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Comparisons between alternative scenarios are used in many disciplines, from macroe-
conomics through epidemiology to climate science, to help with planning future re-
sponses. Differences between scenario paths are often interpreted as signifying likely
differences between outcomes that would materialise in reality. However, even when
using correctly specified statistical models of the in-sample data generation process,
additional conditions are needed to sustain inferences about differences between sce-
nario paths. We consider two questions in scenario analyses: First, does testing the
difference between scenarios yield additional insight beyond simple tests conducted on
the model estimated in-sample? Second, when does the estimated scenario difference
yield unbiased estimates of the true difference in outcomes? Answering the first
question, we show that the calculation of uncertainties around scenario differences
raises difficult issues, since the underlying in-sample distributions are identical for both
‘potential’ outcomes when the reported paths are deterministic functions. Under these
circumstances, a scenario comparison adds little beyond testing for the significance of
the perturbed variable in the estimated model. Resolving the second question, when
models include multiple covariates, inferences about scenario differences depend on
the relationships between the conditioning variables, especially their invariance to the
interventions being implemented. Tests for invariance based on the automatic detection
of structural breaks can help identify the in-sample invariance of models to evaluate
likely constancy in projected scenarios. Applications of scenario analyses to impacts on
the UK’s wage share from unemployment and agricultural growth from climate change
illustrate the concepts.
© 2022 The Authors. Published by Elsevier B.V. on behalf of International Institute of
Forecasters. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

counterfactuals to the existing world, but as planning
exercises to guide policies, often with the aim of chang-

Scenarios are investigations of possible alternative out-
comes that should happen when the conditions assumed
in the scenarios occur. Although the boundary can be
fuzzy, scenarios contrast with forecasts—which are state-
ments about the future, usually intended to ‘foretell’ out-
comes and so can be evaluated against what does
happen—and counterfactuals, which involve comparisons
with outcomes that could not happen because some-
thing else occurred. Many scenarios are not intended as
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ing them. Early examples of important scenario studies
include the use of scenarios in planning at Shell from
around 1965 described in Kupers and Wilkinson (2014),
and looking 200 years ahead, published as Kahn, Brown,
and Martel (1976). In their extensive review of scenario
analysis, Tourki, Keisler, and Linkov (2013) note that there
are many definitions, summarised by Duinker and Greig
(2007), including ‘an internally consistent view of what
the future might turn out to be—not a forecast, but one
possible future outcome; a set of reasonably plausible,
but structurally different futures; conjectures about what
might happen in the future; as well as, to stimulate
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thinking about possible occurrences’. For example, Bood
and Postma (1998) argue for the last two uses, since
while ‘first generation’ scenarios were for evaluating and
selecting strategies to explore and identify future pos-
sibilities, ‘second generation’ scenarios aim to stretch
managers’ mental models and highlight environmental
uncertainties. However, Tourki et al. (2013) emphasise
that ‘theoretical developments in the field represent a
small fraction of published studies and do not increase
in time’. Our analysis of scenario analysis seeks to extend
that set, and is closest to the first interpretation, but also
applies to the other definitions, since scenarios need to be
realisable to be plausible conjectures or stimulate useful
thinking.

Scenarios, along with forecasts and counterfactuals, are
widely used in practice, and all three involve compar-
isons: scenarios often with forecasts assuming that the
state of nature continues, forecasts with outcomes, and
counterfactuals with what occurred. Examples of recent
scenarios include comparisons of the projected number of
deaths in a pandemic under different policy decisions in
epidemiology, both in the COVID-19 scenario by Ferguson
et al. (2020),! and investigating a possible outbreak of
a coronavirus pandemic in Scotland two years prior to
the emergence of COVID-19;% and the Institute for Health
Metrics and Evaluation (IHME) producing scenarios that
depend on a wide range of assumptions about universal
mask usage, rapid vaccine rollout, and mandate relax-
ations.> Other examples are the Bank of England scenario
in May 2020 of the UK unemployment rate rising to
almost 10%;* infrastructure investments in business to
meet different future demands, as in Flyvbjerg, Holm, and
Buhl (2005); and the economic impacts of global tem-
perature changes under different climate pathways (see
e.g. Burke, Hsiang, and Miguel 2015 and Pretis, Schwarz,
Tang, Haustein, and Allen 2018, or projections discussed
in Burke, Dykema, Lobell, Miguel, and Satyanath 2015).

When used in planning future responses, the differ-
ence between a scenario path and a baseline is often
interpreted as signifying a likely difference between the
outcome that would materialise in reality should the as-
sumptions of that scenario be implemented. However,
that requires many conditions to be satisfied about the
model used and the reactions of policy and public be-
haviour to the scenario if it is actually implemented. Even
when using precisely estimated parameters of correctly
specified models of the in-sample data generation process
(DGP), an unlikely possibility in most observational-data
disciplines, additional conditions are needed to sustain in-
ferences about such differences. We consider two central
questions in scenario analyses which we investigate in a
simple setting when the underlying model is estimated
from past data using regression:

1 gee https://www.bbc.co.uk/news/uk-52927462.

2 See https://www.gov.scot/publications/exercise-iris-report/, unfor-
tunately not incorporated into UK planning.

3 See https://covid19.healthdata.org/global?view=total-deaths&tab=
trend.

4 https://www.bankofengland.co.uk/media/boe/files/monetary-
policy-report/2020/may/monetary- policy-report-may-2020.
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1. Does testing the difference between scenarios yield
additional insights beyond tests conducted on the
in-sample estimated model?

2. When does an estimated scenario difference yield
unbiased estimates of the true difference in out-
comes?

On the first, we show that the answer is ‘no’ for a
univariate model of a DGP that is linear in a deterministi-
cally perturbed scenario variable. Concerning the second,
we show that the answer depends on the validity of the
estimated model, the relationships between its covariates,
and its invariance to the scenario perturbations.

Moreover, the calculation of uncertainties around sce-
nario differences raises the difficult issue that the un-
derlying in-sample distributions are identical for both
‘potential’ outcomes, and the reported paths are often de-
terministic functions. There are also a number of different
types of scenario calculation, from deterministic impulses
or step shifts applied to either a ‘given’, or conditioning,
variable, or the initial conditions of the target variable; or
‘stochastic’ shocks from some assumed distribution used
to perturb either the initial conditions or the conditioning
variable. Adding random numbers drawn from the esti-
mated in-sample error distribution to the scenario, but
not the baseline, would be a further alternative. Different
estimates of the uncertainty around each scenario trajec-
tory will result from these, at most one of which could be
correct.

As noted above, the term ‘scenario analysis’ can de-
scribe a multitude of possible frameworks, ranging from
deterministic single- or multi-period perturbations of em-
pirical models, stylised story lines, and investigating con-
jectures, through simulations under different constraints
to (e.g.) assess tail risk in macro-prudential stress-testing
(see Adrian, Morsink, and Schumacher 2020) and across
different changes to assess climate impacts (see Breeden
and Elderson 2021). However, the distinction between
a location shift and a tail event is often whether the
analysis relates to a level or a difference, as the change
in a location shift is a tail event.

The main focus of our paper is on analysing scenario
differences generated by deterministic shifts perturbing
the marginal distributions of conditioning variables in
estimated models. Typical examples include examining an
increase in interest rates in an economic model which
took that policy variable as a given; or the impacts of
climate change under a particular temperature scenario
(i.e. an economic outcome conditional on a particular
temperature change); or of ‘social distancing’ on the rate
at which a pandemic might otherwise spread. However,
more ‘extreme’ scenario changes could also be envis-
aged, such as considering different conditional models
for the alternative scenario. Here, possible examples in-
clude a macroeconomic model still taking interest rates
as the given policy instrument but contrasted with a
model where interest rates are at the zero lower bound
and quantitative easing (QE) is used instead as the policy
change, involving a different transmission mechanism; or
of a complete lockdown on economic outcomes. Mani-
festly, the requirements for such scenarios to match the
later outcome are considerably more demanding, albeit
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scenarios might be the only feasible approach to investi-
gate their possible impacts in advance. Equally, a scenario
outcome might generate a policy response, as seen in the
UK when suggestions that half a million deaths might
result from the then policy of trying to achieve ‘herd
immunity’ to COVID-19 led to a new policy of ‘social iso-
lation’, in contrast to Sweden where there was no change
in policy rules. The UK’s change of the parameters of the
spread process led to dramatically reduced predictions
of deaths (and lower later outcomes) in the first wave.
Simultaneously, the new vastly higher predictions of un-
employment noted above induced a greatly increased fi-
nancial boost from the government (its furlough scheme),
the impact of which is investigated in Castle, Doornik, and
Hendry (2021). This paper analyses the conditions needed
for such scenarios to provide a reliable basis for policy,
and proposes how some aspects of those conditions can
be tested in advance of introducing the policy.

