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a b s t r a c t

Forecast reconciliation is a post-forecasting process aimed to improve the quality of
the base forecasts for a system of hierarchical/grouped time series. Cross-sectional and
temporal hierarchies have been considered in the literature, but generally, these two
features have not been fully considered together. The paper presents two new results
by adopting a notation that simultaneously deals with both forecast reconciliation di-
mensions. (i) The closed-form expression of the optimal (in the least squares sense) point
forecasts fulfilling both contemporaneous and temporal constraints. (ii) An iterative
procedure that produces cross-temporally reconciled forecasts by alternating forecast
reconciliation along one single dimension (either cross-sectional or temporal) at each
iteration step. The feasibility of the proposed procedures, along with first evaluations of
their performance as compared to the most performing ‘single dimension’ (either cross-
sectional or temporal) forecast reconciliation procedures, is studied through a forecasting
experiment on the 95 quarterly time series of the Australian Gross Domestic Product
from Income and Expenditure sides. For this dataset, the new procedures, in addition
to providing fully coherent forecasts in both cross-sectional and temporal dimen-
sions, improve the forecast accuracy of the state-of-the-art point forecast reconciliation
techniques.
© 2021 International Institute of Forecasters. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In several operational fields, decisions to be successful
equire the support of accurate, detailed, and coherent
orecasts. Forecasts are coherent when the predicted val-
es at the disaggregate and aggregate scales are equal
hen brought to the same level. For example, temporally
oherent monthly predictions sum up to annual ones,
nd similarly, geographically coherent regional predic-
ions add up to country-level ones. Such coherence is an
mportant qualifier for forecasts, to support aligned deci-
ion making across different planning units and horizons,
hile avoiding that different decision making units plan
n different views of the future. For example, Kourentzes
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and Athanasopoulos (2019) generate forecasts for Aus-
tralian domestic tourism that are coherent across multiple
geographical divisions (regions, zones, states, and whole
country), but are also coherent across time (at monthly,
bi-monthly, quarterly, 4-monthly, 6-monthly, and annual
levels), i.e., for different planning horizons.

As a matter of fact, in the growing literature on hier-
archical forecast reconciliation, the cross-sectional (con-
temporaneous) and temporal coherency dimensions are
mostly considered in separate ways: either ‘time-by-time’
cross-sectional forecast reconciliation for a n-dimensional
ime series (Hyndman et al., 2011, 2020), or temporal
oherency for the forecasts of a single variable for differ-
nt time frequencies (Athanasopoulos et al., 2017; Hyn-
man & Kourentzes, 2018). The issue of getting coherent
orecasts along both cross-sectional and temporal dimen-
ions (i.e., cross-temporal coherency) has been dealt with
y Yagli et al. (2019) and Spiliotis et al. (2020b). However,
r B.V. All rights reserved.
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Symbols and notation used in the paper

nb, na, n Number of bottom, upper, and
total time series (n = na + nb)

m Highest available sampling fre-
quency per seasonal cycle (max.
order of temporal aggregation)

h ≥ 1 Forecast horizon for the lowest
frequency time series

T Number of high-frequency ob-
servations used in the forecast-
ing models

N Number of observations at the
lowest frequency: N =

T
m

K Set of factors of m in
descending order: K ={
kp, kp−1, . . . , k2, k1

}
, kp = m,

k1 = 1

k∗

p∑
j=2

m
kj

Mk
m
k
, k ∈ K

bt ∈ Rnb vector containing the bottom
time series (bts) at time t

at ∈ Rna vector containing the upper
time series (uts) at time t

yt ∈ Rn vector containing the time se-
ries yt =

[
a′
t b′

t

]′ at time
t

Y, Ŷ, Ỹ ∈ Rn×h(k∗+m) Matrices of target, base and
cross-temporally reconciled
forecasts

Y[k], k ∈ K (n × hMk) matrix containing the
target forecasts of the level
k temporally aggregated series.
Component of matrix Y =[
Y[m] Y[kp−1] . . . Y[k2] Y[1]]

Ŷ[k]
, k ∈ K (n × hMk) matrix containing

the base forecasts of the
level k temporally aggregated
series. Component of matrix
Ŷ =

[̂
Y[m] Ŷ[kp−1]

. . . Ŷ[k2] Ŷ[1]
]

Ỹ[k]
, k ∈ K (n × hMk) matrix containing

the cross-temporally reconciled
forecasts of the level k
temporally aggregated
series. Component of matrix
Ỹ =

[̃
Y[m] Ỹ[kp−1]

. . . Ỹ[k2] Ỹ[1]
]

A[k], B[k], k ∈ K (na × hMk) and (nb × hMk)
components of matrix

Y[k]
=

[
A[k]

B[k]

]

40
y, ŷ, ỹ ∈ Rhn(k∗+m) y = vec
(
Y′
)
, ŷ = vec

(̂
Y′
)
,

ỹ = vec
(̃
Y′
)

P ∈ Rhn(k∗+m)×hn(k∗+m) Commutation matrix, such
that P [vec (Y)] = vec

(
Y′
)

C ∈ Rna×nb Cross-sectional (contempo-
raneous) aggregation ma-
trix

S ∈ Rn×nb Cross-sectional (contempo-
raneous) summing matrix

U′
∈ Rna×n Zero constraints cross-

sectional kernel matrix:
U′Y = 0[na×(k∗+m)]

Kh ∈ Rhk∗×hm Temporal aggregation ma-
trix

Rh ∈ Rh(k∗+m)×hm Temporal summing matrix
Z′

h ∈ Rhk∗×h(k∗+m) Zero constraints
temporal kernel matrix:
Z′

hY
′
= 0[hk∗×n]

H′
∈ Rhn∗

a×nh(k∗+m) Zero constraints full row-
rank cross-temporal kernel
matrix: H′y = 0

as far as we know, the procedure proposed by Kourentzes
and Athanasopoulos (2019) is the only one to simultane-
ously fulfill both cross-sectional and temporal coherency
in the final reconciled point forecasts at any considered
aggregation dimension.

Whereas the most recent forecast reconciliation pro-
cedures for each single coherence dimension are based
on some optimality criterion (van Erven & Cugliari, 2015;
Wickramasuriya et al., 2019), the cross-temporal recon-
ciliation procedure by Kourentzes and Athanasopoulos
(2019) can be considered as a heuristic with a simple
and effective structure, i.e., an approach that employs a
practical method that is not guaranteed to be optimal,
but which is nevertheless sufficient for reaching an im-
mediate goal, which in our case is the coherency along
all the considered dimensions of the reconciled forecasts.
This fact is probably because of the consideration that in
a cross-temporal forecast reconciliation framework, the
complexity and dimensions of the problem grow very
quickly along with the requested computational time and
memory (Kourentzes & Athanasopoulos, 2019; Nystrup
et al., 2020). This is certainly true, but appropriate, thor-
ough use of some well known linear algebra tools, and the
expanding computation facilities, in terms of both calcu-
lation power and memory, makes it feasible to look for
the optimal solution (in the least squares sense), expand-
ing the field of application of the ‘forecast reconciliation
methodology’ to simultaneously encompass both contem-
poraneous (cross-sectional) and temporal coherency di-
mensions.

Bottom-up and top-down approaches to forecast rec-
onciliation are well known to both practitioners and re-
searchers. In short, according to the bottom-up approach
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(Dunn et al., 1976), the forecasts at the most disaggre-
gated level are summed up to obtain the aggregates of in-
terest. On the contrary, in the top-down approach (Gross
& Sohl, 1990), the most aggregated series is forecasted
first and then is disaggregated to provide lower-level
predictions (Fliedner, 2001; Athanasopoulos et al., 2009,
and the references therein). A combination of these two
approaches, known as middle-out (Athanasopoulos et al.,
2009), selects an intermediate level of (dis)aggregation
and moves downward in a top-down fashion, and on-
wards according to bottom-up. However, in the last
decade, there have been several contributions exploiting
a regression-based optimal combination approach (Hyn-
dman et al., 2011). These have proven convincing from a
mathematical-statistical point of view, flexible enough to
be adapted to both cross-sectional and temporal frame-
works (Wickramasuriya et al., 2019, and Athanasopoulos
et al., 2017, respectively), and very effective in improving
the base forecasts from many different application fields
(economics, demography, energy, tourism, etc.).

This paper considers an optimal combination approach,
hich takes the base (incoherent and however obtained)

orecasts of all nodes in the hierarchy and reconciles
hem. We show that all the linear constraints induced by
he cross-temporal hierarchy underlying the time series
ay be used to reconcile the base forecasts through
simple projection in a well-chosen linear space. At

his end, we extend the optimal (in the least squares
ense) solutions separately proposed for each coherency
imension, developing the optimal point forecasting pro-
edure, which - while exploiting both cross-sectional and
emporal hierarchies - simultaneously fulfills both con-
emporaneous and temporal constraints. We refer to this
s optimal combination cross-temporal forecast reconcili-
tion. In addition, grounding on the existing literature on
his topic (Wickramasuriya et al., 2019; Athanasopoulos
t al., 2017; Nystrup et al., 2020), we discuss some simple
pproximations of the covariance matrix to be used in the
tatistical point forecast reconciliation, focusing on those
aking use of the in-sample residuals (when available)
f the models used to get the base forecasts. The strictly,
nd very important related issue of probabilistic forecast
econciliation (Ben Taieb et al., 2021; Panagiotelis et al.,
020) is not considered in this paper and will be dealt
ith in the next future.
The paper is organized as follows. We start by pre-

enting the general framework of point forecast recon-
iliation according to Byron (1978) (see also van Erven
Cugliari, 2015, and Panagiotelis et al., 2021), avoiding

eference to cross-sectional or time indices (Section 2).
ierarchical and grouped systems of multivariate time
eries are introduced in Section 3. The temporal hierar-
hies which characterize a single time series are discussed
n Section 4. The cross-sectional and temporal coherency
imensions are dealt with simultaneously in Section 5,
nd the optimal (in the least squares sense) solution to
he cross-temporal forecast reconciliation problem is then
eveloped in Section 6. An iterative cross-temporal fore-
ast reconciliation procedure that extends the heuristics
roposed by Kourentzes and Athanasopoulos (2019) is
escribed in Section 7. The feasibility of all the proposed
41
new procedures, along with the evaluation of their perfor-
mance when compared to the most performing ‘single di-
mension’ (either cross-sectional or temporal) forecast rec-
onciliation procedures, is studied in Section 8. This is com-
pleted through a forecasting experiment on the 95 quar-
terly time series of the Australian GDP from Income and
Expenditure sides considered by Athanasopoulos et al.
(2019) and Bisaglia et al. (2020). Section 9 presents con-
clusions and lists some topics in this field worth to be
considered for future research. An online appendix con-
tains complementary materials on methodological and
practical issues, and supplementary tables and graphs
related to the empirical application.

