this group of economic indicators as the nominal
group.

We also analyzed the relationship between this group
and the nominal economic conditions by regressing the
248 indicators against the first factor for this group, which
accounted for almost 20 percent of the variance in the
first group. The top panel in Fig. 3 show the coeffi-
cients of determination for these regressions. Clearly, this
factor was loaded mainly on prices (category 6). The
bottom panel in the figure shows the strong correlation
between this factor and the stationary transformation of
the consumer price index (CPI).

By contrast, categories 1, 2, 3, 5, 7, and 8 were clas-
sified in the second group. These categories include real

https://research.stlouisfed.org/econ/mccracken/fred-databases/
https://research.stlouisfed.org/econ/mccracken/fred-databases/
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Fig. 1. Model selection. (Notes. The figure shows the value of PICs as a function of the number of groups. The red line refers to a group factor
model that allows for both common and group-specific factors, and the black line refers to a group factor model that allows for only group-specific
factors.)
Fig. 2. Classification G = (g1, . . . , gN ). (Notes. Classification of the N = 248 indicators provided by FRED-QD in the two identified groups. According
to McCracken and Ng (2021), the indicators were grouped by categories labeled as follows: national income and product accounts (C1), industrial
production (C2), employment and unemployment (C3), housing (C4); inventories, orders, and sales (C5); prices (C6), earnings and productivity (C7),
interest rates (C8), money and credit (C9), household balance sheets (C10), exchange rates (C11), other (C12), stock markets (C13), and non-household
balance sheets (C14).)
output, employment, real earnings, and productivity. In-
terestingly, interest rate and the credit variables in the
ninth category also belonged to this group. These indica-
tors typically capture the broad movements in economic
activity, so we referred to this group as the real activity
group.

Following the same reasoning applied for the nominal
group, the top panel in Fig. 4 shows the coefficients of
determination for the regressions of the first factor in the
real activity group against the entire panel of indicators.
The results show the strong correlations between this
factor and the NIPA indicators, industrial production, em-
ployment, unemployment, inventories, orders, and sales.
1214
The bottom panel in this figure shows the strong corre-
spondence between the first factor in the second group
and the GDP growth rate, thereby providing a broad as-
sessment of US economic performance.

This result agrees with that obtained by McCracken
and Ng (2016) who suggested reorganizing the factor
estimates into two groups, with one for real activity and
one for nominal activity.16 Before factor estimation, Mc-
Cracken and Ng (2016) constructed a diffusion index for
real activity by computing the common variations at low

16 McCracken and Ng (2016) employed the monthly version of the
database used in the present study (FRED-MD).
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Fig. 3. Nominal group: first factor and economic indicators. (Notes. The top panel shows the coefficients of determination calculated between the
first factor of the nominal group and the economic indicators grouped by categories (C1 to C14), as described by McCracken and Ng (2021) (see the
notes for Fig. 2). The factor and stationary transformation of CPI are plotted (normalized with zero mean and unit variance) in the bottom panel.
The shaded areas denote the recession ducumented by the National Bureau of Economic Research (NBER).)

Fig. 4. Real activity group: first factor and economic indicators. (Notes. The top panel shows the coefficients of determination calculated between
the first factor of the real activity group and the economic indicators grouped by categories (C1 to C14), as described by McCracken and Ng (2021)
(see the notes for Fig. 2). The factor and GDP growth rate are plotted (normalized with zero mean and unit variance) in the bottom panel. The
shaded areas denote the NBER-referenced recessions.)
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Fig. 5. Smoothed probabilities. (Notes. The figure shows the smoothed probability estimates for the recession regime based on the real activity
actor estimates (solid line) and GDP (dashed line). The shaded areas denote the NBER-referenced recessions.).
requencies for the factor associated with the industrial
roduction and employment series. They showed that
he evolution of this index was closely related to the
BER-referenced business cycle. In the same manner, they
onstructed a diffusion index for the nominal activity
rom the factors related to price, spread, and interest rate
ariables, and found that the index appeared to align
ith price pressure inflation expectations in the past five
ecades.
In a similar manner, previous empirical studies pre-