Here, we focus on inferences about the differences
between scenario outcomes using projections based on
models estimated in-sample. For illustration, let y, be a
scalar policy-relevant variable determined by the condi-

tional data generation process (DGP) for t = 1,..., T2’
Ve = Bo+Bix1,c+BoXa  +AYi—1+€ with € ~IN [0, 03]
(M)

where [A| < 1, IN[0, 02] denotes an independently dis-
tributed normal variable with mean 0 and variance o7,
and the {x;} are valid conditioning variables, so that the
in-sample conditional expectation of y; given its lag and
X; is:

E[Ve | X100 X2 Yee1] = Bo + BiXne + ByXa + Ay (2)

where x;. is the variable to be altered by a scenario
analysis and X denotes k conditioning variables also
affecting y; with coefficients §,. We assume that the
scenario intervention takes the form of a shift of 8, in the
level of x; at time T + 1. We denote the DGP outcome
at T+ 1 in absence of this intervention by yr. 1, while the
actual outcome following the intervention is labelled as
Vg

As the DGP is unknown, we consider estimating a
model of y, and subsequently creating projections with
and without the scenario intervention §,. Using the es-
timated model, the predicted baseline in the absence of
the intervention is denoted by 7., while the scenario
projection is labelled ¥} ;. We are interested in conduct-
ing inference on the difference between the outcomes,
[¥711 —Yr41], using the estimated model and its projected
scenario [yj; — yr+1]. We consider two different cases.
First, we consider when both the DGP and estimated
model only include a single policy variable and no other
covariates (beyond autoregressive dynamics), so S,
0 in (1) and (2). Second, we consider the case where
additional covariates X, ; enter the DGP so 8, # 0. We
then study the properties of scenario projections using

5 Making y; a vector process determined by a dynamic system does
not add to understanding scenario comparisons.
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models that match the DGP, as well as models that are
mis-specified for the DGP by incorrectly omitting relevant
conditioning variables.

Answering the first question on whether testing the
scenario difference yields additional insight beyond in-
sample testing, we show that when the model is an invari-
ant linear relation in the policy variable, and the scenario
intervention takes the form of a deterministic shift, then
the statistical significance of the scenario difference is
solely a function of the estimated coefficient on the pol-
icy variable in-sample. The difference between scenarios
will appear significant for any level of intervention &,
if the estimated coefficient B, is itself deemed signifi-
cantly different from zero. Testing on the scenario dif-
ference does not provide additional information beyond
in-sample statistical testing of the estimated model.

Our answer to this first question focuses on a partic-
ular framework of scenario analysis, namely, determinis-
tic perturbations on conditioning variables in estimated
models. Such scenario analyses arise, for example, in the
assessment of climate impacts on economic outcomes,
from the macroeconomic impacts of climate change to
the impacts of temperature shocks on agricultural out-
put and yields. In such settings outcomes are commonly
projected conditional on a particular temperature pertur-
bation. The degree to which this discussion generalises
to other frameworks depends on the nature of the alter-
native setting. Of particular interest might be tail events
in macro-prudential scenarios assessing the magnitude of
impacts of unlikely but extreme events. If such a tail event
is specified as the input to a model through the form
of a deterministic perturbation, then our results should
generalise to this setting. For example, if we consider a
distribution of potential perturbations (such as a range
of potential temperatures), a scenario projection might
be the result of a model perturbed by a value found in
the tail of this distribution (e.g. an extreme temperature
path). As such, our results generalise as the scenario then
stems from a comparison of projections conditioned on a
tail outcome, which in the resulting scenario projection
is still a deterministic perturbation. However, if instead
the scenario is taken as the tail of the resulting outcome
distribution, then our analysis of this first question will
not apply.

Turning to the second question of when the estimated
scenario differences yield unbiased estimates, in the more
general case of multiple conditioning variables, the accu-
racy of scenario projections depends on the relationships
between conditioning variables, and especially on their
invariances to the intervention. In the absence of invari-
ance, a well-specified model in-sample does not neces-
sarily yield unbiased estimates of the scenario difference.
Conversely, if there is an invariant causal relationship
between the policy variable and the additional condition-
ing variables, a mis-specified model omitting conditioning
variables may be preferred unless the causal relationships
between conditioning and policy variables are modelled.
Crucially, invariance is not known a priori, but can be
tested in-sample, as we discuss.

We present our answer to this second question using a
system of estimated equations where again a conditioning
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variable experiences a deterministic perturbation. How-
ever, the derived results on the importance of invariance
generalise to broader sets of scenario frameworks. The
results stem from the relationships between condition-
ing variables which might arise in wider scenarios and
are not limited to estimated models with deterministic
perturbations. Specifically, the invariance of the links be-
tween variables is a general property not limited to simple
empirical models.

Compared to the literature on programme evaluation
concerned with estimating treatment effects using coun-
terfactuals (e.g. Imbens and Wooldridge 2009), here we
do not focus on the counterfactual of a particular in-
tervention not having taken place. Instead, we concen-
trate on differences between conditional models where
we perturb one of the conditioning variables. Relative
to Chernozhukov, Fernandez-Val, and Melly (2013), who
provide a detailed treatment of counterfactual distribu-
tions using quantile regression, we focus on invariance
and the conditions under which perturbations in condi-
tioning variables (scenarios) are valid and informative in
dynamic regression models.

In the forecasting literature, much attention has been
paid to testing differences between single and path fore-
casts: e.g. Jorda, Kniippel, and Marcellino (2013), Jorda
and Marcellino (2010). What differentiates our approach
is using a single estimated model perturbed by an in-
tervention, rather than comparing two (or more) distinct
forecasting models. Our exposition primarily relies on
single-equation conditional models although testing both
scenario differences and invariance can be generalised to
vector autoregressions.

The structure of the paper is as follows. Section 2
considers scenario differences in a model with one ex-
planatory variable to set the scene for testing differences
between scenarios. Section 3 analyses scenario differ-
ences under different model specifications and relation-
ships between the policy and conditioning variables. Sec-
tion 4 considers the applications of scenario analyses
to wage share changes from unemployment, and agri-
cultural impacts of climate change. Section 5 concludes.
The appendix derives approximate variances of multi-
period scenario outcomes. First, we consider an example
to motivate our study.

1.1. A motivating example

Interval projections are regularly reported to encapsu-
late future uncertainties around a multi-period trajectory,
as with the Bank of England’s ‘fan charts’. In such a setting,
outcomes lying outside the interval projections, say 95%
regions calculated from in-sample data, are taken to be
significant deviations. Fig. 1 illustrates this using artificial
data where we know the DGP, which is the bivariate
vector autoregression (VAR):

(3)
(4)

where |A| < 1 with (e, v;)’ ~ IN, [0, 2], and € is diago-
nal. For numerical calculations, the parameters (o, 81, A,

Ye = Bo+ B1Xit +AYe—1 t+ &
Xie =y + v
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y) are given the values (0, 0.5, 0.3, 0),and w11 = wyy = 1
witht = 1,..., T, where T = 50 defines the forecast
origin, computing ten steps ahead. In the context of early
scenarios of the pandemic’s impact, even smaller sample
sizes were available.

Fig. 1 (panel a, top) records ten multi-step forecasts
from the conditional model of the first variable, y; (blue
and dashed), matching the artificial DGP and taking the
future values of X1 141 . . . X1,74+10 as known, with fan charts
based on +1 and 42 forecast standard errors, denoted
of . The particular outcome for yr1 . .. yr410 drawn from
that DGP is shown in black. In red and solid, we show a
scenario trajectory for yri1...Yr+10 Where the variable
X1, controlled by an agency, is perturbed by the magnitude
8y = 2wy from y to y + &, and so is shifted up by that
amount at each future observation relative to the baseline.
One issue of concern is: when can this new trajectory be
deemed to be significantly different from the unperturbed
outcomes? We will shortly consider the light grey line
denoted ‘DGP shifts with intervention’.

