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A dynamic multi-level factor model with possible stochastic time trends is proposed. In
the model, long-range dependence and short memory dynamics are allowed in global
and local common factors as well as model innovations. Estimation of global and local
common factors is performed on the prewhitened series, for which the prewhitening
parameter is estimated semiparametrically from the cross-sectional and local average of
the observable series. Employing canonical correlation analysis and a sequential least-
squares algorithm on the prewhitened series, the resulting multi-level factor estimates
have centered asymptotic normal distributions under certain rate conditions depending
on the bandwidth and cross-section size. Asymptotic results for common components
are also established. The selection of the number of global and local factors is discussed.
The methodology is shown to lead to good small-sample performance via Monte Carlo
simulations. The method is then applied to the Nord Pool electricity market for the
analysis of price comovements among different regions within the power grid. The global
factor is identified to be the system price, and fractional cointegration relationships are
found between local prices and the system price, motivating a long-run equilibrium
relationship. Two forecasting exercises are then discussed.
© 2021 The Author(s). Published by Elsevier B.V. on behalf of International Institute of
Forecasters. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).

1. Introduction (2006), Ludvigson and Ng (2007), and Giannone et al.

(2008). Furthermore, factor models have recently been

Factor models are extensively used as a dimension-
reduction tool in the analysis of large data sets and have
been used in several applications. Kapetanios (2004) and
Cristadoro et al. (2005), among others, used factor models
to construct economic indicators. Meanwhile, Bernanke
et al. (2005) and Favero et al. (2005) used factor models
for policy purposes. On the other hand, some others have
focused on the use of factors in forecasting; see Artis et al.
(2005), Banerjee and Marcellino (2006), Stock and Watson
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used in other fields, as in finance to analyze stochastic
volatility (Cipollini & Kapetanios, 2008), market liquid-
ity (Hallin et al., 2011), and market volatility (Barigozzi
& Hallin, 2016), and in energy economics to analyze elec-
tricity prices Alonso et al. (2016), Dordonnat et al. (2012),
and Ergemen et al. (2016). For estimation and inferen-
tial theory under different setups, see e.g. Forni et al.
(2000), Stock and Watson (2002), Bai and Ng (2002) (Bai,
2003), Bai and Ng (2004), Forni et al. (2004, 2005), and Bai
and Ng (2008). While there is a vast literature on estima-
tion of the common factors and the number of common
factors when both the cross-section and time-series di-
mensions are large, most available methodologies rely
only on the existence of pervasive factors.
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More recently, there has been some interest in de-
composing common factor structures into different lev-
els. The intuition behind a multi-level factor structure
is intrinsically related to Tobler’s well-known first law
of geography, “everything is related to everything else,
but near things are more related than distant things”,
which is the foundation of many ideas embodied in spatial
statistics. In this sense, a multi-level factor structure is
based on a decomposition of the factor space into global
and local components. While the global factors capture
commonalities between all regions, the local components
capture only those that are unique to specific regions.
Standard (one-level) factor analysis is quite limited when
there is also an interest in local rather than just global
dynamics. Furthermore, ignoring such factors that affect
only a subset of variables may result in highly corre-
lated idiosyncratic components and thus poor, or possibly
inconsistent, principal component (PC) estimates of the
factors that affect all variables; see Wang (2010) and Choi
et al. (2018).

In this paper, we propose a multi-level factor model
with possible long-range dependence in the factors and
idiosyncratic errors. The setup differs from conventional
one-level factor setups in that the model implies lots of
zero restrictions in the associated loadings matrix. Wang
(2010) and Choi et al. (2018) consider multi-level factor
structures under stationary I(0) (non-integrated) setups
for which identification is discussed and inferential theory
is developed. On a related but different note, Moench et al.
(2013) and Diebold et al. (2008), among others, consider
I(0) hierarchical multi-level factor structures in which
each block of data is divided into sub-blocks to char-
acterize within- and between-block variations. However,
as discussed by Wang (2010), the interpretation of these
factors is different. For example, Moench et al. (2013) con-
sider a larger dimension for block-specific factors for each
block than the dimension of pervasive factors, in contrast
to the methodology proposed in this paper that does not
impose such a restriction; see also (Wang, 2010), Breitung
and Eickmeier (2016), and Choi et al. (2018). Our setup
also differs from the existing multi-level factor models
because we allow pervasive (or global) common factors,
nonpervasive (local) common factors, and idiosyncratic
components to exhibit long-range dependence and short
memory dynamics without imposing I(0) stationarity or
I(1) nonstationarity restrictions as traditionally imposed
in the literature; see e.g. Choi et al. (2018). This way, the
model has a great deal of flexibility, allowing for extensive
cointegration analysis between the observed panel series
and factors. Furthermore, nonstationary cases are nested
smoothly, leading to asymptotically normally distributed
estimates and thus chi-squared distributed test statis-
tics. Also, from an empirical perspective, the necessity
for allowing for long-range dependence has been well
justified. For example, many economic and financial in-
dicators, such as production, price, interest, and exchange
rate series, may exhibit fractional long-range dependence;
see e.g. Gil-Alana and Robinson (1997), Michelacci and
Zaffaroni (2000), Bollerslev et al. (2013), and Pesaran and
Chudik (2014). Our model is well suited for, but not
limited to, the study of such indicators.
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Estimation follows sequential steps. Given the
allowance for general long-range dependence and short
memory dynamics in both factors and idiosyncratic
errors, we first prewhiten the observed series by obtain-
ing a prewhitening parameter estimate from the cross-
sectionally and locally averaged data, adopting the exact
local Whittle method of Shimotsu and Phillips (2005). We
establish the asymptotic behavior of the prewhitening pa-
rameter estimate under different cases. We then employ
canonical correlation analysis (CCA) to obtain starting val-
ues for factors that are in a suitable vicinity of the global
minima and then use a sequential least-squares algo-
rithm, through which we apply an orthogonalization (or
projection) procedure, to consistently estimate the spaces
of prewhitened global and local factors separately. We
establish asymptotic results for the prewhitened factors
as well as their corresponding loadings and the com-
mon components. We also discuss how to determine the
number of global and local factors, adopting the methods
of Hallin and LiSka (2011).

We assess the finite-sample performance of our
methodology via Monte Carlo simulations and show that
the method works well even in relatively small panels.
We then apply the methodology to study the complex
price dynamics of the Nord Pool power market in a large
panel of hourly observations, for which the global and
local factors drive the commonality overall and among
bidding areas, respectively. We find that the global factor
can be interpreted as the system price and that there
are fractional cointegrating relationships between local
prices and the system price, thus justifying a long-run
equilibrium type of analysis. Finally, by two separate fore-
casting exercises, we show that pervasive and local factor
estimates can be useful to predict system and regional
prices.

The next section introduces the model along with
the model assumptions, and contains the estimation de-
tails as well as the inferential theory. Section 3 discusses
the selection of the number of global and local factors.
Section 4 presents a finite-sample study based on Monte
Carlo simulations. Section 5 provides an empirical appli-
cation to the Nord Pool energy market. Section 6 presents
two forecasting exercises, and finally, Section 7 concludes
the paper.

Throughout the paper, ||A| = (trace(A’A))/? for a
matrix A; X, = Op(yn) states that the vector of random
variables, Xx;, is at most of order y, in probability, and x,
0p(yn) is of smaller order in probability than y,; —, de-
notes convergence in probability, and — 4 denotes (point-
wise) convergence in distribution; and e.g. (N, T) — oo
denotes joint dynamics in which both the cross-section
size and time-series length are growing. All mathemat-
ical proofs and intermediate technical explanations are
collected in an appendix at the end of the paper.

2. Two-level factor model with possible long-range de-
pendence

2.1. Model

We consider a two-level factor model in that the un-
observed common factors are classified into two groups:
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the first group contains global factors, which are pervasive
top-level factors that affect all sectors or regions; and
the second group contains local or sector-specific factors,
which are the nonpervasive sub-level factors and affect
only a particular sector or region. In this paper, we use the
terms “global factor" and “pervasive factor" interchange-
ably, and likewise the terms “local factor,” “nonpervasive
factor,” and “sector-specific factor."

Let y; i be the observation in region r of cross-section
unit i at time t forr = 1,...,R; i = 1,...,N;; and
t =1,...,T that is generated by

Yr,it = Vr/,ict + )t/riy,'Fr,t + €r it (1)

In the model, the total number of observations across
all regions is N N1 + N + --- 4+ Nz. We take the
number of regions R to be fixed, since our methodology
does not require R — oo for consistent estimation and
in practice R is almost always small. The rg x 1 vector
G = (G...., G;C), contains the r¢ unobservable global

/
factors, and the r;, x 1 vector ., = (F/',,.. .,F,T,F{
consists of the rg, unobservable local factors in region r.
Naturally, the number of local factors can be different in
each region. y; ; and A, ; are r¢- and ry, -dimensional factor
loadings, showing how each unit i in region r is affected
by G; and F; (, respectively.

The intuition behind a multi-level factor model is that
each process y; ;i is the sum of a global common com-
ponent, a local common component, and an idiosyncratic
component. Common components of region r are driven
by the respective r; and rr vectors of common factors
(global and local), which are possibly loaded differently.
For example, there may be an interest in measuring cer-
tain comovements between countries employing multi-
level factors. In that case, the global component would
capture common movements in all groups of countries,
and the local component would capture common move-
ments with the country’s neighbors, whereas the specific
country component would capture movements that are
unique to that specific country. Comovements between
countries as captured by these multi-level factors can
then be used to measure the connectivity of the coun-
tries analyzed. For instance, if the local component of a
specific country weighs more than the global component,
the country would seem to be more connected with its
neighbors than with all the countries as a whole.

In(1),fors=1,...,rgandj=1,...,715,
S _‘35 s
G = 4, t
) Y
Fi.t = 4 ryovi,r’ and
*dr.i
€rit = Ay Our,its

where wj, vi,[, and u,; are stationary I(0) processes
(see Hendry (1995) for a definition) with spectral densi-
ties fus(®) ~ W3, fj(w) ~ W) and f, () ~ W, ; when
w~0forr = 1,...r,Randi= 1,...,N..

With A = 1 — L, and L such that L¥x, = x,_x, A~¢ has
the expansion

rg+e¢)

- _ (— j (7)) —
A _j:ZOn,( 2, where mj( C)_F(j—i-l)l"({)’
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for ¢ > 0, with I'(-) denoting the gamma function such
that I'(t) = oo for t = 0,—1, ..., and I'(0)/I"(0) = 1.
Af truncates this filter and introduces a type-II frac-
tional process, A;c = Z;:o nj(—g“)Lf, and this truncation
allows for the study of both asymptotically stationary
(¢ < 1/2) and asymptotically nonstationary (¢ > 1/2)
cases, unlike the untruncated filter A=%, which does not
converge when ¢ > 1/2; see Davidson and Hashimzade
(2009).

We can write (1) for all R regions in the system form
as

r, A, 0 - 0
Vit e} 0 Ay - 0
YRt Ik 0 0 Ar
Gt
Fi¢ €1,.t
x | Fae |+ : ,
. €R,.t
Fre

where I} and A, denote the stacked versions of y;, ; and
Ar i, Tespectively, over i. Then, further stacking over r, we
can write

yo=A"F +e, (2)

where F; = (G, F,.,....F;,) and A* = [I', A] with
= (Iy,...,Iy) and A = diag(Ay, ..., Ag). The entire
system can also be written in matrix form, if we further
stack over t, as

Y = F* A* +E,

with the dimensions of Y, F*, and A* being T x N, T x
(l'p1 +"'+I'FR +l’c), and N x (1'1:1 +"'+I'FR +l‘c), re-
spectively. From these representations, we can immedi-
ately see that there is a large number of zero restrictions
and the number of factors can grow with the number of
regions, in contrast to factor models that consider only
pervasive factors.

We introduce the following conditions to study (1),
letting M denote a generic positive constant.

Assumption A. Long-range dependence and short mem-
ory dynamics:

Ay Fors = 1,...,1¢, fus(w) ~ ¥ € (0,00) as w —
0+. Furthermore, in a neighborhood (0, «) of the
origin, f,s(w) is differentiable, and d/dw log f,s(w)
O(w™") as @ — 0+. These conditions also hold for
fv,-(w) with lP,{r forj =1,..., 15, and f, () with

Ay Fors = 1,...,16, w§ = AL)m{ = Y oo, qm_,
with Y72 a? < oo, where E(mf|F;_1) = 0, E((m})?|
Fe1) = 1, E(mf)P|F—1) = ps, E(m)YF1) =
L4, with finite constants w3, p4 almost surely, t =
0,1,..., in which 7; is the o —field generated by
mj, | < t, and there exists a random variable m
such that E(m?) < oo and for all > 0 and some
K > 0, Pr(|m{| > ) < KPr(jm| > n). Similarly, for
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ULt = Br(L)ZJr,t = Zl?i rkér t—k Wlth Zk 0 rk <
oo,j = 1,...,rf, and for ur it = Gillery =
Zk o Cr.ikEr,it—k Wlth Y o r & < oo for each r and
i, the same conditions hold

In a neighborhood (0, «) of the origin, A(el®), B-(e®),
and Cj(e), with i in the exponent s.t. i? -1,
are differentiable, (d/dw)A(e®) = O(w™1), (d/dw)
B.(ei®) = O(w™ "), and (d/dw)C;(e®) = O(w™!) as
w — 0+.

As

A4 Denoting m a bandwidth parameter, as T — oo,
m~' + m(logm)>T~" + m~¥logT — O for any
y > 0.

As 85 € G = [8°,6and & — & < 9/2fors =
1,....7c. Also, forr = 1,..., R, with R fixed, 9/ , €
v’ L #] and ¥ — z?f <9/2 forj=1,...,r15,
and fori =1,...,N,, d,y,o € Dri = Id, dr,,] and
drj—d,; < 9/2.