lassified economic data sets into nominal and real data to
xtract indexes for US inflation and real activity from two
eparate factor models. Aruoba and Diebold (2010) did
ot claim that their study was exhaustive but they used
ive indicators of real activity and six inflation indica-
ors to compute real activity and inflation indexes, which
ere then applied to examine real activity and inflation
ogether over the cycle. Leiva-Leon (2014) extended this
pproach by considering a unified factor model where
he two separate factors were extracted from the same
wo sets of real and nominal indicators. Our results are
onsistent with this classification but we selected the two
eparate groups and the indicators in our large data set
ssigned to each group in a systematic and statistically
ptimal manner.
Similar to McCracken and Ng (2016), we also examined

he business cycle information that could be extracted
rom the first factor of the real activity group. We as-
umed a regime switch in the index f 11t itself and the
witching mechanism at time t was controlled by an
unobservable state variable, vt , which followed a first-
order Markov chain. Thus, we specified a simple switching
model (Hamilton, 1989) as:

f 11t = µvt + ut , (9)

where ut is an independent Gaussian perturbation with
zero mean and variance σ 2

u . The nonlinear behavior of the
time series was governed by the mean of the process,
which was allowed to change within each of the two
distinct regimes vt = 0 and vt = 1. We required that
µ0 > µ1, so the first regime referred to expansions and
the second regime to recessions. The Markov switching
assumption implied that the transition probabilities were
1216
independent of the information set at t − 1, It−1 =

{f 111, f
1
12, . . . , f

1
1t−1}, and of the business cycle states prior

to t − 1

p(vt = i|vt−1 = j, vt−1 = l, . . . , It−1)

= p(vt = i|vt−1 = j) = pij. (10)

The black line in Fig. 5 shows the smoothed prob-
abilities of recession inferred from the first real factor,
p(vt = 1|IT ), and the shaded areas correspond to the
NBER-referenced recessions. The results indicate that the
probabilities of recession were in good agreement with
the professional consensus regarding the history of US
business cycles. The probabilities were close to zero or
one, thereby demonstrating that the first factor of the
real group captured the underlying pattern of the dichoto-
mous shifts between expansions and recessions. Remark-
ably, NBER recessions failed to match with high recession
probabilities in no cases. In addition, we found that our
factor model could be used to date the reference cycle be-
cause the spikes in the probabilities of recession occurred
near the NBER turning points.

We also assessed the accuracy of the first real activity
factor at capturing the fluctuations in the US business
cycle by comparing the smoothed probabilities inferred
from the estimated factor with those inferred from ob-
servable information. In particular, we used the smoothed
probabilities inferred from GDP because it is a meaningful
observable measure of the overall economic conditions.
These probabilities are also plotted as a red line in Fig. 5.
Comparisons of both estimates indicated clear gains in
the characterization of the US business cycle recessions
based on the higher informational content of the factor
summarizing the real activity data.17 Using the simple
metric suggested by Hamilton (1989) for identifying a
recession, which implies that p(vt = 1|IT ) > 0.5, only the
factor-based recession probabilities would have identified
the recession at the beginning of the 1970s and the mild
recession in 2001.

Finally, we assessed the reliability of the values used
to fill in the gaps in the missing observations with the

17 Within recessions, the Brier score loss is 0.06 for probabilities
inferred using the factor and 0.17 for probabilities obtained using GDP.



M. Camacho and G. Lopez-Buenache International Journal of Forecasting 39 (2023) 1205–1220

o
r
t
a
e
t
t
w
s
p
t
t

i
C
1
w
A

Fig. 6. Filling in missing observations. (Notes. The top panel shows the growth rates in the GDP and real output from the manufacturing sector
(first 111 observations are missing). The bottom panel shows the stationary transformations of the NASDAQ composite index and the S&P common
stock price index (first 47 observations are missing). The vertical lines indicate the dates of the last missing observations. To facilitate comparisons,
the series were normalized with zero mean and unit variance. The shaded areas denote the NBER-referenced recessions.)
f
f

x

.

group-specific EM algorithm. For illustrative purposes, we
compared the dynamic changes in some indicators avail-
able for the whole sample period with other indicators
from the same category that that contained missing val-
ues, which were imputed by the model. The top panel in
Fig. 6 shows the evolution in the growth rates of real out-
put in the manufacturing sector, which were not available
from 1959:3 to 1987:1 and only observable since 1987:2.
Thus, this series was extended back to 1959:3 by using
the EM estimates for the first 111 missing observations
and the cutoff is indicated by a vertical dotted line in the
figure.