Fig. 1 (panel b) reports the differences between the
baseline and scenario trajectories ten steps ahead (red).
Because the comparison is between two trajectories based
on the same in-sample estimated model, elements in
common cancel, so the scenario difference is very smooth,
always above zero, and is close to the difference the
scenario perturbation would generate in the data (shown
in dark grey).

However, Fig. 1 also illustrates a setting where the
scenario intervention unknowingly changes the parame-
ters of the DGP (3) for yry1...¥r+10 because of a failure
of invariance to the intervention. This takes the form of
reducing the forecast period S; by 0.2wq;, which here
is chosen to offset the agency’s shift in X1 741 ...X1.1410,
so the original yriq...yry10, and perturbed outcomes
Vii1---Yii100 are essentially the same for all error draws.
This offset could be interpreted as an extreme response
of the ‘private sector’ to nullify a policy agency’s inter-
vention. For example, multiple large-scale ‘rave parties’
and illegal travel offset attempts to tame the pandemic
by lockdowns, explaining its continued spread. The net
effect is that, despite the projected difference in Fig. 1(b),
the scenario intervention does not lead to a different out-
come, so the apparently significantly different anticipated
trajectory is misleading. Consequently, had the agency
implemented §, = 2wy, and forecast the future path
as its scenario calculation in Fig. 1(a), forecast failure
would have resulted when the intervention was found
to be ineffective. An important lesson from this analysis,
emphasised below, is the key role of the invariance of the
model’s parameters to the intervention if the outcome is
to resemble the scenario. Fortunately, it may be feasible
to test beforehand whether or not the model’s parame-
ters were altered on past occasions when interventions
were implemented: see e.g. Castle, Hendry, and Martinez
(2017). Discovering an earlier lack of invariance could
allow scenario calculations to be modified to more closely
represent the outcome that will materialise.
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Fig. 1. (a) Scenario projections with +26 5 and 157, for h=1, ...,

2. Does testing the scenario difference provide insight
beyond in-sample tests on an estimated univariate
model?

First, we consider the simple case of a model matching
the DGP in (3)-(4), where € is diagonal but now need
not be the unit matrix. Assuming constant parameters
in-sample, the unconditional expectation is:

Bo+ By
1—2
and using V[-] to denote a variance:

(w11 + ﬁfwzz)
1—22

Ely]l =

Viyl = =on

with E[x1,] = ¥, V[x1,] = w2 and:

E [(let - V) ¥e-1—E [yt—l])] =0 (5)

The well-known limiting distribution of the estimates B
and A of the coefficients 8, and A is:

( ﬁ(ﬁl — 1) ) SN, [0, 022’1]

VT (X =2)
(5 )]

[(2)

where wy; = o011 here, and to highlight the key issues in
scenario comparisons, we simplify by assuming that the
sample size T is sufficiently large that & ~ .

For given values of x;r41 and yr, the next period’s
baseline projection without a scenario perturbation is:

(6)

Vo = Bo +E1X1,T+l +2yr (7)
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10; and (b) the differences in the outcomes both under two states of nature.

so that the conditional expectation is:

E[Vrear | Xr41.¥7] & Bo + BiXrs1 + Ayr.

After a scenario perturbation by J,, with parameters that
are invariant to the intervention (a lack of invariance
is considered in Section 3.3.3), the projected scenario
outcome (denoted by *) is given by:

57;+1\T = EO +7§1 (X1,T+1 + (Sx) ~|—’)tyr (8)
so that the estimated scenario difference is given by:
?;H\T —37T+1|T = ,/3\13x 9)

with:

E[Vr i1 —Yrear] = Bids
and:

~ 02682
\% [W'JHIT _YT+1\T] =V [,31] 8,% = Te X
o11
as there is no correlation between the regressors. Then
the t-statistic for the scenario difference is:

_ Bid/Tony _ B L

tg6n = 08y T SE [’31] =13

which holds at all values of &, and so does not depend on
its magnitude. When B, is judged significantly different
from zero (or not) in (10), all scenario changes at one
step are significant (or not). This follows because the
standard error of the difference ?Tk+1|T —¥riapr is linear in
8y, so the confidence interval around the scenario either
never (or always) overlaps the origin for the chosen sig-
nificance level (Section 2.2 considers stochastic scenario
simulations).

Four other important points to note from this simple
case are that:

(10)
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(i) the stochastic error {¢;} cancels in (9);

(ii) a vector of super-strong exogenous regressors X
as in (1), namely super exogenous as in Engle, Hendry,
and Richard (1983), and with no Granger causality from
Ye—i O X1¢—i, 1 > 1, would not affect (9), as such variables
in common also cancel irrespective of whether or not they
are included in the model;

(iii) the initial condition, yr, cancels;

(iv) which still holds even if y; is just an estimated
initial condition yr.

Thus, noise, omitted or included super-strong exoge-
nous variables, and mis-measured initial conditions do
not affect the validity of the scenario analysis in this
setting.

2.1. Scenario outcomes at T + n for &y

The above results generalise to extending the previ-
ous case beyond a single time period for known future
{X1.7+i}. as the scenario projection n periods out is:

n—1 n
S =Bo (zw‘) +3 (Z?)
i=0 i=1
n—1
+ B (Z kl) Sx + AMyr

i=0

(11)

whereas the baseline would be calculated as:

n—1 n
Fronr = T (z’x) B (zx) Py (12
i=0

i=1
which, on the same assumptions as in the previous sec-
tion, leads to the scenario difference:

n—1

W‘+n|T _S/\T+n\T = El (23\\1> Ox

i=0

(13)

since, as before, all common elements cancel. The DGP
scenario difference outcomes would be:

n—1
J’¥+n|r — Yr4nr = B (Z }\') Ox

i=0
so their variances would be zero. A scenario difference
like (13) is a non-linear function of the in-sample pa-
rameter estimates, so the variance calculations are only
approximate, and are derived in the appendix for the
model with a single policy variable in (3), showing that
the intervention magnitude J, again cancels in a simple
t-test of the scenario difference.

To simplify the formulae, although the result holds

more generally, we note the special case when wy; =
(1)22=O’€2 = 1,,31 =1:

\ [y\;+n|1 _S’\T+n|T:|
(=2 a—-n2+((1= (- a = +am)°))
-~ T(1— )2

5

(14)
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so for large n when A" ~ nA"~! & 0:

5 2
—* —(14+1-x
Tays A=)
Then combining (13) and (15), the t-statistic for the sce-
nario difference is:

El (Z:‘:o] 5:') Ox

tﬁl‘Sx =
3
T(1-0)*

so again the significance will not depend on the magni-
tude of the perturbation §y as it cancels.

In the practical setting where stochastic {x; 7} will
not be known into the future, a model thereof will need to
be developed for multi-period forecasting, or direct fore-
casting must be used as in Chevillon and Hendry (2005),
where there will be a considerable increase in uncertainty
the larger n is.

It is worth highlighting that the t-statistic in (16) does
not have to be constructed by users in practice. Instead,
our results show that the even if the DGP is dynamic, then
comparing the scenario projections (under deterministic
perturbations) is identical to assessing the t-statistic for
the perturbed variable in the model estimated in-sample.

\Y [57;+an —Vrinr] ~ (15)

(16)

(1+1-2?)

2.2. Stochastic scenario intervention

The above analysis focused on a deterministic pertur-
bation §y. If the scenario intervention §, is itself stochas-
tic, the mean scenario difference could be estimated us-
ing 5, = L! Z; d8x.i, where L is the number of sce-
nario draws (e.g. draws across temperature outcomes in
a climate-impacts model as in Pretis et al. 2018) with
the resulting average scenario difference given by S16y.
When §;x ~ IID[8,, o;] (independently and identically
distributed) and & and B; are independent, then the
variance of the estimated scenario difference can be ap-
proximated by V[B15,] ~ E[62]V[B1] + E[BZIV [&]. In the
absence of non-linear effects of x;, or non-zero covari-
ances between d, and B, a joint test, or joint sampling
over 8, and B4, to assess the significance of scenario devia-
tions will not be more informative than a single test on j;.
If B1 # 0 then for any value of §, the scenario difference
will be non-zero. Thus, sampling over both §, and 8, or §,
and A, will not add information beyond testing on 8; or
A. However, using independent stochastic perturbations
with means of 8, and é, will increase the variances around
Vi1 and Vi, (corresponding to perturbing the depen-
dent variable directly), so scenario differences could be
insignificant even when t3, or t; rejected their nulls.