Assumption A imposes the restrictions used by Shi-
motsu and Phillips (2005) for exact local Whittle estima-
tion, which allows for being agnostic about the underlying
short-run dynamics. The allowed range of memory values
greatly relaxes the I(0)—I(1) restrictions vastly imposed in
the factor literature. The model in (1) simultaneously ad-
mits combinations of persistence levels in factors as well
as in the idiosyncratic terms, while allowing for different
integration orders within G; and F; ;. Hence, Assumption A
permits extensive fractional cointegrating relationships in
the model and can be useful in understanding the behav-
ior of co-persistent indicators involved in the dynamics
of a complex system. As a result, most factor models
in the literature, such as those proposed by Stock and
Watson (2002), Bai and Ng (2002, 2004), Forni et al. (2004,
2005), Wang (2010), and Breitung and Eickmeier (2016),
are readily nested under (1). Furthermore, this allowance
for general fractional dynamics contributes to the growing
literature on fractional factor models; see e.g. Ray and
Tsay (2000), Chen and Hurvich (2006), Morana (2007), Lu-
ciani and Veredas (2015), and Hartl and Weigand (2018).
For further discussion on the conditions in Assumption A,
readers are referred to Shimotsu and Phillips (2005).

Assumption B. Factors:
Denoting the I(0) global and local factors as G? ot

respectively, with §j = 191 o=0fors=1,...,rcandj=
1,....15, define H, = (G?’, F,O't) T SF HO

o p . .
Hy, — >y for some positive-definite matrix Xy as T —
oo with rank rg 4 ry,.

and FO°

Assumption B is a standard condition allowing for the
fully whitened I(0) factors to be stationary autoregressive
processes in line with Assumption A,. The rank condition
states that different factors are not perfectly correlated.

Assumption C. Factor loadings:

Cy Ay is either deterministic, such that [|A, ;|| <M <
oo and A NI R SN A # 0, or it is
stochastic, such that E (A,;) # 0 and E[|A.4l|* <
M < ooc. In the latter case, N-'A/A, 5> ¥, for
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an rg x rg, with rp = rg + --- + 15, positive-
definite non-random matrix X,,, as N, — oo for
allr =1, ..., R with R fixed.

Yrils elther determmlstlc such that ||y, ;|| <M and

p = N1YR SV i # 0, or it is stochastic,
such that E (y;;) # 0 and Ely;i|* <M < oo with

N-'TT A Xr for an rg x rg positive-definite non-
random matrix Xr,as N, - ooforallr =1,...,R
with R fixed.

Cs Rank ([I" Ar]) =1 + 1.

G

Assumption C; ensures that the global factor G} has a
nontrivial contribution to the variance of y;,s =1, ..., rg,
while Assumption C, ensures that each local factor Fﬁyt
has a nontrivial contribution to the variance of y,, j =
1,..., 15 The latter means that G; pervades all variables,
whereas the local factor Fi,t pervades only within region
r. The non-zero mean conditions imposed for global and
local factor loadings ensure that the maximal memory in
the panel can be estimated from the cross-sectional and
local average of the data, which we use for prewhiten-
ing. The condition imposed on R being fixed can be re-
moved, and R — oo can be allowed, as in Wang (2010).
In practice, however, R is always fixed (and small), and
our estimation method does not require a growing R for
the consistency of the estimates, unlike in the sequential
principal-component method pursued by Wang (2010).
The rank condition in Assumption C; guarantees enough
heterogeneity among individual series within region r
when responding to both factors. For estimation purposes,
we assume the number of factors r¢ and rp,, r =1,...,R,
to be known and fixed at this step, although we discuss
this issue in Section 3. Formal tests or information criteria
for the number of factors in a multi-level setup are, to our
knowledge, not yet available, even discarding long-range
dependence in the factors.

Assumption D. Model error innovations:
Dy E(uyrir) =0 and E(uf ;) < oc.
D, ‘E ( NI Y ur,ikur,it)

- Zk 1 Zr 1 )E ( N Zf:l Z?L “r,ik“nit>

D3 E (url 'tur2 ][) - Tr1r2 ijt Wlth |rr1r2 U[| —_ rflrz U fOr
some 1, ; and for all t. Furthermore, N~ 1 Z

N,
Zrz 12” Zx 1rr1f2'J<M

Dy E (Ur ity jt) = Tryrpike and (NT)~
S Y s Xy [t <

Ds For every (k,t), E ‘N 1/2 Zr:] Zi:l [ur ity ie—
E(ur,ikur,it)]|4 <M

< M for all t, and

<M.

ri=1

Zrl IZQ 1

Assumption D imposes conditions on the model error
innovations that allow for weak time-series and cross-
section dependence as well as heteroskedasticity in both
time and cross-section dimensions. This way, the model
has an approximate factor structure along the lines of
Chamberlain and Rothschild (1983), but further allowing
for heteroskedasticity in the time dimension.
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Assumption E. Relationship between components:

Processes {uyit}, {dt] {wi}, {Ari} and {y} are
mutually independent groups.

Assumption E implies that unobservable factors, factor
loadings, and error components are assumed to be inde-
pendent of each other. This assumption could be relaxed
to allow for weak dependence between factors and errors,
as is done in the I(0) factor literature, but this would not
provide further insights. Under our setup, local factors
from different regions can still be correlated, though they
are uncorrelated with other model components.

Assumption F. Identification:

Fi FYFO)T = I, and A} A, diagonal (within-region
identification).

F, GYGY/T = I, and I''T" diagonal (between-region
identification).

F3 E(GFY)=0forr=1,...,R

We impose the three conditions on the fully whitened
1(0) factors in Assumption F for identification. Assump-
tions F1 and F2 are standard in factor analysis and are
imposed to identify the model under such normalizations.
Assumption F3 rules out any possibility of correlation
between the I(0) global and local factors, implying that
the global factors do not contain information about local
factors and vice versa. This assumption enables us to
separately identify I1(0) local factors and global factors.
Readers are referred to Wang (2010) for further discus-
sion on the restrictions involved in both assumptions.
Note that although the I(0) global and local factors are
assumed to be block orthogonal, the factors in (1) can be
correlated after prewhitening, due to similarly evolving
persistence characteristics as induced by long memory
dynamics. However, it is still possible to orthogonalize the
prewhitened factor estimates via regression, as we discuss
in the next section.

Under these assumptions, following Breitung and Eick-
meier (2016) and Proposition 1in Wang (2010), the factor
loadings corresponding to the I(0) versions of the factors
in (2) are identified up to a linear transformation of the
loading matrix that preserves the same zero restrictions
of the model given by A*Q with

Qo O 0 --- 0
Qo Qi1 O --- 0

Q = : - : ’ (3)
Qo 0 O Qrr

where orthonormal global and local factors within eachlc/)zf
the R+ 1 blocks are given by Qgo = (T‘l PO G?G?’)

N\ —1/2
and Q 'Y, FP.FY, for all r. Matrix Q in (3)
imposes that the R blocks of local factors are uncorrelated
with the blocks of global factors.

2.2. Estimation

In the estimation, we follow a sequential approach.
First, we semiparametrically estimate the integration or-
der of the cross-sectionally and locally averaged data.
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We prewhiten the observable series by this prewhitening
parameter estimate, following a similar reasoning to first
differencing used by Bai and Ng (2004) but allowing for
a wider range of persistence characteristics. We then es-
timate the prewhitened global and local factors based on
CCA and sequential least squares, as also discussed by Bre-
itung and Eickmeier (2016) and Choi et al. (2018) in the
case of I(0) multi-level factors. We also establish asymp-
totics for the factor loadings and common components.
Once the unobservable prewhitened factors are estimated,
they are integrated back by the initial prewhitening order
so that the original factor estimates are obtained. Individ-
ual integration orders of these factor estimates can then
also be determined by, e.g., the extended local Whittle
(ELW) method proposed by Abadir et al. (2007), which
consistently estimates the memory parameter, allowing
for a wide range of values. We discuss these steps in detail
as follows.

Memory estimation. To obtain an estimate of the
prewhitening parameter from the cross-sectionally and
locally averaged data, both parametric (see e.g. Ergemen
and Velasco (2017)) and semiparametric (see e.g. Shi-
motsu and Phillips (2005)) methods can be employed. The
advantage of semiparametric methods is that they can
handle underlying short memory dynamics in an agnostic
way and are robust to possible misspecification, which
proves to be important under our setup, since both the
multi-level factor structure and idiosyncratic errors are
unobservable. On the other hand, a parametric method
requires conditions reflecting prior knowledge on the
model form and the short memory dynamics therein,
so that, e.g., a conditional-sum-of-squares criterion can
be correctly parametrized. With this in mind, we opt
for semiparametric estimation, employing the exact local
Whittle estimation due to Shimotsu and Phillips (2005).

Note that it is also possible to estimate the memory of
each individual series and whiten each y; ;; by its own es-
timated memory. In practice, this is generally feasible for
several application-size data sets. However, our main aim
in estimating the maximal memory, as provided by the
averaged data, is to offer a general framework for cases
in which it can be computationally costly, such as for
population-wide register data sets providing information
at an individual level.

To formalize the discussion, let us first denote

Smax = max 85 Umax =maxv] o and dme = maxdy jo.
5T 1,r

Then, we denote the cross-sectional and local average of

(1),

R Ny
= ] = = - =
Ye = N Z Z}’r.ir =y'G +AF + &,
r=1 i=1
where F, =R Zle F; with R fixed and the quantities

¥ # 0and A # 0 under Assumption C do not depend on i
or r. So y; is a pure time series that is integrated of order
0, such that

f = max {(Smam Pinaxs dmax}
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under Assumption C, or y; ~ I(0), so long as A;;
# 0 and y,; # O for all i,r. Along this line, if A ;
and/or y;; are zero for a small subset of indices, then
this situation can be seen as a restricted version of (1) in
which none of the remaining factor loadings are zero, so
0 still captures the maximal available memory. For ease
of exposition, we motivate the case in which A, ; # 0 and
yri # 0foralli,r.

Given that the model components are orthogonal to
each other and R is fixed,

J:/t — Op (‘1 + (Tamax_l/z + Tﬁmax_l/z + N_]/szn1ax_1/2) log T) s

as we show in Appendix 8.1. Therefore, the averaged error
term is dominated by G; and F; ; if dmgy < min{8max, Pmax}
or min{amax» 19max} =< dmax = maX{SmaXs 29ma)c}v or if N71/2
Tdmox=minGmax. Imaxl — 0 when dmgy > MaX{mgx, Pmax}» as
N — oo. In such a case, an estimate of 0, say 6, estimates
max{dmax, Fmax} corresponding to the fractional cointegra-
tion case. Otherwise, if N~!/2Tdmax=mintmaxtmad s oo
when dpge > min{dmax, Fmax}, a8 N — 00, 6 estimates
dmax- In most empirical applications, the case in which
global or regional factors are at least as persistent as
the noise is the only relevant case, for which consistent
estimation does not require further rate conditions on the
relative growth rates of N and T. Therefore, we introduce
the following condition before studying the asymptotic
behavior of 6:

Assumption G. max{8max, Fmax} > dmax-

The first condition basically states that there should
be at least one factor whose persistence is higher than or
equal to the maximal error memory; see also e.g. Bai and
Ng (2004), who allow for I(0)—I(1) possibilities for factors
and errors. .

We present the consistency of 6 in the following the-
orem, based on the exact local Whittle estimation results
by Shimotsu and Phillips (2005).

Theorem 2.1. Under Assumptions A, C, E, and G, as T —
00,

é = max{(gmam 19max} + Op(m71/2)7

where m is a bandwidth for which conditions have been
imposed in Assumption As.

This result shows that § constitutes a J/m-consistent
prewhitening parameter that can be used to difference
the panel components to stationarity. The convergence
rate in Theorem 2.1 depends on the bandwidth parameter
m, which is usual in semiparametric memory estimation.
It is typical in the semiparametric memory estimation
literature to consider m = T with 1/2 < « < 4/5.
Nevertheless, the optimal selection of m, based on the
approximate mean squared error, can be done heuristi-
cally in the same manner as in Henry and Robinson (1996)
or Andrews and Sun (2004).

Remark 1. Note that y; is a linear combination of frac-
tional processes. When all integration orders are equal, y;
can be considered as the DGP employed by Shimotsu and
Phillips (2005) for memory estimation. In a more realistic
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scenario in which the integration orders are different, y;
can be posited as a fractional process of order 6, and
under Assumption A, the results apply for the exact local
Whittle (ELW) estimator.

Remark 2. The cases in which deterministic components
are incorporated into (1) pose challenges to the estima-
tion of 9, requiring further assumptions on model compo-
nents as well as different estimation techniques. Among
others, Shimotsu (2010), lacone (2010), McCloskey and
Perron (2013), Arteche (2020), and Hualde and Nielsen
(2020) study memory estimation in the presence of de-
terministic components. In this paper, we estimate 6 in
order to use it only as a prewhitening parameter be-
low. Therefore, the extensions of (1), covering the impact
of deterministic components for memory estimation, are
beyond the scope of this paper.

Prewhitening. To detail the prewhitening procedure, let
us introduce the notation for T > 0,

x(1) = Aix

to indicate (fractional) differencing of order <.

In order to estimate the global and local factors, we
prewhiten the series by 6 and write the prewhitened
version of (1) as

Vi) = ¥ Ge(@) + A, iFr ((0) + €1(0), (4)

which can be written in matrix notation based on (2) as
Vi®) = A" 1 (@) + ().