The figure shows that the dynamic changes in the real
utput in the manufacturing sector in the unobserved pe-
iod were similar to those in the observed period, where
he reduction in the variance characterized the economic
ctivity in the US since the mid-1980s (the Great Mod-
ration). To facilitate comparisons, the figure also shows
he rate of growth in the GDP, which was available for
he whole sample period. As expected, the two indicators
ere highly synchronized in the second part of the ob-
erved sample. Interestingly, we also found a very similar
attern between the imputed values for the real output in
he manufacturing sector and the observed GDP values in
he first part of the sample.

As a comparable example with indicators for the nom-
nal group, the bottom panel in Fig. 6 shows the S&P
ommon Stock Price Index, which was not available from
959:3 to 1971:1 (missing the first 47 observations),
here the cutoff is indicated by a vertical dotted line.
gain, the imputed values for the time series in the first
1217
part of the sample had the same dynamic patterns found
in the observed data in the second part of the sample. For
comparison, the figure also shows the NASDAQ composite
index for the whole sample period. Irrespective of the part
of the sample considered, the figure shows that the S&P
Common Stock Price Index was highly synchronized with
the observed NASDAQ composite index.

4.2. Out-of-sample analysis

The model was evaluated in terms of its ability to
obtain one- and four-quarters ahead forecasts, particu-
larly by evaluating the improvements in forecasting by
applying a group-specific factor model compared with the
forecasts obtained using the Stock–Watson factor model.

In each case, in order to compute the h-step-ahead
orecast of the indicator xi,t , we used the direct multistep
orecasting equation

h
i,t = αi,h +

q−1∑
j=0

β ′

i,hj f̂gi,t−h−j +

p−1∑
l=0

γi,hlxi,t−h−l + ϵh
i,t , (11)

where f̂gi,t−j is the (h+j)-lagged value of the rgi×1 vector of
estimated group-specific factors and ϵh

i,t is an independent
error term for the ith indicator. According to McCracken
and Ng (2016), we fixed the number of autoregressive lags
p at 4. In addition, we considered the same number of lags
q = 4 for the group-specific factors.

It would have been interesting to use real-time vin-
tages but they were only available fromMay 2018, thereby
making real-time forecasting analysis unfeasible at present
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Fig. 7. Relative MSE for one- and four-quarter horizons. (Notes. The figure shows the relative MSEs of the forecasts by the group-specific factor
model compared with the Stock–Watson factor model across the 248 macroeconomic indicators grouped by categories (C1 to C14), as described by
McCracken and Ng (2021) (see the notes for Fig. 2).)
c

-

Instead, we performed an out-of-sample exercise in or-
der to mimic real-time analysis. This method involved
computing forecasts from successive enlargements of a
partition of the latest available data set. We started with
data from the beginning of the sample until 2005:4. Using
this sample, the data were screened for outliers and
standardized, before performing classification and choos-
ing the group-specific number of factors. Based on these
choices, the forecasting equation was used to compute
forecasts xh2005:4+h (for h = 1, the forecast was for 2006:1;
and for h = 4, the forecast was for 2006:4).

The sample was then updated by one period, classified,
and the factors were estimated, before the forecasting
models were re-estimated and forecasts were computed
for x2006:1+h. The forecasting procedure continued itera-
tively until the forecast for 2019:4 was computed using
data until 2019:3 for h = 1 and data until 2018:4 for h =

4. In each iteration, we computed the squared deviation
for the h-ahead forecasts based on actual data and stored
the averages of these figures for each indicator, i.e., the
mean squared errors (MSEs).

For comparison, similar h-ahead forecasts were ob-
tained using the factors extracted as described by Stock
and Watson (2002) and the MSEs were also stored. Fig. 7
shows the results of this forecasting exercise based on the
248 series, where the MSEs for the group-specific factor
model are plotted relative to the MSE for the forecasts
using the Stock–Watson factor model. Hence, bars smaller
than one indicate that group-specific factors produced
more accurate forecasts than common factors.
1218
Regardless of the forecasting horizon, the figure shows
that the improvements in the forecasts using group-specifi
factor models compared with the forecasts using the
standard Stock–Watson factor model were spread over
all categories. In particular, the group-specific model per-
formed better for 75% of the one-quarter-ahead forecasts
and this figure increased to almost 80% in the case of the
four-quarter-ahead forecasts. It should be noted that the
highest performance gains were found in interest rates,
although substantial improvements were also found in
NIPA, industrial production, and employment.