2.3. Scenario outcomes at T 4 n for 8,

Next, we consider a scenario intervention perturbing
the forecast-origin value of the dependent variable yr by
8y and assess the variance for the n-step-ahead projec-
tion. For a single step ahead, consider retaining (7) but
changing (8) to:

Visar = Po+ Bixirer + 4 (vr +6y) (17)
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so that:

i;+1|'r _?TH\T =/}:8y (18)

then a similar analysis results at T + 1 replacing 318,( by
Ady.

The multi-period baseline (12) is unchanged but the
perturbed scenario (11) becomes:

n—1 n n
%Jrn\T = BO (Z’Xl> +El ( x"ixn-i) + (Z’X’) 8y +’)':”yr
i=0 i=1 im1
(19)
so that:
n
ﬂ'+n|T —Vranr = (Z?> dy (20)
i=1

Using the same approximations for multi-step variances
as above, but now only depending on A:

o2 (1= am?* 62
Ton (1-p%) (1-1)°

v [37{'+n|T _’}7T+n\T] ~ (21)

In the special case 011 =0, =1, 81 = 1,012 = p =0:
A2 (1—m? 82
T(1—A)?

As above, the intervention §, cancels when testing the
scenario difference. For A = 0.85 and n = 8, (22) equals
0.178; ~ 11.0 for 87 = 907 at T = 100 whereas (14)
equals 2.565 ~ 23.0, even though at g; = 1, (13)
and (20) only differ by a factor of A. Thus, the degree of
persistence mediates the multi-step outcomes both from
the cumulative impact of a perturbation, and whether yr
or xr41 is changed.

As in the previous subsection, the t-statistic does not
have to be constructed when comparing scenarios. In-
stead, even if y is perturbed in a dynamic DGP, a test
on the (deterministically perturbed) scenario difference is
identical to a t-test in-sample.

\ [ﬁ‘+n|T _YT+n\T] ~ (22)

~

2.4. Recommendations

In summary, for the single regressor dynamic model,
testing the scenario difference does not yield additional
insight beyond testing the significance of the estimated
in-sample parameters when the model is linear in the per-
turbed known future scenario variable. This result holds
for both single and multiple periods ahead, and for per-
turbations in both the lagged dependent as well as inde-
pendent variables. In other words, if a scenario consists
of a deterministic perturbation in a conditioning variable
(for static as well as dynamic DGPs), testing the scenario
difference will yield identical conclusions to testing the
significance of the perturbed variable in the in-sample
estimated model.

We now consider scenario differences in processes
with additional covariates and analyse the four possi-
ble ways in which the invariance to the intervention of
relationships between covariates might fail.
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3. When do estimated scenario differences yield unbi-
ased estimates of the true differences in outcomes?

Here we study under what conditions the scenario
difference will yield an unbiased estimate of the true
difference in outcomes. Specifically, we discuss the con-
ditions of invariance required on conditioning variables.
While the discussion and derivation of results is based
on scenarios of the form of a deterministic perturbation
in conditioning variables, the results on their required
invariance generalise to more complex settings.

We now consider the case where the DGP includes
both the policy variable perturbed by an intervention as
well as k additional covariates X, as in (1). Such inter-
ventions would correspond to counterfactual experiments
when the agency controls x; ¢ to influence y;, but can be
more general where an agency wishes to explore possible
futures. In this section, we consider the cases where the
estimated model coincides with the DGP (1) as well as
where the model is mis-specified for the DGP by omitting
conditioning variables. A crucial factor affecting the dif-
ferences in scenario outcomes is the relationship between
the policy variable x; ; and the covariates x;, even when
the x, r are independent of the DGP error on the equation
of interest.

In the absence of any scenario intervention at time
T + 1, the DGP outcome from (1) would be:

Y141 = Bo + Bix1,141 + BoXo 141 + AV + €141 (23)

The scenario intervention is again one where x; 141 is
perturbed by &, for invariant parameters in (23), leading
to:

Yipr = Bo+B1 (X1.141 + &) + BoX5 1oy +Ayr +ersr (24)

where x;‘_’T 4 reflects any impact of &y on X 741 through
its links to xq 141. The linkage between x, and x; is de-
scribed by the projection:

Xot = Mo+T1X1,¢ +T2Ye—1+ U with  u; ~ INg [0, 0‘59]
(25)

which may, but need not, be the DGP for {x;,} (in prac-
tice, X, (1 is likely to be relevant). Then, comparing (23)
with (24), the scenario difference in the DGP is:

Vigr —Yre1 = Bisc+ B, (X;T+1 - x2,T+1) (26)

where Xj 1, = Xz 741 reproduces the earlier result that
other super-strongly exogenous regressors cancel. Even if
the conditional DGP (23) remains invariant to the scenario
intervention, the outcome depends on the reaction of
Xz, 7+1 tO an intervention on x; 1. For example, the Bank
of England uses interest rates (x;) to change inflation (y),
and that operates though the impact of interest rates on
aggregate demand (X;), which in turn affects inflation, and
as (26) shows, does not require 8; # 0. As before, the
direct impacts from yr and the error €77 from (23) with
(24) cancel between the scenarios, and so do not affect
(26) for one step ahead, but that will change if any DGP
parameters are not invariant to the intervention, and at
multi-steps ahead, especially when there are feedbacks
from y,_; onto any of the x; .
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A possible situation is one of co-breaking between X,
and x; such that g,m; = 0: see Hendry and Massmann
(2007). As:

X3 141 = o + T4 (X1.T+1 + 5x) + oY1 +Uri = X741+ 16k

then:

Vi — Y11= (B1+ Bym1) 8 = Bidx (27)
leading to the same outcome for yTJrl Yr+1 in (26)
as if X537, = Xpr41 even though Xj ;. has shifted.

Partial co- breakmg would lead to some cancellation. A
test of in-sample co-breaking is to add any impulse and
step indicators for outliers and shifts in x;; detected in
estimates of (25) to (1) and check their significance: if
B,m1 = 0, they should be irrelevant. However, unless k
is very small, it seems unlikely that all regressors would
co-break precisely with shifts in x; ; given their different
parameter values.

3.1. Model matching the DGP

When the model matches the DGP, in an optimistic
scenario where the x; 741 are known, the projected values
are given by yr,; and j?Tk 1 for the unperturbed and per-
turbed scenarios, respectively, so the estimated scenario
difference is the same as in Section 2.

3.2. Mis-specified model

A more likely setting is for the model to be mis-
specified for the DGP, crucially by omitting relevant vari-
ables. We focus on the omitted variable case where we let
the mis-specified model omit all X, ;:

[0.0/]

(28)

Ve = ¢o+1x1c + ¥y 1 +e assuming e ~ IN

with |¢| < 1. Using (1) and assuming that the link
between variables in (25) holds in-sample, the mapping
between the DGP parameters and the model’s coefficients
is:

ye = (Bo + Bymo) + (B + Bym1) X1

+ (ﬂ,zﬂz + )») Ye1+ (ﬂlzut + Et) (29)
so that:
$o = (Bo + Bym0); ¢1 = (B1+ Bomr); and

= (ﬂ/zﬂz + )\) .

These correspond to the standard results for omitted
variable biases in linear models. From a sample of t
1, ..., T, and having taken deviations from sample means,
an 1nvest1gator again estimates the coefficients ¢; and v
as ¢>1 and w where for large T:

VT (¢1 —

G1=9) ) _ 0,075
VT (¥ - )

and we assume £ ~ 3. Subsequently, the estimated mis-

specified model is used to create projections, where the
scenario projected values of the mis-specified model are

(30)
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denoted by y;, ; and yr,; with and without perturbation,
respectively.

3.2.1. Mis-specified projection in the absence of intervention

For given values of X1 41 and yr with invariant param-
eters, the baseline projection for the next period using the
mis-specified model is:

Vi = do + Grxire1 + Yyr (31)

We assume that T is sufficiently large that:

$o + G1X1,741 + YY1

because finite-sample biases will be small compared to
the effects of mis-specification and shifts. Using (31) in
the absence of a scenario intervention, from (29) the mis-
specification of the model (28) for the DGP (1) leads to
a mean prediction error in the level relative to the DGP
outcome:

E[Vrear | X141, Xm0, 7] &

E[(vr+1 — Vr+ur) | X1.741. X2.741. V1]
= (o — ¢0) + (B1 — ¢1) X1.,741 + BoXor41 + (A — Y) yr
= /3/2 (X2,1+1 — o — T1X1,T+1 — EzYT) = ﬁ/zuT-H

which will be distributed around zero. As shown in
Clements and Hendry (1998), in a constant-parameter
world, omitted variables do not induce serious problems,
here merely augmenting the usual forecast-error variance
with an additional variance of o2 8,Q8,.