Note that this type of prewhitening is similar to first
differencing, as commonly used in nonstationary factor
literature. Just like Bai and Ng (2004), we allow for the
possibility that the prewhitened stationary series are se-
rially correlated with (possibly infinite) autoregressive
representations. However, our approach is more flexible
in the sense that integration orders of factors and error
terms can take a range of values beyond I(0) or I(1)
cases. Along this line, it is also important to note that
if there is prior knowledge on the I(1) nonstationarity
of the factors and I(0) stationarity of the errors, for in-
stance, then it is much more efficient to directly estimate
the factor structure from the raw panel data (without
prewhitening), possibly obtaining super-consistent esti-
mates. However, to the best of our knowledge, there is
no available method in the literature to obtain such prior
information for multi-level factor models.

Factor estimation. Since under (4), the series are asymp-
totically stationary, we adopt the sequential least-squares
(SLS) procedure that is proposed by Breitung and Eick-
meier (2016) to estimate the factors. We outline the steps
of this algorithm, in which the main goal is to minimize
the residual sum of squares (RSS) function,

s (F;"(é), A*)
=> (v

> (

t=1

A

(&)= AR ) (n(0) - 4°F;®)
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R Ny T
ZZZ(M )~ VLGlB) ) (5)

by a sequence of two least-squares regressions until RSS
achieves a minimum. The algorithm is executed as fol-
lows:

1. The algorithm is initialized by using initial esti-
mates of the global and local factors, G9(8) =

(6760)..... @) and
FO0) = (I:‘r(ﬂ)(é), e, f?(e)) which are obtained
by CCA.

2. Once initial estimators are obtained, the correspond-
ing factor loadings at the initial step are e§timated
from the time-series regression y; i = y;. ,G(o)(é) +
A F (6)—1—6, H(O) that construct the factor loadings
matrix, A%, as in (2).

3. The global and local factors in the next step, G(1 0)
and F 1)( 0), are updated from the least-squares

regression of y.(8) on A*® to obtain FV() =
(A*<0>’A*(0>)_1 A0y, (B

4, Next, the updated factors F*“)(Q) are used to get
the associated factor loading matrix, A*", as in
step 2.

5. Steps 3 and 4 are repeated until the RSS converges

to a minimum, from which ﬁf(é) and A* are col-
lected.

Since the previous estimates are contained in the pa-
rameter space of the subsequent least-squares estimates,
the RSS cannot increase at the next estimation step. Solv-
ing for the condition,

AL A AL A 71/\/
A*WY(M—wV(A*Aﬂ A{):o,

we can characterize the fixed points, since the RSS no
longer decreases when the estimated factors and their
loadings are orthogonal to the residuals of the previous
step, which is equivalent to the first-order condition for
PC estimation, but under a multi-level factor structure
the loadings matrix has many zero entries. Furthermore,
there exists a set of fixed points associated with the space
spanned by A*QPe, where QP™ is constructed with the
6-prewhitened factors in a similar way as in (3), and im-
posing the conditions in Assumption F, the fixed point is
a unique minimum, arguing as in Breitung and Eickmeier
(2016).

At the first step of the estimation, the initial values for
the factors are obtained via CCA to ensure that the esti-
mation procedure starts in a suitable vicinity of the global
minimum, ensuring the quick convergence of the itera-
tive algorithm; see also Breitung and Eickmeier (2016)
and Choi et al. (2018). CCA is carried out in two steps.
At the first step, in each region, r = r¢ + rp, principal
components are estimated to obtain the vector of fac-
tors H, ((0) that constitutes a consistent estimator for the

space of (G[(G) ”(9)/) . Taking the principal compo-
nents from any two different regions, Gi(0) is the global
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component, for which we detail (the second step of) the
procedure as follows. Let %[(9) (I:Ir t(@) Hs I(Q)) with

Oj?”( ) denoting the canonical variables. The CCA solves
the following maximization problem:

max [cozmcl/ [c®Zooc® - clzncl]l/z}

s.t. ®%oc® =1, and ¢! Zqic! = 1,

where Xy9 = Var (%{(é)) , Y11 = Var (%,1@)) and,

Y01 = Cov (4(6), %_1(9)). The resulting linear com-
bination with the largest canonical correlation is an esti-
mate of the global factor, GO0 ( )- Subsequently, we regress
the original principal components of region r, H, t(@) on
the estimated global factors in order to obtain F ( ) for
all r = 1,...,R. See Choi et al. (2018) for a detailed
treatment. A A

The vector of common components &(6) = A*F(0) is
identified and consistently estimated without imposing a
particular normalization. However, A*® and F;*)(9) are
consistently estimated up to an arbitrary rotation, and
Assumption F is invoked as follows to impose the normal-
ization: first, the final estimators of F, ;(0), r = 1,...,R
are regressed on C[(é), from which the obtained residu-
als provide the orthogonalized local factors; and second,
the normalized global factors are obtained as the PCs of
the estimated common components resulting from the
nonzero eigenvalues and corresponding eigenvectors of
(71 ZL] @[(é)@t(é)’ [, which adopts the same nor-
malization as in PC analysis. Normalized local factors are
obtained similarly, from A, (T ( -1 Zt 1Fr (OF, (O) ) AL,
forr=1,...,R.

In order to analyze the asymptotic behavior of the
factor estimates, we impose the following conditions on
the vector of 1(0) global and local factors, G{ and F},, and
1(0) errors €?, = A%ive, j.

Assumption H. Moments, central limit theorem, and
distinct eigenvalues:

H; For fixed t and r, EH\/%Z P FO [€0€ls
2
—Eel)] | = o E| A T X T 6

2
[604 €. — E(e?ise?ir)] H <M.

r.isSrit
2
1 ’ 1 R
Hy E /N,—TZ Z[ 1F0 )‘rl r,it SME” /NT Zr:]

21&1 ZrT=1 G(t)yr/,iegi[
For fixed t and r, as N, — oo and N — oo,
WZ' A€y —a N(O, 2y ), and er DY
yr,,er & —~a N(O, Z‘t) where X, ; = limy, . oo(1/N;)
Y Arikl E rne?ﬁ) and X
(1/N Zr:lz Z lyflyrj rl[Eﬁ)jt‘)

H4 The eigenvalues of X4, X, are distinct. The eigen-
values of X' ¥ are distinct.

<M.
H3

limNaoo
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Define rotation matrices Ly, forr =1,...,Ras

Lr, = (A} A /N)F(0)F(0)/T)V'

where Vgr is a diagonal matrix consisting of the first rg,
largest eigenvalues of Y,Y//N.T, and L; as

YG(O)/TIV; !

where V is a diagonal matrix consisting of the first rg
largest canonical correlations from the CCA step described
above. Also, define

1o
Ve's Zcme)cf(e)/
ZFH

and redefine the variance-covariance matrices in Assump-
tion H.3 to reflect the effect of prewhitening as X and

Lc = (I''T /N)(G(6

=plimr_ and

—
=6

= pllmT»oo

2., where
= lim (1/N) ZZZWU erit(0)erje(0))
r=1 i=1 j=1
N Ny
Tle= Jim (1UNDD D iy Elerie(®)er i 0)).

i=1 j=1

Then, in the next result, we establish the asymptotic
behavior of the prewhitened factor estimates.

Theorem 2.2. Under Assumptions A-H, as (N,,N,T) —

oo,
e if N/m — 0,
VN(Gi(0) — LGe(8)) —a N(0, Ec X} EL)
for fixed t;
e if N./m — 0,
VN o(8) = Ly Fr 1(8)) —a N(O, B, 2} 5}

for fixed r and t.

These results show that the global and local factor esti-
mates have asymptotic normal distributions and the con-
vergence rates are +/N and +/N;, respectively, if N /m —
0 and N;/m — 0 as (N;,N,T) — oo. These rate
requirements under Assumption A.4 imply for m = T*
that 0 < « < 1, so a larger time series may now be
required than would be needed if the memory of the
cross-sectionally averaged series were estimated based
on a correctly parametrized criterion, which is difficult
to obtain given the latency of model components. In
practice, the user-chosen bandwidth plays a role on the
minimum required time-series length (for a given cross-
section size). Typically, it is preferable to impose the
lower bound « > 1/2 to avoid short memory contami-
nation; see e.g. Henry and Robinson (1996). The compo-
nents of variance-covariance matrices can be estimated
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in practice as

= (1/N) ZZZVH%J Grlte)érjt ))

r=1 i=1 j=1

Ny Ny

(1/N;) Z Z Ar, l)"rJE €rit( )érjt(é))

i=1 j=1

S
Er

where Z¢ and E’Z‘Fr simplify with the normalizations C(é)/
G(O)/T = I, and F(8)F.(9)/T = I, , while V5 and Vir
are both Op(1), due to stationarity and following the result
in Lemma A.3 of Bai (2003), with their probability limits
being the eigenvalues of XX and X, XF, satisfying
Assumption H.4, and

& i(0) — PLG0)+ A Fr ((8) (6)

where the factor loading estimates f/r, and irl are ob-
tained by least squares as A*(G) yt(e) ( ), for which
establishing consistency follows least- squares arguments.
The consistency of the remaining components can be es-
tablished similarly, by first using a mean-value argument
to account for the estimation effect of the prewhiten-
ing parameter, and then using the time-domain alter-
natives of the results from (Robinson & Hidalgo, 1997)
and Robinson (2005).

More than just the factor estimates themselves, there
can be interest in the overall common components,
especially in a forecasting context. Therefore, we show
convergence rate results for the prewhitened common
component estimates, C5(0) = y”Gf( ) and Cp( ) =

RAG)

= Yr,it

Theorem 2.3. Under Assumptions A-H, as (N;, N, T) — o0,

A A 1

6 0 L -172y
Cold) - Col6) = op(mm{m ﬁ}>+op(m )
oA B R e
& 0) cpw)—op(mm{m’ ﬁ}>+op(m )

These results are similar to the standard ones in the
literature (see e.g. Choi et al. (2018)), except that the
prewhitening parameter estimation effect is made explicit
in the convergence rate. For this result, there is no rate
requirement between N, and T.

It should be remarked here that for these results, we
maintained the assumption that R is fixed. The case in
which R — oo, though not of practical interest, may
be of independent theoretical interest. In such a case,
showing asymptotic results is facilitated by the fact that
the persistence of global factors becomes more dominant
at the prewhitening step in general, and the sequential
PC method of Wang (2010) can be adopted under our
Assumptions A-H, such that our results still hold under
extra rate conditions that involve R.
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Recovering the original factors. From the estimates of
prewhitened global and local factors obtained under The-
orem 2.2, the original factor estimates can be recovered
by integrating back by 0, as

A7G(6) =G, and A~'F, (6) = ...,

omitting dependence on 6 and assuming away the ini-
tial conditions that are negligible under joint (N., N, T)
asymptotics, following a similar discussion to Ergemen
and Velasco (2017). Using these original factor estimates,
true integration orders of the global and local factors can
be estimated either parametrically, based on a conditional-
sum-of-squares (CSS) criterion (see e.g. Ergemen and Ve-
lasco (2017)), or semiparametrically (see e.g. Abadir et al.
(2007)). Other time-varying model components can be
treated the same way, and their integration orders can be
estimated.

The memory of prewhitened residuals can be esti-
mated from (6) by resorting to CSS or Whittle meth-
ods, and the original residual memory parameters can be
obtained after integrating back by 6.

Last but not least, uniform consistency results for the
original global and local factors are difficult to justify
with additional long memory dynamics requiring rate
conditions on N and T that depend on unknown mem-
ory parameters. However, it should be made clear that
such extra rate conditions leading to uniform consistency
are not necessary for our results to hold, and such an
investigation is left for future research.

3. Determining the number of prewhitened local and
global factors

In the previous section, we assume the number of
prewhitened local and global factors to be fixed and
known, in a similar way to existing literature, in which
the number of local and global factors is fixed to be one,
or some alternative models considering more factors are
analyzed without using formal information criteria.

Although there are many methodologies to estimate
the number of static factors in one-level factor models—
see e.g. Bai and Ng (2002), Alessi et al. (2010), Onatski
(2010), Kapetanios (2010), and Ahn and Horenstein (2013)
—a formal methodology to estimate the number of factors
in a multi-level factor model is not yet available, to the
best of our knowledge. The closest exception is the pro-
posal of Hallin and Liska (2011), who allow for identifying
and estimating joint and block-specific common factors
in the context of dynamic factor models, providing a
rigorous theoretical treatment.

We adopt the methodology proposed by Hallin and
Liska (2011) to identify the number of local and global fac-
tors under our setup. We retain Assumption A-H imposed
to study the model in (1), and further assume (Hallin
& Liska, 2011)'s Assumptions A1’ and B, under which
a consistent lag-window estimator for spectral density
based on the sample covariance matrix is obtained with
the window size, Mr, increasing with but slower than
the time-series length, T. In this case, the information
criterion relying on the estimated eigenvalues of the sam-
ple spectral density matrices, ¥ (@), with the frequencies
o) = nl/(Mr 4+ 1/2),
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1 n 1 Mr
IC(k) =1 — —_—
(k)=log | = > T > wl(@)
i=k+1 I=—Mr7
+ kcp(N,T), ¢c>0, (7)

produces consistent estimates for the number of factors
under (Hallin & Liska, 2011)’s Assumptions A1”, A2’, A3’,
and B, which we also assume to hold, considering that the
prewhitened data are stationary, as we show in the proof
of Theorem 2.2, given a ky,qx such that 0 < k < kp,q and if
p(N, T)is o(1)and p~'(N, T)is 0 min{N,Mz,MT_l/le/z}).
The intuitive explanation behind the information criteria
in Eq. (7) is that since the cross-sectional average of the
idiosyncratic component is a function of k (the number
of estimated factors), the penalty function p(N, T) is used
to avoid under-fitting or over-fitting, as with the AIC or
BIC in time-series analysis. Examples of penalty functions
are PC1-PC3 and IC1-IC3 in Bai and Ng (2002), where
criteria IC1 and IC2 are more often used in empirical
applications. Alessi et al. (2010) also propose two modi-
fied information criteria to improve the estimation of the
number of factors in the presence of large idiosyncratic
disturbances. Further inspection of Eq. (7) indicates that
the estimated number of factors is also a function of a
tuning multiplicative constant defined by c, introduced
by Hallin and Liska (2007). This constant should be deter-
mined when implementing the methodology in practice.
See Proposition 7 and a detailed discussion of the optimal
tuning of ¢ in Hallin and Liska (2007).