2. Optimal point forecast reconciliation

Forecast reconciliation is a post-forecasting process
aimed to improve the quality of the base forecasts for
a system of hierarchical/grouped, and more generally
linearly constrained, time series (Hyndman et al., 2011;
Panagiotelis et al., 2021) by exploiting the constraints that
the series in the system must fulfill, whereas in general,
the base forecasts do not. Let y be a (s × 1) vector of
target point forecasts that is needed to satisfy the system
of linearly independent constraints

H′y = 0(r×1), (1)

where H′ is a (r × s) matrix, with rank(H′) = r < s,
nd 0(r×1) is a (r × 1) null vector. Let ŷ be a (s × 1)
ector of unbiased point forecasts, not fulfilling the linear
onstraints (1) (i.e., H′ŷ ̸= 0).
Drawing upon Stone et al. (1942) and Byron (1978), we

onsider a regression-based reconciliation method assum-
ng that ŷ is related to y by

ˆ = y + ε, (2)

here ε is a (s×1) vector of zero mean disturbances, with
nown p.d. covariance matrix W. The reconciled forecasts

˜ are found by minimizing the generalized least squares
GLS) objective function

(
ŷ − y

)′ W−1 (ŷ − y
)
constrained

y (1):

˜ = argmin
y

(
y − ŷ

)′ W−1 (y − ŷ
)
, s.t. H′y = 0.

The solution is given by (Byron, 1978, p. 360):

˜ = ŷ − WH
(
H′WH

)−1 H′ŷ = Mŷ, (3)

here M = Is − WH
(
H′WH

)−1 H′ is a (s × s) projection
atrix.1 Denoting with dŷ = 0 − H′ŷ the (r × 1) vector
ontaining the base forecasts’ ‘coherency’ errors, we can
e-state expression (3) as ỹ = ŷ + WH

(
H′WH

)−1 dŷ,

hich makes it clear that the reconciliation formula (3)
imply ‘adjusts’ the original forecasts vector ŷ with a
inear combination – according to the smoothing matrix
H
(
H′WH

)−1 – of the coherency errors in the base fore-
asts. In addition, if the error term of the model (2) is

1
 A geometric interpretation of the entire hierarchical forecasting
problem is given by Panagiotelis et al. (2021).
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Gaussian, the reconciliation error ε̃ = ỹ−y is a zero-mean
Gaussian vector with covariance matrix

E
(
ỹ − y

) (
ỹ − y

)′
= W − WH

(
H′WH

)−1 H′
= MW.

Hyndman et al. (2011) propose an alternative formu-
lation as for the reconciled estimates, equivalent to the
expression (3) and obtained by GLS estimation of the
model ŷ = Sβ + ε, where S is a ‘structural summation
matrix’ describing the aggregation relationships operating
on y, and β is a subset of y containing the target fore-
casts of the bottom level series, such that y = Sβ (see
Section 3). Since the hypotheses on ε remain unchanged,
it can be shown (Wickramasuriya et al., 2019) that β̃ =(
S′W−1S

)−1 S′W−1ŷ is the best linear unbiased estimate of
β, and that the whole reconciled forecasts vector is given
by ỹ = Sβ̃ = SGŷ, where G =

(
S′W−1S

)−1 S′W−1.
As witnessed by the extensive literature on adjusting

preliminary data (as the base forecasts can be considered)
in order to fulfill some externally imposed constraints
(see, inter alia, Stone et al., 1942 and Byron, 1978), the
distinctive feature of the generalized least-squares rec-
onciliation approach is that it can take into account the
‘quality’, however measured, of the preliminary estimates,
through an appropriate choice of the covariance matrix
W. However, for a long time, these procedures have de-
pended on the assumption that this matrix (or any other
indicators of the estimates’ accuracy) of the figures to be
reconciled was known. In many practical situations, W is
assumed to be diagonal, and the data are adjusted in the
light of their relative variances to satisfy the linear re-
strictions. But another - perhaps more delicate - challenge
arises when either any reliability measure is available,
or it can hardly be deduced by the data. The solutions
proposed in literature for this case are basically of two
types, both consistent with the least-squares approach
shown so far:

1. mathematical/mechanical solutions: the base fore-
casts are balanced by minimizing a penalty crite-
rion which ‘induces’ a covariance matrix (which is
simply a statistical artifact);

2. data-based solutions: the variability of the base
forecasts to be reconciled is estimated through the
models and the data used to produce the forecasts.

As for point forecast reconciliation, in the following, we
will consider both approaches, with an explicit preference
towards approximations of W based on the in-sample
residuals (when available), which appear more convinc-
ing from a statistical point of view, and generally well-
performing in practical applications. However, this topic
deserves further attention (Jeon et al., 2019, p. 368), and
will be considered for future research.

3. Hierarchical and grouped time series

Following Panagiotelis et al. (2021), we define a lin-
early constrained time series yt as a n-dimensional time
series such that all observed values y1 . . . yT and all future
values yT+1, yT+2 . . . lie in the coherent linear subspace

n
S ⊂ R , that is: yt ∈ S , ∀t . In many situations, the time

42
series are linked through summation constraints, inducing
a hierarchy. Fig. 1 (left) gives an example of a hierarchical
system with eight variables and three levels: the top-
variable at level 0, two variables (A and B) at level 1, and
five variables at level 2 (AA, AB, BA, BB, BC). The temporal
observations of these variables form a hierarchical time
series, consisting of five bottom time series (bts) and three
aggregated upper time series (uts).

Assuming that the relationship mapping the lower-
level series in the hierarchy of Fig. 1 (left) into the higher
ones always be a simple summation, the bottom-level
series can be thought of as building blocks that cannot
be obtained as a sum of other series in the hierarchy,
while all the series at upper levels can be expressed by
appropriately summing part or all of them. For all time
periods t = 1, . . . , T , the link between the top level series
yt and the bottom level series is given by:

yt = yAA,t + yAB,t + yBA,t + yBB,t + yBC,t . (4)

At the same time, the nodes at the intermediate level of
the hierarchy satisfy the aggregation constraints:

yA,t = yAA,t + yAB,t
yB,t = yBA,t + yBB,t + yBC,t

. (5)

Consider now the matrices C, S, and U′, of dimension
(3 × 5), (8 × 5), and (3 × 8), respectively:

C =

⎡⎣ 1 1 1 1 1
1 1 0 0 0
0 0 1 1 1

⎤⎦ ,

S =

[
C
I5

]
, U′

= [I3 − C] ,

where matrix U′ encodes each summation relationship
in a row, with 1 at the associated node, and -1 at its
leaves. Expressions (4) and (5) can be written in a more
compact way if we define the vectors of bottom level (bt )
and upper level (at ) time series at time t as, respectively,

bt =

⎡⎢⎢⎢⎢⎢⎣
yAA,t

yAB,t
yBA,t

yBB,t
yBC,t

⎤⎥⎥⎥⎥⎥⎦, at =

⎡⎣ yt
yA,t

yB,t

⎤⎦. Denoting by yt the (8×1)

vector yt =
[
a′
t b′

t

]′, the relationships linking bottom and
upper time series can be equivalently expressed as:

at = Cbt , yt = Sbt , U′yt = 0(3×1), t = 1, . . . , T . (6)

Thus, for any time index t , yt is in the kernel of U′, also
known as null-space of the linear transformation induced
by matrix U′, which is given by the set of vectors v ∈

R8, such that U′v = 0(3×1) (Harville, 2008, p. 591). We
call structural representation of series yt the formulation
yt = Sbt , t = 1, . . . , T , and zero constraints kernel repre-
sentation of series yt the equivalent expression U′yt = 0,
t = 1, . . . , T .

A linearly constrained time series formed by two or
more hierarchical time series sharing the same top level

series, and the same bottom level series, is called grouped
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Fig. 1. Two examples of linearly constrained time series. Left: a simple three-level hierarchical structure. Right: two hierarchies sharing the same
top-level series.
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time series (Hyndman et al., 2011; Hyndman & Athana-
sopoulos, 2018). Provided matrix C is appropriately de-
signed, the definitions of matrices S and U′, depending
solely on matrix C, remain unchanged.

It should be noted that we can face linearly constrained
ime series for which the structural representation yt =

bt does not give a straightforward view of the links
etween the bottom and upper level time series. Fig. 1
right) shows two very simple hierarchies, where the vari-
bles of each hierarchy contribute (from different sides) to
he same top level variable X , and the bottom level series
f the hierarchy on the left side (A1, A2, B) are indepen-

dent of those on the right side (C , D). The aggregation
relationships between the upper variables X and A, and
the bottom ones A1, A2, B, C , and D are given by:

X = A1 + A2 + B
X = C + D
A = A1 + A2

. (7)

Expression (7) cannot be represented as a mapping from
the bottom variables into (themselves and) the upper
variables. Nevertheless, it is possible to set up the con-
straints valid for all the component series in
y = [X A A1 A2 B C D]′ through the matrix

Ǔ
′

=

⎡⎣ 1 0 −1 −1 −1 0 0
1 0 0 0 0 −1 −1
0 1 −1 −1 0 0 0

⎤⎦ ,

uch that Ǔ
′

y = 0(3×1). After simple operations on expres-
ion (7), it is found:

X = C + D
A = −B + C + D

A1 = −A2 − B + C + D
, (8)

o we can write U′y = 0(3×1), with

′
=

⎡⎣ 1 0 0 0 0 −1 −1
0 1 0 0 1 −1 −1
0 0 1 1 1 −1 −1

⎤⎦ = [I3 − C] .

hile there is no practical problem for working with such
onstraints, it is clear that they do not conform to the
isual pattern of the linearly constrained time series in
ig. 1 (right), where A1 appears as a ‘bottom variable’.
owever, in Eq. (8) it is expressed as a linear combination
f series A2, B, C , and D.
43
.1. Alternative approximations of the covariance matrix for
ross-sectional point forecast reconciliation

Suppose we have the (n×1) vector ŷh of unbiased base
orecasts for the n variables of the linearly constrained
eries yt for the forecast horizon h. If the base fore-
asts have been independently computed, generally they
o not fulfill the cross-sectional aggregation constraints,
.e. U′ŷh ̸= 0(n×1). By adapting the general point fore-
ast reconciliation formula (3), the vector of reconciled
orecasts is given by:

˜h = ŷh − WcsU
(
U′WcsU

)−1 U′ŷh, (9)

where Wcs is a (n × n) p.d. matrix, assumed known, and
suffix ‘cs’ stands for ‘cross-sectional’. Alternative choices
for Wcs proposed in literature are the following:

• identity (cs-ols): Wcs = In (Hyndman et al., 2011),
• structural (cs-struc): Wcs = diag

(
S1nb

)
(Athana-

sopoulos et al., 2017),
• series variance (cs-wls): Wcs = Ŵcs-var = In ⊙ Ŵ1

(Hyndman et al., 2016),
• MinT-shr (cs-shr): Wcs = Ŵcs-shr = λ̂Ŵcs-var + (1 −

λ̂)Ŵ1 (Wickramasuriya et al., 2019),
• MinT-sam (cs-sam): Wcs = Ŵ1 (Wickramasuriya

et al., 2019),
where the symbol ⊙ denotes the Hadamard product,
λ̂ is an estimated shrinkage coefficient (Ledoit & Wolf,
2004), Ŵ1 is the covariance matrix of the one-step ahead
in-sample forecast errors êt = yt − ŷt , t = 1, . . . , T :