Finally, we focused on the one- and four-quarter-ahead
forecasts for the eight target variables selected by Mc-
Cracken and Ng (2021). In particular, they considered four
real activity indicators comprising the real GDP, industrial
production (INDPRO), unemployment rate (UNRATE), and
federal funds rate (FFR), and four nominal indicators com-
prising the CPI, personal consumption expenditures price
index (PCEPI), GDP deflator (GDPPI), and production price
index (PPI). To compare the forecasting performance of
our proposed method, Table 3 shows the MSEs computed
for our grouped factor model relative to the MSEs for sev-
eral forecasting alternatives. Thus, the forecasts obtained
using our model had a relative MSE of 1.00 in the rows
labeled as M1, and figures lower than 1.00 indicate that
our model performed better than the alternatives.

The relative MSEs achieved by various forecasting meth
ods are included in the table. Rows labeled as M2 show
the relative MSEs with the Stock–Watson factor model,
which is a standard factor model that handles missing
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Table 3
Out-of-sample forecasting accuracy.
Model GDP INPRO UNRATE FFR CPI PCEPI GDPPI PPI

1-quarter-ahead forecasts

M1 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
M2 0.57 0.85 1.23 0.64 0.93 0.97 0.77 0.96
M3 0.69 0.80 0.92 0.94 0.73 1.03 0.98 1.00
M4 0.81 0.99 1.24 0.94 0.93 0.95 0.95 1.00
M5 0.73 0.83 0.93 0.91 1.00 0.73 0.95 0.96
M6 0.53 0.86 1.13 0.69 0.90 0.74 0.88 0.93
M7 0.55 0.95 0.94 0.75 0.96 0.96 0.97 0.95
M8 0.59 0.80 1.18 0.95 0.89 0.90 0.83 0.84

4-quarter-ahead forecasts

M1 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
M2 0.91 0.77 1.06 0.61 0.95 0.98 0.94 0.98
M3 0.92 1.06 0.90 0.86 0.96 0.98 0.97 1.01
M4 0.87 1.01 0.90 0.86 0.96 0.97 0.87 0.93
M5 0.89 0.88 1.03 0.64 0.96 1.03 0.95 0.99
M6 0.78 0.80 0.99 0.68 0.91 0.95 0.92 0.97
M7 0.86 1.05 0.86 1.06 1.00 0.96 0.91 0.91
M8 0.85 1.02 0.85 1.00 0.94 0.93 0.96 0.84

Notes. The figure shows the relative MSEs for the forecasts using the
group-specific factor model (M1, first row) over several alternatives
that are described in the text for the following eight target variables
selected by McCracken and Ng (2021): real GDP (GDP), industrial
production (INDPRO), unemployment rate (UNRATE), federal funds rate
(FFR)), consumer price index (CPI), personal consumption expenditures
price index (PCEPI), GDP deflator (GDPPI), and production price index
(PPI).

data with an EM algorithm. PIC suggests that a common
factor is not necessary but rows labeled as M3 show the
relative forecasting performance with a grouped factor
model that allows for both common and group-specific
factors. Rows labeled as M4 refer to the relative MSEs with
a model such as M1 but using a less automatic predictive
regression equation that focuses only on the factors that
are statistically significant at 5%. The relative performance
results with a grouped factor model that handles missing
using with the naive procedure based on imputing the
last valid observations are shown in the rows labeled
as M5. Rows labeled as M6 (standard factor model) and
M7 (grouped factor model) refer to models that handle
missing data by excluding the indicators with missing
data. Finally, the rows labeled as M8 show the relative
MSEs based on the forecasts with AR(1) processes.

Overall, the results in Table 3 show that the fore-
asts obtained with a grouped factor that allowed for
nly group-specific factors and that handled missing data
ith an EM algorithm were generally better than those
roduced with the univariate and multivariate methods,
egardless of the forecasting horizon. Except for unem-
loyment, comparisons with the model of Stock and Wat-
on (2002) indicated that the grouped factor model per-
ormed better than the standard factor model, where the
orecasting gains in terms of GDP and FFR were very
arge. The improvements were robust to forecasting with
less automatic predictive regression equation that fo-
used only on statistically significant factors. Similar to
he results obtained using the CP -type criterion for model
election, allowing for factors common to all variables did
ot improve the forecasts.
1219
In addition, the relative MSEs shown in Table 3 demon-
strate that using the EM algorithm to handle missing data
performed better than the other naive alternatives, such
as replacing missing data by the last valid observations
or removing indicators with missing observations from
the data set. Finally, similar to the results reported by
Stock and Watson (2002), and McCracken and Ng (2021),
we obtained substantial evidence that the factors could
provide additional predictive information compared with
that utilized by univariate autoregressive processes.