After implementing this procedure distinctly for each
region, we use the inclusion-exclusion principle from set
theory to determine the number of global and local fac-
tors. To motivate the idea, simply consider only two re-
gions or blocks (By, By) in (1), say with only one local
factor in each region and one global factor. We can now
divide our data into three different factor spaces. Call
the marginal factor spaces as those two different spaces
spanned by the individual blocks of data B, and By, and
call the joint factor space as that spanned by the complete
block Byyy. In these spaces, we see that sp, = 2, sp, =
2, and sgwy = 3, given that we have only one local
factor in each region and only one global factor. The latter
means that both marginal factor spaces consist of two
static factors, whereas the joint factor space consists of
three static factors. The number of factors in each one
of these three factor spaces is consistently estimated by
using the information criteria in Hallin and Liska (2011)
after fractional differencing by 6, as described above.

The simple Venn diagram in Fig. 1 displays the strategy
discussed above for the case of two blocks. The green sec-
tor represents the part of the factor space that is shared by
both regions, and consists of one factor (the global factor).
The marginal factor space B, is represented by blue +
green sectors having two factors, whereas the marginal
factor space B, is the yellow + green sectors and also
has two factors. Naturally, the number of local factors is
directly obtained after computing the number of global
factor by the inclusion-exclusion principle, i.e. SB,UB, =
SB, +58, — Sp,nB,» from which we get sp,ns, = 1 (the global
factor).
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Fig. 1. Representation of the three factor spaces spanned by two
regions or blocks of data.

The complexity of this methodology increases in the
number of regions. Clearly, when we have R regions, the
number of blocks to be analyzed will be the power set
minus one, 2R — 1. Furthermore, we should compute the
number of global factors by using each one of the num-
ber of factors (cardinalities) estimated in the individual,
pairwise, triple-wise, etc. sets by the inclusion-exclusion
principle. The number of local factors in region R would
be determined by subtracting the number of factors pre-
viously estimated in each one of the intersections, where
region R interacts with the number of factors previously
estimated only in region R.

As an example, consider three regions now, such that
we have the following blocks: By, By, B, Bxy, Bxuz, Byuz,
and By, After fractionally differencing all the variables
in the data set, we compute the number of factors that
span each of the seven blocks. The number of factors in
pairwise blocks will be given by s, = s, + Sp, — S,
for instance. The global factor will be given by s, =
SByyuz — SBy — SBy —SB, T SByry By, +SB,r,» @and the number
of local factors of region x by S, — S, — SByry — SByz
for instance.

Naturally, with this methodology, it is possible to spec-
ify not only the number of factors corresponding to the
global and local levels but also the number of factors in
each one of the three pairwise blocks of regions. This
becomes especially useful in empirical work when the
dependence between regions is of interest.

4. Simulations

In this section, we explore the finite-sample properties
of the estimation procedure to investigate the perfor-
mance of the model in (1) and the methodology proposed
to estimate the number of global and local factors.’

4.1. Two-level factor model

In some cases, we generate a fractional cointegration
relationship between y; ; and the global factor, G;, since
we believe such a relationship can be realistic in several
empirical studies.

T We are deeply grateful to Sandra Eickmeier for sharing her Matlab
code that helped us make our computations more efficient.
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In these Monte Carlo studies, for which the results
are presented in Tables 1-4, we analyze the performance
of our model with R = 2 and R = 4, N, € {20, 80},
and different sample sizes with T € {150, 1000, 5000},
respectively. One global factor and one local factor in each
region are considered for simplicity. The global factor,
both local factors, and all idiosyncratic terms are inde-
pendently generated by ARFIMA(1, d,,,0) processes where
d,, corresponds to §, ¥, or d;,, as appropriate.” Autore-
gressive parameters are taken as 0.5 for the unobservable
factors and 0.1 for the idiosyncratic errors, following (Bre-
itung & Eickmeier, 2016). In the first three experiments,
we consider cross-sectionally independent idiosyncratic

components; Ur X N (0, 2¢)) with ¢ controlling the
signal-to-noise ratio with ¢ € {5, 2, 0.5}, corresponding
iid

to low, medium, and high signal-to-noise ratios. w;
&

N(0,0,) and v, 2N (0,0,,) control the ratio 2* to
study the relative impact of the factors on each other.
Furthermore, all factor loadings are generated as N(1, 1),
following (Boivin & Ng, 2006). All results are based on
1000 replications of the model.

In each experiment, as explained above, we first esti-
mate the fractional memory of ., denoted as 6. Second,
the series are 9-fractionally differenced before estimating
the model. Then, after collecting the estimated local and
global factors, we integrate back the factors and estimate
the memory parameters %, and § using the extended
local Whittle (ELW) procedure of Abadir et al. (2007),
which consistently estimates fractionally integrated I(d)
processes for d € (—3/2,00), covering stationary and
nonstationary regions. The number of Fourier frequencies
used in this Monte Carlo study is m = [T%°], with T €
{150, 1000, 5000} corresponding to m € {33, 125, 388},
respectively. Although there is no a general way to choose
an optimal bandwidth for Whittle estimators, a band-
width parameter that is too large is generally avoided. For
instance, the finite-sample study of Abadir et al. (2007)
suggests ruling out cases with m = |T%8] for the estima-
tion of d.

We also regress the actual factors (global or local) on
the estimated ones in order to study the reliability of the
procedure by computing the coefficient of determinations
of the global factor and the average of the local factors,
denoted as R2 and R3, respectively. Both coefficients can
be considered a measure Aof consistency for all t; see Bai
(2003). Finally, dg., and dg,, denote the average of the
estimated residual integration orders in the region r by
CSS and ELW, respectively.

As seen from Tables 1-3, biases from memory esti-
mates of the global and local factors are small, indicating
that the fractional memory parameters of both levels of
factors can be obtained accurately. In the same way, the
fractional memory of the residuals is accurately estimated
across all the sample sizes and the persistence levels
allowed.

2 Ly et al. (2017) provides a comprehensive survey and evaluation
of ARFIMA codes available in different software platforms.
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Table 1
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T = 150, N, € (20,80), and R = 2. The fractional memory estimates of j; and 6, averages biases of the memory estimated in both levels of
unobservable factors and in the residual, and the measure of the consistency of the unobservable factors estimated are presented in the report.

N, =20 N, =80
BIAS BIAS BIAS BIAS

¢ Oy Ouw G I§R § szz R?} dRcss dRELW 0 1§R § Rﬁ Ré dRcss dRELW

o =0.2 80 =04 drio=0
05 2 1 0.364 0.016 0.021 0.984 098 —0.008 —0.002 0.361 0.019 0.037 0.990 0997 -0.006 —0.003
05 1 1 0.322 0.072 0.023 0.962 0985 —0.008 —0.004 0.354 0.020 0.007 0.984 0.997 —0.008 —0.004
05 1 2 0.373 0.018 0.014 0.959 0996 —-0.007 —0.003 0.372 0.009 0.013 0984 0999 —0.007 —0.003
2 2 1 0.372 0.007 0.039 0.959 0943 -0.006 —0.001 0.382 0.010 0.022 0984 0986 —0.006 —0.003
2 1 1 0.337 0.028 0.023 0.878 0944 —-0.007 —0.001 0.350 0.013 0.021 0963 0986 —0.007 —0.004
2 1 2 0.375 0.032 0.008 0.876 0985 —0.010 —0.006 0.377 0.023 0.012 0961 0997 —-0.007 —0.003
5 2 1 0.368 0.055 0.026 0.736 0965 —0.010 —0.006 0.380 0.036 0.011 0917 0991 —-0.008 —0.004
5 1 1 0.353 0.059 0.032 0.737 0964 —-0.008 —0.004 0.365 0.034 0.024 0919 0991 —-0.007 —0.002
5 1 2 0.368 0.051 0.020 0.743 0965 —0.009 —0.006 0.364 0.042 0.021 0.921 0991 -—-0.006 —0.003

%o =04 80 =0.8 drio=0.2
05 2 1 0.790 0.013 0.045 0.963 0996 —0.034 —0.026 0.788 0.015 0.036 0966 0999 —0.033 —0.026
05 1 1 0.797 0.007 0.042 0938 0996 —0.033 —0.024 0.794 0.002 0.035 0959 0999 -—-0.035 —0.027
05 1 2 0.739 0.001 0.039 0945 0999 -0.033 —0.025 0.758 0.002 0.017 0.958 1.000 —0.033 —0.027
2 2 1 0.804 —0.001 0.036 0.936 0984 —0.040 —0.034 0.805 —0.002 0.045 0.960 0996 —0.032 —0.025
2 1 1 0.793 0.017 0.049 0.864 0984 —0.037 —0.030 0.792 0.010 0.047 0942 099 —0.034 —0.025
2 1 2 0.741 0.029 0.035 0.866 0996 —0.033 —0.027 0.757 —0.003 0.025 0.941 0999 -0.031 —0.025
5 2 1 0.743 0.037 0.039 0.718 0989 —-0.037 —0.028 0.750 0.024 0.035 0.896 0.998 —0.036 —0.027
5 1 1 0.726 0.033 0.052 0.734 0988 —0.034 —0.027 0.733 0.025 0.051 0.904 0998 —0.036 —0.027
5 1 2 0.733 0.032 0.046 0.740 0988 —0.038 —0.030 0.743 0.017 0.039 0.906 0998 —0.035 —0.028

%o = 0.6 80 =0.8 drio=0.4
05 2 1 0.764 0.025 0.042 0979 0995 -0.007 —0.002 0.754 0.023 0.046 0.981 0999 —-0.007 —0.002
05 1 1 0.765 0.027 0.021 0.960 0995 —-0.008 —0.003 0.762 0.023 0.017 0978 0999 —-0.007 —0.002
05 1 2 0.746 0.036 0.036 0.960 0999 -0.007 —0.001 0.749 0.016 0.031 0976 1.000 —0.006 —0.002
2 2 1 0.746 0.033 0.058 0.961 0978 —-0.009 —0.003 0.758 0.028 0.042 0977 0995 —0.007 —0.002
2 1 1 0.714 0.032 0.049 0.900 0979 -—-0.009 —0.003 0.723 0.032 0.041 0963 0995 —0.007 —0.002
2 1 2 0.749 0.039 0.041 0.904 0995 —-0.008 —0.003 0.754 0.028 0.036 0.965 0999 —0.006 —0.001
5 2 1 0.760 0.061 0.030 0.796 0988 —0.010 —0.005 0.754 0.047 0.037 0936 0.997 —-0.007 —0.003
5 1 1 0.740 0.062 0.046 0.796 0985 —0.009 —0.002 0.751 0.045 0.039 0934 0997 -0.007 —0.001
5 1 2 0.748 0.067 0.037 0.798 0986 —0.009 —0.003 0.756 0.045 0.026 0.937 0997 -—-0.007 —0.004

. —dy i . iid . .
Notes: The DGP is yri = ¥/ Gt + A, Fro + A, 4 O¢, . T =1,2 and i € (20,80) and T = 150. € ; ~N (0, 2¢) are generated independently with ¢
controlling the signal-to-noise ratio with ¢ = {5,2, 0.5}. Only one top-level factor and only one block-specific factor in each block are considered.
G = 0.5G,_1 + A7 wy, with w¢ ~ IIDN(0, 0,) and o, € (1,2) . Frp = 0.5F (1 4+ A; " vy, with v, ~ IDN(0, 0,) and o, € (1, 2). D is the average bias
of the estimated memory of both local factors. § is the average bias of the estimated memory of the global factor. These memories are estimated

2

with ELW with a bandwidth parameter of m = [T%7°] corresponding to m = 33. R is the R? of a regression of actual on estimates of the global

factor, and @ is the average of such R? on local factors. acss and aﬂw are the average biases of the residual memory estimates using CSS and ELW,

respectively. All experiments are based on 1000 replications.

The precision of global factor estimates is not distorted
even in very small samples. Note that in all the cases, the
global factor is more persistent than the regional factors
as well as the idiosyncratic terms. Our findings indicate
that the use of the canonical correlation procedures is
sufficiently robust to estimate the global factor well. In
this sense, Breitung and Pigorsch (2013) point out that
CCA is useful for a wide range of stationary or mixing pro-
cesses, and in particular, it works better than the usual PC
methods if the variances of the factors are very different.

Changes in signal-to-noise ratios do not affect the esti-
mated factors or residual integration orders. Note that the
more the signal-to-noise ratio increases, the less accurate
the regional factor is. The worst estimations are shown in
rows with ¢ = 5, where the precision of regional factors
(see columns Rﬁ) decreases even below 0.80. Regional fac-
tor accuracy with high signal-to-noise ratios improves in
two different scenarios: i) considerably, when the cross-
sectional dimension increases (compare the columns with
N = 20 and N = 80); and ii) slightly, when there is not
much difference between the persistence of the regional
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and global factors (see the cases with ¥,y = 0.6, and
8o = 0.8).2

We study more realistic structures of the idiosyncratic
components in Table 4 to have a better understanding
of the finite-sample properties of the methodology. We
simulate the same DGP as in Table 1 but with cross-
correlated idiosyncratic components. The vector of id-
iosyncratic shocks ur; = (ur 1, ..., Urne) is simulated
from a N(0, X)) distribution, independently across t, and
with the (i, j)th entry of the covariance matrix X, given
by 0.5, We also increase the number of regions and
varying the persistence of the factors. The first block of
six rows shows simulations from standard cases as before,
while the last six rows show special cases where the
integration order of the idiosyncratic components is equal
or even slightly greater than the memory parameter of the

3 We also studied the same experiments using a smaller bandwidth,
m = |T%%]. We did not find any relevant difference with respect to the
tables that we analyze here. These tables are available upon request.
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T = 1000, N, € (20,80), and R = 2. The fractional memory estimates of y; and #, averages biases of the memory estimated in both levels of
unobservable factors and in the residual, and the measure of the consistency of the unobservable factors estimated are presented in the report.