Ŵ1 =
1
T

T∑
t=1

êt ê
′

t . (10)

The first three matrices are diagonal, and in the first
ase, the projection is orthogonal. In contrast, the lat-
er two ones (cs-shr and cs-sam) have been proposed
ithin the minimum-trace point forecast reconciliation
pproach by Wickramasuriya et al. (2019). It should be
oted that the quality of the estimate Ŵ1 crucially de-

pends on the dimension of T . In particular, when T <

n, matrix Ŵ1 is singular, which prevents the matrix in-
version in expression (9). The shrunk version Ŵcs-shr is
a feasible alternative, well-performing in many practical
situations (Wickramasuriya et al., 2019).
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3.2. Matrix representation of the cross-sectional constraints

Let us denote with

t =
[
b1t . . . bit . . . bnbt

]′
, t = 1, . . . , T , (11)

he T vectors, each of dimension (nb × 1), containing the
igh-frequency bottom-time series (hf-bts), that is the bot-
om series of the hierarchy/group observed at the highest
vailable temporal frequency. As we shall see in Section 5,
n cross-temporal hierarchies of time series, the hf-bts
hould be considered as the ‘very’ bottom series of the
ystem, since they cannot be formed as either contempo-
aneous or temporal sum of other variables. Likewise, let
s denote with

t =
[
a1t . . . ajt . . . anat

]′
, t = 1, . . . , T , (12)

the T vectors, each of dimension (na × 1), containing the
high-frequency upper-time series (hf-uts), which are the
cross-sectionally aggregated series of the hierarchy/group,
observed at the highest temporal frequency. At each time
t = 1, . . . , T , the cross-sectional (contemporaneous) ag-
gregation constraints that map the hf-bts into the hf-uts
can be written as:

at = Cbt , t = 1, . . . , T , (13)

here C is a (na × nb) contemporaneous aggregation ma-
rix. The structural representation of the linearly con-
trained time series yt is in turn given by (Hyndman et al.,

011)
[

at
bt

]
=

[
C
Inb

]
bt , that is, yt = Sbt , t =

, . . . , T , where S =

[
C
Inb

]
is a (n × nb) contempora-

eous summing matrix, with n = na + nb. The constraints
alid for yt can be expressed in kernel form through the

(na × n) zero constraints matrix U′
=
[
Ina − C

]
, that is:

′yt = 0(na×1), t = 1, . . . , T . Now, denote B the (nb × T )
matrix containing the T observations of the nb hf-bts of
the system:

B =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

b11 . . . b1t . . . b1T
...

. . .
...

. . .
...

bi1 . . . bit . . . biT
...

. . .
...

. . .
...

bnb1 . . . bnbt . . . bnbT

⎤⎥⎥⎥⎥⎥⎥⎥⎦

=
[
b1 . . . bt . . . bT

]
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

b∗′

1

...

b∗′

i

...

b∗′

nb

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

where bt has been defined by (11), and b∗

i =

[bi1 . . . bit . . . biT ]′, i = 1, . . . , nb, is the (T × 1) vector
containing all the observations of the ith univariate hf-bts,
where the asterisk in b∗

i is used to distinguish this vector,

which combines bit across all times for one series, from
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bt , which combines bit across all series for one time. We
consider the (na × T ) matrix A for the hf-uts as well:

A =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

a11 . . . a1t . . . a1T
...

. . .
...

. . .
...

aj1 . . . ajt . . . ajT
...

. . .
...

. . .
...

ana1 . . . anat . . . anaT

⎤⎥⎥⎥⎥⎥⎥⎥⎦

=
[
a1 . . . at . . . aT

]
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

a∗′

1

...

a∗′

j

...

a∗′
na

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

here at was defined by (12), and a∗

j =
[
aj1 . . . ajt . . . ajT

]′,
j = 1, . . . , na, is the (T × 1) vector containing all the
observations of the jth univariate component hf-uts. The
cross-sectional (contemporaneous) aggregation relation-
ships (13) linking bottom and upper time series of yt
can thus be expressed in compact form by simultaneously
encompassing all T time periods, as

A = CB, (14)

which is equivalent to

U′Y = 0(na×T ), (15)

where Y =
[

A′ B′
]′ is the (n × T ) matrix containing

the observations of all n series. It is worth noting that
the cross-sectional constraints (14) and (15) hold at any
time observation index of any temporal frequency. This
has to be considered when dealing with cross-temporal
hierarchies (see Section 5).

Now, let us consider the vectorized forms of ma-
trices B′ and A′, according to which the data is orga-
nized ‘by-variable-first-and-then-by-time’: b = vec

(
B′
)
,

a = vec
(
A′
)
, where b =

[
b∗′

1 . . . b∗′

i . . . b∗′

nb

]′, and a =[
a∗′

1 . . . a∗′

j . . . a∗′
na

]′ have dimensions (Tnb×1), and (Tna×1),
respectively. The cross-sectional constraints (14) can thus
be expressed as (Harville, 2008, p. 345):

a = (C ⊗ IT ) b, (16)

where the symbol ⊗ denotes the Kronecker product. Since

y = vec
(
Y′
)

=

[
vec

(
A′
)

vec
(
B′
)] =

[
a
b

]
, expression (16) can

be also re-stated as:(
U′

⊗ IT
)
y = 0(Tna×1). (17)

4. Temporal hierarchies

Following Athanasopoulos et al. (2017), we consider a
time series {xt}Tt=1 observed at the highest available sam-
pling frequency per seasonal cycle, say m (e.g., month per

year, m = 12, quarter per year, m = 4, hour per day, m =
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24). Given a factor k of m,2 we can construct a temporally
aggregated version of the time series xt , through the non-
overlapping sums of its k successive values, which has a
seasonal period equal to Mk = m/k. To avoid ragged-edge
data, we assume that the total number of observations
of xt involved in the non-overlapping aggregation is a
multiple of m, i.e., T = N · m, where N is the length
of the most temporally aggregated version of the series,
i.e., the series observed at the lowest available frequency.
We denote with K =

{
kp, kp−1, . . . , k2, k1

}
the set of the

p factors of m, in descending order, where kp = m and
k1 = 1. The temporally aggregated series of order k can
be written as

x[k]
l =

lk∑
t=(l−1)k+1

xt , l = 1, . . . ,
T
k
, k ∈ K. (18)

Expression (18) accounts also for the temporal aggrega-
tion transforming xt in itself (i.e., xt ≡ x[1]

l , l = t).
Since the observation index l in (18) varies with each
aggregation level k, to express a common index for all
levels, we define τ as the observation index of the most
aggregated series, such that l = τ at that level, i.e. x[m]

τ ,
τ = 1, . . . ,N . As for the other temporally aggregated se-
ries defined in expression (18), we stack the observations
for each aggregation level below m in the (Mk×1) column
vectors

x[k]
τ =

[
x[k]
Mk(τ−1)+1 x[k]

Mk(τ−1)+2 . . . x[k]
Mkτ

]′

,

τ = 1, . . . ,N, k ∈
{
kp−1, . . . , k2, 1

}
.

(19)

We may collect x[m]
τ and the p − 1 vectors defined by ex-

pression (19) in a single column vector by keeping distinct
the temporally aggregated data from the high-frequency
one:

xτ =

[
x[m]

τ x[kp−1]

τ

′

. . . x[k2]

τ

′ x[1]
τ

′
]′

=

[
txτ

′ x[1]
τ

′
]′

, τ = 1, . . . ,N,

where txτ =

[
x[m]
τ x[kp−1]

τ

′

. . . x[k2]

τ

′
]′

is a (k∗
× 1) vector,

with k∗
=

p∑
j=2

m
kj
, containing all the temporally aggre-

ated series at the observation index τ , x[1]
τ is the (m× 1)

ector of observations of the time series at the highest
vailable frequency within the complete τ -th cycle, and
hus each xτ has dimension [(k∗

+ m) × 1]. The relation-
hips linking the nodes in the hierarchy can be expressed
s we did in (6) for the cross-sectional (contemporaneous)
ierarchy case:

txτ = K1x[1]
τ , xτ = R1x[1]

τ ,

Z′

1xτ = 0(k∗×1), τ = 1, . . . ,N,
(20)

2 If k is not a factor of m, then the seasonality of the aggregate series
s a non-integer, and so forecasts of the aggregate are more difficult
o compute.
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where K1 =

⎡⎢⎢⎢⎢⎢⎣
1′

m

I m
kp−1

⊗ 1′

kp−1

...

I m
k2

⊗ 1′

k2

⎤⎥⎥⎥⎥⎥⎦ is the (k∗
× m) temporal ag-

gregation matrix converting the high-frequency observa-
tions into lower-frequency (temporally aggregated) ones,

R1 =

[
K1

Im

]
is the [(k∗

+ m) × m] temporal summing

atrix, and Z′

1 = [Ik∗ − K1] is the zero constraints kernel
atrix valid for xτ . For example, with quarterly data it is

= 4, k∗
= 3, and K1 =

⎡⎣1 1 1 1
1 1 0 0
0 0 1 1

⎤⎦, R1 =

[
K1

I3

]
,

nd Z′

1 = [I3 − K1].
The temporal aggregation relationships can be ex-

ended to the whole time span covered by series xt .
enoting by x =

(
x′

1 . . . x′
τ . . . x′

N

)′ the [N(k∗
+ m) × 1]

vector containing all the data of series X at any ob-
served temporal frequency, the complete set of temporal
aggregation constraints is given by

Z′

Nx = 0(Nk∗×1), (21)

where Z′

N = [INk∗ − KN ], and KN =

⎡⎢⎢⎢⎢⎣
IN ⊗ 1′

m
IN m

kp−1
⊗ 1′

kp−1

...

IN m
k2

⊗ 1′

k2

⎤⎥⎥⎥⎥⎦ .

4.1. Alternative approximations of the covariance matrix for
point forecast reconciliation through temporal hierarchies

Suppose we have the [(k∗
+ m) × 1] vector x̂h of un-

biased base forecasts for the p temporal aggregates of a
single time series X within a complete time cycle, i.e. at
the forecast horizon h = 1 for the lowest (most aggre-
gated) time frequency. If the base forecasts have been
independently computed, generally they do not fulfill the
temporal aggregation constraints, i.e. Z′

1x̂h ̸= 0(k∗×1). By
adapting the general point forecast reconciliation formula
(3), and not considering suffix h to simplify the notation,
the vector of temporally reconciled forecasts is given by:

x̃ = x̂ − ΩZ1
(
Z′

1ΩZ1
)−1 Z′

1x̂, (22)

where Ω is a [(k∗
+ m) × (k∗

+ m)] p.d. matrix, assumed
known.