3.2.2. Mis-specified projection with an intervention
Undertaking a scenario study in the mis-specified
model, where x; 71 is perturbed by 4y, leads to:

57741” = :50 +$1 (Xl,T-H + Sx) + I/p\yT (32)

The impact from changing x; 741 by (Sx entails calculatmg
the estimated scenario difference as yT T = VT
¢>18x, with an expected value E[q)lrSX] P16

(;% +ﬂ27t1)5 Comparing the baseline (31) with the
scenario intervention (32) yields the expected difference:

= ¢o + ¢1 (X1.741 + &) + Ayr
— ¢o — P1X1,741 — VY
= (51 + ﬂ/znl) Ox

Importantly, this is a unique counterfactual prediction
of the one-step-ahead difference between the scenarios
when X, 147 and the link (25) between X, and x; (or
generalizations thereof) are unknown to the agency but
nevertheless invariant to the intervention. Then, the vari-
ance V[:] of the scenario difference ;7’;+1|T —Vrir = P16«
between (32) and (31) is estimated under the null of
correct specification as:

~
~

E[(ryair = Vrar) | Xuri]

(33)

252
GG SX

Toyr (1—v2)
While the investigator may anticipate a scenario differ-
ence of ¢18 with the variance in (34), the actual out-
come will differ depending on the actual links between
covariates X1, 7.1 and X 111, a5 we now consider.

V[Vrar —Jrear] = 8V [51] = (34)



D.F. Hendry and F. Pretis

3.3. Linkages between covariates and their impacts on sce-
nario projections

We now investigate four possible forms of linkage
between x; r+1 and X, 741 When creating scenario pro-
jections using a model that matches the DGP, as well as
the above model being mis-specified for the DGP. First,
we consider the case where X, r1; is unaffected by an
intervention in x; r41. Second, we consider the case when
there is an invariant causal link between X, 711 and X1 741.
The third case is where there is an in-sample relationship
between X, r41 and X1 41 but where this relationship is
not invariant to interventions. And in the fourth case, the
relationship between y; and x; itself is not invariant to
interventions. The analysis here just considers scenario
projections for one period ahead. As for two periods ahead
and beyond, most formulae cease to yield useful insights.

3.3.1. Covariates X, unaffected by the intervention on x,
DGP outcome. When all X, r+; are unaffected by the in-
tervention, so that Xj ;. ; = Xp 41, then from (26) the sce-
nario difference in the DGP is identical to the univariate
case in Section 2:

— Y11 = B1dx (35)

This is often the assumption under which scenarios are
calculated, basically assuming ceteris paribus.

£3
Y11

Model matches the DGP. Again, when x;”] = X141 IN
(26), even if (25) is merely an in-sample projection, then
the actual effect will also be B18¢, which is estimated
without bias using the model matching the DGP.

Model does not match the DGP. Now the scenario pre-
diction using the mis-specified model will be incorrect
on average by B,m8y. This could have either sign, and
potentially any magnitude. This directly corresponds to
the well-known result of omitted variable bias in linear
models.

3.3.2. Invariant causal relation between x; and X;
DGP outcome. When the in-sample linkage between Xx;
and x; is the invariant causal relation given by (25), then

X;T_H = X141 + T8y and the correct outcome (26)
becomes:
Vg1 —Vre1 = (,31 + .3/2”1) 8% (36)

As noted above, co-breaking by 8, may lead to some or
all elements of B, being zero.

Model matches the DGP. In the absence of correctly mod-
elling the causal relation between x; and X, ;, the model
matching the pre-intervention DGP results in a biased
estimate of the scenario difference:

E[(r1 —Vr+1) — g —Yr1) | X1141]
= (180 — (B1 + Bym1)8x = Bym1dx

This is the same as the error on the outcome in Sec-
tion 3.3.1 when the model does not match the DGP. To
correctly calculate the future outcomes would require
taking account of the relationship in (25), via a system

(37)

762

International Journal of Forecasting 39 (2023) 754-771

dynamic simulation. Replacing x; ; in (25) by x4 ,—; would
just alter the timing at which (36) affected the outcome.

Model does not match the DGP. The impact from changing
X1.7+41 by Jx entails calculating the scenario difference as
yr+ur Vrr = ¢15X, with an expected value E[¢1<SX] ~
P16 = (fh + ﬂzm) 8y, as comparing (31) with (32):

E[(Fsqr — Vreur) | X1744]
= ¢0 + ¢1 (xl,T+1 + 5)() + )hyT — ¢0 — ¢1X1,T+1
= (/31 + ﬂlzn'l) Ox

which matches the DGP outcome in (36). When (25) is an
invariant causal relation, so x; r41 and X, 141 co-break in
the constant relation (25) with x;TH = X741 + 10y,
and maintaining the assumption of parameter invariance
n (1), then the difference between the projected scenario
and the true scenario outcome is, on average:

—¥yr
(38)

E [(y;ﬂ _y;+1\r) | X1,741, X2.T+17yT]

= Bo+ B1 (X1.741 + ) + BoX5 11 + Ayr
— o — 1 (X1.741 + ) — ¥yr

= Byuriq

Consequently, despite the mis-specification, given invari-
ant parameters in the rest of the system DGP under the
scenario change, and a constant causal link between the
included and unknowingly excluded variables in both
states of nature, the correct scenario calculation of (3; +
B,m1)8y in (38) results. This finding that a mis-specified
model leads to an unbiased scenario prediction is closely
related to the concept of conditioning on a post-treatment
variable in the causal-inference literature, and to de-
liberately omitting exogenous variables from an open
forecasting model, as explained in Hendry and Mizon
(2012). As the outcome of interest is the effect of x;
on y;, if X, itself is affected by x;, then x,, should
not be included in a projection model for y, unless the
relationship between x; and X5 ; is also formally modelled.
While causality is difficult to establish in empirical mod-
els, invariance can be tested using the approach discussed
in Section 3.5 and applied below.

3.3.3. In-sample projection and no invariant causal relation
between x; and X,

The requirements of an invariant causal relationship
are very strong and most unlikely to hold in a wide-sense
non-stationary world facing intermittent shifts of distri-
butions. When the relationship between x; and X, ; in (25)
holds in-sample merely as a projection based on inter-
correlations, rather than as an invariant relation, then in
the absence of any intervention, (25) would produce:

X2, T+1 = To + T1X1,7+1 + T2Y1 + Ur41

but this link is in fact not invariant to the intervention on
X1.7+1 of 84, and so alters the parameters of (25) to:

Xy 141 = Mo+ ) (Xl,T+1 + 5x) + wyr + urgq (39)
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Then, using (39):

X541 — Xo, 141 = W16y + (ng _ ,,0) + (”T _
x (xrer +8) + (5 — o) yr

Consequently, from (26):

Vg1 —Yri1 = (B + Bym) 8 + B (w5 — mo)
+ B8, (”T - 7T1) (X1,7+1 + BX) + B, (n; - nz)yT
(41)
so the scenario difference now depends on the initial

condition as well as on all the parameter shifts, and could
be badly mis-estimated by B1dx.

71.'])
(40)

Model does not match the DGP. When the relation in
(25) is merely an in-sample projection, and instead (39)
occurs, either because of the shift in 8, or from other
changes, then a major difference emerges between the
responses (B1 + B,71)8x predicted by the model and that
from the DGP, as (y7,; — yr+1) in (41) leads to (B; +
Bym1)8x + By(mg — mo) + Bo(m} — m1)(X1 741 + 8x). Thus:
E [(}’;H —yﬂm) | X1,741, X2,T+17yT]

=B, (ry — mo) + B (w} — m1) (x1.741 + 8x) (42)
so the calculated and actual scenario responses could
be wildly different. Consequently, in the absence of an
invariant causal relationship, both the well-specified and

mis-specified models yield unreliable estimates for the
scenario difference.