N, = 20 N, =80
BIAS BIAS BIAS BIAS
¢ Oy Ow 0 1§R § Rlze Ré dRcss dRELW G 1§R § RIZE Ré dRcss dRELW
P = 0.2 8 =0.4 drjo=0
05 2 1 0.365 0.006 0.003 0.991 0.988 —0.002 —0.002 0.350 0.003 0.003 0.997 0.997 -—0.002 0.000
05 1 1 0.360 0.009 —0.003 0970 0.988 —0.002 —0.000 0.353 0.003 0.005 0.992 0.997 -0.002 —0.001
05 1 2 0.382 0.006 0.006 0.969 0.997 -—-0.002 —0.001 0.385 0.005 —0.001 0992 0.999 -0.002 —0.001
2 2 1 0.395 0.007 0.003 0969 0.954 —0.002 —0.002 0.352 0.004 —0.004 0991 0.989 —0.002 —0.001
2 1 1 0.351 0.016 0.009 0.888 0.954 —0.002 —0.000 0.356 0.009 0.002 0972 0.989 —-0.002 —0.001
2 1 2 0.385 0.016 0.004 0.891 0.988 —0.002 —0.001 0.390 0.003 —-0.001 0972 0.997 -0.002 —0.001
5 2 1 0.379 0.028 0.006 0.768 0.970 -—-0.002 —0.002 0.382 0.011 0.006 0934 0993 -—-0.002 —0.001
5 1 1 0.382 0.027 0.004 0.768 0.971 —-0.003 -—0.001 0.388 0.015 0.000 0934 0.993 -0.002 —-0.001
5 1 2 0.376 0.034 0.009 0.768 0.970 —-0.002 —0.001 0.392 0.010 —0.003 0934 0.993 —-0.002 —0.001
Yo = 0.4 80 =0.8 drjo =02
05 2 1 0.769 —0.001 0.009 0.978 0999 -0.014 -0.018 0.762 —0.002 0.008 0.983 1.000 -0.014 -0.018
05 1 1 0.741 0.000 0.016 0.959 0.999 -0.015 -0.020 0.748 —0.005 0.004 0982 1.000 -0.015 —0.020
05 1 2 0.780 —0.005 0.005 0964 1.000 -0.014 -0.017 0.771 —0.002 0.016 0981 1.000 -0.014 -0.017
2 2 1 0.756 —0.002 0.018 0.956 0.995 -0.017 -—0.020 0.768 —0.002 0.008 0979 0.999 -0.015 -0.020
2 1 1 0.742 —0.008 0.011 0.880 0.995 -0.016 —0.020 0.745 —0.004 0.009 0963 0.999 -0.014 -0.017
2 1 2 0.783 0.001 0.004 0.896 0999 -0.014 -0.017 0.778 —0.002 0.008 0967 1.000 -—-0.015 -—-0.019
5 2 1 0.774 0.008 0.011 0.774 0997 -0.015 —0.020 0.775 —0.002 0.013 0932 0999 -0.015 -0.019
5 1 1 0.772 0.011 0.012 0.775 0997 -0.015 -0.019 0.772 0.002 0.015 0933 0999 -0.014 -0.017
5 1 2 0.773 0.008 0.012 0.762 0.997 -0.017 -0.023 0.773 0.005 0.014 0934 0999 -0.014 -—-0.018
%o = 0.6 80 =0.8 drjo =0.4
05 2 1 0.762 0.008 0.010 0.990 0.998 —0.002 -—0.004 0.766 0.004 0.009 0.994 1.000 -0.002 —0.005
05 1 1 0.747 0.012 0.011 0.981 0.998 —0.002 —0.004 0.750 0.000 0.015 0.992 1.000 -—-0.002 —0.005
05 1 2 0.780 0.006 0.010 0.981 1.000 —-0.002 —0.006 0.788 0.009 0.000 0991 1.000 -—-0.002 —0.005
2 2 1 0.791 0.006 0.013 0979 0.992 -0.002 —0.006 0.765 0.004 0.009 0.991 0.998 —-0.002 —0.005
2 1 1 0.745 0.020 0.020 0.933 0.993 -0.003 —0.006 0.754 0.004 0.010 0.982 0.998 —-0.002 —0.005
2 1 2 0.779 0.015 0.007 0.945 0.998 —0.002 —0.006 0.777 0.009 0.010 0982 1.000 —-0.002 —0.005
5 2 1 0.771 0.029 0.014 0.865 0.996 —0.003 —0.007 0.785 0.010 0.005 0964 0.999 -—-0.002 —0.005
5 1 1 0.774 0.036 0.012 0.865 0.995 -—-0.002 —0.005 0.782 0.017 0.007 0963 0.999 —-0.002 —0.005
5 1 2 0.774 0.035 0.012 0.862 0.995 —-0.003 —0.006 0.778 0.011 0.011 0963 0.999 -—-0.002 —0.005

Notes: The DGP is the same as that of Table 1,
All experiments are based on 1000 replications.

common factors. All results are based on 1000 replications
of the model, with T = 1000, Nr = 80, and R = 4.

As seen in the first six rows, our findings from previous
tables still hold up in this experiment. In the last six
rows, those corresponding to special cases, we study the
reliability of our procedure when Assumption G is no
longer satisfied. We find interesting conclusions. First, the
memory parameters of both levels of common factors, as
well as that of residuals, are still well estimated. Second,
the accuracy of regional factors depends on their level of
persistence compared with that of global factors. Third,
when ¢ > 4§, the precision in estimating global factors
decreases slightly, but it is still reasonable. These results
seem to be independent of the signal-to-noise ratio.

To show graphically the precision of the projected
estimators with the true ones, we simulate one replication
of the model (1) with R = 2, N, = 300, and T = 150, with
the medium signal-to-noise ratio and ¢, o = 0.6, 6o = 1,
and d, j = 0.25. Following (Wang, 2010), once we get G,
f”, f’, and ;1, we project the true factors on the estin}ated
factors to find the rotation matrix, Qc = (@/@) GG.

-1
Then, we use QC> to rotate factor loadings. Fig. 2

displays such a simulation exercise.
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except that now, T = 1000. The bandwidth parameter is now m = |T%7°], corresponding to m = 125.

4.2. Number of local and global factors

We now present a Monte Carlo experiment to show
the reliability of the methodology proposed to estimate
the number of local and global factors. We design our
simulation study using the same framework as above.

Tables 5-7 use the information criteria of Bai and Ng
(2002) and show that the number of factors is always
consistently estimated when variables are fractionally dif-
ferenced by 6 = max (8o, Vr.i0). Only in cases when d, jo <
1, the number of factors is accurately estimated taking
the first differences of the variables. The original variables
can be used only in the specific case when d; ;o = 0,
although the performance of the number of factors does
not diminish considerably in cases when d;j, < 0.5
because the data satisfy all assumptions of Bai and Ng
(2002). Since Tables 5 and 6 consider two regions, we
have three different blocks of data, Bg,ur,, Bg,» and Bg,,
as explained above. Table 5 includes the case of only
one global factor and one local factor in each region.
Consequently, the actual number of static factors in each
block is SBr,uRy = 3, SBy, = 2, and SBr, = 2, as represented
in Fig. 1. Table 6 considers the case of two global factors
and two local factors, then SBRyuk, = 6, sg;, = 4, and

sg,., = 4. When considering three regionslin Table 7,
Ry
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T = 5000, N, € (20,80), and R = 2. The fractional memory estimates of y; and &, average biases of the memory estimated in both levels of
unobservable factors and in the residual, and the measure of the consistency of the unobservable factors estimated are presented in the report.

N, = 20 N, =80
BIAS BIAS BIAS BIAS
¢ Oy Ouw G 7§R 8 Rﬁ R?} dRcss dRELW G ZA?R 8 Rlzz R?} dRcss dRELW
P =0.2 8 =04 drjo=0
05 2 1 0.355 —0.001 0.003 0.992 0.989 -0.001 -—0.001 0.355 0.001 —0.001 0.998 0.998 —0.001 0.000
05 1 1 0.360 0.003 0.003 0.971 0.989 —0.000 —0.000 0.367 0.000 0.000 0.993 0.998 —0.001 —0.001
05 1 2 0.391 0.003 -0.001 0971 0997 -0.001 —0.001 0.390 0.004 0.001 0.993 0.999 —-0.001 0.000
2 2 1 0.360 0.003 0.006 0.970 0.958 —0.000 —0.000 0.361 0.003 0.002 0.993 0.990 0.000 0.000
2 1 1 0.359 0.010 0.008 0.891 0.960 —0.001 —0.001 0.364 0.004 0.002 0.973 0.990 —0.001 0.000
2 1 2 0.386 0.011 0.003 0.896 0.990 —-0.001 —0.001 0.388 0.002 0.003 0973 0.998 —0.001 —0.001
5 2 1 0.382 0.023 0.007 0.777 0974 —-0.001 —0.000 0.395 0.006 —0.006 0935 0994 —-0.001 —0.001
5 1 1 0.385 0.020 0.005 0.774 0.973 -0.001 —0.001 0.387 0.005 0.003 0936 0.994 0.000 0.000
5 1 2 0.384 0.020 0.005 0.771 0.974 -0.001 —0.001 0.387 0.008 0.003 0935 0.994 —0.001 0.000
%o =0.4 8 =0.8 drjo=0.2
05 2 1 0.759 0.003 0.006 0.987 1.000 -0.007 -—0.013 0.751 —0.005 0.007 0.990 1.000 -—-0.007 -0.014
05 1 1 0.766 —0.001 0.003 0.966 1.000 —0.007 -—0.014 0.767 —0.003 0.001 0.987 1.000 —0.006 —0.012
05 1 2 0.787 —0.001 0.004 0.972 1.000 -0.006 —0.012 0.787 —0.003 0.004 0990 1.000 -—-0.006 —0.012
2 2 1 0.763 —0.002 0.011 0.952 0.998 —-0.008 —0.013 0.761 —0.003 0.006 0.987 1.000 —-0.007 —0.013
2 1 1 0.758 —0.008 0.006 0.856 0.998 —0.007 —-0.014 0.763 0.000 0.004 0970 1.000 —-0.006 —0.012
2 1 2 0.787 0.006 0.003 0.897 0.999 —-0.006 —0.012 0.785 0.002 0.005 0973 1.000 —-0.006 —0.013
5 2 1 0.784 —0.007 0.006 0.734 0999 -0.007 -—-0.014 0.787 0.003 0.004 0.938 1.000 -—-0.006 —0.013
5 1 1 0.782 —0.005 0.008 0.753 0.999 -—-0.007 -0.013 0.784 0.003 0.006 0.946 1.000 —-0.006 —0.011
5 1 2 0.785 —0.007 0.005 0.743 0.999 -0.007 -0.014 0.792 0.003 —0.001 0.942 1.000 -—-0.007 -0.014
%o = 0.6 8 =0.8 drjo =04
05 2 1 0.749 0.001 0.005 0.995 0.999 -0.001 —0.002 0.746 0.002 0.001 0.998 1.000 0.000 —0.001
05 1 1 0.763 0.001 0.004 0.987 0.999 —-0.001 —0.002 0.766 0.000 0.002 0.995 1.000 0.000 —0.002
05 1 2 0.789 —0.000 0.001 0.988 1.000 —0.000 —0.001 0.788 —0.002 0.002 0.996 1.000 0.000 —0.002
2 2 1 0.717 —0.003 0.005 0.984 0.997 -0.001 -—0.001 0.710 —0.002 0.006 0.996 0.999 0.000 —0.001
2 1 1 0.762 0.008 0.005 0.945 0.997 —-0.000 —0.002 0.763 0.002 0.005 0.988 0.999 0.000 —0.002
2 1 2 0.786 0.011 0.004 0.953 0.999 -—-0.001 —0.002 0.788 0.005 0.002 0.989 1.000 0.000 —0.002
5 2 1 0.787 0.019 0.002 0.889 0998 —0.001 —0.002 0.791 0.005 -0.001 0975 1.000 —-0.001 —0.002
5 1 1 0.786 0.019 0.001 0.881 0.998 —0.001 —0.002 0.783 0.004 0.006 0.974 1.000 0.000 —0.002
5 1 2 0.785 0.025 0.004 0.886 0.998 —0.001 —0.002 0.787 0.005 0.003 0.974 1.000 —-0.001 —0.001

Notes: The DGP is the same as that of Table 1,

except that now, T = 5000. The bandwidth parameter is now m = |T%7°], corresponding to m = 388.
All experiments are based on 1000 replications.
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Fig. 2. The dashed lines are the estimators for factors projected onto the true ones (solid lines). The global factor is in panel (a), and the local
factors are in panels (b) and (c).

N

with one global factor and one local factor in each region, factors as follows: SBRyURyURs = 4,

SBp, = 2, SBp, =
we have seven different blocks with the number of static Sg ’

3, and SBr,URs

w

Ry 2, SBR,URy » SBR,UR,
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Table 4
T = 1000, N, = 80, and R = 4. The fractional memory estimates of y, and 0, averages biases of the memory estimated in both levels of unobservable
factors and in the residual, and the measure of the consistency of the unobservable factors estimated are presented in the report.