To consider possible residual-based estimates of ma-
trix Ω, denote

ê[k]
τ = x[k]

τ − x̂[k]
τ , τ = 1, . . . ,N, k ∈ K, (23)

the (Mk × 1) vectors of the in-sample residuals at time
index τ for the models used to generate the base forecasts
of the temporally aggregated series of order k. These
vectors can be organized as

E[k]
x =

[
ê[k]
1 . . . ê[k]

τ . . . ê[k]
N

]′
, k ∈ K, (24)

where each matrix Ê[k]
x has dimension (N × Mk), and

then grouped in the [N × (k∗
+ m)] matrix of in-sample
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residuals Êx =

[̂
E[m]

x Ê[kp−1]

x . . . Ê[k2]

x Ê[1]
x

]
. Each column

f this matrix contains the in-sample residuals pertaining
o a specific node of the temporal hierarchy, thus the
ample cross-covariance matrix of the k∗

+ m nodes of
he temporal hierarchy is given by:

=
1
N

(̂
Ex
)′ Êx. (25)

This matrix is well defined if N > (k∗
+ m), otherwise

there might be singularity issues which would prevent its
use in expression (22) in place of matrix Ω. Athanasopou-
los et al. (2017) and Hyndman and Kourentzes (2018)
consider the following alternative choices for Ω (the suffix
‘t’ stands for ‘temporal’, to keep the ‘t’-procedures distinct
from the ‘cs’-ones shown in Section 3.1):

• identity (t-ols): Ω = Ik∗+m,
• structural (t-struc): Ω = Ω̂t-struc = diag (R11m)

• hierarchy variance scaling (t-wlsh): Ω = Ω̂t-wlsh =

Ik∗+m ⊙ Ω̂
• series variance scaling (t-wlsv): Ω = Ω̂t-wlsv
• MinT-shr (t-shr): Ω = Ω̂t-shr = λ̂Ω̂t-wlsh + (1 − λ̂)Ω̂
• MinT-sam (t-sam): Ω = Ω̂

The series variance scaling matrix Ω̂t-wlsv is a diagonal ma-
trix ‘‘which contains estimates of the in-sample one-step-
ahead error variances across each level’’ (Athanasopoulos
et al., 2017, p. 64), that requires a reduced number (p in-
stead of k∗

+m) of variances to be estimated as compared
to the hierarchy variance scaling matrix Ω̂t-wlsh. To include
potential information in the residuals’ autocorrelation, we
also consider two matrices recently proposed by Nystrup
et al. (2020):

• auto-covariance scaling (t-acov): Ω = Ω̂t-acov
• series Markov (t-sar1): Ω = Ω̂t-sar1

The auto-covariance scaling makes use of the estimates of
the full autocovariance matrices within each aggregation
level, while ignoring correlations between aggregation

levels: Ω̂t-acov =

⎡⎢⎣Ω̂[m]
· · · 0

...
. . .

...

0 · · · Ω̂[1]

⎤⎥⎦ , where the (Mk ×

Mk) matrices Ω̂[k] are given by:

[k]
=

1
N

N∑
τ=1

ê[k]
τ (ê[k]

τ )′ =
1
N

(̂
E[k]
x

)′

Ê[k]
x , k ∈ K, (26)

with vector ê[k]
τ and matrix Ê[k]

x given by (23) and (24),
respectively. Because it is sometimes difficult to esti-
mate the covariance matrix within each aggregation level
without assuming that it has some special form, Nys-
trup et al. (2020) consider the Toeplitz matrix for the
estimated first-order autocorrelation coefficients of the
in-sample residuals for the p − 1 levels k = k1, . . . , kp−1,
of the series’ temporal hierarchy. Denoting these auto-
correlation coefficents with ρ[k], it is Γ [m]

= 1, Γ [k]
=⎡⎢⎣ 1 · · · ρ

Mk−1
[k]

...
. . .

...

ρ
Mk−1
[k] · · · 1

⎤⎥⎦, k = k1, . . . , kp−1, where each

matrix Γ [k], k ∈ K, has dimension (Mk × Mk). The p ma-
rices are used to build the [(k∗

+ m) × (k∗
+ m)] matrix
46
Γ =

⎡⎢⎢⎣
1 0′

· · · 0′

0 Γ [kp−1]
· · · 0

...
...

. . .
...

0 0 · · · Γ [1]

⎤⎥⎥⎦ , which can be used to

estimate matrix Ω as Ω̂t-sar1 = Ω̂
1
2
t-wlsvΓΩ̂

1
2
t-wlsv.

5. The cross-temporal forecast reconciliation frame-
work

5.1. Cross-temporal aggregation constraints

The cross-sectional aggregation relationships (17), link-
ing n series observed at the same time frequency over a
T -length time span, and the equivalent temporal aggre-
gation relationships (20) and (21), valid for an individual
variable expressed at different time frequencies, can be
simultaneously considered, by extending (i) the cross-
sectional constraints to all observation frequencies, and
(ii) the temporal aggregation relationships to all variables.

Considering contemporaneous and temporal dimen-
sions in the same framework requires extending and
adapting the notations used so far. To this end, define the
p matrices Y[k], each of dimension (n × NMk), as

Y[k]
=

[
A[k]

B[k]

]
, k ∈ K,

where

B[k]
=

[
b[k]
1 . . . b[k]

i . . . b[k]
nb

]
,

A[k]
=

[
a[k]
1 . . . a[k]

j . . . a[k]
na

]
, k ∈ K,

are the matrices containing the k-order temporal aggre-
gates of the bts (B[k]) and uts (A[k]), of dimension (nb ×

NMk) and (na × NMk), respectively. To be consistent with
he notation so far, Y[1], B[1], and A[1] denote the ma-
trices containing data at the highest available sampling
frequency, while Y, B, and A are used now to denote the
matrices containing the data at any considered temporal
frequency:

Y =

[
A
B

]
=

[
A[m] A[kp−1]

· · · A[k2] A[1]

B[m] B[kp−1]
· · · B[k2] B[1]

]
,

where Y, A, and B have n, na and nb rows, respectively,
and the same number of columns, [N(k∗

+ m)].

Cross-sectional aggregation constraints
By exploiting the results shown in Section 3.2, the

cross-sectional aggregation relationships operating along
all the time observation indices can be expressed in com-
pact form as U′Y = 0[na×N(k∗+m)], or equivalently in vec-
torized form as(
U′

⊗ IN(k∗+m)
)
y = 0[naN(k∗+m)×1]. (27)

Temporal aggregation constraints
The temporal aggregation relationships (20), valid for

a single series, can be extended to each component of the
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time series yt as follows:⎡⎢⎢⎣
A[m]′ B[m]′

...
...

A[k2]′ B[k2]′

⎤⎥⎥⎦ = KN
[

A[1]′ B[1]′
]
, (28)

hich can be equivalently written as [INk∗ − KN ]Y′
=

0(Nk∗×n), that is Z′

NY
′
= 0(Nk∗×n). This last expression can

be re-stated in vectorized form as:(
In ⊗ Z′

N

)
y = 0(nNk∗×1). (29)

In summary, by considering expressions (27) and (29)
together, the cross-temporal constraints working on the
complete set of observations can be expressed as H̆

′

y =

0(n∗×1), where n∗
= naN(k∗

+ m) + nNk∗, and H̆
′

=[
U′

⊗ IN(k∗+m)

In ⊗ Z′

N

]
is a [n∗

× nN(k∗
+ m)] cross-temporal

ero-constraints kernel matrix. Due to the simultaneous
onsideration of temporal and cross-sectional relation-
hips linking the various time series of the system, some
ows of H̆

′

are redundant, and can be eliminated to get
full row-rank zero-constraints kernel matrix. In detail,
atrix H̆

′

consists in:
• Nnak∗ rows defining the cross-sectional aggregation

constraints operating on the lf-uts;
• Nnam rows defining the cross-sectional aggregation

constraints operating on the hf-bts;
• Nna (k∗

+ m) rows defining the temporal aggrega-
tion constraints operating on both hf- and lf-uts;

• Nnb (k∗
+ m) rows defining the temporal aggrega-

tion constraints operating on both hf- and lf-bts.
Since the first set of Nnak∗ constraints is linearly depen-
dent from the other rows of matrix H̆

′

, a full row-rank
cross-temporal zero constraints kernel matrix H′ can be
obtained by:

1. considering the [Nn(k∗
+ m) × Nn(k∗

+ m)] com-
mutation matrix (Magnus & Neudecker, 2019, p. 54)
P, such that P [vec (Y)] = vec

(
Y′
)
;

2. defining U∗
=
[
0(Nnam×Nnk∗) INm ⊗ U′

]
P′;

3. considering the [N(nam + nk∗) × Nn(k∗
+ m)] ma-

trix:

H′
=

[
U∗

In ⊗ Z′

N

]
, (30)

which has full row-rank equal to N(nam + nk∗) =

n∗
− Nnak∗, and allows to re-state the complete

cross-temporal constraints as:

H′y = 0. (31)

5.2. Cross-temporal point forecast reconciliation: introduc-
tion

Let us assume to have unbiased base forecasts for
all the individual time series of a linearly constrained
multiple time series, and for all levels of the temporal
hierarchies built from the highest available sampling fre-

quency. In addition, assume that the forecast horizon for
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the most temporally aggregated time series be h = 1,3
and that the forecast horizons for the other temporally
aggregated series cover the entire time cycle. This means
that (i) the forecast horizon for the highest frequency
time series is equal to m, and (ii) in general, the forecast
horizon for a temporally aggregated time series of order
k spans from 1 to Mk.

The base forecasts for each bottom time series of the
system form the vectors b̂[k]

i , i = 1, . . . , nb, k ∈ K, where
b[1]
i =

{
b̂[1]
il

}m
l=1

is the (m × 1) vector containing the base
forecasts for the ith high-frequency bottom time series
(hf-bts), which are the ‘very’ bottom time series in the
cross-temporal framework, while the remaining b̂[k]

i ’s (for
k ̸= 1) contain the Mk forecasts for the lower-frequency
ones (lf-bts). The base forecasts for the upper time series
can be similarly defined as â[k]

j , j = 1, . . . , na, k ∈ K,

where â[1]
j =

{̂
a[1]
jl

}m
l=1

is the (m×1) vector containing the
base forecasts for the high-frequency jth upper time series
(hf-uts), and the â[k]

j ’s (for k ̸= 1) are (Mk × 1) vectors of
low-frequency upper time series (lf-uts) forecasts. Let us
collect these base forecasts in the (nb ×Mk) and (na ×Mk),
respectively, matrices

B̂[k]
=

[̂
b[k]
1 . . . b̂[k]

i . . . b̂[k]
nb

]
,

Â[k]
=

[̂
a[k]
1 . . . â[k]

j . . . â[k]
na

]
, k ∈ K.