3.3.4. Scenario intervention shifts the DGP itself

The situation where changes in x; ; not only shift x;
and also alter the DGP parameters in (1) is more compli-
cated still. In place of (24), to illustrate, we just consider
the special case:

Vi1 = B3+ B (X1.141 4 8) + BoXs rpq +Ayr +ers1 (43)
where 8, not only changes the parameters in the model
equation for y but also all of the parameters in the rela-
tionship with x; as in (39) so that:
y;+1 — Y1 = (ﬂg - :30) + '818)( + (ﬂf - '81)
X (Xl.T+1 + 5x) + B, (X;TH - X2.T+1)
= (B1+ By1) 8 + By (g — mo) + (B — Bo)
+ (,B;k —Bi+B; (ET - Tﬁ)) (Xl,T+1 + 5x)
+ B, (w5 — m2) yr (44)
Other parameter changes would make (44) more compli-
cated still, but the principle that all failures of invariance

add yet more terms is clear. Indeed, even if the linkage in
(25) was an invariant causal relation, (44) would become:

Vi1 — Y11= (B1+ Bym1) 8+ (B5 — Bo)
+ (m - ,31) (X1,T+1 + 5x) (45)

still leading to a complicated outcome very different from
what might be anticipated.

Model does not match the DGP. The problem seen in
(42) is of course magnified by any shifts in the DGP
parameters themselves. The calculated scenario remains
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(/31 + ﬂ/znl) 8y whereas the DGP difference will be (44),
so the two need not be alike in any way.

3.4. Recommendations

Overall, even if the in-sample conditional DGP equa-
tion for the target variable is known (which itself is un-
likely), the outcomes of scenario interventions will de-
pend on the links between the perturbed policy variable
and any other relevant variables, as well as the dynamics,
and will reflect all failures of invariance in both the DGP
equation and the DGPs for the regressor variables.

Table 1 summarises the main cases, where # sim-
ply denotes ‘too complicated to be recorded in detail’,
but differing across the columns. In short, if conditioning
variables are unaffected by the policy variable (i.e. invari-
ant to perturbations), then a model matching the DGP
is preferred. However, if there is an invariant causal link
between the variables, then a mis-specified model omit-
ting all other regressors can yield unbiased estimates of
the scenario difference, while a model matching the DGP
may not. In this case, links between conditioning variables
would have to be modelled explicitly in addition. Noting
that scenario differences essentially correspond to total
effects, whereas just perturbing the policy variable and
not including its impacts on other regressors merely de-
livers a partial effect, clarifies what might otherwise seem
an odd result. When some but not all of the other relevant
variables are unknowingly omitted, biased estimates of
the scenario difference will usually result.

As invariance properties are generally unknown from
the outset, a key lesson from this analysis is the crucial
requirement to model all the in-sample linkages and test
for any previous shifts in such relationships. The chal-
lenge of assessing invariance is not insurmountable in
empirical models, as considered by automatic testing of
interventions in marginal models proposed in Hendry and
Santos (2010) and Castle et al. (2017). While that will
not be possible for any variables in X, ; that are either
deliberately or inadvertently omitted from the model,
formally testing for parameter invariance remains viable
unless such omitted variables are both orthogonal to all
included ones and have zero population means.

While we consider the criteria required to obtain unbi-
ased estimates of scenario differences in a specific setting
of an estimated model, the required invariance condi-
tion generalises to more complex models. Invariance will
be required in DSGE-type scenario projections, as well
as implicitly in story-line-based scenarios. However, the
result that the omitted variable bias exactly offsets the
un-modelled relations, leading to a preference for mis-
specified models when relations are invariant, is spe-
cific to the linear models considered here. Where such
invariance is not testable (e.g. simulated models), our
recommendation is to explicitly communicate this as an
additional source of uncertainty and perhaps conduct a
sensitivity analysis to assess how sensitive the overall
results are to assumed invariance (by relaxing some key
relationships in models). Moreover, a problem for DSGE
models is that they are not invariant under location shifts,
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Table 1
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Actual and predicted difference between perturbed and unperturbed outcomes.

Case DGP scenario difference \ Model=DGP Mis-specified model
1: X, unaffected B16x Bidy (B1 + B5m1)dx

2: Xq, X invariant (B1 + Bym1) &« B8y (B1 + B5m1)dx

3: x1, Xz not invariant # # #

4: DGP not invariant # # #

so implementing such a scenario can alter the model and
invalidate the outcome: see Hendry and Mizon (2014).

3.5. Testing for parameter invariance in the marginal models

A feature of the above analyses is the need for models
to be invariant to the intervention if the scenario is to
match reality. Here we briefly discuss how invariance can
be tested in a simple system of equations.

The marginal variable above is X1 ; and although build-
ing a complete model thereof is usually infeasible, the
most deleterious failures of invariance concern induced
location shifts captured in (44) by B, (m} — mo). Thus,
one approach to testing invariance is to identify shifts
in a marginal model and test whether these shifts af-
fect the parameters in the conditional model. Early tests
of this type required knowledge of the occurrence of a
particular shift through a known shock or intervention.
More recently, developments in the detection of unknown
structural breaks have allowed tests for invariance to
function without prior knowledge of interventions. Con-
sider detecting interventions (location shifts or impulses)
in a marginal model of x; ¢, as in (46), where r could be 0
or 1 depending on the exogeneity status of X ;:

S
X1t =Y+ Z ()’1,J>1X1,r—j—1 + V2 iYe-j—1+ Fz,j—1X2.r—j—r)
j=0
T
=+ Z Tilji<e) + Ut (46)
i=1
where 1< is a step indicator equal to unity till time
t, and then zero thereafter. Selection at a chosen level
of significance p, reduces the set of T indicators to a
subset of m detected shifts at times t;. Subsequently these
detected shifts are entered in conditional models of X ; in
(47):
N
Xo = Mo + Z (ﬂl,jxl.z—j + o iYe—j-1 + ﬂz,sz.r—j—l)
j=0
m
+ Z Tilji<y + M, (47)
i=1

with g, ~ INy [0, €, ]. If the relation between X, ¢ and x;
is invariant, including the detected shifts should not lead
to rejection in the conditional model, which can be tested
by an F-test on t; in (47).

The marginal model (46) is saturated by step indica-
tors, as proposed by Castle, Doornik, Hendry, and Pretis
(2015) and although (46) then has many more candidate
variables than observations, model selection based on
expanding and contracting multi-path block searches has
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proved a viable approach following the analyses in Hendry,
Johansen, and Santos (2008) and Johansen and Nielsen
(2009, 2013) leading to the automatic tests of invariance
in Hendry and Santos (2010) and Castle et al. (2017). The
former develops impulse-indicator saturation (IIS) tests
and the latter step-indicator saturation (SIS). When k+3 is
not too large, an explanation of a feasible approach is the
split-half analysis of IIS and SIS, where all the regressors
are retained without selection and half of the indicators
are included and tested for significance, then replaced
by the second half, and, finally, any significant indicators
are jointly included and all remaining significant ones
retained. These are then included in the equation being
used for the scenario study and tested for significance, as
n (47). Should any of the indicators that shift (46) also
shift the conditional model, then invariance is rejected.

In practice, the implementation of indicator saturation
in Autometrics (in PcGive: Doornik and Hendry 2018)
or the R-package ‘gets’ (see Pretis, Reade, and Sucarrat
2018) uses a multi-path block search and not just one split
sample, for reasons discussed by Ericsson (2017). IIS and
SIS can also be applied directly to the policy equation to
check its specification. The first application in Section 4
applies SIS for the level of the UK wage share, whereas
the second uses IIS, as it concerns growth rates, and hence
the differences of steps.

4. Illustrative applications

Our two applications illustrate the top two rows of Ta-
ble 1, in other words one case where a conditioning vari-
able is unaffected by the scenario intervention, and one
case where there is an apparent invariant relationship.

The first relates to economics and the second to cli-
mate impacts. In the former, the scenario variable in a
mis-specified model of the UK wage share fails a test of
invariance, whereas in the second, the in-sample invariant
link between the scenario variable and the other condi-
tioning variable allows the mis-specified model to better
estimate the scenario difference.

4.1. Wage share example

Our first example illustrates a setting where invari-
ance of the omitted variable with respect to shifts in the
included is strongly rejected. The dependent variable is
the log of the UK wage share W;, being explained by
its previous value, W;_;, the unemployment rate, U, ,
and inflation, Ap;, where the mis-specified model (la-
belled as sub model) drops Ap;. The data are from 1861
to 2006 with the observations over the Great Recession
(2007-2014) retained for the scenario and forecast eval-
uation: Castle and Hendry (2014b) provide data sources.
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Fig. 2. (a) UK log wage share W;; (b) UK rate of unemployment U, with the scenario shift shown as dashed; (c) UK rate of inflation Ap;; (d)

scatterplot of inflation against unemployment.