BIAS BIAS
o Y10 20 V30 Va0 o dr i r § RTZg @ dess dew
Standard cases
0.5 0.1 0.2 0.3 0.4 0.6 0 0.004 0.000 0.991 0.999 —0.017 —0.010
2 0.1 0.2 0.3 0.4 0.6 0 0.002 0.006 0.992 0.999 —0.016 —0.009
0.5 0.6 0.7 0.8 0.9 0.6 0.5 0.004 0.014 0.998 0.999 —0.001 0.001
2 0.6 0.7 0.8 0.9 0.6 0.5 0.005 0.005 0.998 0.999 —0.001 0.002
0.5 1.25 1.25 1.25 1.25 15 1 0.014 0.021 0.974 1.000 —0.002 0.006
2 1.25 1.25 1.25 1.25 15 1 0.012 0.026 0.969 1.000 —0.003 0.005
Special cases
0.5 0.25 0.25 0.25 0.25 0.75 0.75 —0.061 0.010 0.895 0.993 0.008 0.013
2 0.25 0.25 0.25 0.25 0.75 0.75 —0.063 0.001 0.896 0.993 0.008 0.012
0.5 0.6 0.6 0.6 0.6 0.9 1 —0.017 0.007 0.761 0.990 0.004 0.013
2 0.6 0.6 0.6 0.6 0.9 1 —-0.018 0.006 0.785 0.991 0.004 0.013
0.5 0.9 0.9 0.9 0.9 0.6 1 0.007 0.001 0.977 0.916 0.001 0.010
2 0.9 0.9 0.9 0.9 0.6 1 0.005 0.007 0.977 0.926 0.001 0.010

Notes: The DGP is the same as that of Table 1, except that now we consider cross-correlated idiosyncratic components. In this experiment, R = 4,
N, =80, and T = 1000, with a bandwidth parameter of m = |T%°| corresponding to m = 125. All experiments are based on 1000 replications.

Table 5
Number of common factors. Two regions. (N = 40, T = 500 and k;;ox = 10). One global factor and one local factor in each region.

Neglected First Fractional

memory difference differencing using 8o

SBr,uR, SBg, SBg, SBR,UR, Sy, SB, SBR, Uk, SBg, SBg,
drio = 1.5, 8o = 2, and ¥, = 1.8.
IC1 10 10 10 5.59 3.49 3.45 3.00 2.00 2.00
IC2 10 10 10 5.15 3.31 3.26 3.00 2.00 2.00
IC3 10 10 10 8.39 4.20 4.20 3.00 2.00 2.00
PC1 10 10 10 6.38 4.57 4.55 3.00 2.00 2.00
PC2 10 10 10 5.95 4.35 4.32 3.00 2.00 2.00
PC3 10 10 10 8.84 5.50 551 3.00 2.00 2.00
dr,iO =0.4, 80 =1, and 19,—0 =0.7.
IC1 5.74 351 3.54 3.00 2.00 2.00 3.00 2.00 2.00
1C2 5.30 3.35 3.37 3.00 2.00 2.00 3.00 2.00 2.00
IC3 8.55 4.28 4.31 3.00 2.00 2.00 3.00 2.00 2.00
PC1 6.50 4.63 4.63 3.00 2.00 2.00 3.00 2.00 2.00
PC2 6.06 441 4.42 3.00 2.00 2.00 3.00 2.00 2.00
PC3 8.95 553 5.56 3.00 2.00 2.00 3.00 2.00 2.00
drjo =0.6, 8o = 1, and ¥,9 = 0.8.
IC1 10 9.41 9.38 3.00 2.00 2.00 3.00 2.00 2.00
IC2 10 8.99 8.95 3.00 2.00 2.00 3.00 2.00 2.00
IC3 10 9.99 9.99 3.00 2.00 2.00 3.00 2.00 2.00
PC1 10 9.68 9.66 3.00 2.00 2.00 3.00 2.00 2.00
PC2 10 9.41 9.38 3.00 2.00 2.00 3.00 2.00 2.00
PC3 10 10 10 3.00 2.00 2.00 3.00 2.00 2.00

Notes: The DGP is the same as that of Table 1 but considering idiosyncratic errors to allow for cross-section correlation. s, ., . Sg, » and sg,, are the
averages of the number of factors estimated in each block. We compare three cases: (i) when memory is neglected, (ii) taking the first difference on
Yr.it, and (iii) fractional differencing y, ;; with 8o = max(8o, ¥;0). IC1, 1C2, IC3, PC1, PC2, and PC3 are the information criteria of Bai and Ng (2002).
All experiments are based on 1000 replications.

Finally, the number of global and the local factors can 5. Application to Nord Pool power market

be obtained by the inclusion-exclusion principle. Corona

et al. (2017) perform a Monte Carlo study to evaluate the In this section, we provide an application of our method-
effects of several procedures to determine the number of ology to study price comovements in the Nord Pool power
factors after first-differencing the variables. Although it is spot market.

not further explored here, a possible extension could be In liberalized power markets, power companies
to evaluate the impact of fractional differencing the blocks produce electricity from many different sources (hydro,
of variables by the procedures of Onatski (2010) and Ahn thermal, nuclear, wind, and solar systems) to provide
and Horenstein (2013). competitive prices. Such spot prices exhibit seasonality
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Table 6
Number of common factors. Two regions. (N = 100, T = 500 and k;;qx = 10). Two global factors and two local factors in each region.

Neglected First Fractional

memory difference differencing using 8o

SBr,uR, SBg, SB, SBr,uR, SBg, SBg, SBr, UR, SBg, SBg,
dr,iO =14, § =2, and Yo = 1.8.
IC1 10 10 10 7.44 474 472 6.00 4.00 4.00
12 10 10 10 7.06 461 4.59 6.00 4.00 4.00
IC3 10 10 10 9.74 5.36 5.39 6.00 4.00 4.00
PC1 10 10 10 7.85 5.50 5.52 6.00 4.00 4.00
PC2 10 10 10 7.50 5.31 532 6.00 4.00 4.00
PC3 10 10 10 9.83 6.35 6.35 6.00 4.00 4.00
drio =04, 8 =1, and 9, = 0.7.
IC1 7.654 4.81 4.85 6.00 4.00 4.00 6.00 4.00 4.00
12 7.245 471 474 6.00 4.00 4.00 6.00 4.00 4.00
IC3 9.81 5.53 5.52 6.00 4.00 4.00 6.00 4.00 4.00
PC1 8.059 5.64 5.65 6.00 4.00 4.00 6.00 4.00 4.00
PC2 7.699 5.44 5.44 6.00 4.00 4.00 6.00 4.00 4.00
PC3 9.877 6.43 6.49 6.00 4.00 4.00 6.00 4.00 4.00
dr,iO =066 =1, and %0 = 0.8.
IC1 10 10 10 6.69 4.37 4.35 6.00 4.00 4.00
12 10 10 10 6.52 4.30 4.29 6.00 4.00 4.00
IC3 10 10 10 7.87 4.68 4.67 6.00 4.00 4.00
PC1 10 10 10 6.90 4.75 4.74 6.00 4.00 4.00
PC2 10 10 10 6.73 4.66 4.64 6.00 4.00 4.00
PC3 10 10 10 7.92 5.18 5.15 6.00 4.00 4.00

Notes: The DGP is the same as that of Table 5. All experiments are based on 1000 replications.

Table 7

Number of common factors. Three regions. Seven blocks of data. (N = 40, T = 500 and kpmex = 10). One global factor and one local factor in each
region. Estimation is performed in first differences. d; o = 0.6, 8o = 1, and o = 0.8.

SBR, UR, URs SBg, SB, SBg, SBr,uR, SBR,uR, SBryURs
IC1 4.00 2.00 2.00 2.00 3.00 3.00 3.00
IC2 4.00 2.00 2.00 2.00 3.00 3.00 3.00
IC3 4.00 2.00 2.00 2.00 3.00 3.00 3.00
PC1 4.00 3.21 3.23 3.20 3.00 3.00 3.00
PC2 4.00 3.08 3.08 3.06 3.00 3.00 3.00
PC3 4.00 3.52 3.50 3.47 3.00 3.00 3.00

Notes: The DGP is the same as that of Table 5. All experiments are based on 1000 replications.

at daily and weekly levels, irregular cyclical movements,
and spikes that are intrinsically originated in the mar-
ket. See Weron (2007) for more details. Another feature
that has received considerable attention is the presence
of a hyperbolic decay of the autocovariances of elec-
tricity prices. In this light, Haldrup and Nielsen (2006)
point out that Nord Pool prices are characterized by a
high degree of long memory. Along this line, Koopman
et al. (2007) consider general seasonal periodic regres-
sions with ARFIMA-GARCH disturbances to analyze daily
spot prices.

Although daily average prices are widely studied in
the literature, due to the role played in the day-ahead
market, as (Ramanathan et al,, 1997) discuss, it is of in-
terest to disaggregate electricity prices to strengthen the
respective prediction. In this regard, Raviv et al. (2015)
also point out that the daily averages of the disaggregated
hourly forecasts contain useful information to study the
daily average price in the Nord Pool market. In addition, it
is habitually overlooked when modeling the hourly prices
that the vector of 24 hourly prices is determined simulta-
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neously in the day-ahead market. The latter means that a
proper form of the data set would be a panel of prices
with a natural ordering in the cross-section dimension,
instead of a single time series.

Examining in detail the hourly electricity prices im-
plies the study of a complex dependence structure in the
market, which has not been extensively considered in the
literature. Factor models are standard tools to analyze
high-dimensional data and have been recently used in
electricity markets (see e.g. Alonso et al. (2011), Dor-
donnat et al. (2012), and Catafio et al. (2021)). Using a
long memory approach in panel models, Ergemen et al.
(2016) study the dynamics of Nord Pool electricity prices
in the Elspot market and suggest a fractional cointegrating
relationship in the panel between electricity prices and
their main unobservable common factor.

A possible limitation in the study of Ergemen et al.
(2016) is the use of unconstrained equilibrium prices
(called system prices) for the entire Nordic region,
disregarding the available transmission capacity between
market regions. The Elspot market is divided into bidding
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Number of factors using the inclusion-exclusion principle.
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Individual blocks Pairwise blocks

Triple-wise blocks Quadruple-wise block

SRy 7 SBR1 UBg, 11
SRy 7 SBr, UBg, 12
SR3 7 SBR1 UBg, 11
SRy 7 SBRZ UBg, 11
SBr, UBg, 11
B, UBi, 11

SBr, UBg, UBg, 14 SBr, UBr, UBR, UBg, 16
SBg, UBg, UBg, 14
SBr, UBg, UBg, 14

14

SBg, UBR, UBR,

areas in which system prices do not clear the entire
Nordic market, mainly because of the lack of consid-
eration for region-specific price characteristics. In this
empirical application, we delve into Nord Pool’s price
characteristics both by bidding areas and globally.

The data under consideration are in the form of bal-
anced panels consisting of N, = 24 hourly prices for each
day for the period from January 1, 2012 to September
30, 2014, due to availability reasons, yielding a total of
T = 1004 daily observations in each panel. We consider
12 panels, since we analyze 12 bidding areas: five Norwe-
gian bidding areas (NO1-NO5), western Denmark (DK1),
eastern Denmark (DK2), four Swedish bidding areas (SE1-
SE4), and Finland (FI). All bidding areas are connected. The
series are downloaded from the Nord Pool ftp server. The
prices are denominated in euros per Mwh of load. We
follow Ergemen et al. (2016) to prefilter the series from
regular seasonalities and structural changes in the market.

We establish four regions according to the bidding
areas of the market as follows: Region 1 = (DK1, DK2),
Region 2 = (NO1, NO2, NO3, NO4, and NO5), Region 3 =
(SE1, SE2, SE3, SE4), and Region 4 = FI. Then, the cross-
sectional dimensions are N, = (48, 120, 96, 24) in regions
1, 2, 3, and 4, respectively.

We estimate the memory, &, ;, of hourly local prices
with the ELW procedure. The number of Fourier frequen-
cies used is m = T%7, with T = 1004 corresponding to
m = 126. Then, prices are fractionally differenced by their
respective estimated memory, &, ;, so that the number of
global and local factors can be estimated as described in
Section 3.

To estimate the number of local and global factors, we
use the procedure proposed by Alessi et al. (2010). This
procedure improves the penalization in the criteria IC1
and IC2 of Bai and Ng (2002), introducing a tuning mul-
tiplicative constant in the penalty function that leads to
a heteroskedasticity-robust inference. Under our assump-
tions, Theorem 2 in Bai and Ng (2002) is still valid. Using
the inclusion-exclusion principle explained in Section 3,
we find one global factor and two local factors in each of
the regions.

Table 8 presents the number of factors estimated in
each block of data, from which one global and two local
factors in each region are defined using the inclusion-
exclusion principle. The Edwards diagram (see Fig. 3)
displays the decomposition of the full factor space. It
is possible that remaining factors (pairwise and triple-
wise factors) can be estimated following an adapted ver-
sion of Rodriguez-Caballero and Caporin (2019) to long
memory.
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We estimate the model specified in (1) by the method-
ology proposed in Section 2.2 with one global factor and
two local factors in each region. Fig. 4 shows the global
factor and loadings. The first panel in Fig. 4 also dis-
plays the filtered system daily prices by the same method
of Ergemen et al. (2016) for comparison purposes.

As seen from Fig. 4, the global factor seems to be highly
persistent. Loadings of the global factor show regular
behavior among bidding areas. Loadings are positive and
larger during the working hours, indicating that the global
factor plays a key role from 8 a.m. to 4 p.m. Levels of
the loadings are similar across regions. Fig. 4 shows that
the global factor fits well to the filtered system prices.
Furthermore, the correlation between the global factor
and the filtered daily system price is around 0.95, indi-
cating that the global factor may be interpreted as the
daily system price. The performance of the global factor
loadings is in line with the nature of the operation of
companies in the power market.