(32)

The matrix containing the base bts forecasts is given
by B̂ =

[̂
B[m] B̂[kp−1]

. . . B̂[k2] B̂[1]
]
, where B̂ has di-

mension [nb × (k∗
+ m)]. The base uts forecasts can be

similarly arranged in the [na × (k∗
+ m)] matrix Â =[̂

A[m] Â[kp−1]
. . . Â[k2] Â[1]

]
. From expression (32) we can

define the p matrices Ŷ[k]
, each of dimension (n × Mk),

containing the base forecasts for the temporal aggregation

level k of both uts and bts: Ŷ[k]
=

[
Â[k]

B̂[k]

]
, k ∈ K. Finally,

denoting with Ŷ the [n × (k∗
+ m)] matrix containing the

base forecasts of all series and for all temporal aggregation

levels, it is Ŷ =

[̂
Y[m] Ŷ[kp−1]

. . . Ŷ[k2] Ŷ[1]
]

=

[
Â
B̂

]
. In

general, the base forecasts fulfill neither cross-sectional
(contemporaneous) nor temporal aggregation constraints
(i.e., respectively, U′̂Y ̸= 0[na×(k∗+m)], and Z′

1Ŷ
′
̸= 0(k∗×n)).

The cross-temporal point forecast reconciliation problem
can thus be stated as follows: we are looking for a rec-
onciled point forecast matrix, say Ỹ, which is ‘as-close-
as-possible’ (according to a pre-specified metric) to the
base forecast matrix Ŷ, and simultaneously in line with
the cross-sectional and temporal aggregation constraints:

U′̃Y = 0na×(k∗+m), Z′

1Ỹ
′
= 0(k∗×n). (33)

As we have previously shown, the relationships (33) can
be expressed in vectorized form as H′ỹ = 0, where ỹ =

3 The general case h ≥ 1 can be dealt with straightforwardly.
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vec
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Y′
)
and, since h = 1, the full row-rank matrix H′ in

(30) becomes

H′
=

[
U∗

In ⊗ Z′

1

]
, (34)

with U∗
=

[
0(nam×nk∗) Im ⊗ U′

]
P′, P being the

n(k∗
+ m) × n(k∗

+ m)] commutation matrix defined
bove.

. Cross-temporal optimal forecast combination

Let us consider the multivariate regression model

= Y + E, (35)

here the involved matrices have each dimension
n × (k∗

+ m)] and contain, respectively, the base (̂Y) and
the target forecasts (Y), and the coherency errors (E) for
the n component variables of the linearly constrained
time series of interest. For each variable, k∗

+ m base
forecasts are available, pertaining to all aggregation levels
of the temporal hierarchy for a complete cycle of high-
frequency observation, m. Consider now two vectorized
versions of model (35), by transforming the matrices
either in original form:

vec
(̂
Y
)

= vec (Y) + vec (E) ⇔ Ŷ = Y + ε, (36)

or in transposed form:

vec
(̂
Y′
)

= vec
(
Y′
)
+ vec

(
E′
)

⇔ ŷ = y + η. (37)

The target forecasts must fulfill both the cross-sectional
(contemporaneous) constraints U′Y = 0[na×(k∗+m)], and
the temporal aggregation constraints Z′

1Y
′
= 0(k∗×n). That

is, in vectorized form:(
Ik∗+m ⊗ U′

)
Y = 0[na(k∗+m)×1]

⇔
(
U′

⊗ Ik∗+m
)
y = 0[na(k∗+m)×1]

(38)

(
Z′

1 ⊗ In
)
Y = 0(k∗n×1) ⇔

(
In ⊗ Z′

1

)
y = 0(k∗n×1) (39)

Denote with P the [n(k∗
+ m) × n(k∗

+ m)] commuta-
tion matrix such that Pvec (Y) = vec

(
Y′
)
(i.e. PY =

y). As a consequence, using the full row-rank matrix H′

defined by expression (34), the constraints (38) and (39)
can be re-stated as either H′y = 0, or H′PY = 0.
Now, denote W = E

[
εε′
]
, and Ω = E

[
ηη′

]
. W and

Ω are different parameterizations of the same statistical
object, the covariance matrix of the random disturbances
in the multivariate regression model (35), for which the
following relationships hold: Ω = PWP′, and W = P′ΩP.
Thus, to apply the general point forecast reconciliation
formula (3) to a cross-temporal forecast reconciliation
problem, we may consider either the expression ỹ =

ŷ − ΩH
(
H′ΩH

)−1 H′ŷ, or equivalently re-state it as Ỹ =

Y − WP′H
(
H′PWP′H

)−1 H′PŶ .

6.1. Simple approximations of the covariance matrix for
cross-temporal point forecast reconciliation

Consider the column vectorized form of the multivari-

ate regression (36), whose random disturbances can be
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written as ε =

[
ε

[m]

1 ε
[kp−1]

1 . . . ε
[kp−1]

m
kp−1

. . . ε
[1]
1 . . . ε

[1]
m

]′

,

where each (n × 1) vector ε
[k]
l , k ∈ K, l = 1, . . . ,Mk,

contains contemporaneous random disturbances, i.e. at
the same observation index for a given temporal ag-
gregation order. A simple generalization to the cross-
temporal framework of the cross-sectional approach (see
Section 3.1) consists of assuming that only the distur-
bances at the same time index of the same temporal
aggregation level are correlated. No temporal dependence
(either within the same series at different times or be-
tween the n series) is admitted:

E
[
ε
[ki]
r

(
ε
[kj]
s

)′
]

=

{
W[k]

l if ki = kj = k, r = s = l
0 otherwise

,
k ∈ K,

l = 1, . . . ,Mk.

Furthermore, if it is assumed that within each temporal
aggregation level the random disturbances follow a multi-
variate white noise, which means that the contemporane-
ous covariance matrices are constant in time (i.e., W[k]

l =

W[k], k ∈ K, l = 1, . . . ,Mk), the matrix W has the
following block-diagonal pattern:

W =

⎡⎢⎢⎢⎢⎢⎢⎣

W[m] 0 · · · 0

0
(
I m
kp−1

⊗ W[kp−1]

)
· · · 0

...
...

. . .
...

0 0 · · ·
(
Im ⊗ W[1])

⎤⎥⎥⎥⎥⎥⎥⎦. (40)

From a practical point of view, each (n × n) matrix W[k],
k ∈ K, may be approximated like in the cross-sectional
forecast reconciliation case, possibly using the in-sample
residuals (see Section 3.1). Expression (40) can thus be
seen as a simple extension to the cross-temporal case
of the approach developed in the cross-sectional frame-
work, where no temporal dependence is accounted for
both within and between the n series. We may similarly
propose a simplified pattern of the disturbances covari-
ance matrix of the multivariate regression model (35)
by considering the row vectorization form (37). In this
case, the random disturbances vector η can be written
as η =

[
η′

1 . . . η′

i . . .η′
n
]′

, where each [(k∗
+ m) × 1]

vector ηi, i = 1, . . . , n, contains the random disturbances
at different observation indices of the various temporal
aggregation levels for the same series i. If we assume that
the n series are uncorrelated at any observation index for
any temporal aggregation level (i.e., neither contempora-
neous nor temporal correlation is admitted between the
series) denoting with Ωii = E(ηiη′

i), i = 1, . . . , n, the
[(k∗

+ m) × (k∗
+ m)] covariance matrix of the coherency

errors of the temporal hierarchies of series i, the complete
matrix Ω can be written as follows:

Ω =

⎡⎢⎢⎣
Ω11 · · · 0
...

. . .
...

⎤⎥⎥⎦ , (41)
0 · · · Ωnn
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where each matrix Ωii, i = 1, . . . , n, may be approx-
imated as in the temporal forecast reconciliation case,
possibly using the in-sample residuals (see Section 4.1).
Thus expression (41) can be seen as a simple extension to
the cross-temporal case of the approach developed in the
temporal hierarchies framework, where no correlation is
admitted between the random errors of the n series. The
covariance patterns (40) and (41) (i) are placed at oppo-
site ends of possible ways of dealing with cross-temporal
variables, and (ii) should be considered as the first prac-
tical devices to make the optimal combination forecast
approach feasible for the cross-temporal framework as
well.

Residual-based estimates of the covariance matrix W
(and its re-parameterized counterpart Ω) use the in-
sample residuals of the models used to forecast the n
time series considered at any temporal aggregation level.
Denote by Ê[k]

l , k ∈ K, l = 1, . . . ,Mk, the (n × N) matrix
containing the in-sample residuals for a single node of
the cross-temporal hierarchy (i.e., the ith row contains
the residuals for the N sub-periods l of the model used
to forecast the temporal aggregate of order k of series
i). For each temporal aggregation level k ∈ K, the Mk

matrices Ê[k]
l can be grouped into the (n × NMk) matrix

E[k]
=

[̂
E[k]
1 . . . Ê[k]

l . . . Ê[k]
Mk

]
, k ∈ K. The (n(k∗

+ m) × N)
matrix containing all the residuals at any time observation
index and any temporal aggregation level can, in turn, be
written as:

E =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ê[m]

1

Ê[kp−1]

1
...

Ê[kp−1]

m
kp−1

...

Ê[1]
1

...

Ê[1]
m

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=
[
ê1 . . . êτ . . . êN

]
,

here each [n(k∗
+ m) × 1] vector êτ , τ = 1, . . . ,N ,

s given by êτ =

⎡⎢⎣ê[m]

1,τ . . . (ê[1]
1,τ )

′

looooooooomooooooooon

k∗+m

· · · ê[m]

n,τ . . . (ê[1]
n,τ )

′

looooooooomooooooooon

k∗+m

⎤⎥⎦
′

.

he sample residual covariance matrix can be calculated
ccording to both parameterization as either Ω̂sam =

1
N

N∑
τ=1

êτ ( êτ )′ =
1
N
Ê̂E′

, or Ŵsam = P′Ω̂samP. However,

in many practical situations matrix Ê has a number of
rows - which is equal to the number of nodes in the
cross-temporal hierarchy - much larger than the number

of columns, which is equal to N =
T
m

. Thus matrices Ω̂sam

nd Ŵsam might not have good properties (in particular,
hey are not p.d. if N ≤ n(k∗

+ m)), and simplified
49
approximations must be found. Two feasible alternatives
are given by either the diagonalization or the shrinkage of
matrix Ŵsam, that is, respectively, Ŵwlsh = In(k∗+m)⊙Ŵsam,
and Ŵshr = λ̂Ŵwlsh + (1 − λ̂)Ŵsam, where Ŵwlsh is a
diagonal matrix containing the estimates of the ‘hierarchy
variances’ for each node of the cross-temporal hierarchy,
Ŵshr is the matrix obtained by shrinkage of Ŵsam with
target Ŵwlsh, and λ̂ is an estimate of the coefficient of
shrinkage intensity λ, 0 ≤ λ ≤ 1. Both Ŵsam and Ŵshr

refer to all the n(k∗
+ m) hierarchy nodes simultaneously

taken, but unlike the former matrix, the latter should not
suffer from possible singularity problems. An alternative
choice is the block-diagonal matrix (40). Following Wick-
ramasuriya et al. (2019), full and shrunk estimates of
matrices W[k], k ∈ K, forming the blocks on the diagonal
of this matrix, may be computed as:

Ŵ[k]
sam =

1
NMk

Ê[k]
(̂E[k]

)′, k ∈ K, (42)

Ŵ[k]
shr = λ̂k

(
In ⊙ Ŵ[k]

sam

)
+ (1 − λ̂k)Ŵ

[k]
sam, k ∈ K, (43)

and used to approximate W as follows (the superscript
‘BD’ stands for ‘Block-Diagonal’):

ŴBD
sam =

⎡⎢⎢⎣
Ŵ[m]

sam . . . 0
...