We consider a scenario of reducing unemployment by
two percentage points in each year. Fig. 2 plots the time
series of the three variables and the scatterplot of inflation
against unemployment (also known as the Phillips curve,
shown to be a non-constant relation in Hendry 2015).

Table 2 records the estimates for known values of U,
and Ap; over the forecast horizon. The second column
(called [1] ‘Full model’), records the estimates of the re-
gression of the wage share W; on a constant, W;_4, U, ,
and Ap¢, which shows a negative, but insignificant, coeffi-
cient for unemployment and a positive and highly signif-
icant one for inflation. The third column ([2] ‘Sub-model’)
reports the estimates when Ap; is excluded, showing
a jump in the (negative) coefficient of unemployment,
which is now significant at 1%.5

As W, and U, ; are levels, step-indicator saturation is
the appropriate approach for detecting location shifts, and
the fourth column shows the selection outcomes for the
marginal model of U, where four location shifts are de-
tected at 0.5% significance selection to assess invariance.
With 146 observations, there are 145 step indicators to
select from, so on average less than one step will be
significant by chance under the null (145 x 0.005 =
0.7). Three of those four location shifts detected for un-
employment are significant at 5% when entered in the

6 *, **, and *** denote significance at 5%, 1%, and 0.1%, respectively,

using conventional tests that assume well-behaved normal errors.
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marginal model for inflation on U, ;, and the F-test of their
joint relevance strongly rejects its invariance to shifts in
unemployment at less than 0.1%: see Table 2, column
5. Thus, shifts to unemployment shift the relationship
between unemployment and inflation (consistent with a
non-constant Phillips curve), so a scenario of changing
unemployment will not have the outcome anticipated
from the sub-model.

Compared to the more comprehensive model for real
wages in Castle and Hendry (2014b), from which the wage
share can be derived, even the ‘full model’ in Table 2 is
badly mis-specified, with several diagnostic tests reject-
ing, and an error standard deviation of 2.2%, as against
their model’s 1.04%. As W, is (the log of) the nominal
wage bill (i.e. average wages times employment) divided
by nominal output (i.e. real output times the price level),
it will be affected by productivity as a key determinant,
as well as by unemployment and inflation (both of which
have non-linear effects in their model). Another test of
the specification of the column 2 model is to apply SIS
directly, which selects six step indicators at 0.1%, and now
unemployment is significantly negative at 1%, whereas
inflation is completely insignificant.

Nevertheless, Fig. 3 illustrates a scenario of lower un-
employment over the Great Recession, reducing it by two
percentage points to remain close to the level of 5.4% in
2007. As the coefficients of U, in Table 2 are relatively
small, the differences between scenarios and baselines for
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Table 2

Estimation results: Modelling UK wage share W;.
Dep. Var: W, U Ape

[1] Full model [2] Sub-model [3] SIS [4] Testing Ap, model

Constant —0.17 (0.04)*** —0.16 (0.04)** 0.08 (0.003)™** 0.11 (0.017)™*
Wiy 0.83 (0.04)*** 0.83 (0.04)*** - -
U ¢ —0.11 (0.06) —0.18 (0.06)** - —0.82 (0.19)***
Ape 0.11 (0.04)** - - -
St=1920 - - —0.03 (0.007)*** 0.04 (0.02)*
St=1929 - - —0.03 (0.010)*** —0.07 (0.02)**
St—1938 - - 0.10 (0.008)*** 0.02 (0.02)
St=1977 - - —0.06 (0.005)*** —0.04 (0.02)*
F-test for S; - - [p < 0.001] [p < 0.001]

Model with U and Ap

-0.94+- — — - Baseline =G . bars
L —— Wage share’ (@)
-------- Scenario 6 . bands
-0.96 7
-0.98+-
-1.00-
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I U A S
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| = Wage share Nf

Scenario 26, bands

-0.96

-0.98

-1.00

-1.02

T

L. o o R
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-0.94- — — - Baseline £6 . bars
L = Wage share’ (b)
-------- Scenario 6 . bands
-0.96 7
-0.98+-
-1.00-
-1.02-
L. .
2000 2005 =
Scenario differences
0.0151 (d)
H — Castle-Hendry real-wage model
-------- Model with U,
0.010- — =+ Model with U _and Ap
0005 e\
0.000 : : : : : :

2015

1
2010

Fig. 3. (a) Baseline forecasts of W; with 4o bars and scenarios with +6; bands from the ‘full model’; (b) baseline forecasts of W, with +o; bars
and scenarios with +65 bands from the ‘sub-model’; (c) baseline and scenario forecasts derived from the Castle-Hendry real-wage model; (d) the
three sets of scenario differences from their own baselines in (a), (b), and (c).

the wage share are not large in (a) and (b), with a some-
what greater increase predicted by the sub-model. Both
purport to correctly show a higher wage share under the
scenario of lower unemployment, even though they are
in fact generally lower than the actual outcome despite
the large stimulus to employment. However, the differ-
ence between scenario and baseline is large for the wage
share derived from the Castle-Hendry real-wage model,
which encompasses most earlier models and passes tests
of invariance to interventions.

4.2. Climate impacts on agriculture

The second example illustrates a case when invariance
is not rejected empirically. Evaluations of the economic
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impacts of climate change commonly use scenario analy-
ses, such as assessing economic or agricultural outcomes
conditional on a particular climate path. Similarly, climate
outcomes are commonly studied conditional on emission
scenarios. Here we consider a simple scenario analysis
of the growth in agricultural production conditional on
climate variability. Burke, Hsiang, and Miguel (2015)
and Pretis, Schwarz, et al. (2018) use the observed growth
in value-added of agricultural production across coun-
tries to estimate the impacts of climate variability on
agricultural outcomes across countries over time. Both
temperature variability and precipitation are found to
be significant factors affecting the growth in agricultural
production. Here we use a single country (Indonesia) out
of the panel analysis in Pretis et al. (2018) to consider a
simple scenario analysis.
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Fig. 4. Application data for Indonesia: Growth in agricultural value-added (top-left), temperature variability (top-right), precipitation (bottom-left),
and precipitation against temperature variability (bottom-right) with IIS fit.

In particular, we are interested in a scenario of increas-
ing temperature variability. This is consistent with future
climate change projections of a rise in variability in the
tropics (see Bathiany, Dakos, Scheffer, & Lenton, 2018).
We estimate a simple model of growth in agricultural
production, and subsequently use the estimated model to
study a scenario of increased temperature variability. An-
nual data on agricultural output growth for Indonesia are
taken from the World Bank data on growth in agricultural
value-added (World Bank, 2017). Climate observations
of temperatures and precipitation are obtained from the
Matsuura and Willmott (2015) dataset (v.4) and mapped
to countries, as used in Pretis et al. (2018). Time series of
the country-level data are shown in Fig. 4.

We estimate the simple linear model of growth in agri-
cultural value-added from 1962 until 2012 as a function of
temperature variability and precipitation (labelled as [1]
‘Full model’), as well as a mis-specified model omitting
precipitation ([2] ‘Sub-model’). Model estimation results
are shown in Table 3. Results of the simple model suggest
a negative impact of increased temperature variability
and a positive impact of precipitation.

We consider a scenario of agricultural growth impacts
when temperature variability is increased by two stan-
dard deviations (8 = 0.23). Fig. 5 and Table 4 show
the projected impacts and scenario differences, suggest-
ing a reduction of agricultural growth of approximately
1.7% per annum when using the full model [1] in Ta-
ble 3, which includes both temperature variability and
precipitation. Using the full model [1], however, risks
understating the projected impacts due to a potential
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relationship between precipitation and temperature vari-
ability. As described in Section 3, the relationship between
covariates affects the accuracy of the estimated scenario
difference. In the present application, there is an observed
negative relationship between precipitation and temper-
ature variability, shown by [4] in Table 3 and Fig. 4. While
it is difficult to establish a formal causal relationship
between the scenario variable and the conditioning vari-
ables, we can, however, assess whether the relationship
is invariant in-sample.