5. Conclusion

To deal with large sets of unbalanced panels with clus-
ter structures and potential outliers, we merged two pre-
viously proposed econometric methods comprising the
EM algorithm combined with the factor estimator-based
principal component analysis, as introduced by Stock and
Watson (2002), and grouped factor structures with un-
known group membership and numbers of groups, as
proposed by Ando and Bai (2016, 2017).

We assessed the benefits of the proposed method
for factor modeling based on Monte Carlo simulations.
The experimental results demonstrated that the proposed
method was highly effective. In particular, we found no
significant differences between the clustering abilities of
our method, which deals with missing data in a sim-
ple manner, and those of the factor models with un-
known group membership proposed by Ando and Bai
(2016, 2017), which require balanced data sets. The per-
formance of the model did not deteriorate substantially
when the simulations included non-homoskedastic er-
rors with cross-sectional dependence, errors with serial
correlations, and factors with temporal dependence. In
addition, the simulation results indicated that our group-
specific EM algorithm performed better than the standard
EM algorithm proposed by Stock and Watson (2002) and
it could accurately infer the missing data.

Using the novel repository FRED-QD maintained by
the St Louis Federal Reserve Bank and documented by
McCracken and Ng (2021), we examined the empirical
performance of our proposed method at determining the
number of clusters, providing group-specific factors, ob-
taining accurate estimates of unobserved missing data,
and producing out-of-sample forecasts for US economic
indicators. According to the results, the factor model that
allows for only group-specific factors was more suitable
for this data set than a factor model that allows for both
common and group-specific factors. We identified two
distinctive groups of economic indicators comprising a
group of nominal indicators and a group of real activity
indicators. The estimated factors could be applied for
identifying the business chronology in the US. Finally, we
found substantial improvements in the forecasting results
obtained with group factor models compared with fore-
casting using factor models that do not deal with grouped
structures, as described by Stock and Watson (2002), or
forecasting with factor models that require the removal
of indicators with missing observations, as described by
Ando and Bai (2016).
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According to our results, the proposed framework is
lso a very promising tool for handling large and unbal-
nced data sets with group structures. In fact, we plan
o address the following issues in future research. First, a
atural extension of our proposed factor model for large
nd incomplete data sets with unknown group structure
nvolves considering additional explanatory variables. This
xtension may consider homogeneous coefficients over all
ross-sectional units (Ando & Bai, 2016), heterogeneous
roup-specific coefficients (Ando & Bai, 2016), or coeffi-
ients that vary over all cross-section units (Ando & Bai,
017).
Second, the research division of the Federal Reserve

ank of St Louis also provides a monthly frequency com-
anion to the data set used in our empirical application
alled FRED-MD. Thus, further empirical gains could be
chieved by extending our proposed factor method to
andle mixed frequencies. We did not consider this fea-
ure in the present study, but mixed frequencies require
urther investigation because they could combine the eco-
omic information provided by FRED-MD and FRED-QD at
he same time.

Third, the real-time vintages for the data set used in
he empirical application are only available since 2018.
ccording to this data limitation, our assessment of the
ut-of-sample forecasting performance was conducted
ased on fractions of the finally revised data. New vin-
ages will become available and real-time reassessments
hould provide novel insights into the forecasting accu-
acy of our model.

Fourth, our approach focuses on dealing with missing
ata using the EM algorithm of Stock and Watson (2002).
owever, some modifications of this method have been
pplied in recent studies. For example, McCracken and
g (2021) initialized the algorithm to the unconditional
ample mean based on the non-missing values, and the
ean and variance of the data were re-calculated in each

teration. In a recent study, Jin et al. (2021) replaced the
issing observations by zeros and conducted the usual
C analysis for a scaled version of the data matrix, where
he scale was determined by the percentage of observed
alues in the data. Based on the EM algorithm, they re-
laced the missing observations with initial estimators of
he common components and obtained updated PC esti-
ators, before iterating this procedure until convergence.
omparisons of these two approaches could be conducted
n future research.

Finally, the performance of the estimation procedure
ould be specifically evaluated by applying it to data
ets with different structures of practical relevance. In
articular, we could extend our approach to handle sea-
onal patterns or long-term memory in sets of economic
ndicators.
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