. . .
...

0 . . . Im ⊗ Ŵ[1]
sam

⎤⎥⎥⎦ ,

ŴBD
shr =

⎡⎢⎢⎣
Ŵ[m]

shr . . . 0
...

. . .
...

0 . . . Im ⊗ Ŵ[1]
shr

⎤⎥⎥⎦ .

Most of the choices for W (or Ω) shown so far are
simple extensions to the cross-temporal framework of
the approximations for W (or Ω) considered either in
cross-sectional or in temporal forecast reconciliation. We
consider the following approximations (‘oct’ stands for
‘optimal cross-temporal’):

• identity (oct-ols): W = Ω = In(k∗+m)

• hierarchy variance scaling (oct-wlsh): W = Ŵwlsh
• series variance scaling (oct-wlsv): W = Ŵwlsv =

P′Ω̂wlsvP, where Ω̂wlsv is a straightforward extension
of Ω̂t-wlsv (see Section 4.1)

• block-diagonal shrunk cross-covariance scaling (oct-
bdshr): W = ŴBD

shr
• block-diagonal cross-covariance scaling (oct-bdsam):

W = ŴBD
sam

• auto-covariance scaling (acov): W = Ŵacov =

P′Ω̂acovP, where Ω̂acov is a straightforward extension
of Ω̂t-acov (see Section 4.1)

• MinT-shr (oct-shr): W = Ŵshr
• MinT-sam (oct-sam): W = Ŵsam
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7. Heuristic cross-temporal reconciliation procedures

7.1. The KA procedure

Kourentzes and Athanasopoulos (2019), henceforth KA,
ave proposed a cross-temporal reconciliation method
hat can be viewed as an ensemble forecasting proce-
ure that exploits the simple averaging of different fore-
asts. The procedure consists of the following steps (it is
ssumed h = 1):

Step 1
For each individual variable, compute the temporally

econciled forecasts and collect them in the [n × (k∗
+ m)]

atrix qY. This result can be obtained by applying the
oint forecast reconciliation formula (22) to each column

f matrix Ŷ′
=

[
t̂a1 · · · t̂ana t̂b1 · · · t̂bnb
â[1]
1 · · · â[1]

na b̂
[1]
1 · · · b̂

[1]
nb

]
.

hese reconciled forecasts are in line with the temporal
ggregation constraints, i.e. Z′

1
qY

′

= 0(k∗×n), but in general
hey are not in line with the cross-sectional constraints,
hat is: U′

qY ̸= 0[na×(k∗+m)].
tep 2
Transform qY by computing time-by-time cross-

ectional reconciled forecasts for all the temporal ag-
regation levels, and collect them in the [n × (k∗

+ m)]
atrix qY =

[
qY

[m]
qY

[kp−1]

. . . qY
[k2]

qY
[1]
]
, where qY

[k]
, k ∈

, has dimension (n × Mk). Thus, the cross-sectionally
econciled forecasts can be computed by transforming
ach qY

[k]
as

(

Y [k]
= M[k]

qY
[k]
, k ∈ K, where M[k]

= In −

W[k]U
(
U′W[k]U

)−1 U′ denotes the (n×n) projection matrix
used to reconcile forecasts of k-level temporally aggre-
ated time series, and W[k] is a (n×n) known p.d. matrix.

Since it is U′M[k]
= 0(na×n), k ∈ K, the reconciled forecasts

are cross-sectionally coherent, i.e. U′

(

Y = 0[na×(k∗+m)], but
not temporally: Z′

1

(

Y ′
̸= 0(k∗×n).

Step 3
Transform again the step 1 forecasts qY, by computing

time-by-time cross-sectional reconciled forecasts for all
the temporal aggregation levels using the (n × n) matrix
M, given by the average of the matrices M[k] obtained at

tep 2. Matrix M can be expressed as M =
1
p

∑
k∈K

M[k], and

the final cross-temporal reconciled forecasts are given by:

YKA
= MqY. (44)

ince U′M =
1
p

∑
k∈K

U′M[k]
= 0(na×n), and Z′

1
qY

′

= 0(k∗×n),

he reconciled forecasts (44) fulfill both cross-sectional
nd temporal aggregation constraints:

′̃YKA
= U′M

(

Y = 0[na×(k∗+m)],

′

1

(̃
YKA
)′

= Z′

1

(

Y ′M
′

= 0(k∗×n).
50
7.2. Some remarks

To perform step 1, KA consider either t-struc or t-
wlsv (see Section 4.1) as forecast reconciliation proce-
dures through temporal hierarchies, while in step 2 either
cs-wls or cs-shr are used (see Section 3.1).

Remark 1. These two steps can be seen as the succes-
sive applications of two distinct multivariate reconcilia-
tion procedures: in the first step it is solved a linearly
constrained quadratic minimization problem, where only
temporal aggregation constraints are considered:

y̌ = argmin
y

(
y − ŷ

)′
Ω−1 (y − ŷ

)
, s.t.

(
In ⊗ Z′

1

)
y = 0,

where Ω is the block-diagonal matrix in (41). The second
step consists of another quadratic minimization prob-
lem, where only cross-sectional (contemporaneous) con-
straints are considered:

(

Y = argmin
Y

(
Y − qY

)′ W−1 (Y − qY
)
, s.t.

(
Ik∗+m ⊗ U′

)
Y = 0,

here W is the block-diagonal matrix in (40). It is worth
oting that one may switch between the two data rep-
esentations using the permutation matrix P, that is y̆ =
′Y̆ .

emark 2. In general, the final result of the reconciliation
rocedure would change if the user inverts the order of
pplication of the two reconciliation steps. Since the dif-
erences between the reconciled point forecasts according
o these two approaches could be not negligible (see
ection 7.3), this seems to be a weakness of the procedure,
nd calls for a decision rule about the final reconciled
orecasts to retain. A practical way of doing this could be
hoosing the reconciled forecasts, which are the ‘closest’
according to a given metric) to the base forecasts.

emark 3. The calculation of the average matrix M in the
final step of the procedure, needed to recover the cross-
temporal coherency across the point forecasts, requires
the availability of the projection matrices used in the
second step. This poses no problem when closed form
reconciliation formulae can be used. Unfortunately, this is
not the case when non-negativity of the final reconciled
estimates is wished, calling for appropriate numerical
procedures (Wickramasuriya et al., 2020; Kourentzes &
Athanasopoulos, 2021).

7.3. An iterative heuristic cross-temporal reconciliation pro-
cedure

Taking inspiration from the KA reconciliation proce-
dure, we consider an iterative procedure that produces
cross-temporal reconciled forecasts by alternating fore-
cast reconciliation along one dimension (cross-sectional
or temporal). Each iteration consists of the first two steps
of the KA procedure, so the forecasts are reconciled by al-
ternating reconciliation through temporal hierarchies and
cross-sectional reconciliation in a cyclic fashion. Start-
ing from the base forecasts Ŷ, denote with dcs and dte,
respectively, the cross-sectional and the temporal gross
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Fig. 2. Quarterly, semi-annual and annual Australian GDP one-step-ahead reconciled forecasts according to the Kourentzes and Athanasopoulos (2019)
cross-temporal reconciliation approach (t-wlsv for the temporal step, cs-shr for the cross-sectional step) by alternating the constraint dimensions
to be fulfilled: percentage differences between the reconciled forecasts obtained through (i) temporal-then-cross-sectional reconciliation, and (ii)
cross-sectional-then-temporal reconciliation. The differences between the two reconciled forecasts are divided by their arithmetic mean.
discrepancies, given by dcs =
U′̂Y


1, and dte =

Z′

1Ŷ
′

1
,

where ∥X∥1 =
∑

i,j |xi,j|. Since the base forecasts are not
in line with either type of constraints, in general both dcs
and dte are greater than zero. The iterative procedure can
be described as follows:

1. Start the iterations by calculating the temporally
reconciled forecasts Ỹ(1)

, such that Z′

1

(̃
Y(1)

)′

= 0,

and d(1)cs =

U′̃Y(1)

1

≥ 0.

2. The point forecasts in matrix Ỹ(1)
are then cross-

sectionally reconciled, obtaining Ỹ(2)
, which is such

that U′̃Y(2)
= 0, and d(1)te =

Z′

1

(̃
Y(2)

)′

1

≥ 0.

3. The updates in steps 1. and 2. are performed at
each iteration j, j = 1, 2, . . ., until a convergence
criterion is met, that is d(j)te < δ, where δ is a
positive tolerance value (e.g., δ = 10−6), and matrix
Ỹ(2j)

contains the final cross-temporal reconciled
forecasts.

The above procedure can be seen as an extension of
the well known iterative proportional fitting procedure
(Deming & Stephan, 1940), also known as the RAS method
(Miller & Blair, 2009), to adjust the internal cell values
of a two-dimensional matrix iteratively until they sum
to some predetermined row and column totals. In that
case, the adjustment follows a proportional adjustment
scheme. In contrast, each adjustment step is made in
the cross-temporal reconciliation framework according to
the penalty function associated with the single-dimension
reconciliation procedure adopted.

Indeed, the choice of dimension along which the first
reconciliation step in each iteration is performed is up
51
Fig. 3. Quarterly, semi-annual and annual one-step-ahead reconciled
forecasts of 79 out of 95 times series of the Australian GDP from
Income and Expenditure sides using both the original KA cross-
temporal reconciliation procedure (t-wlsv for the temporal step, and
cs-shr for the cross-sectional one), and its iterative variant: boxplots
of the percentage differences between the reconciled forecasts obtained
through (i) temporal-then-cross-sectional reconciliation, and (ii) cross-
sectional-then-temporal reconciliation. The differences between each
pair of reconciled forecasts are divided by their arithmetic mean.

to the user. There is no particular reason to perform
the temporal reconciliation first and the cross-sectional
reconciliation second. Fig. 2 shows the percentage dis-
crepancies in the Australian GDP at current prices one-
step-ahead forecasts for any temporal aggregation level
(quarterly, semi-annual, annual, see Section 8), when the
cross-temporal reconciliation is performed according to
either the KA approach, or to the analogous procedure
where the cross-sectional constraints are considered first,
and then the temporal dimension is accounted for (see
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Fig. 4. Incoherence at each iteration step of the iterative cross-temporal forecast reconciliation procedure (t-wlsv + cs-shr) for the Australian GDP
time series, at the first forecast origin 1994:Q3.
section A.7 in the online appendix). Percentage differ-
ences in the reconciled forecasts for this single, impor-
tant variable, are visually evident, though bounded within
(−0.3% – +0.4%).