Figs. 5 and 6 display loadings and regional factors,
respectively. Fig. 5 indicates that in general, first regional
factors play a key role during non-working hours, explain-
ing much more of the variability. In contrast, second re-
gional factors are more relevant overnight. Furthermore, it
is apparent that regional factors are also highly persistent.

We collect the global and regional factors (G, F; ;) and
estimate the fractional memory parameters with the ELW
procedure proposed by Abadir et al. (2007). Fig. 7 shows
that the global factor is more persistent than local factors.
The regional factors of Regions 2 and 3 are similar and
are more persistent than the other regions, while the
Danish and Finnish regions, Regions 1 and 4, show less
persistence in both regional factors.

As seen from Fig. 8, a fractional cointegration relation-
ship is confirmed in most of the hours in each region,
given that d,; < max(8, ¥). Fig. 8 shows that the persis-
tence levels of the residuals of the model in (1) decrease
once we take into account the strong dependence of the
hourly electricity prices analyzed with the global and local
factors estimated.

6. Forecasting

In this section, we analyze both (univariate) system
price forecast settings and (multivariate) regional price
forecast settings to illustrate the empirical use of our
multi-level factor model. Of special empirical interest,
system price forecasts are important for obtaining infor-
mation on Nord Pool reference prices in the day-ahead
markets, while regional price forecasts are useful in shap-
ing bidding strategies in those markets.
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Fig. 4. Global common component of Nord Pool bidding areas.

For both forecasting exercises, we use the same es-
timation window from January 1, 2012 to September
30, 2014. Forecasts are generated in a window of three
months, from October 1, 2014 to December 31, 2014.

For forecast evaluation and comparison purposes, we
compute both the out-of-sample root mean square er-
ror (RMSE) and the out-of-sample root mean absolute
deviation (RMAD) given by

h
3 een — Fies) .
k=1

RMSE; , =

S=

h
1 A
RMAD,"h = E E |Yt+h _yi,t+k|7
k=1
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where y.., is the actual realization of the variable of
interest at time t + h, with h as the forecast horizon.
The models used are indexed by i € {1,...,m}, and the
out-of-sample forecast from model i is denoted by J; ¢ 1.

In both forecasting exercises, to compare the predic-
tive accuracy of two forecasts, we employ the test de-
veloped by Diebold and Mariano (2002). In this test, the
null hypothesis is that both forecasts have the same accu-
racy against the alternative that they do not. Particularly,
in our analyses, we investigate whether the alternative
model in each case is less accurate than the benchmark,
which we describe below.

Furthermore, since there are several competing mod-
els, we employ the model confidence set (MCS) proce-
dure of Hansen et al. (2011) by the R package provided
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by Bernardi and Catania (2018) to compare all predictions
jointly. The MCS is a procedure to identify the relative
performance of an initial set of models and determine the
superior set that can be considered statistically superior at
a given confidence level. A requirement when comparing
loss functions over time is to guarantee stationarity in
the model’s loss differentials. Hansen et al. (2011) rec-
ommend the use of a rolling window to satisfy such a
condition. We refer the reader to the original paper for
details.

422

6.1. Nord Pool reference price forecast

We set the close tie between our global factor estimate
and the system price in Section 5. In this part, we assess
the forecasting performance of our global factor estimate
in forecasting the Nord Pool reference price in contrast
to the system price under different model specifications.
We study four forecast horizons at h = (1, 7, 15, 30) days,
based on the estimation window as above. Forecasts are
produced according to a rolling window of three months,
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from October 1, 2014 to December 31, 2014, for a total
of 92 one-step-ahead, 86 one-week-step-ahead, 78 two-
weeks-step-ahead, and 63 one-month-step-ahead fore-
casts for each of the competing models. Table 9 presents
the starting set, My, containing all models considered for
the MCS approach.

The benchmark is an ARFIMA(p, d, q) model estimated
for the global factor extracted as in Section 5 in each
rolling sample. Our main interest here is to assess the pre-
dictive capabilities of the global factor even in situations
with high variability in regional prices, market bottle-
necks, and other market characteristics. ARFIMA models
require first estimating the fractional parameter. There-
after, an ARMA model is fitted to the filtered data by
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using maximum likelihood to estimate parameters, and
via the use of the Schwarz information criterion (BIC) for
lag selection. Note that the number of lags is determined
in each rolling sample.

Table 10 reports the (mean) levels of RMSE and RMAD,
and the models that belong to the superior set in the MCS.

A glance at Table 10 reveals that models Mg and M3
are always in the superior set for any forecast horizon.
This result is as expected, due to the high correlation
between global factor and system prices. In contrast, mod-
els M; and M, are the worst competing models and are
eliminated from the set of superior models most of the
time. These results are in line with global findings in
the simulation study of Vera-Valdés (2020), given the
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Table 9

The table reports all the univariate specifications considered in the starting set of models, My, for the
Nord Pool reference price.

Abbreviation

Full description

Mg ARFIMA(p, d, q). The best ARFIMA model according to BIC
value for the estimated global factor from Section 5. Benchmark model.
My 1(1) model.
My ARIMA(p, 1, q). The best ARIMA model according to BIC value
for the system price.
Ms ARFIMA(p, d, q). The best ARFIMA model according to BIC
value for the system price.
My ARFIMA(1, d, 1) model for the estimated global factor.
Ms ARFIMA(1, d, 1) model for the system price.
Notes: The first column is the abbreviation of the competing model, while the second provides a brief
description.
Table 10
Out-of-sample predictability for system price.
h=1 | h=1 | h=15 | h =30
RMSE RMAD RMSE RMAD RMSE RMAD RMSE RMAD
Mp 0215 0414 0.211 0.516 0.287 0.575 0.38 0.647
M; 0216 0407 0.254**  0.541*** 0.323* 0.601* 0.437***  0.689***
Mo 0212 0403 0.239* 0.526** 0.307**  0.594*** 0.439***  0.687***

Mz 0.192 0.378 0.215 0.517 0.268 0.569 0.383 0.651
My 0224 0423 0259  0.533 0315 0.586* 0.384 0.649
Ms 0209 0.403 0.271**  0.543* 0.351*  0.605* 0.447 0.679*

Notes: This table shows means of the RMSE, and RMAD computed over the forecast horizons h.
The minimum value is in bold. The description of models is reported in Table 9. Gray shading
indicates those models that belong to the superior set of models in the MCS using square errors
(SE) or absolute errors (AE) by the range statistics defined by Hansen et al. (2011) at a 20%
level of confidence. The symbols ***,**, and * correspond to statistical significance based on the

Diebold-Mariano test at significance levels of 1%, 5%, and 10%, respectively.

long memory property of the electricity prices. Further-
more, as Vera-Valdés (2020) highlights, independently of
the long memory generating mechanism, ARFIMA models
tend to show better performance in medium and long
forecast horizons, compared to short memory models.

Even when we rank the models contained in the MCS
according to their RMSE or RMAD, the Diebold—Mariano
test, which is valid, due to the use of a rolling window
scheme, does not reject the null of equal predictive ability
for M3 and Mg for any h, although the RMSE and RMAD
values are lower with M3 for h = 1, 15 and with Mj for
h =7, 30. This tight forecasting performance relationship
between models M3 and Mg reveals that our global factor
estimate can be employed in place of the system price to
forecast the Nord Pool reference price.

6.2. Regional price forecasts

Forecasting regional prices can provide useful infor-
mation for designing bidding strategies in the day-ahead
electricity market. Therefore, in this part, we assess the
out-of-sample performance of regional price forecasts
across different model specifications that include our multi-
level factor model. Given all the available information
from bidding areas of the Nord Pool power market, the
goal i 15 to forecast the price of region r at hour i, denoted
b P T 1

First, we focus on the following multi-level factor aug-
mented models:

P = Bo + 1P + BoGe + ﬁaF(” +BaES Ul (8)
POV = Bo+ BiGe + BoFV) + BsFy) + ), (9)

where h > 1 is the forecast horizon, (A;t is the global
factor estimate, and F]r for j = 1,2 are the regional
factor estimates previously obtamed in Section 5. Fore-
casting can then be done in a two-step process. First, both
levels of factors are estimated from all regional prices;
second, the relationship between the specific hourly price
of the treated region to be forecast and the factors is
estimated by linear regression. What makes models (8)
and (9) useful for predicting regional prices is the fact
that, on the one hand, the global factor would handle
the information of the market without any congestion
restriction, and, on the other hand, regional factors would
correct any sudden deviation from the system prices in
any congestion situation.

Then, we consider different model specifications for
robustness. The starting set for the MCS approach includes
particular cases of models (8)-(9) with a single local fac-
tor in each region, multi-level and standard (uni-level)
factor models assuming that regional prices follow I(1)
processes, and univariate models. Table 11 presents the
set My for Nord Pool’s regional prices.
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The table reports all the specifications considered in the starting set of models, My, for Nord Pool

reference prices.

Abbreviation Full description
My Model (8). Benchmark model.
My Model (9).
M3 Model (8) with only one local factor.
My Model (9) with only one local factor.
Ms Model (8) assuming that prices are I(1).
Mg Model (9) assuming that prices are I(1).
My Standard factor model with lagged price considering
only one factor and assuming prices are I(1).
Mg As M7 without lagged price.
Mg As M7 but considering three factors.
Mig As Mg but considering three factors.
M1 As Mg but considering prices only from the specific region.
M1z As My but considering prices only from the specific region.
M3 I(1) model for regional price.
Mg Best ARIMA(p, 1, q) model for the regional price according to BIC.
Mis Best ARFIMA(p, d, q) model for the regional price according to BIC.
Notes: The first column is the abbreviation of the competing model, while the second provides a brief
description.
1 2 1 1 1 2 2 1 2 2 2 1 6 Mis
2 3 4 5 5 2 3 1 1 1 1 1 2 My
3 3 1 1 3 5 3 3 2 2 2 2 1
4 3 3 1 1 1 1 1 2 2 2 2 2 My
5 3 1 1 1 5 5 1 4 4 4 4 1
6 3 1 7 7 3 4 7 1 1 1 1 3 Mz
7 1 1 8 8 2 2 8 7 7 7 7 5 My
8 1 2 9 7 3 2 6 1 1 1 5 5
9 1 2 8 8 2 2 1 1 4 5 5 6 My
10 1 2 7 1 2 2 2 1 1 s [ s || o
E 11 9 2 2 1 2 2 2 1 1 5 5 8 Mo
2n 9 2 2 1 1 2 1 5 5 5 5 1 |
%3 4 3 1 2 2 2 1 7 7 3 7 3 "M”
i 14 4 3 1 1 6 2 1 8 8 3 7 1 M;
15 4 3 1 1 6 2 1 4 1 1 |
16 3 3 1 2 3 2 1 _ 4 7 1 Ms
17 4 3 1 2 2 2 2 3 3 3 3 1 |
18 4 4 9 7 2 2 8 3 3 1 1 1 Ms
19 7 7 7 4 3 3 5 2 2 1 9 7 ‘Ml
20 1 2 8 5 2 2 6 4 1 2 3 6 |
21 1 1 2 2 2 4 2 6 6 6 4 5 My
2 3 6 1 1 2 2 1 4 4 4 3 2 |
23 1 2 6 4 3 6 5 2 2 2 2 4 M,
2% 1 2 1 1 2 4 1 1 1 1 1 1 L ‘M]
DKI1 DK2 NOI NO2 NO3 NO4 NO5 SEL SE2 SE3 SE4 FI

Bidding Areas

Fig. 9. Two-dimensional representation of top-ranked models in terms of the prediction for each hour of the day and each bidding area. Cells show
the colors/shades associated with the winning model in each configuration. The number in the cell indicates the top model according to Table 11,

where the description of the models is reported.

In models M3 and M, we investigate the performance
of the models with a single local factor, even if the previ-
ous analysis in Section 5 suggests considering two instead.
With models Ms and Mg, we compare whether the frac-
tionally integrated approach shows advantages over the
I(1) case when predicting. Models M7;-My, are natural
competitive models to evaluate the gain of considering
a multi-level approach rather than a standard (uni-level)
factor model.

Due to space restrictions, we focus only on the one-
step-ahead forecast case, employing a three-month rolling
window from October 1 to December 31, 2014, for each
hour of the day in each bidding area for each competitive
model, for a total of 393,120 forecasts.
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Fig. 9 provides an immediate visual summary of the
top-ranked model for each hour of the day and each bid-
ding area of the encompassing analysis. We select the top
model as in Bernardi and Catania (2018), that is, the lower
value of d; j/(var(d;;))"/?, where d; is the loss differential
between models i and j. See Hansen et al. (2011) for
details.

The four lighter blue cells in Fig. 9, models M;-My, are
the dominant ones. They are included in the MCS around
75% of the time. This indicates that the fractional multi-
level structure works well to predict regional prices. The
remaining multi-level models assuming I(1) processes are
included in the MCS around 12% of the time, while stan-
dard factor models are included around 11% of the time.