To test invariance we estimate a marginal model of
temperature variability (using just a constant), and detect
shocks using impulse indicator saturation (IIS)—Model
[3] in Table 3 (with IIS being applied at a significance
level of 5% given 51 observations). The detected im-
pulses (in the years 1963, 1982, 1994, and 1997) are
then included in the conditional model of precipitation
and tested for their joint significance. If the relationship
between precipitation and temperature variability is in-
variant to interventions, then any shock to temperature
variability should feed onto precipitation solely through
the coefficient on temperature variability itself, and thus
appear insignificant in the conditional model. An F-test for
joint significance of the impulses fails to reject invariance
(p = 0.41). Thus, the projected impact of an increase in
temperature variability on agricultural growth likely un-
derstates the actual impact because of the negative rela-
tionship between the scenario variable and the condition-
ing variable.

Following Section 3, two approaches allow us to ac-
count for this relationship. First, the under-specified model
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Table 3
Estimation results: Modelling growth in agricultural value-added (Indonesia).
Dep. Var: Agr.Gr. Var(Temp); Precip;
[1] Full model [2] Sub-model [3] IS model [4] Precip. model
Constant 0.015 (0.03) 0.076 (0.01)*** 0.34 (0.012)"* 24.20 (1.5
Agr.Gr._; —0.062 (0.12) —0.066 (0.12) - -
Var(Temp), —0.072 (0.031)* —0.11 (0.03)*** - —15.84 (4.25)***
Precip; 0.0025 (0.001)* - - -
lt—1963 - - 0.35 (0.09)*** 2.93 (2.95)
le=1982 - - 0.26 (0.09)* 2.09 (2.76)
It=1994 - - 0.24 (0.09)* —2.26 (2.73)
lt=1997 - - 0.31 (0.09)*** —2.76 (2.86)
F-test for I; - - [p < 0.001] [p=0.41]
IIS p-value - - 0.05 -
Obs. T 51 51 51 51
Under-Specified Model [2] Full Model [1] Scenario Difference
842 8 b EN c)
Projection Origin ! |
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Fig. 5. Projected impact of a two-standard-deviation increase in temperature variability on Indonesian growth in agricultural value-added.
Observations are shown in black, baseline projections are shown in solid colours, and scenario projections with an increase in temperature variability
are shown as dashed colours. The left panel shows the mis-specified model omitting precipitation. The middle panel shows projections using the
full model not accounting for precipitation-temperature links (blue) as well as accounting for the link (green). Scenario differences are shown in the
right panel for the under-specified model (red), the model including both temperature and precipitation but failing to account for any links (blue),

and the full model estimating the link (green). Shading and error bars denote the +1 standard error of the scenarios.

(For interpretation of the

references to colour in this figure legend, the reader is referred to the web version of this article.)

omitting precipitation (model [2] in Table 3) implicitly
captures the relationship between precipitation and agri-
cultural growth through the bias in the estimated
coefficient—the negative impact of temperature variabil-
ity is larger in the model omitting precipitation. Thus,
using the under-specified model to project the impact of a
2SD increase in variability leads to a larger projected neg-
ative effect of —2.6% (as seen in Fig. 5), due to the omitted
relationship between temperatures and precipitation.

Second, the effect can be recovered by considering the
joint impact of an increase in temperature variability us-
ing the estimated model linking precipitation and temper-
atures [4]. A two-standard-deviation increase in temper-
ature variability has the estimated effect of —1.7% from
[1] plus the indirect effect through precipitation, which
can be recovered using Equation [4] and subsequently
included in the projection using [1]. The combined pro-
jection in Table 4 taking the relationship between the
conditioning variable and policy variable into account
matches that of the under-specified model with an impact
of —2.6% (estimated standard errors in parentheses).
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Consequently, an under-specified model can provide
accurate estimates of a policy impact in some settings, but
not in others. In both cases, if the data are available, care-
ful modelling of the links between covariates is required
to establish whether the relationships are indeed invari-
ant to interventions or merely in-sample correlations that
will prove to be unstable following interventions. Such
results for scenarios are closely similar to the findings
in Castle and Hendry (2014a) for selecting models in DGPs
with breaks.

5. Conclusion

We considered inference on the difference between
scenarios when using estimated models of an unknown
data generation process (DGP). For univariate models, our
results show that when the model is linear in the single
variable perturbed by the scenario intervention of a de-
terministic shift, then the significance of the difference
between a scenario intervention and a baseline of no
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Table 4
Scenario projections for a 26 increase in Var(Temp).
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Projection Full model [1] Sub-model [2] Full model [1] (adjusted)
Vraar 0.042 (0.004) 0.036 (0.003) 0.042 (0.004)

5’\;+HT 0.025 (0.009) 0.011 (0.006) 0.016 (0.006)

}/‘;H‘T —YVr41r —0.017 (0.007) —0.026 (0.006) —0.026 (0.006)

intervention depends only on the significance of the in-
sample t-test of that variable. Under these circumstances,
a scenario comparison adds little beyond testing for the
significance of the variable in the estimated model. When
models are more general and include multiple covariates
together with a variable perturbed by a scenario anal-
ysis, then inference on the scenario difference crucially
depends on the relationship between the conditioning
variables and the policy variable. If there is an invariant
causal relationship between variables, a simple model
omitting control variables may be preferred over a well-
specified model that matches the DGP, but not otherwise.
These results were illustrated by two empirical examples,
the reaction of the wage share to a reduction in unem-
ployment and of an increase in temperature variability on
agricultural growth, but apply more widely to scenarios
of the health and economic impacts from the SARS-CoV-2
virus that causes COVID-19.

The recommendations are thus mixed—an estimated
conditional model matching its DGP equation does not
automatically yield an unbiased estimate of the true out-
come. Only if there is no relationship between the covari-
ates and the perturbed variable is the scenario analysis in-
formative, unless the relationships between conditioning
variables and the policy variable are explicitly modelled.
If there is an invariant causal relationship between the
conditioning variables and the policy variable, then a mis-
specified model omitting additional covariates may be
preferred, similar to the problem of conditioning on an
outcome in causal inference (see e.g. Elwert and Winship
2014), or deliberately omitting exogenous variables from
an open forecasting model (see Hendry and Mizon 2012).
However, if the relationship between covariates and the
policy variable is merely an in-sample projection that
is not invariant to an intervention, then the resulting
parameter changes following a scenario intervention can
render that scenario analysis uninformative.

Thus, although a model-based scenario is unique, the
‘real-world outcome’ is not, and will vary in unknown
ways with unknown omitted influences and parame-
ter changes. While our analysis focused on the scenario
framework of deterministic perturbations in conditioning
variables in empirical models, the importance of invari-
ance in models extends beyond this setting. The analysis
also applies to the other conceptualizations of scenarios
discussed in the introduction, as they need to be realisable
to guide planning, be plausible conjectures, or stimulate
useful thinking: a lack of invariance to the relevant stim-
ulus would invalidate them. Even the extensive review of
scenario analysis in Tourki et al. (2013) does not consider
potential failures of invariance. When a scenario-driven
perturbation has the potential to change how variables
relate in projected systems (from DSGE settings to sto-
rylines), the resultant scenario outcome may be highly
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sensitive to these interventions. The recommended ap-
proach in Hendry and Doornik (2014) of seeking a large
information set to nest the DGP, selecting the significant
effects therefrom, and testing for parameter invariance
to past large changes would help avoid problems of mis-
specification and non-invariance by selecting a model that
was a good approximation to the local DGP. Neverthe-
less, there are situations noted above when the model is
mis-specified for the DGP but the scenario difference is
correct: omitting variables from linear models will bias
parameter estimates but may not distort calculations of
scenario differences and forecasts.
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Appendix. Approximate variances of multi-period sce-
nario outcomes

To illustrate for the model with a single policy variable
in (3), let # = (B : 1)’ so the scenario path depends on
f(6) for which we need V[f(0)]. Using a linear expansion
where & = (0 — 6):
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which can be generalised depending on the model and
scenario under analysis. When:
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then (48) also entails that:
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Thus, the variance V[y},,; — Vrinr] of the estimator
(¥ 4mr — Yr4nir) is then approximately:
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-1 _2 i -1 2 sy i—1
T o E A o + B E ir

i=0 i=1

and as expected, will be larger than at one step, reflecting
the dynamics. Using:
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. 1—A" . 1
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E A= - and E iV =
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then V [¥,,r — Yrnir] is approximately as given in Box I.
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Box 1.
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