Fig. 3 completes the results shown so far by con-
sidering the forecasts of the strictly positive 79 (out of
95) variables from both Income and Expenditure sides,
cross-temporally reconciled according to the KA proce-
dure and its iterative variant. The boxplots show the
distributions of the percentage discrepancies between the
reconciled forecasts obtained using temporal reconcilia-
tion first, and cross-sectional reconciliation then, vis-à-vis
the results obtained by inverting the order of application
of the two reconciliation procedures. It appears that the
iterative variant of the original KA proposal produces less
pronounced discrepancies.

It must be said that the convergence speed of the
iterative procedure does not seem to be affected by the
choice of the first dimension to be fulfilled when the iter-
ation starts. Fig. 4 shows an example of the convergence
speed of the iterative procedure, either starting with the
cross-sectional (right panel) or temporal (left panel) rec-
onciliation procedure for the Australian GDP forecasts.
In both cases, the convergence is achieved very quickly:
fixing δ = 10−6, 15 (14) iterates are needed when starting
from the temporal (cross-sectional) dimension. Further-
more, from the fourth iteration onwards, the constraints
are practically fulfilled in both cases. Nevertheless, since
the final reconciled values depend on this choice, it would
be useful having an ex-ante ‘choice rule’ between the two
alternatives. For ease of presentation, in the following,
we maintain the original choice made by KA, performing
temporal forecast reconciliation first and cross-sectional
reconciliation second.

8. Cross-temporal reconciliation of the Australian GDP
forecasts from Income and Expenditure sides

In a recent paper, Athanasopoulos et al. (2019) pro-
pose ‘‘the application of state-of-the-art forecast reconcil-
iation methods to macroeconomic forecasting’’ to perform
aligned decision making and to improve forecast accuracy.
In their empirical study, they consider the cross-sectional
forecast reconciliation for 95 Australian Quarterly Na-

tional Accounts time series, describing the Gross Domestic

52
Product (GDP) at current prices from Income and Ex-
penditure sides, interpreted as two distinct hierarchical
structures. In the former case (Income), GDP is on the
top of 15 lower level aggregates, while in the latter (Ex-
penditure), GDP is the top level aggregate of a hierarchy
of 79 time series (for details, refer to Athanasopoulos
et al., 2019, pp. 702–705, and Figures 21.4-21.7 therein).
By managing the complete set of 95 time series following
the approach described in Section 3, Bisaglia et al. (2020)
have extended the results of Athanasopoulos et al. (2019),
showing that fully cross-sectional reconciled quarterly
GDP forecasts, coherent with all the reconciled forecasts
from both Expenditure and Income sides can be obtained
through the general reconciliation approach described in
Section 2. According to the notation adopted so far, the
(33×95) kernel matrix accounting for the cross-sectional
zero constraints is given by:

U′
=

⎡⎢⎢⎢⎣
1 0′

(5×1) −1′

(10×1) 0′

(26×1) 0′

(53×1)

1 0′

(5×1) 0′

(10×1) 0′

(26×1) −1′

(53×1)

0(5×1) I5 −CI 0(5×26) 0(5×53)

0(26×1) 0(26×5) 0(26×10) I26 −CE

⎤⎥⎥⎥⎦ ,

where CI and CE are the contemporaneous aggregation
matrix mapping the bts into the uts for the Income and
the Expenditure sides, respectively (Bisaglia et al., 2020).
By exploiting this result, cross-temporal forecast reconcil-
iation is now applied within the same forecasting experi-
ment designed by Athanasopoulos et al. (2019)4 extended
to consider semi-annual and annual forecasts as well.
For the available time series span (1984:Q4 - 2018:Q1),
quarterly base forecasts from 1 up to 4 quarters ahead
have been obtained for the n = 95 separate time se-
ries through simple univariate ARIMA models selected
using the auto.arima function of the R-package fore-
cast (Hyndman et al., 2020). The forecasting experiment
uses a recursive training sample with expanding window
length. The first training sample is set from 1984:Q4 to
1994:Q3, and the last ends on 2017:Q1, for a total of 91
forecast origins. Similarly, in the same automatic fashion,
we have computed (i) one- and two-step-ahead forecasts

4 We did not change this first, crucial step in the forecast reconcil-
iation workflow, since the focus is on the potential of cross-temporal
forecast reconciliation.
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for the time series obtained by temporal aggregation of
two successive quarters, and (ii) one-step-ahead forecasts
for the time series obtained by temporal aggregation of
four successive quarters. All the base forecasts have been
reconciled using the R-package FoReco (Girolimetto &
Di Fonzo, 2021).

8.1. Performance measures for multiple comparisons

We evaluate the performance of multiple (say, J > 1)
forecast reconciliation procedures through forecast accu-
racy indices calculated on the forecast error

ê[k],h
i,j,t = y[k]

i,t+h − ŷ[k],h
i,j,t ,

i = 1, . . . , 95,
j = 0, . . . , J,

t = 1, . . . , 91,
k ∈ K,

h = 1, . . . , hk,

where y and ŷ are the observed and forecasted values,
respectively, i denotes the series (i = 1, . . . , 32, for the
uts, i = 33, . . . , 95, for the bts), j = 0 denotes the
ase forecasts, t is the forecast origin (t = 1 corresponds

to 1994:Q3), K = {4, 2, 1}, and h4 = 1, h2 = 2,
h1 = 4, are the forecast horizons for annual, semi-annual,
and quarterly time series, respectively. The accuracy is
evaluated using the Average Relative Mean Square Er-
ror (AvgRelMSE, Davydenko & Fildes, 2013; Kourentzes
& Athanasopoulos, 2019, 2020), obtained by transforming
the MSE index, given by the average across all 91 forecasts
origins of the squared forecast errors:

MSE[k],h
i,j =

1
91

91∑
t=1

(
ê[k],h
i,j,t

)2
,

i = 1, . . . , 95,
j = 0, . . . , J,

k ∈ K,

h = 1, . . . , hk.

(45)

he AvgRelMSE is the geometric mean across all 95 se-
ies of the MSE ratio5 of a forecast over a benchmark
iven by the base, incoherent ARIMA forecasts, across all
valuation samples, for a given horizon h:

AvgRelMSE[k],h
j =

(
95∏
i=1

rMSE[k],h
i,j

) 1
95

,

j = 0, . . . , J,
k ∈ K,

h = 1, . . . , hk,

(46)

here rMSE[k],h
i,j =

MSE[k],h
i,j

MSE[k],h
i,0

is the relative MSE. If a fore-

cast outperforms the base forecasts, then the AvgRelMSE
becomes smaller than one and vice-versa, and the per-
centage improvement in accuracy over the benchmark
can be calculated as

(
1 − AvgRelMSE[k],h

j

)
× 100. Ex-

pression (46), which refers to all 95 time series, can be
re-stated for (i) groups of variables (e.g., bts and uts), (ii)
multiple forecast horizons (e.g., h = 1 − 4 for quarterly

5 Davydenko and Fildes (2013) develop the Average Relative MAE,
based on the Mean Absolute Error, and suggest that this formulation
‘can also be extended to other measures of dispersion or loss functions’,
as the AvgRelMSE in (46).
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forecasts, k = 1; h = 1 − 2 for semi-annual forecasts,
k = 2), (iii) different temporal aggregation levels over
he whole forecast horizon (e.g., accuracy indices for the
hole temporal hierarchy of each series). To give a com-
lete picture of the evaluation results, in the following
ubsection, we show and discuss the MSE-based accuracy
ndices, at multiple timescales and forecast horizons, for a
et of selected forecast reconciliation procedures. Further-
ore, we use the non-parametric Friedman and the post
oc ‘Multiple Comparison with the Best’ (MCB) Nemenyi
ests (Koning et al., 2005; Kourentzes & Athanasopoulos,
019; Makridakis et al., 2020) to establish if the fore-
asting performances of the considered techniques are
ignificantly different.

.2. The considered forecast reconciliation procedures

The empirical application mainly aims to evaluate the
erformance of the most convincing new cross-temporal
econciliation procedures, which are those using residual-
ased approximations of the covariance matrix, compared
o the state-of-the-art point forecast reconciliation proce-
ures. At this end, we consider five selected procedures
ecently proposed in the hierarchical forecasting liter-
ture, five (two-step and iterative) variants of the KA
pproach, and three optimal combination forecast proce-
ures:

• cs-shr (Wickramasuriya et al., 2019),
• t-wlsv (Athanasopoulos et al., 2017),
• t-acov (Nystrup et al., 2020),
• t-sar1 (Nystrup et al., 2020),
• kah-wlsv-shr (Kourentzes & Athanasopoulos, 2019),
• tcs-acov-shr, i.e. two-step t-acov + cs-shr,
• tcs-sar1-shr, i.e. two-step t-sar1 + cs-shr,
• ite-wlsv-shr, i.e. iterative t-wlsv + cs-shr,
• ite-acov-shr, i.e. iterative t-acov + cs-shr,
• ite-sar1-shr, i.e. iterative t-sar1 + cs-shr,
• oct-wlsv, i.e. W = Ŵwlsv,
• oct-bdshr, i.e. W = ŴBD

shr,
• oct-acov, i.e. W = Ŵacov.

he first five procedures have proven well-performing
n several empirical applications (Athanasopoulos et al.,
019, 2017; Wickramasuriya et al., 2019; Bisaglia et al.,
020; Nystrup et al., 2020, among others). The one-
imension reconciliation procedures (cs-shr, t-wlsv, t-
cov, and t-sar1) do not give fully coherent forecasts.
ather, as far as they are expected to improve the base
orecasts, the best-practice one-dimension procedures
hould be viewed as stricter benchmarks for the cross-
emporal forecast reconciliation techniques. These are
equested to give accurate one-number forecasts as well.
he forecasting experiment was designed to evaluate the
apability of the cross-temporal forecast reconciliation
rocedures to improve the forecast accuracy as compared
o (i) the base forecasts and (ii) the most performing
ne-dimension forecast reconciliation methods. In addi-
ion, the experiment should help in assessing (iii) the
erformance of both KA-variants (two-step and itera-
ive procedures) and optimal combination forecasts as
ompared to the original proposal by KA, and (iv) the
easibility and the accuracy of the optimal combination
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Table 1
AvgRelMSE at any temporal aggregation level and any forecast horizon.
Reconciliation Quarterly Semi-annual Annual All

procedure 1 2 3 4 1–4 1 2 1–2 1

all 95 series

base 1 1 1 1 1 1 1 1 1 1
cs-shr 0.958 0.970 0.976 0.982 0.972 0.953 0.978 0.965 0.966 0.969
t-wlsv 1.002 0.999 0.988 0.985 0.993 0.844 0.932 0.887 0.773 0.928
t-acov 0.978 0.991 0.999 0.989 0.989 0.825 0.935 0.879 0.769 0.923
t-sar1 1.002 0.999 0.988 0.985 0.994 0.845 0.932 0.887 0.773 0.928
kah-wlsv-shr 0.968 0.970 0.960 0.960 0.965 0.818 0.909 0.862 0.752 0.901
tcs-acov-shr 0.945 0.958 0.971 0.963 0.959 0.798 0.912 0.853 0.748 0.895
tcs-sar1-shr 0.968 0.970 0.960 0.960 0.965 0.818 0.909 0.862 0.752 0.901
ite-wlsv-shr 0.961 0.968 0.959 0.960 0.962 0.815 0.909 0.861 0.751 0.900
ite-acov-shr 0.940 0.958 0.971 0.965 0.959 0.796 0.913 0.852 0.748 0.895
ite-sar1-shr 0.961 0.968 0.959 0.961 0.962 0.815 0.909 0.861 0.751 0.900
oct-wlsv 0.969 0.972 0.962 0.963 0.967 0.820 0.913 0.865 0.756 0.904
oct-bdshr 0.984 0.980 0.962 0.967 0.973 0.830 0.914 0.871 0.757 0.910
oct-acov 0.955 0.965 0.977 0.971 0.967 0.801 0.919 0.858 0.753 0.902