Y.E. Ergemen and C.V. Rodriguez-Caballero

International Journal of Forecasting 39 (2023) 405-430

Table 12
Out-of-sample predictability for hourly prices in DK1.
1:00 am. 2:00am. 3:00am. 4:00am. 5:00am. 6:00am. 7:00am. 8:00am. 9:00am. 10:00am. 11:00am. 12:00p.m.
My 0.935 0.950 0.845 0.858 0.923 0.813 0.773 0.696 0.576 0.676 0.715 0.743
M, 0.940 0.952 0.885 0.899 0.938 0.846 0.774 0.706 0.589* 0.694** 0.725 0.746
My 0.941 0.946 0.858 0.869 0.919 0.810 0.776 0.697 0.574 0.674 0.712 0.736
My 0.947 0.961 0.897 0.907 0.941 0.856 0.778 0.701 0.584 0.690* 0.719 0.736
Ms 0.943* 0.956 0.846 0.865 0.925 0.815 0.775 0.698 0.578 0.677 0.714 0.742
Mg 0.948 0.961 0.894* 0.907 0.945 0.855 0.777 0.708 0.592* 0.695** 0.725 0.745
M7z 0.961* 0.954 0.863* 0.871* 0.921 0.812 0.787 0.756** 0.639** 0.759** 0.782 0.789
Mg 0.987* 0.992 0.930** 0.934** 0.964 0.886* 0.803 0.764** 0.641* 0.771** 0.804 0.829
My 0.961* 0.961 0.870** 0.878 0.928 0.812 0.776 0.703 0.595 0.690 0.702 0.728
Mg 0.953 0.965 0.903** 0.915* 0.951 0.852 0.776 0.706 0.599 0.699 0.707 0.733
My 0.964** 0.968 0.876** 0.886* 0.939 0.820 0.767 0.699 0.585 0.677 0.719 0.74
M2 0.99* 1.017* 0.951**  0.963** 0.998* 0.912** 0.773 0.704 0.595 0.695** 0.723 0.739
Mz 1.189* 1.154 1.010 1.012* 1.092* 0.916 0.951***  0.902***  0.752***  0.885"** 0.896** 0.882**
Myg | 1042 1.014** 0.920** 0.921** 0.967** 0.852* 0.831* 0.794***  0.676***  0.780*** 0.791** 0.8***
Mis 1.03** 1.01** 0.931* | 0.905** 0.967** 0.860** 0.842 0.79** 0.669***  0.749*** 0.769*** 0.787**
1:00 pm. 2:00 pm. 3:00 p.m. 4:00 p.m. 5:00 p.m. 6:00p.m. 7:00p.m. 8:00p.m. 9:00p.m. 10:00p.m. 11:00 p.m. 12:00 a.m.
My 0.767 0.792 0.834 0.786 0.810 0.903 0.724 0.683 0.672 0.653 0.717 0.953
My 0.765 0.794 0.834 0.798 0.823 0.889 0.738 0.715** 0.717** 0.709* 0.776** 1.019*
M3 0.754 0.774 0.819 0.765 0.791 0.901 0.721 0.684 0.664 0.642 0.703 0.953
My 0.750 0.771 0.809 0.777 0.801 0.883 0.731 0.707* 0.701** 0.689* 0.756* 1.007*
Ms 0.766 0.793 0.834 0.789** 0.812** 0.903 0.724 0.687 0.674 0.654 0.719 0.967
Mg 0.765 0.795 0.834 0.800* 0.824 0.888 0.737 0.716** 0.721** 0.713* 0.782** 1.028*
My 0.794 0.797 0.846 0.787 0.809 0.903 0.719 0.685* 0.674* 0.649 0.716 0.970
Mg 0.853* 0.871* 0.908 0.869 0.910 0.964 0.778 0.743 0.734 0.734* 0.792** 1.030*
My 0.753 0.772 0.816 0.767 0.794 0.896 0.726 0.691* 0.670 0.650 0.708 0.954
Mo 0.755 0.775 0.814 0.777 0.806 0.884 0.741 0.715* 0.712%* 0.686 0.744 0.994
My 0.751 0.768 0.813 0.778 0.802 0.893 0.719 0.688* 0.679 0.650 0.710 0.981
M2 0.751 0.772 0.815 0.771 0.794 0.884 0.724 0.705*  0.716™** 0.699* 0.763 1.051
Mz 0.863** 0.865 0.947 0.842 0.887 1.065* 0.826 0.804** 0.777** 0.734 0.804 1.142
Mg 0.807** 0.807* 0.859** 0.807** 0.835*  0.924**  0.734"*  0.718**  0.711"** 0.696* 0.746 1.003
M5 0.801* 0.82 0.852** 0.789 0.81* 0.913**  0.728** 0.695** 0.7%* 0.682 0.718 0.976

Notes: This table shows means of the RMAD computed over a forecast horizons of one day. The minimum value is in bold. The description of the
models is reported in Table 11. Gray shading indicates those models that belong to the superior set of models in the MCS, using absolute errors (AE)
by the range statistics defined by Hansen et al. (2011) at a 20% level of confidence. The symbols ***,**, and * correspond to statistical significance
based on the Diebold-Mariano test at significance levels of 1%, 5%, and 10%, respectively.

Standard (uni-level) factor models estimated only from
the regional prices in question (M7; and M, ) are covered
around 2% of the time, supporting the usefulness of the
full information of the entire market through a multi-level
factor structure. Finally, univariate models are never the
best model to forecast regional prices.

For the sake of brevity, we only show in Table 12
the mean level of RMAD and the models that belong to
the superior set in the MCS for the first bidding area in
Region 1, that is, DK1. The analysis from the remaining
bidding areas is available upon request. According to the
results, models M; and M3 are always contained in the
superior set of models in the MCS, indicating that global
and local factors with a lagged value of the regional price
help to obtain more accurate forecasts. This stresses that
our multi-level factor model can be quite informative in
forecasting regional prices.

Remarkably, it seems that the number of local factors
may change depending on the hour of the day. This may
incentivize two possible subsequent approaches: first, im-
plementing models that can switch the number in the
global and/or local factors, as in Cordis and Kirby (2011)
and Camacho et al. (2018); and second, exploring the
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idea of time-varying loadings in multi-level structures, as
in Mikkelsen et al. (2019) and Catafio et al. (2021). We
leave these extensions for future research.

7. Concluding remarks

In this paper, we considered a dynamic multi-level
factor model that allows for both global and local com-
mon factors. The multi-level factor structure and model
innovations are allowed to exhibit short memory dynam-
ics and long-range dependence without restrictions on
them being either stationary I(0) or nonstationary I(1)
processes. In order to estimate the model, we proposed
a parsimonious two-step procedure and discussed how
the number of global and local factors can be determined.
Through an extensive simulation study, we showed that
the methodology performs well in small samples, and
we then applied our method to the analysis of the Nord
Pool power market. While the model proposed in this
paper is quite general in that it allows for a multi-level
factor structure and short-term as well as long-range
dynamics, it can nevertheless be extended to account
for parametric spatial dependence that would be use-
ful for analyzing economic unions and spillover effects.
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Furthermore, forecasting studies using our model can be
undertaken to obtain more specific information by ex-
ploiting the differences between global and local effects,
as in the application to the Nord Pool market.
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Appendix

A.1. Proof of Theorem 2.1

Taking the cross-sectional and local average of the
model in (1),

}:’t = ;/Gt + )_\/F[ + Et
where F, = R 1 Zr 1 Fr.c with R fixed, and the quantities

7 £0 and X # 0 under Assumption C do not depend on i
orr, so j; is a pure time series that is integrated of order
6. Furthermore, note that G, F;, and €, have zero mean
under Assumption A.2 and their respective variances are
proportional to

T T
( DD - slz‘”””xl) = 0(1+T*""logT)

s=1t
T
1
O -
(w2
s=1
T
(NT
s=1 t=
since the long-range dependence dynamics dominate the
short memory dynamics as T — oo; see e.g. Robinson
and Velasco (2015). Furthermore, noting that R is fixed

under Assumption C and that the model components are
orthogonal to each other under Assumption E,

~| =

It — s|20mﬂx‘) =O(R™ '+ R 'T?"m"1]0gT)

MwMJ

It — deﬂxl) =O(N~'+ N1 ogT),

._‘

;t — Op (‘1 + (Tsmax_l/z + Tﬂmax_]/z + N_]/szmax_]/z) log T) .
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To determine what 6 corresponds to, we analyze the
cases exhaustively as follows. If N is fixed, the contri-
bution of each term to the variance of y; depends on
their integration orders, so 6 max{Smax> Fmax> Amax}-
On the other hand, if N — oo, there are two cases: 1.
if min{smwﬁ l?max} = dmax or max{smax» ﬂmax} = dmax =
min{Smax, ¥max}» for which max{8max, Fmax} = dmax is suf-
ficient, 0 = max{Smax, Fmax}; 2. if dmax > Max{Smax, Fmax}
and N1/27minmax.-dma}—dmax 5 0 @ = dpq because the
contribution of the averaged error term dominates those
of the factors only when N~1/2Tdmax—mintdmax.Imax} _ o0,
For each of these cases, given that the averaged quan-
tities are pure time series and that exact local Whittle
estimation is silent about the exact data-generating pro-
cess, showing the consistency and asymptotic normality
of 6 follows from the proof of Theorem 4 in Shimotsu and
Phillips (2005) under the conditions of Assumption A. O

A.2. Proof of Theorem 2.2
We begin by showing that the prewhitened factors

and errors are asymptotically stationary, because under
Assumption A.2, they have zero mean and their variances

ZZ“— S|25max 6)— 1)

s=1 t=1
= 0(1 + THma=0)-1 log T) = 0(1)

T

Z Z It — S|2(l7max9)1>

s=1 t=1
= 0(1 4 THPmax=0)-1 log T)=

Z ZT: It — S|2(dmux—9)—1>

s=1 t=1

Var(G¢(0)) (

sup Var(F: +(6)) (

0(1)
sup Var(erit(6)) (

= 0(1 4 THmax=0=1150 T) = O(1), (10)

since under Assumption G, § = max{dmax, Fmax} > dmax
and & = 6+0,(m~"/2), based on the result in Theorem 2.1.
Then, we can write

Ge(0) — LeGe(8) = Ge(B) — Ge(8) + Ge(8) — L:Ge(6)
=h+Dh

and analyze I and I, separately:

(11)

Ge(0) = Gi(67)@ — 0)
= op(m™~"72),

arguing as in Robinson and Hidalgo (1997), where the first
equality is obtained by applying the mean value theorem,
and the second equality is because 6 — 6 = 0,(m~"/2).

To analyze the remainder of the terms in (11), I, let us
reformulate the CCA considering only two regions a, b =
1, 2, which is enough to isolate the global factor. Arguing
as in Choi et al. (2018), let Sp = T~ Z[ 1 Ha,t(6)Hp (6.
The largest generalized elgenvalues [, satisfying

I = G(6) —

‘51,252552,1 —[iS11|=0

provide the largest squared sample correlation coeffi-
cients between arbitrary linear combinations of Hj ()
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anq Iflz,t(e), and the coefficients of the linear combination
of Hy ¢(9) corresponding to y; are given by p;, such that

<§1,2§£;§2,1 - ﬁj§1,1> pj=0
st. Ppipj=1 and Pppr =0, j=1,...,1c+7F,
1<k<j.

Since, for example, 6(0-”(9) = ﬁj’-lflu(e),j =1,...,1c
under Assumptions A-H as (N, T) — oo,

A 1
I, = G(0) — L.G(#) =0 ()
g ‘ ot ”\ min{+/N, T}
given the result in part (iii) of Proposition 2 in Choi et al.
(2018) based on Theorem 1 of Bai (2003).
Therefore, noting that 1/ min{~/N, v/T} = 0(1/+/N +
1/+/T) as (N, T) — o0,

L+kL=0, (1 + 1) + 0,(m™17?) (12)
N UT ’
and
N N
VNI + k) = 0p(1)+ 0, (ﬁ) +0p (ﬁ) ,

where the Op(1) term corresponds to the asymptotic nor-
mal distribution, as we establish below, and if N/m — 0
as (N,T) — oo, the asymptotic normal distribution is
guaranteed to be centered.

Write

5 , 1 [ GeyGe)
IN (Gi0) - LGi(9)) = Vg <T>

R N
x4§ﬁ§:§:nﬁmwy+%U)

r=1 i=1
‘¢
for fixed t as (N,T) — oo, reasoning as in the proof
of Theorem 1 in Bai (%003),Nsince under Assumption
H.3, we have (1/\/N) Zr:l Zi=r] Vi,rer,it(e) —4 N(O, Zt*)
(because €, j(0) is stationary under Assumption G, see
(10), and thus all CLT conditions are still satisfied after
prewhitening by 6), and by definition, Z¢ = plimVG’1%
i1 GO)G(6Y.

Next, we show the result for the prewhitened local
factor estimate F; (). First, let us write

—4N (0, 5¢ (13)

Frt(0) = Ly Fr t(0) = Fro(0) — Fro(0) + Fr.o(0) — L, Fr.e(0)

=h+h (14)
where
= Bea®) — Bo(0) = Fro(01)0 — 0)
= op(m~"72), (15)
“ 1
=F(0)— L. F.1(0) = -
JZ F,t( ) Ler,t( ) Op (min{m’ ﬁ}) (16)
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based on result (i) in Proposition 3 of Choi et al. (2018),
o)

=000 0, () o, ()

where the O,(1) term corresponds to the asymptotic nor-
mal distribution, and if N./m — 0, it is centered, arguing
as before. Write

L=Ki+K+K;
where

T
1 A €r1(0)er(0)
m=mﬁ2&mﬁ%ﬁia
k=1

[ N,
FOYRO)\ 1
( T ) N, ?:] )\i,rer,it(e)a and

fr,k(e),ArFr,t(e)
N, '

V—l

Ky = Vgr

.
Gl
Ks =Vig' = > Frul®)

k=1
Now, arguing the same way as to obtain (13), it is easy
to see that
VN:Ko —a N (B, 7,5

so what remains to show is that the contribution of the
remaining terms is negligible. Under Assumptions F.3 and
H, and if & — 0 as (N;, T) — oo, we have that v/N,K; =
0p(1) and JNK3 = 0p(1), as in the proof of Theorem 2
of Wang (2010). Therefore, if N./m — 0 as (N;, T) — oo,

VN: Ui +J2) =4 N (Er,

A.3. Proof of Theorem 2.3

* o~/

r,tc‘Fr) .

These results can be shown using the results in Theo-
rem 2.2, establishing the convergence rates for the loading
estimates by reasoning exactly as in the proof of Theo-
rem 2.2, and then following the proof of Theorem 3 of Bai
(2003). O
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