32 upper series

base 1 1 1 1 1 1 1 1 1 1
cs-shr 0.916 0.927 0.930 0.932 0.926 0.917 0.939 0.928 0.923 0.926
t-wlsv 1.006 1.009 0.991 0.992 1.000 0.856 0.939 0.896 0.768 0.933
t-acov 1.002 1.015 0.992 0.993 1.000 0.854 0.938 0.895 0.768 0.9332
t-sar1 1.007 1.009 0.991 0.992 1.000 0.856 0.939 0.896 0.768 0.933
kah-wlsv-shr 0.940 0.947 0.928 0.930 0.936 0.800 0.877 0.837 0.715 0.873
tcs-acov-shr 0.941 0.944 0.931 0.933 0.937 0.796 0.878 0.836 0.715 0.873
tcs-sar1-shr 0.940 0.946 0.928 0.930 0.936 0.800 0.877 0.837 0.715 0.873
ite-wlsv-shr 0.925 0.942 0.922 0.927 0.929 0.793 0.874 0.833 0.711 0.867
ite-acov-shr 0.928 0.940 0.926 0.931 0.931 0.789 0.875 0.831 0.711 0.868
ite-sar1-shr 0.926 0.942 0.922 0.927 0.929 0.794 0.874 0.833 0.711 0.867
oct-wlsv 0.941 0.951 0.932 0.933 0.939 0.803 0.881 0.841 0.720 0.876
oct-bdshr 0.945 0.956 0.925 0.934 0.940 0.809 0.879 0.843 0.717 0.877
oct-acov 0.939 0.950 0.935 0.937 0.940 0.798 0.884 0.840 0.719 0.876

63 bottom series

base 1 1 1 1 1 1 1 1 1 1
cs-shr 0.981 0.993 1.000 1.009 0.996 0.971 0.999 0.985 0.988 0.991
t-wlsv 0.999 0.995 0.986 0.982 0.990 0.839 0.928 0.882 0.775 0.925
t-acov 0.966 0.980 1.002 0.986 0.983 0.811 0.934 0.870 0.770 0.917
t-sar1 0.999 0.994 0.986 0.982 0.990 0.839 0.928 0.882 0.775 0.925
kah-wlsv-shr 0.983 0.982 0.976 0.976 0.979 0.827 0.925 0.875 0.771 0.916
tcs-acov-shr 0.947 0.966 0.992 0.978 0.971 0.799 0.929 0.862 0.766 0.907
tcs-sar1-shr 0.983 0.982 0.976 0.976 0.979 0.827 0.925 0.875 0.771 0.916
ite-wlsv-shr 0.980 0.981 0.978 0.978 0.979 0.826 0.928 0.875 0.772 0.917
ite-acov-shr 0.946 0.968 0.995 0.983 0.973 0.799 0.932 0.863 0.767 0.909
ite-sar1-shr 0.980 0.982 0.978 0.978 0.979 0.826 0.928 0.876 0.773 0.917
oct-wlsv 0.984 0.983 0.978 0.979 0.981 0.829 0.929 0.878 0.775 0.919
oct-bdshr 1.004 0.992 0.981 0.984 0.990 0.840 0.933 0.885 0.778 0.927
oct-acov 0.964 0.973 0.998 0.988 0.981 0.803 0.936 0.867 0.771 0.915
cross-temporal reconciliation procedures, which for the
time being - even when they are computed using the
in-sample residuals - are based on simple/unrealistic ap-
proximations of the covariance matrix (see Section 6.1).
As for this last point, we investigate any significant dif-
ference between the reconciled forecasts produced by
the most performing heuristic and optimal combination
procedures.

8.3. Main results

Table 1 presents the AvgRelMSE’s obtained for the
orecasting techniques (base + 13 reconciliation proce-
ures) listed in the previous sub-section. We provide
esults for all 95 component time series, and for the 32
pper-level and the 63 bottom-level time series sepa-
ately. The results are shown by the level of temporal
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aggregation and forecast horizon. The lowest error is
highlighted in red boldface at each column, while val-
ues greater than one, which means that the reconciled
forecasts are worse than the base ones, are highlighted
in black boldface.

Most of the data in the table are represented in Fig. 5,
containing the graphs of the AvgRelMSE’s for the consid-
ered procedures, across all forecast horizons, by
temporal aggregation level of the forecasted series. The
procedures have been put in the order given by the
overall AvgRelMSE. This seems like a good compromise
to represent such a multiple comparison. Fig. 6 shows
the Multiple Comparison with the Best (MCB) Nemenyi
test. The Friedman test has shown that the forecasts
given by the considered procedures are different only
when all temporal aggregation levels and forecast hori-
zons (left panel) and one-step-ahead quarterly forecasts
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Fig. 5. Average Relative MSE across all series and forecast horizons, by temporal aggregation level.
Fig. 6. MCB Nemenyi test results: average ranks and 95% confidence intervals. The reconciliation procedures are sorted vertically according to the
MSE mean rank (i) across all time frequencies and forecast horizons (left), and (ii) for one-step-ahead quarterly forecasts (right). The mean rank
of each method is displayed to the right of their names. If the intervals of two forecast reconciliation procedures do not overlap, this indicates a
statistically different performance. Thus, methods that do not overlap with the green interval are considered significantly worse than the best and
vice-versa.
(right panel) are considered. The main results found on
this dataset can be summarized as follows:

• the cross-temporal reconciliation reduces the Av-
gRelMSE for the uts (the most important variables
for the decision-maker, e.g., GDP) at any temporal
aggregation level and any forecast horizon;

• this accuracy improvement is less marked, though
yet visually evident, for the bottom level series, as
compared to the reconciled forecasts through tem-
poral hierarchies alone, which however are cross-
sectionally incoherent;

• each iterative procedure performs better than its
two-step counterpart;

• within the cross-temporal procedures, the heuristic
procedures provide better results than the optimal
combination ones.

Looking at the performances of each procedure, it is
worth noting that cs-shr scores first as for the quarterly
55
forecasts of the uts, and almost always improves on the
base forecasts’ accuracy, regardless of series’ group, tem-
poral aggregation level, and forecast horizon. The only
exception is an AvgRelMSE greater than 1 (1.009) for the
bts quarterly forecasts at horizon 4. In addition, from the
right panel of Fig. 6 we observe that, when considered
only on quarterly basis, the one-step-ahead forecasts for
all series provided by cs-shr are (temporally incoherent
and) not significantly different from those provided by
the best procedure (which in this case is ite-acov-shr).
However, since this reconciliation procedure does not
account for the temporal dimension, its relative perfor-
mance worsens (i.e., the cross-temporal procedures im-
prove on the base forecasts more than cs-shr, as shown
in the top panels in Fig. 5) as the temporal aggrega-
tion level increases. Overall, ite-acov-shr always scores
best for all series and all forecast horizons, and second-
best for the bts series and all forecast horizons, while
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tcs-acov-shr scores second and first, in turn. However,
ite-acov-shr shows good results for the uts forecasts as
well. In this case, the best performances are given by ite-
sar1-shr and ite-wlsv-shr. The differences in the forecasts
produced by all the considered heuristic procedures are
not statistically significant at any temporal aggregation
level and forecast horizon.6 Furthermore, two optimal
ombination procedures (oct-acov and oct-wlsv) produce
econciled forecasts not significantly different from the
est procedure according to the Nemenyi test, while oct-
dshr is significantly (worse and) different from the best
orecast reconciliation procedure.

To conclude, the general improvement registered on
verage (last column of Table 1) by the cross-temporal
econciliation procedures may be considered a positive
utcome. They combine an acceptable forecasting perfor-
ance at the quarterly level with a good performance at

he semi-annual and annual levels, with the additional
eature that the complete system of forecasts is internally
nd temporally coherent.

. Conclusions

The hierarchical framework is currently considered an
ffective way to improve the accuracy of forecasts in
any different fields of application. In this paper, we
ive contributions and extensions to a topic that has
een widely studied in the last decade by connecting it
o the widespread literature on least-squares adjustment
f preliminary data (Stone et al., 1942; Byron, 1978),
ith a focus on a projection approach for linearly con-
trained multiple time series. This de facto encompasses
nd extends the modeling framework by Hyndman et al.
2011) (see also Panagiotelis et al., 2021, and Wickra-
asuriya et al., 2019). However, we do agree with Jeon
t al. (2019), p. 368, that a ‘‘shortcoming of many of
he approaches above (...) is that the weights (...) are
function of in-sample errors and are not directly de-

ermined with reference to an objective function ulti-
ately used to assess forecast quality’’. This problem,
et present for cross-temporal hierarchies, is added to
he dimensionality issues that characterize these struc-
ures. The number of nodes is considerably larger than
he relevant single-dimension hierarchies and calls for
lternative estimation strategies, based for example, on
ross-validation, as proposed by Jeon et al. (2019), or
when enough data is available - on Machine Learn-

ng techniques (Mancuso et al., 2021; Spiliotis et al.,
020a). Nevertheless, cross-temporal point forecast rec-
nciliation seems to be a promising theme worth con-
idering for future research. Some topics in this field
re (i) simulation experiments to better understand be-
avior, potentiality, and possible shortcomings of the
roposed procedures, (ii) more realistic (and hopefully
ffective) approximations of the covariance matrices for
ross-temporal reconciliation; (iii) extending the cross-
emporal framework to the reconciliation of probabilis-
ic forecasts (Ben Taieb et al., 2021; Panagiotelis et al.,

6 The Nemenyi tests for each temporal aggregation level and each
forecast horizon are available on request from the corresponding
author.
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2020; Jeon et al., 2019), and for Bayesian (Eckert et al.,
2021) and fast (Ashouri et al., 2021) forecast reconciliation
procedures; (iv) extending the cross-temporal optimal
combination approach to the case of intermittent de-
mand forecasts (Petropoulos & Kourentzes, 2015), with
the related non-negativity issues (Wickramasuriya et al.,
2020; Kourentzes & Athanasopoulos, 2021), and possible
consideration of ‘soft’ constraints (Danilov & Magnus,
2008).
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